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Our main concern in this paper is to prove the well posedness of a nonhomogeneous Timoshenko system with two damping terms.
The system is supplemented by some initial and nonlocal boundary conditions of integral type. The uniqueness and continuous
dependence of the solution on the given data follow from some established a priori bounds, and the proof of the existence of the

solution is based on some density arguments.

1. Introduction

Timoshenko [1] was the first who introduced a model
describing the transverse vibration of a beam. More precisely,
his research work concerns with the correction for shear of a
differential equation for transverse vibrations of prismatic
bars. This model was given by a system of two coupled hyper-
bolic partial differential equations complemented with some
boundary conditions.

Pty =x(u, —v), (x,t) € (0,L) % (0,00),
PoVy =K Ve +K(1, — V) (x, 1) € (0, L) x (0,00), (1)

- =L
(u,—v) |§;é =0, Vx|i:0 =0,

where L is the length of the beam in its equilibrium configu-
ration. The function 4 models the transverse displacement of
the beam, and v models the rotation angle of its filament. The
coefficients p,,p,.k, and «* are, respectively, the density, the
polar moment of inertia of a cross section, the shear modulus,
and the Young’s modulus of elasticity. In [2], the authors
considered and proved some exponential decay results for a
linear homogeneous Timoshenko system with a memory
term of the form

p1Uy—x (U, +V), =0,

PV =16Vt (U + V) +hx V, (x,1)=0,

U,t)=U(L,t)=V(0,t) = V(L, t) =0,

U(x,0)=Uy U, (x,0)=U,V(x,0) =V, V,(x,0) =V,
(2)

where (x,t) € (0, L) % (0,00). The same problem (2) was con-
sidered in [3] where the authors discussed the decay proper-
ties of the semigroup generated by a linear Timoshenko
system with fading memory. In paper [4], the authors studied
the exponential stability for the following Timoshenko sys-
tem with two weak dampings.

Pyt = k(e =), —ty, (0, L) X (0,00),
PaVy =K Ve — k(1 — V) = v;, in(0, L) x (0,00), (3)

u(0,t)=u(L, t) =v(0,t) =v(L,t) =0, t > 0.

In [5], the authors investigated the effect of both fric-
tional and viscoelastic dampings. They considered in the
domain (0, L) x (0,00) the following system
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U, - (U, +V), =0,
t

V-V, +U,+V+ L g(t —s)(a(x)v (x,s)) ds +b(x)h(v,) =0,

u(0,t) =u(l,t)=v(0,t) =v(1,£) =0, t >0,

(4)

and proved some exponential and polynomial decay results.
For more results concerning Timoshenko systems, we refer
the reader to [6-15].

Motivated by the above systems, we consider a nonlocal
initial boundary value problem for a nonhomogeneous
Timoshenko system with memory term of type (2), comple-
mented with boundary integral boundary conditions. The
study of mixed problems with nonlocal conditions such as
integral conditions goes back to the year 1963, when Cannon
[16] used the potential method to investigate the existence
and uniqueness of the solution of the heat equation subject
to the specification of energy (integral constraint). This type
of conditions arises mainly when the data cannot be mea-
sured directly on the boundary, but only their averages
(weighted averages) are known. Due to their importance,
physical significance (mean, total flux, total energy, etc.),
and numerous applications in different fields of science and
engineering, several authors extensively studied this type of
problems, and we can cite, for example, [17-24]. Some recent
new results on this direction were obtained (see [25, 26]). In
this work, a functional analysis method based on some a
priori bounds and on the density of the range of the
unbounded operator corresponding to the abstract formula-
tion of the given problem is used to prove the well posedness
of the posed problem. This work can be considered as a con-
tribution to the development of the energy inequality method
used to prove the well posedness of mixed problems with
nonlocal conditions such as integral boundary conditions
(see, for example, [17, 18, 27-31]).

2. Formulation of the Problem and
Function Spaces

In the bounded domain QT = (0, L) x (0, T), we consider the

initial boundary value problem for a nonhomogeneous
Timoshenko system with a viscoelastic term of the form

(5)

where

Ly (4, v) = pydy — 1, (U +V>x + Uy,

t

LU V) = PV — KV + K (U + V) + J h(t = s)v,(x,s)ds,

0

(6)

P1> Py 1> and k, are positive constants, f, g, @, y, F, and G
are given functions, and / :R* — R* is a twice differentiable
function such that
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T
KZ-J h(t)dt =1>0,h' () <0Vt 2 0. (7)
0

The convolution term

hsv(xt)= Jt h(t = s)vy(x, s)ds, (8)

0

represents the memory effect with a real valued function h of
class C*.
System (5) is supplemented with the initial conditions

{ = u(5.0) =P b= (w0 (.

Ly =v(x0)=f(x), &v=7,(x,0) = g(x),

and the boundary integral conditions

L L L L
J udx=0,J xudx=0,J vdx=0,J xvdx=0. (10)
0 0 0 0

This system of coupled hyperbolic equations represents a
Timoshenko model for a thick beam of length L,where u is
the transverse displacement of the beam and v is the rotation
angle of the filament of the beam. The coefficients p,, p,, x;,
and «x, are, respectively, the density, the polar moment of
inertia of a cross section, the shear modulus, and the Young
modulus of elasticity. The integral conditions represent the
averages (weighted averages) of the total transverse displace-
ment of the beam and the rotation angle of the filament of the
beam.

Our aim is to study the well posedness of the solution of
problems (5), (9), and (10). That is, on the basis of some a
priori bounds and on the density of the range of the operator
generated by the problem under consideration, we prove the
existence, uniqueness, and continuous dependence of the
solution on the given data of problems (5), (9), and (10).
We now introduce some function spaces needed throughout
the sequel. Let L2(Q") be the Hilbert space of square integra-
ble functions on QT =(0,1) x (0, T),T <o, with scalar
product and norm, respectively.

(Z (o) = JQ Z8dsdt, 12| ) :JQT Z2dxdt. (11)

We also use the space L?>((0,1)) on the interval (0,1),
whose definition is analogous to the space on Q. Let B}(0, L
) be the space obtained by completion of the space C,(0, L)
of real continuous functions with compact support in the
interval (0, L) with respect to the inner product

L
0.0, = | 5050 (12)
2 0

where 3,0 = [ 0({)d{ for every fixed x € (0, L). The associ-

ated norm is ||6H§3;(0,L) =1/(0:0)p1 1) = jg (3,0)°dx. We
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denote by C(J ; L*(0, L)), with J = (0, T) the set of all contin-
uous functions 6(.,t): ] — L*(0, L) with norm

2 _ 2
HQHC(I;LZ(O,L)) = OSSI;ISTHG('J)HLZ(O,L) < 00, (13)

and C(J;Bj(0,L)) the set of functions 6(.,t): ] — B3(0,L)
with norm

2 2
1012 1) =S98 190001
<ts 2 (14)
= sup [|0(t)]|1 o,z < 00
0<t<T

To obtain a priori estimates for the solution, we write
down our problems (5), (9), and (10) in its operator form:
AU =H with %= (u,v), dU=(L,(u,v),L,(u,v)), and H
= (H,, H,), where

Ly (1) = {, (1), 1, 1),
Ly(u,v) ={Z,(u,v), €,v, &,v} (15)
Hy={F ey}, H,={G.f. g}

The operator &/ is an unbounded operator of domain of
definition D(&f) consisting of (u,v) €
(L2(T;L2(0,L))  such  that  w, Ve, Vyy typs Vips s Vi,
belong to L*(J ; L*(0, L)) and verify initial and boundary con-
ditions (9) and (10). The operator & is acting from the Banach
space 9% into the Hilbert space &, where 9 is the Banach
space obtained by completing D(&/) with respect to the norm

elements

121 = ) 1 000 IO )

(16)
2 2
+"u(.’t)"C(7;L2(0,L)) +||V("t)"C(j;LZ(O,L)) 5

and & = [L2(Q") x (L2(0,1))*] x [L2(Q") x (L2(0, L))?] is the
Hilbert space consisting of vector-valued functions H = ({F,
¢, v}, {G, f, g}) for which the norm

2 _ 2 2 2 2
”H”g - "F"Lz (QT)+"(P||LZ(O,L)+"V/”L2(O,L)+"G"L2(QT) (17)

+||f||iz(o,L)+"9”%2(0,L)~

is finite. The functions % = (u, v) are continuous on the inter-
val ] with values in L?(0, L) and having continuous derivatives
%, = (u,,v,) on J with values in B}(0, L). Hence, the map-
pings

{ & BU=(uv) > U,y = (,u, 4,v) = (u,v)|,_, € L*(0,L) x L*(0, L),
82 BU = (upv,) = U,y = (11, &) = (up vy)| g € By(0, L) X By(0, L),

(18)

are defined and continuous on the Banach space 9.

3. A Priori Estimate and Its Consequences

In this section, we establish an energy inequality from which
we deduce the uniqueness and continuous dependence of
solution of problems (5), (9), and (10) on the given data.

Theorem 1. For any function U = (u,v) € D(), the follow-
ing a priori estimate holds

(4, (-t) ||C(];B§(0,L)) Hve (1) HC(];Bé(O,L))

(0l HV Ol

J12o.L)) Jaro.L))

2 2 2 (19)
< C (Il IV 0.y +191 201

01y HEI: gy HIGH: gy ).

where C=2e”! with D is a positive constant independent of
U < (u,v) given by equation (41) below.

Proof. Define the integrodifferential operators J,u = —32u,
and /,v=-S2v,, where

2 [ 2
Ju(x, ) =J Jo u(n, t)dndg, I v(x, ) )
20

x (€
:J J v(n, t)dndg,
and consider the identity

(prthyps M U) 2 or) — T (e +7), ﬂl”)wef)
= (up, ‘ﬂlu)Lz(QT) + PV ﬂZV)LZ(Q’)
_x, ((vxx, M) R+ M) (o
t

+ (J h(t=s)v,(x,s)ds, /%ﬂ)

0 LZ(QT)

= (F(x ), M 1) 2 gr) + (G 1), MY 12 )
where Q"= (0,L) x (0, 7).

The standard integration by parts of each term in (21)
and conditions (9) and (10) give

T L
2 2
=Py (s qut)Lz(Qf) = _P1J J Uy Sy dxdt
0Jo

T L
= _Plj quttsazcut:| dt
0 0
T L
+ PIJ J Sy udxdt
0 Jo
= 2L (180, o) IS0 )

(22)



P
= P2 (Vi S200) gy = 2 (IS0 () o) 190101 )-
(23)
_(ut, %1”)L2(QT> = ||‘L~qut"%2(QT)> (24)

T L
) (o St )LZ(Q,> =K J Uy, S2u,dxdt
. L
=K1J Siut.ux} dt
T L
—K1J J S u,.u dxdt (25)
T L
= KIJ J u udxdt

K 2 2
= (uu(.,r)u% ||<p||%,/)),

and in the same manner, we have

Z (o, - 1A, ). @6)

1 (Vieos Sy )LZ @) =

T

L
—Kl(ux,Sivt)Lz(Q,)=K1J J S v,.udxdt,  (28)
0

0

T L
2 2
—k (v, Sv )LZ(QT) = —KIL JO V.3, dxdt

T L
:—KIJ Sivt.sxv} dt
0 0 (29)
T (L
+ %, J S-S

0
2
- ”SfoLz(O,L)’

vdxdt

= ||5x"(-’7)||%2(o,L)
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- (L B(t =)V )ds, S’Z‘Vt>Lz(Q,>
L0 (e
__JT < h(t=s). ’5)d5>-3ivt}:dxdt

H (J Bt =)0, ) .

0 % $)ds >)5xvt]zdxdt

JO ﬁ (J (£=s).v(x ,S)ds) v, dxdt
J h(t=s).v )d5>vdx]T

JO K h(o 2dxdt+JOJ

(Jt h'(t-s). d5>vx, £)dxdt

=[] ([ 1=ttt s o)l

Jo E (J (t=s)v(x ’5)d5>1/dxdt.

Substituting equalities (22)-(30) into (21), we obtain

NES s)ds) S2v,dxdt

= h(t—s).

(30)

K
%us ut(.,r)niz oty * ()

K
”‘5 V(- ’T)”LZ 0,L) ?Z"V("T)"iz(o,L)

2
+ 7 ||\5xV(-)T) "LZ(O,L) + h(o)”V”LZ(QW

Pry5

p 2 112 2
= ?1 "5x‘V"L2(o,L) + > ||‘P||L2(0,L) + xg"LZ(o,L)

Ko 12 Ky 2
> ||f||L2(o,L) + > ”Sxf"LZ(O,L)

T L T L
+K1J J vi‘s’xutdxdt—xlj J uS, v, dxdt

0Jo 0Jo

(31)

+ ' (JT h(t = s)v(x, s)ds) v(x, T)dx

0 0

L (s

T L T L
- J FSiutdxdt—J J GS2v,dxdt.

0Jo

0

By using the Cauchy ¢ -inequality, the last six terms in the
right-hand side of (31) can be estimated as follows:
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T L K& (7 L
KIJ J v, u dxdt < L J J vV dxdt
0 0 2 0 0 (32)

T L
J J (qut)zdxdt,
0

0

Y
2¢,

T L K&, [T L
—KIJ J u3, v, dxdt < IT2J J wdxdt
0 0 (33)
Ky

T L
+ —J J (S,v,) dxdt,
0

2¢&, ),

JT h(t = s)v(x, s)ds) v(x, T)dx

L 1 L
< vz(x, T)dx + —J
0 € Jo
T 2
h(T—s)v(x,s)ds) dx
0

€3

2

( y
o, . (34)
= v(x,r)dx+—J

2

€3

2

IN

0 € Jo

: R (- s)ds) (L Pz, s)ds) dx

L T L T
v (x, T)dx + — sup hz(T)J J vidxdt,

0 €3 0<7<T 0o Jo

IN

T L t
_J J (J h'(t—s).v(x,s)ds)vdxdt
0oJo \Jo
T L T L
S8—4 J v2dxdt + LJ J
2 JoJo 2e4 Jo Jo

(; h’z(t_s)ds> (J; (%, s)ds> dxdt

T L T T L
¢ J Vidxdt + — suph'Z(t)J J

0 €4 0<t<T 0Jo

4
2
t
. < e (x, s)ds) dxdt
L L

- J Vdxdt + suph'Z(t)J (35)

0 284 o<t<T 0

t T T
<tJ e (x, s)ds) - J tvzdt} dx
0 o Jo

T L T L
= £4J J vidxdt + — suph'Z(t)J

0 2&4 o<t<T 0

IN

. JT (T —t)v*(x, t)dt} dx

IN

e, (7 L T2 , L 7
4J J vidxdt + — suph 2(t)J J vidtdx
0

0Jo 2¢& o<t<T 0

84 T2 , T L
( + — suph 2(1‘))J J Vdxdt,
2 2&40us<r 0Jo

T L
~2 €512 w2 2
J J P udsdr < SUFL )+ 31900 o

0Jo ¢ (36)
& 2 2
< 7”F||L2(QT) + 4_85”5xut”L2(Q’)’
T ~2 €6 2 I 2 2
G v, dxdt < 5 IIGIILZ(QT) + % II\sxvtIILz(Qr)
070 % (37)
€6 2 2
< 3 ”G”LZ(QT) + 4_86 ”sthHLz(Qr).
If we let
K
81=52=54=55=86=1)83=72, (38)

we then infer from (31)-(37) that

PLIS 1, ()00 + M) o
+ % 1S,ve (D)0
e T
+ %st"(-ﬁ) 10,
+ BO)IVIF: ) +1S 4,72
< 218,91 00y + 2oy

Ky 2 P1 2
+ 7 ”Sxf"LZ(()L) + 7 “SxWIILZ(O,L)

Ky 2 L x 2
5 Ielior) (Z ! ?) 197l )

L %)\, « 2 Ky 2
+ <4 + 2) 158 24,72 r) + ?Ilulle(Q,)

K T ) 1 71 , 5
+ (= +— suph*(t) + YT sup h'2(t) | IVl g

2 Ky o<t<T 0<t<T

= 7N

1
2 2
+ S gy + 516 -

(39)

By discarding the last three terms on the left-hand side of
(39) and using the poincare ' type inequality [27], we have

”u("T)”iZ(O,L)+"V(”T>”iz(0,L)
HIS ety () 0,0 IS v (D)2 010
s @{ "V’"%Z(O,L)+||(P"i2(o,L)+||9||i2(o,L)+||f||%2(o,L) (40)
+||F||iZ(QT)+||G||]%2(Q1)+||u||]%2(Qr)

VI g ISt e IS g }

where



2 = max
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<P1L/4’ p,LI4, 1,12 + K, /1, sup H*(t) + 1/2 + T?/4 sup h'2(t), LIA + K,/2, k,/2 + K, LI4
0<t<T

0st<T ) (41)

P12, pi12, 6,12, %, /4

Application of Gronwall’s lemma (see [28]) to (40) gives
||5x”t(-»f)”iz(o,L)Jr"”(wT)”iz(o,L)
+”‘c}xvt("‘[)”iZ(O,L)-'—”v("T)"%Z(O,L)
<7 (I 01y 1912 0.0, 1 100, 1912 0
+||F||§2(Q,>+||G||iz(Q,>) (42)
S (T Y

gl ) HIEI: (ry HIGI: o) )-

The right-hand side of inequality (42) does not depend
on 7. By taking the supremum with respect to 7 over [0, T7,
we get

Hul(-’t)HC(];B;(o,L))+||Vf(-’t)HC(7;B§(O,L))
2 2
+"u(”t)”c(7;L2<o,L))+"V("t)"c(7;L2(o,L))
9 (1l : ) (43)
<Pe (||‘//||L2(0,L)+||‘P||L2(0,L)+||f||L2(0,L)

#1201 HIFI: (gry HIGH: (g )-

Then, the a priori estimate (19) follows with C = Pe?".

At the moment, we do not have any information about
the range R(&f) of the operator &/ except that R(</) C &,
and we must extend &/ so that inequality (43) holds for the
extension and its range is the whole space &. In this regard,
we prove the following.

Proposition 2. The unbounded operator of : B — & admits
a closure of with domain of definition D(<f ).

Proof. Let %, = (u,, v,) € D(&) be a sequence such that

%n = (un) Vn)—>(0, 0) in%, (44)

'Q{%n = {Ll(un’vn)’LZ(un’Vn)}—>H=H1 XHZ
=({Foy}1{Gf g})iné,

where

(45)

Ll (un’ vn) = {“‘(Zl (“w Vn)’ Elun’ Ez”n}’
LZ(un’ Vn) = {gZ(Mn’ Vn)’ P‘lvn’ P’ZVn}’

H,={F.¢,y},

H,={G.f, g}. (46)

Then, we must show that H; = {0} and H, = {0}. That s,
F=0=0y=0,G=0,f=0,and g=0.

Equality ((44)) implies that

£, = (u,,v,)——(0,0)in 2" (Q") x2"(Q"),  (47)

n n>
n—-oo

where 9'(QT) is the space of distributions on Q'. By the
continuity of derivation of 2'(Q") x 2'(Q") — 2'(Q") x
2'(Q"), then (47) implies

lim [P1 () = %1 ((uﬂ)x + V”)x + (u”)’] =0,

n—00
t

nhllt;lo Pz(vn)tt - KZ(Vn)xx + K ((un)x + Vn) + J h(t - 5)(Vn)xx(x’ S)ds =0,

0

(48)
in 2'(Q") x 2'(QT). Then, from (45) it follows that

lim [Pl(un)tt ! ((”Vl)x + V”)x + (u”)t] =F

n—00

t

nh_fgo Pz(vn)n - KZ(Vn)xx K ((uﬂ)x + vvx) + JO h(t - S)(Vn)xx(x’ S)ds =G,

(49)
in L2(QT) x L*(QT). Therefore,

lim [Pl(un)tt - K ((u")x + V”)x + (u")f] =F

n—00
t

|30 = a5 (1) ) + [ W= 9)0) 59 =G,

(50)

in 2'(QT) x 2'(QT). By virtue of the uniqueness of the limit
in 9/(QT), the identities (48) and (50) lead to F=0, and G
=0.

Similarly, we have from (45)

(1,(:10),v,,(-,0))——— (¢, f)inL?(0,L) x L*(0, L).  (51)

n—00

We observe from (44) and the obvious inequalities

”un(-»O)"LZ((),L)S””n"gga VneN,
(52)

||Vn(->0)||L2(o,L)S”Vn "@: VneNN,
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that
lim u,(.,0) =0,inL*(0,L),

lim v, (.,0) =0, inL*(0, L).

n—-0oo0

(53)

We conclude from (51) and (53) and the uniqueness of
the limit in L?(0, L) that ¢ =0, and f =0. In the same man-
ner, we show that =0 and g =0.

Definition 3. The solution of the equation /% < H = ({F,
0, v} {G,f, g}) is called a strong solution of problems (5),
(9), and (10).

The energy inequality (19) can be extended to

|%1% < Cld Iy, V% e D(). (54)

The previous a priori bound shows that the operator & is
injective and that &~ is continuous from the range R()
onto & from which we assert that if a strong solution of
problems (5), (9), and (10) exists, it is unique and depends
continuously on the initial data (¢, ), (f,g) and the free
terms F and G.

Corollary 4. The set R(</) C & is closed and R(<f) = R(&).

4. Solvability of the Posed Problem

Here is the main result of the paper.

Theorem 5. Problems (5), (9), and (10) admit a unique strong
solution satisfying

U= (u,v)€C(];17(0,1)),
. (55)
U, = (u,v,) € C(J; BY(0, L)).

Moreover, the solution % = (u, v) and its time derivative
%, = (u,,v,) depend continuously on the data F, ¢, v, G, f, g,
that is,

||u(.,t)|lzc(h2 o) 0D 12 (on)
+Hlu (1) IIZCU;B%O)L)) +|v, () HZCU;B;(O,L))

(56)
< 267" (I 0.y Il 00y 1 o

#1912 .y HIFI: (gry HIGTz ) )-

Proof. It follows from Corollary 4 that in order to prove the
existence of the strongly generalized solution of problems
(5), (9), and (10), it is sufficient to show that the range R(&/
)of the operator &/ is everywhere dense in the space &; that
is, the operator & is injective. To this end, we first prove
the density in the following special case.

Theorem 6. If for some function W = (w,, w,) € (LZ(QT))Z
and for elements U € Dy(d)={U : % € D() andlu=1v
=0,i=1,2}, we have

(L; (s v)s wI)LZ(QT) + (Ly(u, v), wz)LZ(QT) =0, (57)

then W=0a.e in Q.

Proof. Since relation (57) holds for any element of D (<), we
take an element % = (u, v) with special form given by

(0,0), ifo<t<s,
U= (u,v)= t t
(J (t=t)u,(x 1)dr, J V(% T)d‘l’), ifs<t<T,
(58)
and consider the system
t
E (xt)=Slu,(xt)=| w(x1)dr,
! (59)
Ey(xt)=Sv,(xt)= | w,(x,T)dr.
T
It follows from the above relations that
Sitt (3 1) = @, (1, 1), Fevy (%, 1) = w0y (%, 1). (60)

Lemma 7. The function W = (w,, w,), defined by (60), belongs
to (1(Q"))".

Proof (of Lemma). We use the ¢ —averaging operator p,
introduced in [32]. By applying the operators p, and d/0t
to the first equation in (59), we obtain

2 (B20u) = o [820t0) ~ e (F2000))] + o B (1),
(61)
then
9 (g u 2 < 9 g uy) - p.(S2(u 2
Hg (dx( tt)) LZ(QT)_Z ’at [«Sx< i) Ps(dx( tt))] 2 (a7)
a 2
w2 Sp x|
’at 2 (a")
(62)



Using the t — averaging operator p, properties, we infer
from the above inequality that

2

(@)

2

. (63)
*(Q")

I3 (s

<2 5 putEi(x1)

Since p,u — u as € > 0 in L*(Q") and the norm of 9/0t
(S2(u,,)) in L*(Q") is bounded, we conclude that w, € L*(
Q"). Similarly, applying 0/dtp, to the second equation in
(59), we conclude that w, € L2(QT). Consequently, W = (w,
;) € (1P(Q)"

We now continue the proof of Theorem 6. Replacing the
functions w, and w, given by (60) in (57), we obtain

(Plutt’ ngc”ttt)y(QT) — K (”xx> Sazcuttt)LZ(QT)
K (Vx’ Sazcuttt)L2(QT) + (”t) syzcuttl)LZ(QT)

+ (sztt’ Si"m)Lz(QT) —K (Vxx’ S;chttt)LZ(QT) (64)
64

+5 ((ux,o vm) 1(Q") +K1(v,3 vm) (a7

t
+ (J h(t = s)v(x,s)ds, 3 vm)
0 Lz

Invoking the boundary integral conditions and carrying
out appropriate integrations by parts of each term, we have

T

L
2 2
(Plutt’sxuttt)LZ(QT>=J J PSSty dxdt
0

0

T ¢L
= J J Pty Sty dxdt (65)
s JO
P
= i”sxu”(.,s)”iz(o)w,
2 _ P2 e 2
(PZVft’ "vattt>L2 (QT) - 7 ”‘sxvtt(~’5) ||L2(O,L)’ (66)
(”t’ Sfc”ttt)Lz(QT> = ”qutt“iz(QS)’ (67)
K (uxx’ Siuttt)LZ(QT) =K (uxx’ Sium)Lz(Qs)
==K (U sxuttt)Lz(Qs)
=1, (u, um)Lz(QS) (68)
=—K; (Up ”tt)LZ(QS)
Ky 2
= 7 "ut("T)”LZ(O,L)’
K
Ky (Vxx’ S;zcvttt)Lz(QT) = ?2 ”Vt(-’T) |Iiz(0)L)) (69)
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—K (Vx’ Si”ttt)]}((f) =-K (Vx> Syzc”ttt)LZ(Qs)
=%, (Vs quttt)Lz(Q‘)

=k (vp> ‘C}xutt)Lz(QS)’

Ky (”x’ ngcvttt)LZ(QT) =&y (U vatt)Lz(QS)’

([, w5 )

0

2 (QT>
t
- (j AT S)
0 1}(Q)

_— (Jt h(t —n)v,(x, n)dn, vam)

0

t
= (J h(t —n)v(x,n)dn, Vttt)
0 LZ(QS)

= _h(O)LT Jj v vdxdt — LT Jz Vit
. (J; h'(t-n)v(x, n)dr]) dxdt

T

Q)

L L
J vfdxdt
0

0 s

= —h(O)J vvt] Sde + h(O)J
T

- K <J; h(t-n)v(x, r;)dn) vt} S dx

T ¢L T ¢L
+h’(0)J J vtvdxdt+J J v,
s 0 s 0

(Jt h'(t = n)v(x, r])dn) dxdt

0
L

V(% T)v,(x, T)dx + h(O)JT JL

s JO

- J: v(x, T) (Jj h' (T -n)v(x, n)dq) dx
(Jt h'(t - n)v(x, q)dn) dxdt,

0

vidxdt

(70)

(71)
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Substitution of equations (65)-(73) into (64) gives

P 2 Ky 2
71 IS8 w2ty (53) 220, + > M (Tl z2 0.0

P 2 K 2
+ 72||5x"n<~’5)||L2(0,L> + 7||Vt(->T)”L2(o,L)

Ky 2
+ ?”sxvt("T)"Lz(O,L)

K'(0
# v(.,T)II% on) * h(0) v, 1%

= —KIJ U, vy dxdt + KIJ Vv, dxdt (74)
Q

Q@
L

+h(0)Jo v (-T)v(x, T)dx+J0 v (-T)

(JT W (T = n)v(x, q)dn> dx

) J(; i <J; W (E=n)v(x, ?l)dn) dxdt.

By using the Cauchy ¢ -inequality, we estimate each term
of the right-hand side of the previous relations to get

L

Ky 2
FY "qutt”Lz(Q‘)’

K€ 2
KIJ VSt dxdt < —— vl +
o x 2 (@) 281

(75)

132 K1 2
—KIJ u, 3, v, dxdt < —=|u, "Lz @) —2 IIvattlle(Qs),
@ &

(76)
L
h(O)J vi(x, T)v(d, T)dx
0
h(0)e h(0
< (2) v, (. )IILz(O)L)+%Ilv(.,T)"iz(O’L)
h(0 h(0
( ) ( )||L2(O,L)+ %3)" "LZ(QS) %llvt"iz(Qs))
(77)
L T
J vi(xT) (J W (T = n)v(x, n)dn>dx
0 0
&y t 2 1 LT li
S—J vt(x,T)dx+—J J h'2
2 Jo 24 )0 Jo
T (78)

(T —ﬂ)dﬂj vi(x,

0
e (L
< —4] vf(x, T)dx +
2 Jo €4

Ydndx

T suph'2(t)

0<t<T

T (L /gt
—J (J h"(t—q)v(x,n)dn)vt(x,t)dxdt
s 0
T (L 1 T (L
Sgs J vtzdxdt+—J J
s Jo 2e5 ) Jo
2
(], wte= vt ) s
1 (T (L ot 12 /0t 12\ 2
+§J J ((J h"2(t—;1)d11) (J vz(x,n)dr]) )dx
sJs Jo 0 0
using Holder s inequality
1 (T (L
S |
! LZ 285. s JO

(]
<

t
. J VA (x, q)dﬂ) dxdt

. T suph''2(t)
5 2 0<t<T
<2 Ml =5

T (L pt

J J [ v (x, n)dndxdt
0 Jo

T suph''2(t)

& 0<t<T
v )+
2 ” [”LZ 285
L T
J J (T- t)vzdtdx
0

Zsuph''2(t) ., g
702@ -[ J Vidtdx.
2e5 0 Js

& 2
< 2
<5 IIV,IILZ(QS) +

(79)

By combining equality (74) and inequalities (75)-(79)
and taking

2h(0
6 = ())

Ky

1
8_7$
L)

_ K
7 2h(0)
K

s4=22,
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we obtain

K

?1 llee, (-, T) "iZ(O,L)
K

+ 2182, (o) + 2 (T

’@

P 2
2 I8 2y (-53) 172 0,0 +

)"iZ(o,L)

+II

(5

Ky
+ —|lu
4 " t"LZ

vi(-T) "L2 0.L) ”V("T)”iz(o,L)

K?
" t"]} + 4]’1( )"\5 un"[} QS

) HlS anle @)

2T suph'2(t)
0st<T

T2 I
2 T suph''2(t)
L) o

Ky Ky 2

||V||22(Q5).

(81)

By discarding the terms «,/2||S,v,(x, T) "iz(o)L), lv(x, T)
”iZ(O,L) from the left-hand side of (81) and using the Freder-

ick’s inequality for the norm of v obtained from the norm
of v,, it follows that

2 2
IS8 242 ()12 0.0y IS v (55) 122 0.1

+Hlu, (. T) "%Z(O,L) +v,(.T) "IZf(O,L)

e (52)
<C (”\qutt||L2(O,L)+"\SXV“"L2<0)L)

S

S P T P L
where

0<t<T 0<t<T

max {1/2 + 12 (0)/xy, 1y, M (ZT suph'2(t)/x, + T* suph'"2(t)/2 + hZ(O)/KZ) }
c'=

min {pl/Z, K112, P12, 1,18, h’(O/z)}

(83)

and " is the Frederick’s constant.
Inequality (82) is important and fundamental in the proof;
to use it, we introduce the new functions &, y defined by

T T
U (x,7)dr.  (84)

t

)= | ol ) 8 )= |

t

Then, u(x,s) =v,(x, T), v,(x, t)
x,8) =u,(x, T)u,(x, t) =&(x, 5)

T T
J IIutIIiz(O)L)dtSZJ ECes )22 )t
N N

+2(T =) (180 9)[l 201>

= (x,s) = p(x, t) and §(
—&(x, t), and we have
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T T
v, 117 dtSZJ lla(, £)1122, 0 1 A
L tlrz(o,r) . u(x )l (0.L) (85)
+2(T = 5)[|4(%: 9) [l 20,1
Consequently, inequality (82) reduces to
(R "‘tt("s)”%2 o) F(1- 2CY(T - S))||€("S)”i2(0,L)
HIS v (- ’S)"LZ or) T (1 -2C(T - ))||.”("5)||i2(0,L)
ﬂcj(m%tlwuwan@w

IS V1 (o) 0. I 0 )
(36)

Choose s, >0 such that s€ [T —s,, T]. and 2C*(T - s,)
= 1/2; then, inequality (86) implies

15 utt("s>”iz(0L +IE(-»9) "iz

HIS vy (5) "L2 0.L) +Hlu (. )"iz(O,L)
. (87)
<40 [ (192000 HECO
HIS V() 0 IO 0 )
for all s € [T —s,, T]. If in (86) we let
! 2 2
A6 = | (19 gy 18O
s (88)
HIS i () 0. HIB D o )
then it follows from (87) that
dAG) _ .
"5 < C A(s). (89)
Thus,
_4 (A(s)ezc*s) <0. (90)
ds
It then follows from inequality (90) that A(T) =0, and

hence, W = (w,, w,) = 0 almost everywhere in Q. Proceed-
ing in this way step by step along a rectangle of side s,, we
prove that W = 0 almost everywhere in Q.

We now consider the general case for density.
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Since & is a Hilbert space, then R(&/) = & is equivalent to
the orthogonality of the vector # <« (N}, ;) = {(w,, w;,
w,), (w,, ws, wg) }€& to the set R(), that is, if and only if
the relation

(AU, N )= ({L1 (1), Ly (s v AN 1, N} )
= ({Ly(uv), & u, Gu}, {Ly (1, v), v, &5v} ],
{0y, w3}, {wy, ws, w6}

= (Ll(u, V), wl )LZ(QT) + (el u, wZ)LZ(O,L)
+ (&1t 03) 2.1 + (Lo (1 7) w4)Lz(Qr)

+ (6%, @s) 120y + (829 W6) 120
= 0’

(o1)

where % runs over the space & and / € &, which implies
that /' < (N, #,) =(0,0). That is, w, = w, = w; =W, = ws
=ws=0.

Let % € D,(&f); then, equation (91) becomes

(Ly(u, v),wl)Lz(QT) +L,(u, V),(U4L2(QT> =0. (92)

Hence, by virtue of Theorem 6, it follows from (92) that
w, = w, = 0. Consequently, equation (91) takes the form

(81t @) 201y + (€26 @03) 20 1) + (8195 05) 201 + (8 W6) 20,1y =0

(93)

Since the four terms in (93) vanish independently and
since the ranges R(£,), R(¢,) of the trace operators ¢, £, are
everywhere dense in the space L?(0, L), then it follows from
(93) that w, = w; = w5 = wz =0. Consequently, /' =0., that
is, R(o/)* = {0}. Thus, R(</) = &.

5. Conclusion

In this article, we proved the well posedness of a nonhomoge-
neous Timoshenko system with a viscoelastic damping term.
The coupled two hyperbolic equations were associated with
initial conditions and nonlocal boundary conditions. The
proofs of the results are mainly based on some energy and
a priori estimates and on some density arguments. The
method uses functional analysis tools such as operator theory
and density arguments. It is found that the method is efficient
and powerful for solving initial boundary value problems
with nonlocal constraints. The a priori estimate for the solu-
tion can be provided by constructing suitable multiplicators
and from which it is also possible to establish the solvability
of the stated problem. We note, here, that no previous works
were done for Timoshenko systems with nonlocal conditions
of integral type.
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