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In the present article, we construct ðp, qÞ-Szász-Mirakjan-Kantorovich-Stancu operators with three parameters λ, α, β. First, the
moments and central moments are estimated. Then, local approximation properties of these operators are established via K
-functionals and Steklov mean in means of modulus of continuity. Also, a Voronovskaja-type theorem is presented. Finally, the
pointwise estimates, rate of convergence, and weighted approximation of these operators are studied.

1. Introduction

During this decades, the applications of ðp, qÞ-calculus tran-
spired as a new area in the field of operator approximation
theory. Many researchers constructed and discussed many
positive linear operators based on ðp, qÞ-integers, ðp, qÞ
-exponential functions, ðp, qÞ-Gamma functions [1], ðp, qÞ
-Beta functions, and so on. Since Mursaleen et al. first con-
structed ðp, qÞ-Bernstein operators [2] and ðp, qÞ-Bernstein-
Stancu operators [3], several generalizations of well-known
positive linear operators based on ðp, qÞ-calculus have been
introduced and studied (see [4–11]). In [12], Acar first pro-
posed ðp, qÞ-Szász-Mirakjan operators defined on ½0,∞Þ. In
[13], Kara et al. constructed a modified ðp, qÞ-Szász-Mirakjan
as follows:

Sp,qn f ; tð Þ = 〠
∞

k=0
sp,qn,k tð Þf

pn−k k½ �p,q
n½ �p,q

 !
, t ∈ 0,∞½ Þ, ð1Þ

where 0 < q < p ≤ 1, f ∈ C½0,∞Þ and sp,qn,kðtÞ = ðpkðk−nÞ/qkðk−1Þ/2Þ
ð½n�kp,qtk/½k�p,q!Þep,qð−½n�p,qpk−n+1q−ktÞ. Certain basic notations
of ðp, qÞ-calculus are mentioned below (for details see
[14]): For each real number λ, ðp, qÞ-analogue of λ
named ½λ�p,q is defined by

λ½ �p,q =
pλ − qλ

p − q
, p ≠ q: ð2Þ

And for each nonnegative integer n, the ðp, qÞ-integer
½n�p,q and ðp, qÞ-factorial ½n�p,q! are defined by

n½ �p,q = pn−1 + pn−2q + pn−3q2+⋯+pqn−2 + qn−1

=

pn − qn

n − n
, p ≠ q ;

npn−1, p = q ;

n½ �q, p = 1 ;

n, p = q = 1,

8>>>>>>>><
>>>>>>>>:

n½ �p,q! =
1½ �p,q 2½ �p,q ⋯ n½ �p,q, n ≥ 1 ;
1, n = 0:

(
ð3Þ

The ðp, qÞ-analogue of the exponential function is
defined by

ep,q tð Þ = 〠
∞

n=0

pn n−1ð Þ/2tn

n½ �p,q!
: ð4Þ
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Let f be an arbitrary function and a ∈ℝ. The ðp, qÞ
-Jackson integral [15] was defined by

ða
0
f uð Þdp,qu = p − qð Þa〠

∞

i=0

qi

pi+1
f

qi

pi+1

� �
, 0 < q < p ≤ 1: ð5Þ

And the ðp, qÞ-Jackson integral over an interval ½a, b�
ða < bÞ can be defined by

ðb
a
f uð Þdp,qu =

ðb
0
f uð Þdp,qu −

ða
0
f uð Þdp,qu: ð6Þ

We easily know that ðp, qÞ-Jackson integral (6) is not
positive unless it is assumed that f is a nondecreasing
function. To solve this problem, Acar et al. [16] defined
the ðp, qÞ-integral of the arbitrary function f on interval
½a, b�ða < bÞ as follows:

ðb
a
f uð Þdp,qu = p − qð Þ b − að Þ〠

∞

n=0

qn

pn+1
f a + b − að Þ qn

pn+1

� �
, 0 < q < p ≤ 1:

ð7Þ

It is obvious that integral (6) and integral (7) of f on
½0, 1� are equivalence.

The Kantorovich modification of positive linear opera-
tors on ½0,∞Þ is a method to approximate the Riemann inte-
grable functions. The idea behind the Kantorovich
modifications mainly depends on replacing the sample value
f ðk/nÞ by n

Ð k/n
k+1/n f ðuÞdu (see [17, 18]). By definite integral

substitution, we have n
Ð k/n
k+1/n f ðuÞdu =

Ð 1
0 f ðk + u/nÞdu. How-

ever, two Kantorovich modifications may be not equivalence
or cannot use definite integral substitution in q-calculus and
ðp, qÞ-calculus. For the researches about ðp, qÞ-Szász-Mirak-
jan-Kantorovich-operators, we can see [19–21]. Meantime,
the idea behind the Stancu modifications mainly depends
on replacing the sample value f ðk/nÞ by f ðk + α/n + βÞ with
two parameters 0 ≤ α ≤ β (see [22]). For the researches about
the Stancu modification of ðp, qÞ-operators, we can see [23,
24]. All these achievements motivate us to construct the
Stancu and Kantorovich generalizations of ðp, qÞ-Szász-Mir-
akjan (1) with three parameters λ, α, β as follows:

Definition 1. For n ∈ℕ, 0 < q < p ≤ 1, λ > 0, 0 ≤ α ≤ β and f
∈ C½0,∞Þ, the ðp, qÞ-Szász-Mirakjan-Kantorovich-Stancu
operators can be defined by

Sp,q,λn,α,β f ; tð Þ = 〠
∞

k=0
sp,qn,k tð Þ

ð1
0
f

pn−k k½ �p,q + uλ + α

n½ �p,q + β

 !
dp,qu, t ∈ 0,∞½ Þ:

ð8Þ

2. Auxiliary Results

In order to obtain the approximation properties of the oper-

ators Sp,q,λn,α,βð f ; tÞ, we need the following lemmas and

corollaries.

Lemma 2. For t ∈ ½0,∞Þ, 0 < q < p ≤ 1, λ > 0, we have
Ð 1
0t

λ

dp,qt = 1/½λ + 1�p,q.

Proof. Using (7),

ð1
0
tλdp,qt = p − qð Þ〠

∞

n=0

qn

pn+1

� �λ+1
= p − q

pλ+1
〠
∞

n=0

qλ+1

pλ+1

� �n

= 1
λ + 1½ �p,q

:

ð9Þ

Lemma 3. ([13], Lemma 4) For 0 < q < p ≤ 1, n ∈ℕ, and t ∈
½0,∞Þ, we have

Sp,qn 1 ; tð Þ = 1, Sp,qn u ; tð Þ = t, Sp,qn u2 ; t
� �

= t2 + pn−1

n½ �p,q
t,

Sp,qn u3 ; t
� �

= t3 + 2p + qð Þpn−2
n½ �p,q

t2 + p2n−2

n½ �2p,q
t,

Sp,qn u4 ; t
� �

= t4 + 3p2 + 2qp + q2
� �

pn−3

n½ �p,q
t3

+ 3p2 + 3qp + q2
� �

p2n−4

n½ �2p,q
t2 + p3n−3

n½ �3p,q
t:

ð10Þ

The following lemma will tell us the relation between the
moment of the operators Sp,qn and the moment of the opera-

tors Sp,q,λn,α,β:

Lemma 4. For t ∈ ½0,∞Þ, n,m ∈ℕ, 0 < q < p ≤ 1, λ > 0, 0 ≤
α ≤ β, we have the following recursive relation:

Sp,q,λn,α,β um ; tð Þ = 1

n½ �p,q + β
� �m〠

m

i=0
〠
m−i

j=0

m!

i!j! m − i − jð Þ! n½ �ip,qSp,qn ui ; t
� � αm−i−j

λj + 1½ �p,q
:

ð11Þ

Proof. By direct computation, we have

Sp,q,λn,α,β um ; tð Þ = 〠
∞

k=0
sp,qn,k tð Þ

ð1
0

pn−k k½ �p,q + uλ + α

n½ �p,q + β

 !m

dp,qu

= 1
n½ �p,q + β

� �m 〠
∞

k=0

ð1
0
〠
m

i=0
〠
m−i

j=0

m!

i!j! m − i − jð Þ! pn−k k½ �p,q
� �i

uλjαm−i−jdp,qu

= 1
n½ �p,q + β

� �m 〠
m

i=0
〠
m−i

j=0
n½ �ip,q 〠

∞

k=0
sp,qn,k tð Þ

pn−k k½ �p,q
n½ �p,q

 !i
0
@

1
A αm−i−j

λj + 1½ �p,q

= 1
n½ �p,q + β

� �m 〠
m

i=0
〠
m−i

j=0

m!

i!j! m − i − jð Þ! n½ �ip,qSp,qn ui ; t
� � αm−i−j

λj + 1½ �p,q
:

ð12Þ

Hence, the proof of Lemma 4 is completed.

Then, the following lemma can be obtain immediately:
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Lemma 5. For t ∈ ½0,∞Þ, 0 < q < p ≤ 1, λ > 0, 0 ≤ α ≤ β , we
have

Sp,q,λn,α,β 1 ; tð Þ = 1, Sp,q,λn,α,β u ; tð Þ =
n½ �p,q

n½ �p,q + β
t + 1

n½ �p,q + β

1
λ + 1½ �p,q

+ α

 !
,

Sp,q,λn,α,β u2 ; t
� �

=
n½ �2p,q

n½ �p,q + β
� �2 t2 + pn−1

n½ �p,q
t

 !
+

2 n½ �p,q
n½ �p,q + β

� �2
� 1

λ + 1½ �p,q
+ α

 !
t + 1

n½ �p,q + β
� �2

� 1
2λ + 1½ �p,q

+ 2α
λ + 1½ �p,q

+ α2
 !

:

ð13Þ

Lemma 6. Under the condition of Lemma 5, we can easily
obtain the following formulas for the first and second central
moments:

Ap,q,λ
n,α,β tð Þ≔ Sp,q,λn,α,β u − t ; tð Þ = 1

n½ �p,q + β

1
λ + 1½ �p,q

+ α − βt

 !
,

Bp,q,λ
n,α,β tð Þ≔ Sp,q,λn,α,β u − tð Þ2 ; t� �

=
pn−1 n½ �p,qt
n½ �p,q + β

� �2 + 1

n½ �p,q + β
� �2

� βt − α −
1

λ + 1½ �p,q

 !2

+ 1
2λ + 1½ �p,q

−
1

λ + 1½ �2p,q

 !
:

ð14Þ

Lemma 7. The sequences ðpnÞ, ðqnÞ satisfy 0 < qn < pn ≤ 1,
such that qn ⟶ 1, pnn ⟶ η ∈ ½0, 1�, ½n�pn ,qn ⟶∞ as n⟶
∞; then for any t ∈ ½0,∞Þ, 0 < q < p ≤ 1, λ > 0, 0 ≤ α ≤ β, we
have

lim
n→∞

n½ �pn ,qnA
pn ,qn ,λ
n,α,β tð Þ = −βt + α + 1

λ + 1
, ð15Þ

lim
n→∞

n½ �pn ,qnB
pn ,qn ,λ
n,α,β tð Þ = ηt, ð16Þ

lim
n→∞

n½ �pn ,qnS
pn ,qn ,λ
n,α,β u − tð Þ4 ; t� �

= 0: ð17Þ

Proof. By ½λ + 1�pn ,qn = ðλ + 1Þξλn, ξn ∈ ðqn, pnÞ, we have lim
n→∞

½λ + 1�pn ,qn = λ + 1. Thus, we easily obtain (15) and (16). As
n⟶∞, we can rewrite

Spn ,qnn u3 ; t
� �

= t3 + 2 + qnp
−1
n

� �
pn−1n

n½ �pn ,qn
t2 + o

1
n½ �pn ,qn

 !
,

Spn ,qnn u4 ; t
� �

= t4 + 3 + 2qnp−1n + q2np
−2
n

� �
pn−1n

n½ �pn ,qn
t3 + o

1
n½ �pn ,qn

 !
:

ð18Þ

Set AðnÞ = ð1/½λ + 1�pn ,qnÞ + α. Applying Lemma 4 and

ð½n�pn ,qn /½n�pn ,qn + βÞi = 1 − ðiβ/½n�pn ,qn + βÞ + oð1/½n�pn ,qnÞ, i =
1, 2, 3, 4, we can also rewrite

Spn ,qn ,λn,α,β u ; tð Þ =
n½ �pn ,qn

n½ �pn ,qn + β
t + A nð Þ

n½ �pn ,qn + β
= 1 − β

n½ �pn ,qn + β

 !
t

+ A nð Þ
n½ �pn ,qn + β

+ o
1

n½ �pn ,qn

 !
,

Spn ,qn ,λn,α,β u2 ; t
� �

=
n½ �2pn ,qn

n½ �pn ,qn + β
� �2 t2 + pn−1

n½ �pn ,qn
t

 !
+

2 n½ �pn ,qnA nð Þ
n½ �pn ,qn + β

� �2 t

= 1 − 2β
n½ �pn ,qn + β

 !
t2 + pn−1

n½ �pn ,qn
t

+ 2A nð Þ
n½ �pn ,qn + β

t + o
1

n½ �pn ,qn

 !
,

Spn ,qn ,λn,α,β u3 ; t
� �

=
n½ �3pn ,qn

n½ �pn ,qn + β
� �3 t3 + 2 + qnp

−1
n

� �
pn−1n

n½ �pn ,qn
t2

 !

+
3 n½ �2pn ,qnA nð Þ
n½ �pn ,qn + β

� �3 t2 + o
1

n½ �pn ,qn

 !

= 1 − 3β
n½ �pn ,qn + β

 !
t3 + 2 + qnp

−1
n

� �
pn−1

n½ �pn ,qn
t2

+ 3A nð Þ
n½ �pn ,qn + β

t2 + o
1

n½ �pn ,qn

 !
,

Spn ,qn ,λn,α,β u4 ; t
� �

=
n½ �4pn ,qn

n½ �pn ,qn + β
� �4 t4 + 3 + 2qnp−1n + q2np

−2
n

� �
pn−1n

n½ �pn ,qn
t3

 !

+
4 n½ �3pn ,qnA nð Þ
n½ �pn ,qn + β

� �4 t3 + o
1

n½ �pn ,qn

 !

= 1 − 4β
n½ �pn ,qn + β

 !
t4 + 3 + 2qnp−1n + q2np

−2
n

� �
pn−1

n½ �pn ,qn
t3

+ 4A nð Þ
n½ �pn ,qn + β

t3 + o
1

n½ �pn ,qn

 !
:

ð19Þ

Combining Spn ,qn ,λn,α,β ððu − tÞ4 ; tÞ =∑4
m=0ð4mÞð−1ÞmSpn ,qn ,λn,α,β ð

u4−m ; tÞtm, we can obtain

n½ �pn ,qnS
pn ,qn ,λ
n,α,β u − tð Þ4 ; t� �

= 1 − 2qnp−1n + q2np
−2
n

� �
pn−1n t3

+ o 1ð Þ⟶ 0, as n⟶∞,
ð20Þ

we obtain the required result.

Lemma 8. Let CB½0,∞Þ be the set of real-valued continuous
bounded functions defined on ½0,∞Þ endowed with the norm

3Journal of Function Spaces



∥f ∥ = sup
x∈½0,∞Þ

∣ f ðxÞ ∣ . Under the condition of Lemma 5, for

any f ∈ CB½0,∞Þ, we have

Sp,q,λn,α,β f ; tð Þ
��� ��� ≤ fk k: ð21Þ

Proof. In view of (8) and Lemma 5, the proof of this
lemma can be obtained easily.

3. Local Approximation

In this section, we will establish local approximation theorem
for the operators. For any f ∈ CB½0,∞Þ, we consider the fol-
lowing K-functional:

K f ; δð Þ = inf
h∈W2

∥f − h∥+δ∥h′′∥
n o

, ð22Þ

where δ ∈ ð0,∞Þ and w2 = fh ∈ CB½0,∞Þ: h′, h″ ∈ CB½0,∞Þg.
The usual modulus of continuity and the second-order mod-
ulus of smoothness of f can be defined as

ω f ; δð Þ = sup
0< uj j<δ

sup
x∈ 0,∞½ Þ

f t + uð Þ − f tð Þj j,

ω2 f ; δð Þ = sup
0< uj j<δ

sup
x∈ 0,∞½ Þ

f t + 2uð Þ − f t + uð Þ + f tð Þj j:

ð23Þ

By ([25], p.177, Theorem 2.4), there exists an absolute
positive constant C such that

K f ; δð Þ ≤ Cω2 f ;
ffiffiffi
δ

p� �
, δ > 0: ð24Þ

In the meantime, for f ∈ CB½0,∞Þ and h > 0, the Steklov
mean is defined as

f h tð Þ = 4
h2

ðh/2
0

ðh/2
0

2f t + u + vð Þ − f t + 2 u + vð Þð Þ½ �dudv:

ð25Þ

Thus, f h ∈ CB½0,∞Þ, and we can write

f h tð Þ − f tð Þ = 4
h2

ðh/2
0

ðh/2
0

2f t + u + vð Þ½
− f t + 2 u + vð Þð Þ − f tð Þ�dudv:

ð26Þ

It is obvious that ∣f hðtÞ − f ðtÞ ∣ ≤ω2ð f ; hÞ and ∥f h − f ∥≤
ω2ð f ; hÞ. If f is continuous, then f h′, f h′′ ∈ CB½0,∞Þ and

f h′ tð Þ =
4
h2

2
ðh/2
0

f t + u + h
2 − f t + uð Þ

� �� �
du




−
1
2

ðh/2
0

f t + h + 2uð Þ − f t + 2uð Þð Þdu�:
ð27Þ

Thus, we have ∥f h′∥≤ð5/hÞωð f ; hÞ. Similarly, ∥f h′′∥≤
ð9/h2Þω2ð f ; hÞ.

Theorem 9. Under the condition of Lemma 7, then for all f
∈ CB½0,∞Þ and t ∈ ½0,∞Þ, we have

Spn ,qn ,λn,α,β f ; tð Þ − f tð Þ
��� ��� ≤ 2ω f ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bpn ,qn ,λ
n,α,β tð Þ

q� �
: ð28Þ

Proof. For any δ > 0, we have ∣f ðuÞ − f ðtÞ ∣ ≤ωð f ;∣u − t ∣ Þ ≤
ð1 + ð∣u − t∣/δÞÞωð f ; δÞ. Applying Spn ,qn ,λn,α,β to both ends and

using Lemma 5, we can obtain

Spn ,qn ,λn,α,β f ; tð Þ − f tð Þ
��� ��� ≤ Spn ,qn ,λn,α,β f uð Þ − f tð Þj j ; tð Þ

≤ 1 + 1
δ
Spn ,qn ,λn,α,β ∣u − t∣;tð Þ

� �
ω f ; δð Þ:

ð29Þ

By using the Chauchy-Schwarz inequality and taking

δ =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bpn ,qn ,λ
n,α,β ðtÞ

q
, we have

Spn ,qn ,λn,α,β f ; tð Þ − f tð Þ
��� ��� ≤ 1 + 1

δ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Spn ,qn ,λn,α,β u − tð Þ2 ; t� �q� �

ω f ; δð Þ

≤ 2ω f ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bpn ,qn ,λ
n,α,β tð Þ

q� �
:

ð30Þ

Theorem 9 is proved.

Theorem 10. Under the condition of Lemma 7, then for all
f ∈ CB½0,∞Þ and t ∈ ½0,∞Þ, there exists an absolute positive
constant C1 = 4C such that

Spn ,qn ,λn,α,β f ; tð Þ − f tð Þ
��� ��� ≤ C1ω2 f ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Apn ,qn ,λ
n,α,β tð Þ

� �2
+ Bpn ,qn ,λ

n,α,β tð Þ
r !

+ ω f ; Apn ,qn ,λ
n,α,β tð Þ

��� ���� �
:

ð31Þ

Proof. First, we define the following new positive linear oper-
ators as follows:

Tpn ,qn ,λ
n,α,β f ; tð Þ = Spn ,qn ,λn,α,β f ; tð Þ − f Apn ,qn ,λ

n,α,β tð Þ + t
� �

+ f tð Þ, t ∈ 0,∞½ Þ:
ð32Þ

It is apparent from Lemma 5, Lemma 6, and Lemma
8 that

Tpn ,qn ,λ
n,α,β 1 ; tð Þ = 1 ; Tpn ,qn ,λ

n,α,β u − t ; tð Þ = 0, ð33Þ

Tpn ,qn ,λ
n,α,β f ; tð Þ

��� ��� ≤ 3 fk k: ð34Þ
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Now for any given function h ∈W2 and u, t ∈ ½0,∞Þ,
we write Taylor’s expansion formula as follows:

h uð Þ = h tð Þ + h′ tð Þ u − tð Þ +
ðu
t
h′′ vð Þ u − vð Þdv: ð35Þ

By applying Tpn ,qn ,λ
n,α,β operators to both sides of the

above equality, we can obtain

Tpn ,qn ,λ
n,α,β h ; tð Þ = Tpn ,qn ,λ

n,α,β h tð Þ + h′ tð Þ u − tð Þ +
ðu
t
h′′ vð Þ u − vð Þdv ; t

� �

= h tð Þ + Tpn ,qn ,λ
n,α,β h′ tð Þ u − tð Þ ; t

� �
+ Tpn ,qn ,λ

n,α,β

ðu
t
h′′ vð Þ u − vð Þdv ; t

� �
:

ð36Þ

Using (32), (33), and the following inequality,

ðu
t
h′′ vð Þ u − vð Þdv

����
���� ≤

ðu
t
h′′ vð Þ�� �� u − vj jdv

����
����

≤ ∥h′′∥
ðu
t
u − vj jdv

����
����

≤ u − tð Þ2∥h′′∥,

ð37Þ

we can get

Tpn ,qn ,λ
n,α,β h ; tð Þ − h tð Þ

��� ��� = Tpn ,qn ,λ
n,α,β

ðu
t
h′′ vð Þ u − vð Þdv ; t

� �����
����

≤ Spn ,qn ,λn,α,β

ðu
t
h′′ vð Þ ∣ u − v ∣ dv

����
���� ; t

� �

+
ðApn ,qn ,λ

n,α,β tð Þ+t

t
h′′ vð Þ Apn ,qn ,λ

n,α,β tð Þ + t − v
� �

dv
�����

�����
≤ Spn ,qn ,λn,α,β u − tð Þ2 ; t� �

∥h′′∥+ Apn ,qn ,λ
n,α,β tð Þ

� �2
∥h′′∥

= Apn ,qn ,λ
n,α,β tð Þ

� �2
+ Bpn ,qn ,λ

n,α,β tð Þ
� �

∥h′′∥:

ð38Þ

By using (32) and (34), we have

Spn ,qn ,λn,α,β h ; tð Þ − h tð Þ
��� ��� = Tpn ,qn ,λ

n,α,β f ; tð Þ + f Apn ,qn ,λ
n,α,β tð Þ + t

� �
− 2f tð Þ

��� ���
≤ Tpn ,qn ,λ

n,α,β f − h ; tð Þ − f − gð Þ tð Þ
��� ���
+ Tpn ,qn ,λ

n,α,β h ; tð Þ − h tð Þ
��� ���

+ f Apn ,qn ,λ
n,α,β tð Þ + t

� �
− f tð Þ

��� ���
≤ 4∥f − h∥+ Apn ,qn ,λ

n,α,β tð Þ
� �2

+ Bpn ,qn ,λ
n,α,β tð Þ

� �
∥h′′∥

+ω f ; Apn ,qn ,λ
n,α,β tð Þ

��� ���� �
:

ð39Þ

Taking the infimum on the right-hand side over all h ∈W2

and using (24), we complete the proof of Theorem 10.

Theorem 11. Under the condition of Lemma 7, then for all
f ′ ∈ CB½0,∞Þ and t ∈ ½0,∞Þ, we have

Spn ,qn ,λn,α,β f ; tð Þ − f tð Þ
��� ��� ≤ Apn ,qn ,λ

n,α,β tð Þ
��� ��� f ′ tð Þ�� �� + 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bpn ,qn ,λ
n,α,β tð Þ

q
ω

� f ′ ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bpn ,qn ,λ
n,α,β tð Þ

q� �
:

ð40Þ

Proof. Applying Spn ,qn ,λn,α,β to both sides of the equality f ðuÞ = f

ðtÞ + f ′ðtÞðu − tÞ + f ðuÞ − f ðtÞ − f ′ðtÞðu − tÞ, using mean
value theorem and the Chauchy-Schwarz inequality and tak-

ing δ =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bpn ,qn ,λ
n,α,β ðtÞ

q
, we can obtain

Spn ,qn ,λn,α,β f ; tð Þ − f tð Þ
��� ��� ≤ f ′ tð Þ�� �� Spn ,qn ,λn,α,β u − t ; tð Þ

��� ��� + Spn,qn,λn,α,β

� f uð Þ − f tð Þ − f ′ tð Þ u − tð Þ�� �� ; t� �
≤ ∣f ′ tð Þ∣ Spn ,qn ,λn,α,β u − t ; tð Þ

��� ��� + Spn ,qn ,λn,α,β

� ∣u − t ∣ 1 + ∣u − t ∣
δ

� �
ω f ′ ; δ
� �

; t
� �

≤ ∣f ′ tð Þ∣ Apn ,qn ,λ
n,α,β tð Þ

��� ��� + ω f ′ ; δ
� �

� Spn ,qn ,λn,α,β ∣u − t∣;tð Þ +
Spn ,qn ,λn,α,β u − tð Þ2 ; t� �

δ

 !

≤ ∣f ′ tð Þ∣ Apn ,qn ,λ
n,α,β tð Þ

��� ��� + ω f ′ ; δ
� �

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Spn,qn,λn,α,β u − tð Þ2 ; t� �q

� 1 +

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Spn ,qn ,λn,α,β u − tð Þ2 ; t� �q

δ

0
@

1
A

≤ Apn ,qn ,λ
n,α,β tð Þ

��� ��� f ′ tð Þ�� �� + 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bpn ,qn ,λ
n,α,β tð Þ

q
ω

� f ′ ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bpn ,qn ,λ
n,α,β tð Þ

q� �
:

ð41Þ

Theorem 12. Under the condition of Lemma 7, if f ∈
CB½0,∞Þ, then

Spn ,qn ,λn,α,β f ; tð Þ − f tð Þ
��� ��� ≤ 5

ffiffiffiffiffiffiffiffiffiffiffiffiffi
n½ �pn ,qn

q
Apn ,qn ,λ
n,α,β tð Þ

��� ���ω f ; 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
n½ �pn ,qn

q
0
B@

1
CA

+ 9
2
n½ �pn ,qnB

pn ,qn ,λ
n,α,β tð Þ + 2

� �
ω2

� f ; 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
n½ �pn ,qn

q
0
B@

1
CA:

ð42Þ
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Proof. For t ∈ ½0,∞Þ, using the Steklov mean function
f h, we can write

Spn ,qn ,λn,α,β f ; tð Þ − f tð Þ
��� ��� ≤ Spn ,qn ,λn,α,β ∣f − f h∣;tð Þ + Spn ,qn ,λn,α,β f h − f h tð Þ ; tð Þ

��� ���
+ f h tð Þ − f tð Þj j:

ð43Þ

By Lemma 8 and properties of the Steklov mean,
we can obtain

Spn ,qn ,λn,α,β ∣f − f h∣;tð Þ ≤ ∥Spn ,qn ,λn,α,β ∣f − f h ∣ð Þ∥ ≤ ∥f − f h∥ ≤ ω2 f ; hð Þ:
ð44Þ

By Taylor’s expansion formula, we have

Spn ,qn ,λn,α,β f h − f h tð Þ ; tð Þ
��� ��� ≤ f h′ tð Þj j Apn ,qn ,λ

n,α,β tð Þ
��� ��� + 1

2 ∥f h
′′∥Bpn ,qn ,λ

n,α,β tð Þ

≤
5
h
ω f ; hð Þ Apn ,qn ,λ

n,α,β tð Þ
��� ���

+ 9
2h2

ω2 f ; hð ÞBpn ,qn ,λ
n,α,β tð Þ:

ð45Þ

Hence,

Spn ,qn ,λn,α,β f ; tð Þ − f tð Þ
��� ��� ≤ 5

h
Apn ,qn ,λ
n,α,β tð Þ

��� ���ω f ; hð Þ

+ 9
2h2

Bpn ,qn ,λ
n,α,β tð Þ + 2

� �
ω2 f ; hð Þ:

ð46Þ

Setting h = 1/
ffiffiffiffiffiffiffiffiffiffiffiffiffi
½n�pn ,qn

q
, we can get the desired result.

By the classic Korovkin theorem, we easily get the follow-
ing corollary:

Corollary 13. Under the condition of Lemma 7, then for all

f ∈ CB½0,∞Þ and any A > 0, the the sequence fSpn ,qn ,λn,α,β ðf ; tÞg
converges to f uniformly on ½0, A�.

4. Voronovskaja-Type Theorem for Spn,qn,λn,α,β

In this section, we show a Voronovskaja-type asymptotic for-

mula for the operators Spn ,qn ,λn,α,β by means of the first, second

and fourth central moments.

Theorem 14. Under the condition of Lemma 7, then for all
f ∈ CB½0,∞Þ satisfying f ′′ðtÞ that exists at a point t ∈ ½0,∞Þ,
we can obtain

lim
n→∞

n½ �pn ,qn Spn ,qn ,λn,α,β f ; tð Þ − f tð Þ
� �

= α − βt + 1
λ + 1

� �
f ′ tð Þ + η

2
f ′′ tð Þt:

ð47Þ

Proof. By Taylor’s expansion formula for f , we have

f uð Þ = f tð Þ + f ′ tð Þ u − tð Þ + 1
2 f

′′ tð Þ u − tð Þ2 + ϕ u ; tð Þ u − tð Þ2,
ð48Þ

where

ϕ u ; tð Þ =
f uð Þ − f tð Þ − f ′ tð Þ u − tð Þ − 1/2f ′′ tð Þ u − tð Þ2

u − tð Þ2 , u ≠ t ;

0, u = t:

8><
>:

ð49Þ

Applying L’Hospital’s Rule,

lim
u→t

ϕ u ; tð Þ = 1
2 limu→t

f ′ uð Þ − f ′ tð Þ
u − t

−
1
2 f

′′ tð Þ = 0: ð50Þ

Thus, ϕð:;tÞ ∈ CB½0,∞Þ. Consequently, we can write

n½ �pn ,qn Spn ,qn ,λn,α,β f ; tð Þ − f xð Þ
� �

= n½ �pn ,qnA
pn ,qn ,λ
n,α,β tð Þ + 1

2 n½ �pn ,qnB
pn ,qn ,λ
n,α,β tð Þ

+ n½ �pn ,qn Spn ,qn ,λn,α,β ϕ u ; tð Þ u − tð Þ2 ; t� �� �
:

ð51Þ

By Schwarz’s inequality, we have

Spn ,qn ,λn,α,β ϕ u ; tð Þ u − tð Þ2�
; t

� �
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Spn ,qn ,λn,α,β ϕ2 u ; tð Þ�

; t
� �r

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Spn ,qn ,λn,α,β u − tð Þ4�

; t
� �r

:

ð52Þ

We observe that ϕ2ðt ; tÞ = 0 and ϕ2ð:;tÞ ∈ CB½0,∞Þ. Then,
it follows in Corollary 13 that

lim
n→∞

n½ �pn ,qnS
pn ,qn ,λ
n,α,β ϕ2 u ; tð Þ ; t� �

= ϕ2 t ; tð Þ = 0: ð53Þ

Hence, from (17), we can obtain

lim
n→∞

n½ �pn ,qn Spn ,qn ,λn,α,β ϕ u ; tð Þ u − tð Þ2 ; t� �� �
= 0: ð54Þ

Combining, we complete the proof of Theorem 14.

Corollary 15. Under the condition of Lemma 7, then for all
f ′, f ′′ ∈ CB½0,∞Þ, we have

lim
n→∞

n½ �pn ,qn Spn ,qn ,λn,α,β f ; tð Þ − f tð Þ
� �

= α − βt + 1
λ + 1

� �
f ′ tð Þ

+ η

2
f ′′ tð Þt,

ð55Þ

uniformly with respect to any finite interval I ⊂ ½0,∞Þ.
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5. Pointwise Estimates

In this section, we establish two pointwise estimates of the

operators Sp,q,λn,α,β. First, we compute the rate of convergence

locally by using functions belonging to the Lipschitz class.
We denote that f ∈ CB½0,∞Þ is in LipMðγ,DÞ, γ ∈ ð0, 1�, D
⊂ ½0,∞Þ if it satisfies the following condition:

f uð Þ − f tð Þj j ≤M u − tj jγ, u ∈D, t ∈ 0,∞½ Þ, ð56Þ

where M is a positive constant depending only on γ and f .

Theorem 16. The sequences ðpnÞ, ðqnÞ satisfy 0 < qn < pn ≤ 1,
γ ∈ ð0, 1� and D be any bounded subset on ½0,∞Þ. If f ∈ CB½0
,∞Þ ∩ LipMðγ,DÞ, then for any t ∈ ½0,∞Þ, we have

Spn ,qn ,λn,α,β f ; tð Þ − f xð Þ
��� ��� ≤M Bpn ,qn ,λ

n,α,β tð Þ
� �γ/2

+ 2dγ t ;Dð Þ
� �

,

ð57Þ

where dðt ;DÞ = inf f∣u − t∣ : u ∈Dg denotes the distance
between t and D.

Proof. Let �D be the closure of D. Using the properties of infi-
mum, and there is at least a point t0 ∈ �D such that dðt ; EÞ
= ∣t − t0 ∣ . By the triangle inequality

f uð Þ − f tð Þj j ≤ f uð Þ − f t0ð Þj j + f tð Þ − f t0ð Þj j: ð58Þ

By the monotonicity of Spn ,qn ,λn,α,β , we get

Spn ,qn ,λn,α,β f ; tð Þ − f xð Þ
��� ��� ≤ Spn ,qn ,λn,α,β ∣f uð Þ − f t0ð Þ∣;tð Þ + Spn ,qn,λn,α,β ∣f tð Þ − f t0ð Þ∣;tð Þ

≤M Spn ,qn ,λn,α,β u − t0j jγ ; tð Þ + Spn ,qn ,λn,α,β t − t0j jγ ; tð Þ
n o

≤M Spn ,qn ,λn,α,β u − tj jγ + t − t0j jγ ; tð Þ + t − t0j jγ
n o

=M Spn ,qn ,λn,α,β u − tj jγ ; tð Þ + 2 t − t0j jγ
n o

:

ð59Þ

Applying the well-known Hölder inequality with a1 = 2/γ,
a2 = 2/2 − γ, we obtain

Spn ,qn ,λn,α,β f ; tð Þ − f xð Þ
��� ��� ≤M Spn ,qn ,λn,α,β u − tj ja1γ ; tð Þ1/a1 + 2dγ t ;Dð Þ

n o
≤M Spn ,qn ,λn,α,β u − tj j2 ; t� �1/a1 + 2dγ t ;Dð Þ

n o
=M Bpn ,qn ,λ

n,α,β tð Þ
� �γ/2

+ 2dγ t ;Dð Þ
� 

:

ð60Þ

Second, we will give a local direct estimation of the opera-

tors Spn ,qn ,λn,α,β by using the Lipschitz-type maximal function of

the order γ introduced by Lenze [26] as

~ωγ f ; tð Þ = sup
u≠t,u∈ 0,∞½ Þ

∣f uð Þ − f tð Þ ∣
u − tj jγ , t ∈ 0,∞½ Þ and γ ∈ 0, 1ð �:

ð61Þ

Theorem 17. The sequences ðpnÞ, ðqnÞ satisfy 0 < qn < pn ≤ 1
and γ ∈ ð0, 1� . If f ∈ CB½0,∞Þ , then for any t ∈ ½0,∞Þ , we have

Spn ,qn ,λn,α,β f ; tð Þ − f tð Þ
��� ��� ≤ ~ωγ f ; tð Þ Bpn ,qn ,λ

n,α,β tð Þ
� �γ/2

: ð62Þ

Proof. Using the equality (61), we obtain

Spn ,qn ,λn,α,β f ; tð Þ − f tð Þ
��� ��� ≤ ~ωγ f ; tð ÞSpn ,qn ,λn,α,β u − tj jγ ; tð Þ: ð63Þ

By the well-known Hölder inequality, we have

Spn ,qn ,λn,α,β f ; tð Þ − f tð Þ
��� ��� ≤ ~ωγ f ; tð ÞSpn ,qn ,λn,α,β u − tj j2 ; t� �γ/2

≤ ~ωγ f ; tð Þ Bpn ,qn ,λ
n,α,β tð Þ

� �γ/2
:

ð64Þ

Thus, the proof of Theorem 17 is completed.

6. Rate of Convergence

Let B2½0,∞Þ be the set of all functions f defined on ½0,∞Þ
satisfying the condition ∣f ðtÞ ∣ ≤Cf ð1 + t2Þ with an absolute
constant Cf > 0 which may depend only on f . C2½0,∞Þ
denotes the subspace of all continuous functions f ∈ B2½0,∞Þ
with the norm ∥f ∥2 = sup

x∈½0,∞Þ
j f ðtÞj/1 + t2. By C0

2½0,∞Þ, and
we denote the subspace of all functions f ∈ C2½0,∞Þ for which
lim

x→+∞
j f ðtÞj/1 + t2 is finite. Meantime, we denote the modulus

of continuity of f on the interval ½0, a�, a > 0 by

ωa f ; δð Þ = sup
∣u−t∣≤δ

sup
u,t∈ 0,a½ �

f uð Þ − f tð Þj j: ð65Þ

Theorem 18. Let f ∈ C2½0,∞Þ, 0 < q < p ≤ 1, and a > 0. Then,
for all t ∈ ½0, a�, we have

Sp,q,λn,α,β f ; tð Þ − f tð Þ
��� ��� ≤ Cf 4 + 3a2

� �
Bp,q,λ
n,α,β tð Þ + 2ωa+1 f ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bp,q,λ
n,α,β tð Þ

q� �
:

ð66Þ

Proof. For any t ∈ ½0, a� and u > a + 1, we easily have 1 ≤
ðu − aÞ2 ≤ ðu − tÞ2; thus

f uð Þ − f tð Þj j ≤ f uð Þj j + f tð Þj j ≤ Cf 2 + u2 + t2
� �

= Cf 2 + t2 + u − t + tð Þ2� �
≤ Cf 2 + 3t2 + 2 u − tð Þ2� �

≤ Cf 4 + 3t2
� �

u − tð Þ2 ≤Mf 4 + 3a2
� �

u − tð Þ2,
ð67Þ
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and for any t ∈ ½0, a�, u ∈ ½0, a + 1�Þ and δ > 0, we have

f uð Þ − f tð Þj j ≤ ωa+1 ∣u − t∣;tð Þ ≤ 1 + ∣u − t ∣
δ

� �
ωa+1 f ; δð Þ:

ð68Þ

For (67) and (68), we can get

f uð Þ − f tð Þj j ≤ Cf 4 + 3a2
� �

u − tð Þ2 + 1 + ∣u − t ∣
δ

� �
ωa+1 f ; δð Þ:

ð69Þ

Applying the Cauchy-Schwarz inequality and choosing δ

=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bp,q,λ
n,α,βðtÞ

q
, we have

Sp,q,λn,α,β f ; tð Þ − f tð Þ
��� ��� ≤ Sp,q,λn,α,β ∣f uð Þ − f tð Þ∣;tð Þ

≤ Cf 4 + 3a2
� �

Sp,q,λn,α,β u − tð Þ2 ; t� �
+ Sp,q,λn,α,β 1 + ∣u − t ∣

δ

� �
; t

� �
ωa+1 f ; δð Þ

≤ Cf 4 + 3a2
� �

Bp,q,λ
n,α,β tð Þ + ωa+1 f ; δð Þ

� 1 +

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bp,q,λ
n,α,β tð Þ

q
δ

0
@

1
A = Cf 4 + 3a2

� �
Bp,q,λ
n,α,β tð Þ

+ 2ωa+1 f ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bp,q,λ
n,α,β tð Þ

q� �
:

ð70Þ

This completes the proof of Theorem 18.

7. Weighted Approximation

As is known, if f ∈ C½0,∞Þ is not uniform, the limit lim
δ→0+

ωð f ; δÞ = 0 may be not true. In [27], Ispir defined the fol-
lowing weighted modulus of continuity:

Ω f ; δð Þ = sup
t∈ 0,∞½ Þ,0<h≤δ

f t + hð Þ − f tð Þj j
1 + t2ð Þ 1 + h2

� � for f ∈ C0
2 0,∞½ Þ,

ð71Þ

and proved the properties of monotone increasing about
Ωð f ; δÞ as δ > 0, lim

δ→0+
Ωð f ; δÞ = 0 and the inequality

Ω f ; τδð Þ ≤ 2 1 + τð Þ 1 + δ2
� �

Ω f ; δð Þ, τ > 0: ð72Þ

Theorem 19. Under the condition of Lemma 7, f ∈ C0
2½0,

∞Þ, then for sufficiently large n, the inequality

Spn ,qn ,λn,α,β f ; tð Þ − f tð Þ
��� ��� ≤ K 1 + t2

� �2+θ
Ω f ; 1

n½ �pn ,qn

 !
ð73Þ

holds, where θ ≥ 1/2 and K is a positive constant depending
only on f and n.

Proof. Applying (71) and (72), we can obtain

f uð Þ − f tð Þj j ≤ 1 + u − tð Þ2� �
1 + t2
� �

Ω f ;∣u − t ∣ð Þ
≤ 2 1 + ∣u − t ∣

δ

� �
1 + δ2
� �

Ω f ; δð Þ 1 + u − tð Þ2� �
1 + t2
� �

≤
4 1 + δ2
� �2 1 + t2

� �
Ω f ; δð Þ, ∣u − t∣ ≤ δ,

4 1 + δ2
� �

1 + t2
� �

Ω f ; δð Þ ∣u − t∣+ u − tj j3
δ

, ∣u − t∣ > δ:

8>><
>>:

ð74Þ

Thus, for any δ ∈ ð0, 1/2Þ and u, t ∈ ½0,∞Þ, the above
inequality can be rewritten

f uð Þ − f tð Þj j ≤ 5 1 + t2
� �

Ω f ; δð Þ 5
4 + ∣u − t∣+ u − tj j3

δ

� �
:

ð75Þ

Applying (16) and (17), there exists sufficiently large n
such that

n½ �pn ,qnS
pn ,qn ,λ
n,α,β u − tð Þ2 ; t� �

≤ K2
1 1 + t2
� �

,

n½ �pn ,qnS
pn ,qn ,λ
n,α,β u − tð Þ4 ; t� �

≤ K2
2 1 + t2
� �2

:
ð76Þ

By Schwarz’s inequality, we can obtain

Spn ,qn ,λn,α,β ∣u − t∣;tð Þ ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Spn ,qn ,λn,α,β u − tð Þ2 ; t� �q

≤
K1
n½ �pn ,qn

ffiffiffiffiffiffiffiffiffiffiffi
1 + t2

p
,

Spn ,qn ,λn,α,β u − tj j3 ; t� �
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Spn ,qn ,λn,α,β u − tð Þ2 ; t� �

Spn ,qn ,λn,α,β u − tð Þ4 ; t� �q
≤

K2
n½ �pn ,qn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + t2ð Þ3

q
:

ð77Þ

Using Spn ,qn ,λn,α,β as linear and positive and choosing δ = 1/
½n�pn ,qn , we can obtain

Spn ,qn ,λn,α,β f ; tð Þ − f tð Þ
��� ��� ≤ 5 1 + t2

� �
Ω f ; 1

n½ �pn ,qn

 !

� 5
4 + K1 1 + t2

� �
+ K2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + t2ð Þ3

q� �

≤ K 1 + t2
� �5/2

Ω f ; 1
n½ �pn ,qn

 !
,

ð78Þ

for sufficiently large n and t ∈ ½0,∞Þ, where K ≔ 5 max f5/4,
K1, K2g.
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Theorem 20. Under the condition of Lemma 7, then for any
f ∈ C0

2½0,∞Þ, we have

lim
n→∞

∥Spn ,qn ,λn,α,β f ; tð Þ − f ∥2 = 0: ð79Þ

Proof. Applying the Korovkin theorem [28], we only see that
it is sufficient to prove the following three conditions:

lim
n→∞

∥Spn ,qn ,λn,α,β um ; tð Þ − tm∥2 = 0,m = 0, 1, 2: ð80Þ

Since Spn ,qn ,λn,α,β ð1 ; tÞ = 1, the condition holds for m = 0. By

Lemma 6, we can obtain

lim
n→∞

Spn ,qn ,λn,α,β u ; tð Þ − t
��� ���

2
= lim

n→∞
Apn ,qn ,λ
n,α,β tð Þ

��� ���
2

≤
1

n½ �pn ,qn + β

1
λ + 1½ �pn ,qn

+ α

 !
sup

t∈ 0,∞½ Þ

1
1 + t2

 

+ β sup
t∈ 0,∞½ Þ

t
1 + t2

!
⟶ 0, asn⟶∞:

ð81Þ

Hence, (80) holds for m = 1. Similarly, by Lemma 5, we
can write for m = 2,

Thus, (80) holds for m = 2. Hence, the proof is
completed.

Theorem 21. Under the condition of Lemma 7, then for any
f ∈ C0

2½0,∞Þ and κ > 0, we have

lim
n→∞

sup
t∈ 0,∞½ Þ

Spn ,qn ,λn,α,β f ; tð Þ − f tð Þ
1 + t2ð Þ1+κ

= 0: ð83Þ

Proof. Let t0 ∈ ð0,∞Þ be arbitrary but fixed.

Applying ∣f ðtÞ ∣ ≤∥f ∥2ð1 + t2Þ, we have

I3 = sup
t∈ t0,∞½ Þ

∣f tð Þ ∣
1 + t2ð Þ1+κ

≤ sup
t∈ t0,∞½ Þ

∥f ∥2 1 + t2
� �

1 + t2ð Þ1+κ
≤

∥f ∥2
1 + t20
� �κ :

ð85Þ

Let ε > 0. By Lemma 5, there exists N1 ∈ℕ, such that for
all n >N1:

fk k2 Spn ,qn ,λn,α,β 1 + u2 ; t
� ���� ���

1 + t2ð Þ1+κ
≤

∥f ∥2
1 + t2ð Þ1+κ

1 + t2
� �

+ ε

3∥f ∥2

� �

≤
∥f ∥2
1 + t2ð Þκ + ε

3 :

ð86Þ

Hence

lim
n→∞

∥Spn ,qn ,λn,α,β u2 ; t
� �

− t2∥2 ≤
n½ �2pn ,qn

n½ �pn ,qn + β
� �2 − 1

�������
������� sup
t∈ 0,∞½ Þ

t2

1 + t2
+

n½ �pn ,qn
n½ �pn ,qn + β

� �2
� pn−1n + 2

λ + 1½ �pn ,qn
+ 2α

 !
sup

t∈ 0,∞½ Þ

t
1 + t2

+ 1
n½ �pn ,qn + β

� �2
� 1

2λ + 1½ �pn ,qn
+ 2α

λ + 1½ �pn ,qn
+ α2

 !
sup

t∈ 0,∞½ Þ

1
1 + t2

⟶ 0, asn⟶∞:

ð82Þ

sup
t∈ 0,∞½ Þ

Spn ,qn ,λn,α,β f ; tð Þ − f tð Þ
��� ���

1 + t2ð Þ1+κ
≤ sup

t∈ 0,t0½ Þ

Spn ,qn ,λn,α,β f ; tð Þ − f tð Þ
��� ���

1 + t2ð Þ1+κ
+ sup

t∈ t0,∞½ Þ

Spn ,qn ,λn,α,β f ; tð Þ − f tð Þ
��� ���

1 + t2ð Þ1+κ

≤ ∥Spn ,qn ,λn,α,β f ; tð Þ − f ∥ 0,t0½ Þ+∥f ∥2 sup
t∈ t0,∞½ Þ

Spn ,qn ,λn,α,β 1 + u2 ; t
� ���� ���

1 + t2ð Þ1+κ

+ sup
t∈ t0,∞½ Þ

∣f tð Þ ∣
1 + t2ð Þ1+κ

≔ I1 + I2 + I3:

ð84Þ
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fk k2 sup
t∈ t0,∞½ Þ

Spn ,qn ,λn,α,β 1 + u2 ; t
� ���� ���

1 + t2ð Þ1+κ
≤

∥f ∥2
1 + t20
� �κ + ε

3 ,∀n ≥N1:

ð87Þ

Thus

I2 + I3 <
2∥f ∥2
1 + t20
� �κ + ε

3 ,∀n ≥N1: ð88Þ

Next, for sufficiently large t0 such that ∥f ∥2/ð1 + t20Þκ < ε/6
. Then, I2 + I3 < 2ε/3, ∀n ≥N1. Applying Corollary 13, there
exists N2 ∈ℕ, such that for all n >N2,

Spn ,qn ,λn,α,β f ; tð Þ − f
��� ���

0,t0½ Þ
< ε

3 : ð89Þ

Let N =max fN1,N2g. Combining (86), (88), and (89),
we have

sup
t∈ 0,∞½ Þ

Spn ,qn ,λn,α,β f ; tð Þ − f tð Þ
1 + t2ð Þ1+κ

< ε,∀n ≥N: ð90Þ

Hence, the proof of Theorem 21 is completed.
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