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In this paper, we propose a notion of the Górnicki-Proinov type contraction. Then, we prove the uniqueness and existence of the
fixed point for such mappings in the framework of the complete metric spaces. Some illustrative examples are also expressed to
strengthen the observed results.

1. Introduction and Preliminaries

The history of the fixed point theory goes back about a
century. Banach’s result initiated the metric fixed point the-
ory in 1922 [1]. The first outstanding extension of this initial
theorem was given by Kannan [2] in 1968. In this first gener-
alization, Kannan [2] removed the necessity of the continuity
of the contraction mapping. Recently, Górnicki [3] expressed
an extension of Kannan type of contraction but the continu-
ity condition was assumed. After then, Bisht [4] refined the
result of Górnicki [3] by replacing the continuity condition
for the considered mapping with orbitally continuity or
p-continuity. Very recently, Górnicki [5] improved these
two mentioned results by introducing new contractions,
“Geraghty-Kannan type” and “ϕ-Kannan type.” He proved
the existence of a fixed point for such mappings. On the other
hand, Proinov [6] discussed some existing results and noted
that these results are particular cases of Skof [7]. He also pro-
posed a very general fixed point theorem that also contains
the result of Skof [7].

We first recall the pioneer theorem of Banach [1] and
Kannan [2]. On a complete metric space ðX, dÞ, a mapping
T : X → X admits a unique fixed point if there exists 0 ≤K

< 1 such that

d Tu, Tvð Þ ≤ k · d u, vð Þ, ð1Þ

and

d Tu, Tvð Þ ≤ K · d u, Tuð Þ + d v, Tvð Þf g, ð2Þ

for all u, v ∈ X. The inequality (1) belongs to Banach [1] and
(2) belongs to Kannan [2]. By using the “asymptotic regular-
ity” concept, Górnicki [3] proved an extension of Kannan
Theorem 1.2. Before giving this interesting result, we recol-
lect the interesting concepts:

Let T be a self-mapping on a metric space ðX, dÞ and f
Tnug be the Picard iterative sequence, for an initial point u
∈ X.

(o) The set OðT , uÞ = fT nu : n = 0, 1, 2,⋯g is called the
orbit of the mapping T at u.

The mapping T is said to be [3, 5]:
(o-c) orbitally continuous at a point w ∈ X if for any

sequence fung in OðT , uÞ for some u ∈ X, limn→∞dðun,wÞ
= 0 implies limn→∞dðTun, TwÞ = 0.

(p-c) p -continuous at a point w ∈ X (p = 1, 2, 3,⋯) if for
any sequence fung in Xlimn→∞dðT p−1un,wÞ = 0 implies
limn→∞dðT pun, TwÞ = 0.
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(a-r) asymptotically regular at a point u ∈ X if limn→∞d
ðT nu, T n+1uÞ = 0. If T is asymptotically regular at each point
of X, we say that it is asymptotically regular.

Remark 1. In [8], it is shown that p-continuity of T and the
continuity of Tp are independent conditions for the case
p > 1.

Theorem 2 (see [3, 5]). On a complete metric space ðX, dÞ, a
continuous asymptotically regular mapping T : X→ X admits
a unique fixed point if there exist 0 ≤ k < 1 and 0 ≤ K < +∞
such that

d Tu, Tvð Þ ≤ k · d u, vð Þ + K · d u, Tuð Þ + d v, Tvð Þf g, ð3Þ

for all u, v ∈ X.

Later, the assumption of continuity of the mapping T was
replaced with weaker notions of continuity.

Theorem 3 (see [4]). On a complete metric space ðX, dÞ and a
mapping T : X → X. Suppose that there exists 0 ≤ K < 1 such
that

d Tu, Tvð Þ ≤ k · d u, vð Þ + K · d u, Tuð Þ + d v, Tvð Þf g, ð4Þ

for all u, v ∈ X. Then, T admits a unique fixed point if either T
is (o-c) or (p-c) for p ≥ 1.

In [5], some generalizations of Theorems 2 and 3 are con-
sidered, by replacing the constant k with some real-valued
functions.

Theorem 4 (see [5]). Let ðX, dÞ be a complete metric space
and T : X → X be an (a-r) mapping such that there exist
ψ : ½0,∞Þ→ ½0,∞Þ and 0 ≤ K <∞ such that

d Tu, Tvð Þ ≤ ϕ d u, vð Þð Þ + K · d u, Tuð Þ + d v, Tvð Þf g, ð5Þ

for all u, v ∈ X. Suppose that:

(i) ϕðθÞ < θ for all θ > 0 and ϕ is upper semicontinuous

(ii) either T is (o-c) or T is (p-c) for some p ≥ 1

Then, T has a unique fixed point u∗ ∈ X and for each u
∈ X, T nu→ u∗ as n→∞.

Theorem 5 (see [5]). Let ðX, dÞ be a complete metric space
and T : X → X be an (a-r) mapping such that there exist
ς : ½0,∞Þ→ ½0, 1Þ and 0 ≤ K <∞ such that

d Tu, Tvð Þ ≤ ς d u, vð Þð Þ · d u, vð Þ + K · d u, Tuð Þ + d v, Tvð Þf g,
ð6Þ

for all u, v ∈ X. Suppose that:

(1) ςðθnÞ→ 1⇒ θn → 0;

(2) either T is (o-c) or T is (p-c) for some p ≥ 1

Then, T has a unique fixed point u∗ ∈ X and for each u
∈ X, T nu→ u∗ as n→∞.

On the other hand, very recently, Proinov announced
some results which unify many known results [6].

Theorem 6 (see [6]). Let ðX, dÞ be a complete metric space
and T : X→ X be a mapping such that

ψ d Tu, Tvð Þð Þ ≤ ϕ d u, vð Þð Þ, ð7Þ

for all u, v ∈ X with dðTu, TvÞ > 0, where the functions ψ,
ϕ : ð0,∞Þ→ℝ are such that the following conditions are
satisfied:

(p1) ϕðθÞ < ψðθÞ for any θ > 0;
(p2) ψ is nondecreasing;
(p3) limsupθ→e+ϕðθÞ < ψðe + Þ for any e > 0:

Then, T admits a unique fixed point.

Theorem 7 (see [6]). Let ðX, dÞ be a complete metric space
and T : X→ X be a mapping such that

ψ d Tu, Tvð Þð Þ ≤ ϕ d u, vð Þð Þ, ð8Þ

for all u, v ∈ X with dðTu, TvÞ > 0, where ψ, ϕ : ð0,∞Þ→ℝ
are two functions such that the following conditions are
satisfied:

(p1) ϕðθÞ < ψðθÞ for any θ > 0;
(p4) inf θ>eψðθÞ > −∞ for any e;
(p5) limsupθ→e+ϕðθÞ < liminfθ→eψðθÞ or limsupθ→eϕðθÞ

< liminf θ→e+ψðθÞ for any e > 0;
(p6) limsupθ→0+ϕðθÞ < liminf θ→eψðθÞ for any e > 0;
(p7) if the sequences ðψðθnÞÞ and ðϕðθnÞÞ are convergent

with the same limit and ðψðθnÞÞ is strictly decreasing, then
θn → 0 as n→∞.

Then, T admits a unique fixed point.

Lemma 8 (see [6]). Let ðunÞ be a sequence in a metric space
ðX, dÞ such that dðun, un+1Þ→ 0 as n→∞. If the sequence
ðunÞ is not Cauchy, then there exist e > 0 and two subsequences
fskg, frkg of positive integers such that

lim
k→∞

d usk+1, urk+1
� �

= e+,

lim
k→∞

d usk , urk
� �

= lim
k→∞

d usk+1, urk
� �

= lim
k→∞

d usk , urk+1
� �

= e

ð9Þ

Lemma 9 (see [6]). Let ðunÞ be a sequence in a metric space
ðX, dÞ such that dðun, un+1Þ→ 0 as n→∞. If the sequence
ðunÞ is not Cauchy, then there exist e > 0 and two subsequences
fskg, frkg of positive integers such that
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lim
k→∞

d usk , urk
� �

= e+,

lim
k→∞

d usk+1, urk+1
� �

= lim
k→∞

d usk+1, urk
� �

= lim
k→∞

d usk , urk+1
� �

= e

ð10Þ

In the end of this section, we recall the notions of α-orbital
admissible and triangular α-orbital admissible mappings [9]
with mention that these notions were extended in many direc-
tions, see, e.g., [10] and it could be potentially extended also to
several approaches of recent developments in fixed point the-
ory. See, for instance, [11–21].

On a metric space ðX, dÞ, a self-mapping T is called

(i) α-orbital admissible if

α u, Tuð Þ ≥ 1⇒ α Tu, T2u
� �

≥ 1, ð11Þ

for any u, v ∈ X, where α : X × X → ½0,∞Þ

(ii) triangular α-orbital admissible if it is α-orbital admis-
sible and the following condition is satisfied

α u, vð Þ ≥ 1 and α v, Tvð Þ ≥ 1⇒ α u, Tvð Þ ≥ 1, ð12Þ

for any u, v,w ∈ X

Lemma 10. If for an triangular α-orbital admissible mapping
T : X → X there exists u0 ∈ X such that αðu0, Tu0Þ ≥ 1, then

α un, up
� �

≥ 1, for all n, p ∈ℕ, ð13Þ

where the sequence fung is defined as un+1 = Tun.

Let ðX, dÞ be a metric space and the function α : X × X
→ ½0,∞Þ. The following conditions will be used further:

R If for a sequence fung in X such that un → u and
αðun, un+1Þ ≥ 1 for all n ∈ℕ, then there exists a subsequence
fupkg of fung such that αðupk , uÞ ≥ 1:

ðUÞ For all u, v ∈ FixXT = fz ∈ X : Tz = zg, we have
αðu, vÞ ≥ 1.

2. Main Results

Let Λ be the set of all functions ϕ : ð0,∞Þ→ℝ. For ϕ, ψ ∈Λ,
we are considering the following conditions:

(a1) ϕðθÞ < ψðθÞ for θ > 0
(a2) limsupθ→e+ϕðθÞ < liminf θ→eψðθÞ, for any e > 0
(a3) limsupθ→eϕðθÞ < liminf θ→e+ψðθÞ, for any e > 0
(a4) limsupθ→e+ϕðθÞ < ψðe + Þ, for any e > 0

Definition 11. Let ðX, dÞ be a metric space, the functions ψ,
ϕ ∈Λ and α : X × X → ½0,∞Þ. An (a-r) mapping T : X→ X
is said to be ðα, ψ, ϕÞ-contraction if there exists 0 ≤ K <∞
such that

α u, vð Þψ d u, vð Þð Þ ≤ ϕ d u, vð Þð Þ + K · d u, Tuð Þ + d v, Tvð Þf g,
ð14Þ

for each u, v ∈ X with dðTu, TvÞ > 0:

Theorem 12. On a complete metric space ðX, dÞ an ðα, ψ, ϕÞ
-contraction T : X→ X has a fixed point provided that

(1) the functions ψ, ϕ ∈Λ satisfy (a1) and either (a2) or
(a3)

(2) T is triangular α-orbital admissible and there exists
u0 ∈ X such that αðu0, Tu0Þ ≥ 1

(3) either T is (o-c) or T is (p-c), for some p ≥ 1

Moreover, if property ðUÞ is satisfied, then the fixed point
of T is unique.

Proof. Let u be any point (but fixed) in X and we build the
sequence fung, where u0 = u and un = T nu for any n ∈ℕ: If
there exists m0 ∈ℕ such that Tm0u = Tm0+1u = TðTm0uÞ,
then T m0u is a fixed point of T . For this reason, we can sup-
pose that T nu ≠ T n+1u, for every n ∈ℕ ∪ f0g and we claim
that fung is Cauchy sequence. Assuming the contrary, that
the sequence fung is not Cauchy, from Lemma 1, it follows
that we can find e and two subsequences fskg and frkg of
positive integers such that (9) holds. Letting u = usk and v =
urk in (14), we have αðusk , urkÞ ≥ 1 (taking into account
(1.8)), and then,

ψ d usk+1, urk+1
� �� �

≤ α usk , urk
� �

ψ d usk+1, urk+1
� �� �

= α usk , urk
� �

ψ d Tusk , Turk
� �� �

≤ ϕ d usk , urk
� �� �

+ K

· d usk , usk+1
� �

+ d urk , urk+1
� �� �

,

ð15Þ

or denoting ξk = dðusk+1, urk+1Þ and ζk = dðusk , urkÞ

ψ ξkð Þ ≤ ϕ ζkð Þ + K · d usk , usk+1
� �

+ d urk , urk+1
� �� �

: ð16Þ

Taking into account the asymptotically regularity of T ,
from (9), it follows that

ξk → e + and ζk → e: ð17Þ

Thus, letting the limit in (16), we have

liminf
θ→e+

ψ θð Þ ≤ liminf
k→∞

ψ ξkð Þ ≤ limsup
k→∞

ϕ ζkð Þ ≤ limsup
θ→e

ϕ θð Þ:

ð18Þ

This contradicts the assumption (a2).
Similarly, if we consider that the functions ψ, ϕ satisfy

(a3), the conclusion follows in the same way, but taking into
account Lemma 2.
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Therefore, fung is a Cauchy sequence, and because the
space ðX, dÞ is complete, there exists u∗ such that

lim
n→∞

un = u∗: ð19Þ

We claim that u∗ is a fixed point of T:
If T is orbitally continuous, then since fung ∈OðT , uÞ

and un → u∗, we have un+1 = Tun → Tu∗ as n→∞. The
uniqueness of the limit gives Tu∗ = u∗:

If T is p-continuous, for some p ≥ 1, by (19), we have
limn→∞T p−1un = u∗ which implies limn→∞T pun = Tu∗

(because T is p-continuous). Therefore, by uniqueness of
the limit, we have Tu∗ = u∗.

Now, supposing that there exists v∗ ∈ X such that Tv∗
= v∗ ≠ u∗ = Tu∗, from (14) and taking into account the
property ðUÞ, we have

ψ d u∗, v∗ð Þð Þ ≤ α u∗, v∗ð Þψ d Tu∗, Tv∗ð Þð Þ
≤ ϕ d u∗, v∗ð Þð Þ + K · d u∗, Tu∗ð Þð + d v∗, Tv∗ð Þð Þf g
= ϕ d u∗, v∗ð Þð Þ < ψ d u∗, v∗ð Þð Þð ,

ð20Þ

which is a contradiction. Therefore, u∗ = v∗.

Letting αðu, vÞ = 1 in Theorem 12, we get the following:

Corollary 13. Let ðX, dÞ be a complete metric space and an (a-
r) mapping T : X → X. Suppose that there exists 0 ≤ K <∞
such that

ψ d u, vð Þð Þ ≤ ϕ d u, vð Þð Þ + K · d u, Tuð Þ + d v, Tvð Þf g, ð21Þ

for each u, v ∈ X with dðTu, TvÞ > 0, where ψ, ϕ ∈Λ. Suppose
also that:

(1) the functions ψ, ϕ ∈Λ satisfy (a1) and either (a2) or
(a3)

(2) either T is (o-r) or T is (p-o), for some p ≥ 1

Then, T has a unique fixed point.

Corollary 14. Let ðT , dÞ be a complete metric space and T
: X→ X be an (a-r) mapping such that

d Tu, Tvð Þ ≤ ς d u, vð Þð Þd u, vð Þ + K · d u, Tuð Þ + d v, Tvð Þf g,
ð22Þ

for each u, v ∈ X, where 0 ≤ K <∞ and the function ς : ð0,
∞Þ→ ð0, 1Þ is such that limsupθ→e+ςðθÞ < 1 for any e > 0. If
T is either (o-c) or (p-c) for some p ≥ 1, then T has a unique
fixed point.

Proof. Let ψðθÞ = θ in Corollary 1.

Taking ψðθÞ = θ and ϕðθÞ = k · θ, with k ∈ ½0, 1Þ Corollary
1 becomes:

Corollary 15. Let ðT , dÞ be a complete metric space and
T : X→ X be an (a-r) mapping. If there exist k ∈ ½0, 1Þ
and 0 ≤ K <∞ such that

d Tu, Tvð Þ ≤ kd u, vð Þ + K · d u, Tuð Þ + d v, Tvð Þf g ð23Þ

for each u, v ∈ X, then T admits a unique fixed point pro-
vided that T is (o-c) or (p-c) for some p ≥ 1.

Theorem 16. Let ðX, dÞ be a complete metric space, α : X ×
X → ½0,∞Þ, ψ, φ ∈Λ such that (a1) and (a2) are satisfied. Let
T : X→ X be an (a-r) mapping. Suppose that there exists 0
≤ K <∞ such that

ψ α u, vð Þd Tu, Tvð Þð Þ ≤ φ d u, vð Þð Þ + K · d u, Tuð Þ + d v, Tvð Þf g,
ð24Þ

for each u, v ∈ X with dðTu, TvÞ > 0. Suppose also that

(i) ψ is nondecreasing and limsupθ→e+ < ψðe + Þ for any
e > 0

(ii) T is triangular α-orbital admissible and there exists
u0 ∈ X such that αðu0, Tu0Þ ≥ 1

(iii) the mapping T is either (o-c) or (p-c)

Then, the mapping T possesses a fixed point. Moreover,
the fixed point is unique, provided that property ðUÞ is
satisfied.

Proof. Let fung be the sequence defined as in the previous
theorem, as un = T nu, where u ∈ X is arbitrary but fixed. Let-
ting u = usk and v = urk in (2.7), we have

ψ α usk , urk
� �

d usk+1, urk+1
� �� �

≤ ϕ d usk , urk
� �� �

+ K · d usk , usk+1
� �

+ d usk , usk+1
� �� �

,
ð25Þ

and taking into account the assumptions (i), (ii), and Lemma
3, we get

ψ d usk+1, urk+1
� �� �

≤ ϕ d usk , urk
� �� �

+ K

· d usk , usk+1
� �

+ d urk , urk+1
� �� �

,
ð26Þ

Setting ξk = dðusk+1, urk+1Þ and ζk = dðusk , urkÞ and since
ϕðθÞ < ψðθÞ, we get

ψ ξkð Þ ≤ ϕ ζkð Þ + K · d usk , usk+1
� �

+ d urk , urk+1
� �� �

< ψ ζkð Þ + K · d usk , usk+1
� �

+ d urk , urk+1
� �� �

:
ð27Þ

On the other hand, from 1.5 that ξk → e + , ζk → e + and
then, letting the limit as k→∞ in the above inequality, since
T is an (a-r) mapping and taking into account the second
part of the assumption (i), we have
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ψ e +ð Þ = lim
k→∞

ψ ξkð Þ ≤ limsup
k→∞

ϕ ζkð Þ ≤ limsup
θ→e+

ϕ θð Þ < ψ e +ð Þ,

ð28Þ

which is a contradiction. Thus, the sequence fung is Cauchy
on a metric space, so there exists u∗ such that un → u∗ as n
→∞ and following the lines of the previous proof, we get
that u∗ is the unique fixed point of T:

Again, letting αðu, vÞ = 1 for any u, v ∈ X we get the
following:

Theorem 17. Let ðX, dÞ be a complete metric space, and two
functions ψ, φ ∈Λ such that ( a1) is satisfied. Let T : X→ X
be an (a-r) mapping. Suppose that there exists 0 ≤ K <∞ such
that

ψ d Tu, Tvð Þð Þ ≤ ϕ d u, vð Þð Þ + K · d u, Tuð Þ + d v, Tvð Þf g,
ð29Þ

for each u, v ∈ X with dðTu, TvÞ > 0, where ψ, ϕ ∈Λ. Suppose
also that

(i) ψ is nondecreasing and limsupθ→e+ < ψðe + Þ for any
e > 0

(ii) the mapping T is either (o-c) or (p-c)

Then, the mapping T possesses a unique fixed point.

Theorem 18. Let ðX, dÞ be a complete metric space, and two
functions ψ, φ ∈Λ such that (a1) is satisfied. Let T : X → X be
an (a-r) mapping. Suppose that there exists 0 ≤ K <∞ such that

ψ d Tu, Tvð Þð Þ ≤ ς d u, vð Þð Þψ d u, vð Þð Þ + K · d u, Tuð Þ + d v, Tvð Þf g,
ð30Þ

for each u, v ∈ X with dðTu, TvÞ > 0, where ψ ∈Λ and ς : ð0,
∞Þ→ ð0, 1Þ. Suppose also that

(i) ψ is nondecreasing and limsupθ→e+ςðθÞ < 1 for any
e > 0

(ii) the mapping T is either (o-c) or (p-c)

Then, the mapping T possesses a unique fixed point.

Proof. Take ϕðθÞ = αðθÞψðθÞ, for θ > 0 in Theorem 17.

Next, we consider mappings that satisfy a similar condi-
tion as (14), but for which the asymptotic regularity condi-
tion is not necessary.

Definition 19. Let ðX, dÞ be a complete metric space, α : X
× X → ½0,∞Þ and ψ, φ ∈Λ. A mapping T : X→ X is called
ðα, ψ, ϕÞ-contraction of type 2 if there exists 0 ≤ K <∞ such
that

α u, vð Þψ d Tu, Tvð Þð Þ ≤ ϕ d u, vð Þð Þ + K · d u, Tuð Þ + d v, Tvð Þf g
� d u, Tvð Þd v, Tuð Þ,

ð31Þ

for each u, v ∈ X with dðTu, TvÞ > 0.

Theorem 20. On a complete metric space ðX, dÞ, an ðα, ψ, ϕÞ
-contraction of type 2, T : X→ X has a fixed point provided
that property (R) and the following conditions hold:

(A) T is triangular α-orbital admissible and there exists
u0 ∈ X such that αðu0, Tu0Þ ≥ 1

(B) ψ, ϕ satisfy the assumptions (a1) and (a4)

(C) ψ is nondecreasing

(D) limsupθ→0+ϕðθÞ < liminf θ→eψðθÞ, for any e > 0

Moreover, if the property ðUÞ holds, the fixed point of T
is unique.

Proof. Let fug be a sequence in X defined as

un = T nu0, f oreveryn ∈ℕ, ð32Þ

where u0 is an arbitrary but fixed point in X. Replacing in
(31) and taking into account (11), we have

ψ d un, un+1ð Þð Þ ≤ α un−1, unð Þψ d Tun−1, Tunð Þð Þ
≤ ϕ d un−1, unð Þð Þ++K · d un−1, Tun−1ð Þ + d un, Tunð Þf g
� d un−1, Tunð Þd un, Tun−1ð Þ

= ϕ d un−1, unð Þð Þ + K · d un−1, unð Þ + d un, un+1ð Þf g
� d un−1, un+1ð Þd un, unð Þ = ϕ d un−1, unð Þð Þ,

ð33Þ

or setting xn = dðun−1, unÞ (we can suppose that xn > 0) and
taking into account the condition (a1) for any θ > 0, we get

ψ xnð Þ ≤ ϕ xn−1ð Þ < ψ xn−1ð Þ: ð34Þ

If the condition (C) holds, from the above inequality, we
get xn < xn−1, for every n ∈ℕ. Consequently, being positive
and strictly decreasing, the sequence fxng is convergent
and there is x ≥ 0 ∈ X such that xn → x. If we assume that
x > 0, then from the above inequality, we have

ϕ x +ð Þ = lim
n→∞

ψ xnð Þ ≤ limsup
n→∞

ϕ xnð Þ ≤ limsup
θ→x+

ϕ θð Þ < ϕ x +ð Þ,

ð35Þ

which is a contradiction. Thus,

lim
n→∞

xn = x = 0: ð36Þ

The aim for the next step is to prove that the sequence
fung is Cauchy. Supposing by contradiction, the sequence
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fung is not Cauchy, by (36), and taking into account
Lemma 1, we can find e > 0 and two subsequences fuskg
and furkg of fung such that (9) holds. Taking u = usk
and v = urk in (14) and keeping in mind (1.7), we have

ψ d usk+1, urk+1
� �� �

≤ α usk , urk
� �

ψ d Tusk , Turk
� �� �

≤ ϕ d usk , urk
� �� �

++K · d usk , usk+1
� �

+ d urk , urk+1
� �� �

� d usk , urk+1
� �

d urk , usk+1
� �

:

ð37Þ

Letting the limit as k→∞ in the previous inequality
(since dðusk+1, urk+1Þ→ e + and dðusk , urkÞ→ e and using
(2.11), we get

liminf
θ→e+

ψ θð Þ ≤ liminf
k→∞

ψ d usk+1, urk+1
� �� �

≤ limsup
k→∞

ϕ d usk , urk
� �� �

≤ limsup
θ→e

ϕ θð Þ: ð38Þ

This is a contradiction to (a4). Thus, fung is a Cauchy
sequence on a complete metric space, so it is convergent.
Let u∗ = limn→∞un and we claim that u∗ is a fixed point
of T . From (31) and ðRÞ, for u = un and v = u∗, we have

ψ d un+1, Tu∗ð Þð Þ ≤ α un, u∗ð Þψ d Tun, Tu∗ð Þð Þ
≤ ϕ d un, u∗ð Þð Þ++K · d un, un+1ð Þ + d u∗, Tu∗ð Þf g
� d un, Tu∗ð Þd u∗, un+1ð Þ:

ð39Þ

Since limn→∞dðun+1, Tu∗Þ = dðu∗, Tu∗Þ and limn→∞d
ðun, u∗Þ = 0 if we suppose that dðu∗, Tu∗Þ > 0, the above
inequality yields

liminf
θ→d u∗ ,Tu∗ð Þ

ψ θð Þ ≤ liminf
n→∞

ψ d un+1, Tu∗ð Þð Þ

≤ limsup
n→∞

ϕ d un, u∗ð Þð Þ ≤ limsup
θ→0

ϕ θð Þ,
ð40Þ

which is a contradiction to (D). Therefore, dðu∗, Tu∗Þ
= 0, that is u∗ is a fixed point of T . As in the Theorem
12, adding the condition ðUÞ to the statement of Theo-
rem 20, we are able to prove that the fixed point is
unique. Indeed, if we suppose that v∗ ∈ X is such that
Tv∗ = v∗ ≠ u∗ = Tu∗, from (2.10), we have

ψ d u∗, v∗ð Þð Þ ≤ α u∗, v∗ð Þψ d Tu∗, Tv∗ð Þð Þ
≤ ϕ d u∗, v∗ð Þð Þ++K · d u∗, Tu∗ð Þ + d v∗, Tv∗ð Þf g
� d u∗, Tv∗ð Þ + d v∗, Tu∗ð Þð Þ:

ð41Þ

Letting n→∞ in the above inequality and keeping
in mind (a1), we have

ψ d u∗, v∗ð Þð Þ ≤ ϕ d u∗, v∗ð Þð Þ < ψ d u∗, v∗ð Þð Þ, ð42Þ

which is a contradiction.

Example 21. Let the set X = fA1, A2,A3, A4, A5g endowed
with the distance d : X × X→ ½0,∞Þ, where dðu, uÞ = 0, d
ðu, vÞ = dðv, uÞ for any u, v ∈ X and

d A1, A2ð Þ = d A2, A3ð Þ = d A3, A4ð Þ = 1,
d A1, A3ð Þ = d A2, A4ð Þ = d A4, A5ð Þ = 2,

d A1, A4ð Þ = d A2, A5ð Þ = d A3, A5ð Þ = 3, d A1, A5ð Þ = 4:
ð43Þ

Let the mapping T : X → X defined by

TA1 = A1, TA2 = A3, TA3 = A5, TA4 = A2, TA5 = A2: ð44Þ

Let also the function α : X × X→ ½0,∞Þ, with

α u, vð Þ =
2, if u, vð Þ = Ai, A1ð Þ, for i = 1, 2, 3, 4, 5
1, if u, vð Þ ∈ A3, A4ð Þ, A4,A3ð Þf g
0, otherwise

8>><
>>:

ð45Þ

Then, T does not satisfy Banach, neither Kannan type
condition. Indeed, letting for example u = A1, v = A3,

d TA1, TA3ð Þ = d A1, A5ð Þ = 4 > 2k
= kd A1, A3ð Þf orany0 ≤ k < 1,

d TA1, TA3ð Þ = d A1, A5ð Þ = 4 > 3K
= K · d A1, A1ð Þ + d A3, A5ð Þf g
= K · d A1, TA1ð Þ + d A3, TA3ð Þf g,
f orany0 ≤ K < 1

2 :

ð46Þ

On the other hand, T is not (a-r), so Theorem 3 can-
not be applied. Let the functions ψ, ϕ ∈Λ, ϕðθÞ = θ, ψðθÞ
= θ/2, for θ > 0 and K = 8. For an easier reading, we will
set

A u, vð Þ = ϕ d u, vð Þð Þ + K · d u, Tuð Þ + d v, Tvð Þf g
� d u, Tvð Þd v, Tuð Þ = d u, vð Þ

2 + 8

· d u, Tuð Þ + d v, Tvð Þf gd u, Tvð Þd v, Tuð Þ:
ð47Þ

Let us check that the mapping T is an ðα, ψ, ϕÞ-con-
traction of type 2. For this purpose, we must consider
the following cases:

(i) u = A1, v = A2,

α A1, A2ð Þψ d TA1, TA2ð Þð Þ = 2d A1, A3ð Þ = 4 < 33
2

= A A1, A2ð Þ
ð48Þ

(ii) u = A1, v = A3,
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α A1, A3ð Þψ d TA1, TA3ð Þð Þ = 2d A1, A5ð Þ = 8 < 193 = A A1, A3ð Þ
ð49Þ

(iii) u = A1, v = A4,

α A1, A4ð Þψ d TA1, TA4ð Þð Þ = 2d A1, A2ð Þ = 2 < 99
2 = A A1, A4ð Þ

ð50Þ

(iv) u = A1, v = A5,

α A1, A5ð Þψ d TA1, TA5ð Þð Þ = 2d A1, A2ð Þ = 2 < 98 = A A1, A5ð Þ
ð51Þ

(v) u = A3, v = A4,

α A3, A4ð Þψ d TA3, TA4ð Þð Þ = d A5,A2ð Þ = 3 < 97
2 = A A3, A4ð Þ

ð52Þ

Moreover, it is easy to see that all the assumptions of The-
orem 20 are satisfied, so that T has a unique fixed point.

Example 22. Let the set X = ½0,∞Þ be endowed with the usual
distance d onℝ. Consider the mapping T : X → X defined by

Tu =
1 − u, if0 ≤ u ≤ 1
ln 1 + euð Þ, if u > 1

(
: ð53Þ

Then,Tis neither continuous, a contraction, nor (a-r).
Define the function α : X × X→ ½0,∞Þ by

α u, avð Þ =
2, if u ∈ 1

4 ,
1
2 , 1

� �
, v = 1

2
1, if u = 2, v = 1
0, otherwise

:

8>>>><
>>>>:

ð54Þ

Consider also, the functions ψ, ϕ ∈Λ, where ψðθÞ = eθ

and ϕðθÞ = θ + 1, for θ > 0. Let, for example, K = 64. Using
the same notation as in Example 1, taking into account the
definition of the function α, we have the following:

(i) u = 1/4, v = 1/2

α
1
4 ,

1
2

� 	
ψ d T

1
4 , T

1
2

� 	� 	
= 2e14 ≤ 17

4 = ϕ d
1
4 ,

1
2

� 	� 	
+ A

1
4 ,

1
2

� 	
ð55Þ

(ii) u = 1, v = 1/2

α 1, 12

� 	
ψ d T 1, T 1

2

� 	� 	
= 2e12 ≤ 35

2

= ϕ d 1, 12

� 	� 	
+ A 1, 12

� 	
ð56Þ

(iii) u = 2, v = 1

α 2, 1ð Þψ d T 2, T 1ð Þð Þ = eln 1+e2ð Þ = 1 + e2 ≤ ϕ d 2, 1ð Þð Þ + A 2, 1ð Þ:
ð57Þ

Since it easy to check that all the assumptions of Theorem
20 are verified, we can conclude that T has a unique fixed
point.

Corollary 23. Let ðX, dÞ be a complete metric space and a
mapping T : X→ X such that for all u, v ∈ X with dðTu, TvÞ
> 0,

ψ d Tu, Tvð Þð Þ ≤ ϕ d u, vð Þð Þ + K · d u, Tuð Þ + d v, Tvð Þf g
� d u, Tvð Þd v, Tuð Þ,

ð58Þ

where 0 ≤ K < 1 and the functions ψ, ϕ ∈Λ are such that

(a) ψ, ϕ satisfy (a1) and (a4)

(b) ψ is not decreasing

Then, T admits a unique fixed point.

Corollary 24 (Theorem 6). Let ðX, dÞ be a complete metric
space and a mapping T : X→ X such that for all u, v ∈ X with
dðTu, TvÞ > 0,

ψ d Tu, Tvð Þð Þ ≤ ϕ d u, vð Þð Þ, ð59Þ

where the functions ψ, ϕ ∈Λ are such that

(a) ψ, ϕ satisfy the assumptions (a1) and (a4)

(b) ψ is not decreasing

Then, T admits a unique fixed point.

Proof. Let αðu, vÞ = 0 and K = 0 in Theorem 20.

Corollary 25. Let ðT , dÞ be a complete metric space and
T : X→ X be a mapping such that

ψ d Tu, Tvð Þð Þ ≤ ς d u, vð Þð Þψ d u, vð Þð Þ + K · d u, Tuð Þ + d v, Tvð Þf g
� d u, Tvð Þd v, Tuð Þ,

ð60Þ
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for each u, v ∈ X with dðTu, TvÞ > 0, where 0 ≤ K <∞ and
the functions ς : ð0,∞Þ→ ð0, 1Þ, ψ : ð0,∞Þ→ ð0, 1Þ are
such that

(i) limsupθ→e+ςðθÞ < 1 for any e > 0

(ii) ψ is nondecreasing

Then, T has a unique fixed point.

Proof. Let ϕðθÞ = ςðdðu, vÞÞψðdðu, vÞÞ in Corollary 4.

Corollary 26. Let ðX, dÞ be a complete metric space and a
mapping T : X→ X. Suppose that there exist 0 ≤ k < 1 and
0 ≤ K <∞ such that for all u, v ∈ X,

d Tu, Tvð Þ ≤ kd u, vð Þ + K · d u, Tuð Þ + d v, Tvð Þf gd u, Tvð Þd v, Tvð Þ:
ð61Þ

Then, T admits a unique fixed point.

Proof. Let αðu, vÞ = 0, ψðθÞ = θ and ϕðθÞ = k · θ, with 0 ≤ k < 1
in Theorem 20.
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