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In this paper, we define a new class of Sakaguchi type-meromorphic harmonic functions in the Janowski domain that are starlike
with respect to symmetric point. Furthermore, we investigate some important geometric properties like sufficiency criteria,
distortion bound, extreme point theorem, convex combination, and weighted means.

1. Introduction and Definitions

One of the contemporary developments in Mathematics is
the solicitations of harmonic analysis in other fields. Like
various other fields, it has immensely influenced and nur-
tured the branch of geometric function theory. Jahangiri
et al. [1] defined and studied a subclass of harmonic and
univalent functions. Another example of such work would
be an article of Porwal and Dixit [2], who used a certain
convolution operator involving hypergeometric functions
to define a class of univalent functions. As a consequence,
many mathematicians generalized many ideas of this field
and various important results with the help of some oper-
ators; the work of Porwal et al. [3], Porwal et al. [4], and
Porwal and Dixit [5] are worth mentioning here. Recently,
some subclasses of harmonic functions were investigated
by Arif et al. [6] and Khan et al. [7]. To start with, we
give preliminaries which will be useful in understanding
the concepts of this research.

A real-valued function uðx, yÞ is said to be harmonic in a
domain D ⊂ℂ if it has a continuous second partial derivative
and satisfy the Laplace’s equation

∂2u
∂x2

+ ∂2u
∂y2

= 0: ð1Þ

A continuous complex-valued function f = u + iv is said
to be harmonic in a complex domain U if both its real and
imaginary parts are real harmonic in U. In any simply con-
nected domain U ⊂ℂ, one can write f = h + �g, where h and
g are analytic in U. The class of such functions is denoted
by H . The condition jh′ðzÞj > jg′ðzÞj is necessary and suffi-
cient for f to be locally univalent and sense preserving in U,
see [8]. There are different papers on univalent harmonic
functions defined in unit disc D = fz : jzj < 1g, for details,
see [9–14]. For z ∈D∗ =D \ f0g, in the punctured open unit
disc and let MH denote the class of functions

Hindawi
Journal of Function Spaces
Volume 2021, Article ID 6689522, 5 pages
https://doi.org/10.1155/2021/6689522

https://orcid.org/0000-0003-2239-6416
https://orcid.org/0000-0002-3716-2818
https://orcid.org/0000-0001-9138-916X
https://orcid.org/0000-0002-5081-741X
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2021/6689522


f zð Þ = h zð Þ + �g zð Þ = 1
z
+ 〠

∞

n=1
anz

n + �〠∞
n=1bnz

n, ð2Þ

which are harmonic inD∗ where h is analytic inD∗ and has a
simple pole at the origin with residue 1, while g is analytic in
D. The class MH was studied in [15–17]. Furthermore,
denoted by M �H , a subclass of MH , consisting a functions
of the form

f zð Þ = h zð Þ + �g zð Þ = 1
z
+ 〠

∞

n=1
anj jzn − 〠

∞

n=1
bnj j �zn, ð3Þ

which are harmonic univalent in punctured unit disc D∗:
For functions f ∈MH given by (2) and F ∈MH given by

F zð Þ =H zð Þ + �G zð Þ = 1
z
+ 〠

∞

n=1
Anz

n + �〠∞
n=1Bnz

n, ð4Þ

we recall the Hadamard product (or convolution) of f and
F by

f ∗ Fð Þ zð Þ = 1
z
+ 〠

∞

n=1
anAnz

n + �〠∞
n=1bnBnz

n z ∈D∗ð Þ: ð5Þ

In terms of the Hadamard product (or convolution),
we choose F as a fixed function in H such that ð f ∗ FÞð
zÞ exists for any f ∈H , and for various choices of F, we
get different linear operators which have been studied in
the recent past.

Recently, Khan et al. [18] introduced and studied a class
of meromorphic starlike functions with respect to symmetric
point in circular domain i.e.,

−
2zf ′ zð Þ

f zð Þ − f −zð Þ ≺
1 + Az
1 + Bz

: ð6Þ

Motivated from the above discussion on harmonic func-
tions and class of meromorphic starlike functions with
respect to symmetric point, we introduced the class of mero-
morphic harmonic univalent functions as:

Let −1 ≤ B < A ≤ 1: Then, the function f ∈MH is in the
class M∗∗

H ½A, B� if it satisfies the condition

−
2DH f zð Þ

f zð Þ − f −zð Þ ≺
1 + Az
1 + Bz

, z ∈Dð Þ, ð7Þ

where the symbol } ≺ } represent well-known subordination
and

DH f zð Þ = zh′ zð Þ − �zg′ zð Þ, ð8Þ

or equivalently

DH f zð Þ + f zð Þ − f −zð Þ/2ð Þ
BDH f zð Þ + A f zð Þ − f −zð Þ/2ð Þ
����

���� < 1, z ∈Dð Þ: ð9Þ

Furthermore, we denote M∗∗
�H
½A, B� subclass of M∗∗

H ½A,
B� consisting of harmonic meromorphic functions f = h + �g
of the form (3).

2. Main Results

Theorem 1. Let f = h + �g be of the form (2) and satisfies the
condition

〠
∞

n=1
αn anj j + βn bnj j ≤ 1, ð10Þ

with

αn =
1 + Bð Þn + 1 + Að Þ 1 − −1ð Þn/2ð Þj j

A − B
 and

 βn =
1 + Bð Þn − 1 + Að Þ 1 − −1ð Þn/2ð Þj j

A − B
, ð11Þ

then f is harmonic univalent sense-preserving in D∗ and f ∈
M∗∗

H ½A, B�:

Proof. For 0 < jz1j ≤ jz2j < 1, we obtain

f z1ð Þ − f z2ð Þ
h z1ð Þ − h z2ð Þ
����

���� ≥ 1 − g z1ð Þ − g z2ð Þ
h z1ð Þ − h z2ð Þ
����

����
= 1 − z1z2∑

∞
n=1bn zn1 − zn2ð Þ

z1 − z2ð Þ − z1z2∑
∞
n=1an zn1 − zn2ð Þ

����
����

> 1 − ∑∞
n=1n bnj j

1 − ∑∞
n=1n anj j > 1 − ∑∞

n=1βn bnj j
1 −∑∞

n=1αn anj j ≥ 0,

ð12Þ

where we have used (10) and this shows that the function is
univalent.

Now to show f ðzÞ is sense-preserving harmonic mapping in
D∗, consider

h′ zð Þ�� �� ≥ 1
zj j2 − 〠

∞

n=1
n anj j zj jn−1 ≥ 1 − 〠

∞

n=1
αn anj j ≥ 〠

∞

n=1
βn bnj j

≥ 〠
∞

n=1
n bnj j ≥ g′ zð Þ�� ��:

ð13Þ

This shows that f is sense-preserving.
Now, to show that f ∈M∗∗

H ½A, B� from (9), it is enough to
show that

DH f zð Þ + f zð Þ − f −zð Þ
2

����
���� − BDH f zð Þ + A

f zð Þ − f −zð Þ
2

����
���� < 0:

ð14Þ
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For this, consider

DH f zð Þ + f zð Þ − f −zð Þ
2

����
���� − BDH f zð Þ + A

f zð Þ − f −zð Þ
2

����
����

= 〠
∞

n=1
n + 1 − −1ð Þn

2

� �
anz

n + n + 1 − −1ð Þn
2

� �
�bnz

n
� ������

����� − A − B
z

����
+ 〠

∞

n=1
Bn + A

1 − −1ð Þn
2

� �
anz

n − Bn + A
1 − −1ð Þn

2

� �
�bnz

n
� �

j

≤ 〠
∞

n=1
n + 1 − −1ð Þn

2

� �
anj j zj jn + n + 1 − −1ð Þn

2

� �
bnj j zj jn

� �

−
A − B
zj j 〠

∞

n=1
Bn + A

1 − −1ð Þn
2

� �
anj j zj jn + Bn + A

1 − −1ð Þn
2

� �
bnj j zj jn

� �

≤ 〠
∞

n=1
1 + Bð Þn + 1 + Að Þ 1 − −1ð Þn

2

����
���� anj j zj jn

�
+ 1 + Bð Þnj

+ 1 + Að Þ 1 − −1ð Þn
2

���� bnj j zj jn − A − B
zj j

= A − B
zj j 〠

∞

n=1

1 + Bð Þn + 1 + Að Þ 1 − −1ð Þn/2ð Þj j
A − B

anj j zj jn+1
�

+ 1 + Bð Þn + 1 + Að Þ 1 − −1ð Þn/2ð Þj j
A − B

bnj j zj jn+1
�
−
A − B
zj j

< A − B
zj j 〠

∞

n=1
αn anj j + βn bnj j½ � − 1

( )
< 0:

ð15Þ

Hence, complete the proof.

Example 2. The meromorphic univalent function

f zð Þ = 1
z
+ 〠

∞

n=1

xn
αn

zn + 〠
∞

n=1

yn
βn

�zn, ð16Þ

such that ∑∞
n=1ðjxnj + jynjÞ = 1, we have

〠
∞

n=1
αn anj j + βn bnj jð Þ = 〠

∞

n=1
xnj j + ynj jð Þ = 1: ð17Þ

Thus, f ∈M∗∗
H ½A, B� and above coefficient bound given in

(10) is sharp for this function.

Theorem 3. Let f = h + �g ∈M �H and of the form (3), then
f ∈M∗∗

�H
½A, B� if it satisfies the condition

〠
∞

n=1
αn anj j + βn bnj j ≤ 1, ð18Þ

with

αn =
1 + Bð Þn + 1 + Að Þ 1 − −1ð Þn/2ð Þj j

A − B
  and

 βn =
1 + Bð Þn − 1 + Að Þ 1 − −1ð Þn/2ð Þj j

A − B
: ð19Þ

Proof. The proof is similar to Theorem 1, so omitted.

Theorem 4. Let f = h + �g ∈M∗∗
�H
½A, B� and of the form (3),

0 < jzj = r < 1: Then,

1
r
−

A − B
2 + A + B

r ≤ f zð Þj j ≤ 1
r
+ A − B
2 + A + B

r: ð20Þ

Proof. Consider

f zð Þj j = 1
z
+ 〠

∞

n=1
anz

n + �bnz
n� 	�����
����� ≤ 1

r
+ 〠

∞

n=1
anj j + bnj jð Þrn

≤
1
r
+ r 〠

∞

n=1
anj j + bnj jð Þ ≤ 1

r
+ A − B
2 + A + B

r:

ð21Þ

Similarly, proceeding as above we get

f zð Þj j = 1
z
+ 〠

∞

n=1
anz

n + �bnz
n� 	�����
����� ≥ 1

r
− r 〠

∞

n=1
anj j + bnj jð Þ

= 1
r
−

A − B
2 + A + B

r:

ð22Þ

Hence, this completes the result.

Theorem 5. Let f = h + �g, and of the form (3) then f ∈M∗∗
�H

½A, B� if and only if

f zð Þ = 〠
∞

n=0
γnhn + δngnð Þ, ð23Þ

where

h0 zð Þ = 1
z
, hn zð Þ = 1

z
+ A − B

1 + Bð Þn + 1 + Að Þ 1 − −1ð Þn/2ð Þj j z
n, n = 1, 2,⋯,

g0 zð Þ = 1
z
, gn zð Þ = 1

z
−

A − B
1 + Bð Þn + 1 + Að Þ 1 − −1ð Þn/2ð Þj j

�zn, n = 1, 2,⋯,

ð24Þ

where 1 ≥ γn ≥ 0,1 ≥ δn ≥ 0, and ∑∞
n=0ðγn + δnÞ = 1:

Proof. Let

f zð Þ = γ0h0 + δ0g0 + 〠
∞

n=1
γnhn + δngnð Þ

= γ0 + δ0ð Þ 1
z
+ 〠

∞

n=1
γn

1
z
+ A − B

1 + Bð Þn + 1 + Að Þ 1 − −1ð Þn/2ð Þj j z
n

� �

+ 〠
∞

n=1
δn

1
z
−

A − B
1 + Bð Þn + 1 + Að Þ 1 − −1ð Þn/2ð Þj j

�zn
� �

,

= 〠
∞

n=1
γn + δnð Þ 1

z
+ 〠

∞

n=1
γn

A − B
1 + Bð Þn + 1 + Að Þ 1 − −1ð Þn/2ð Þj j z

n

− 〠
∞

n=1
δn

A − B
1 + Bð Þn + 1 + Að Þ 1 − −1ð Þn/2ð Þj j

�zn:

ð25Þ
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Thus,

〠
∞

n=1
αn

A − B
1 + Bð Þn + 1 + Að Þ 1 − −1ð Þn/2ð Þj j γn

� ��

+ βn
A − B

1 + Bð Þn + 1 + Að Þ 1 − −1ð Þn/2ð Þj j δn
� �


= 〠
∞

n=1
γn + δnð Þ = 1 − γ0 − δ0 ≤ 1,

ð26Þ

hence, f ∈M∗∗
�H
½A, B�: Conversely, let f ∈M∗∗

�H
½A, B�. Set

γn =
1 + Bð Þn + 1 + Að Þ 1 − −1ð Þn/2ð Þj j

A − B
anj j, 0 ≤ γn ≤ 1, δn

= 1 + Bð Þn + 1 + Að Þ 1 − −1ð Þn/2ð Þj j
A − B

bnj j, 0 ≤ δn ≤ 1, γ0

= 1 − 〠
∞

n=1
γn − 〠

∞

n=1
δn:

ð27Þ

Therefore, f can be written as

f zð Þ = 1
z
+ 〠

∞

n=1
anj jzn − 〠

∞

n=1
bnj j �zn

= 1
z
+ 〠

∞

n=1

A − B
1 + Bð Þn + 1 + Að Þ 1 − −1ð Þn/2ð Þj j γn anj jzn

− 〠
∞

n=1

A − B
1 + Bð Þn + 1 + Að Þ 1 − −1ð Þn/2ð Þj j δn bnj j �zn

= 1
z
+ 〠

∞

n=1

A − B
1 + Bð Þn + 1 + Að Þ 1 − −1ð Þn/2ð Þj j γn anj jzn

− 〠
∞

n=1

A − B
1 + Bð Þn + 1 + Að Þ 1 − −1ð Þn/2ð Þj j δn bnj j �zn

= γ0 + δ0ð Þ 1
z
+ 〠

∞

n=1
γn

1
z
+ A − B

1 + Bð Þn + 1 + Að Þ 1 − −1ð Þn/2ð Þj j z
n

� �

+ 〠
∞

n=1
δn

1
z
−

A − B
1 + Bð Þn + 1 + Að Þ 1 − −1ð Þn/2ð Þj j

�zn
� �

= 〠
∞

n=1
γnhn + δngnð Þ, hence required:

ð28Þ

Theorem 6. The class M∗∗
�H
½A, B� is closed under convex

combination.

Proof. For k ∈ℕ, let f k ∈M∗∗
�H
½A, B�, be of the form

f k zð Þ = 1
z
+ 〠

∞

n=1
ak,n
�� ��zn − bk,n

�� �� �zn� 	
: ð29Þ

Then form (10), we get

〠
∞

n=1
αn ak,n
�� �� + βn bk,n

�� ��� 	
≤ 1: ð30Þ

For ∑∞
k=1δk = 1,ð0 ≤ δk ≤ 1Þ, the convex combination of

f k is

〠
∞

k=1
δk f k zð Þ = 1

z
+ 〠

∞

n=1
〠
∞

k=1
δk ak,n
�� �� !

zn − 〠
∞

n=1
〠
∞

k=1
δk bk,n
�� �� !

�zn:

ð31Þ

Using (10), we have

〠
∞

n=1
αn 〠

∞

k=1
δk ak,n
�� �� + βn 〠

∞

k=1
δk bk,n
�� �� !

= 〠
∞

k=1
δk 〠

∞

n=1
αn ak,n
�� �� + βn bk,n

�� ��� 	" #
≤ 〠

∞

k=1
δk = 1,

ð32Þ

thus prove our desired results.

Theorem 7. Let f k ∈M
∗∗
�H
½A, B�, for k = f1, 2g be of the

form (29), then, their weighted Fi mean is also in the class
M∗∗

�H
½A, B�, where Fi is defined below

Fi zð Þ = 1 − ið Þf1 zð Þ + 1 + ið Þf2 zð Þ
2

: ð33Þ

Proof. From (33), one may easily write

Fi zð Þ = 1
z
+ 1 − ið Þf1 zð Þ + 1 + ið Þf2 zð Þ

2

= 1
z
+ 〠

∞

k=1

1 − jð Þ an,1
�� �� + 1 + jð Þ an,2

�� ��
2 zn

"

−
1 − jð Þ bn,1

�� �� + 1 + jð Þ bn,2
�� ��

2
�zn�:

ð34Þ

To show that Fi ∈M
∗∗
�H
½A, B�, it is enough to show that

〠
∞

k=1

1 − jð Þ an,1
�� �� + 1 + jð Þ an,2

�� ��
2

����
����αn

"

+ 1 − jð Þ bn,1
�� �� + 1 + jð Þ bn,2

�� ��
2

����
����βn� ≤ 1:

ð35Þ

Now consider

〠
∞

k=1

1 − jð Þ an,1
�� �� + 1 + jð Þ an,2

�� ��
2

����
����αn + 1 − jð Þ bn,1

�� �� + 1 + jð Þ bn,2
�� ��

2

����
����βn

" #

= 〠
∞

k=1

1 − jð Þ an,1
�� ��αn + 1 − jð Þ bn,1

�� ��βn

2 + 1 + jð Þ an,2
�� ��αn + 1 + jð Þ bn,2

�� ��βn

2

" #

= 1 − jð Þ
2 〠

∞

k=1
an,1
�� ��αn + bn,1

�� ��βn

� 	
+ 1 + jð Þ

2 〠
∞

k=1
an,2
�� ��αn + bn,2

�� ��βn

� 	
≤

1 − jð Þ
2 + 1 + jð Þ

2 = 1:

ð36Þ

Hence, Fi ∈M
∗∗
�H
½A, B�:
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