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In this paper, we define a new class of Sakaguchi type-meromorphic harmonic functions in the Janowski domain that are starlike
with respect to symmetric point. Furthermore, we investigate some important geometric properties like sufficiency criteria,

distortion bound, extreme point theorem, convex combination, and weighted means.

1. Introduction and Definitions

One of the contemporary developments in Mathematics is
the solicitations of harmonic analysis in other fields. Like
various other fields, it has immensely influenced and nur-
tured the branch of geometric function theory. Jahangiri
et al. [1] defined and studied a subclass of harmonic and
univalent functions. Another example of such work would
be an article of Porwal and Dixit [2], who used a certain
convolution operator involving hypergeometric functions
to define a class of univalent functions. As a consequence,
many mathematicians generalized many ideas of this field
and various important results with the help of some oper-
ators; the work of Porwal et al. [3], Porwal et al. [4], and
Porwal and Dixit [5] are worth mentioning here. Recently,
some subclasses of harmonic functions were investigated
by Arif et al. [6] and Khan et al. [7]. To start with, we
give preliminaries which will be useful in understanding
the concepts of this research.

A real-valued function u(x, y) is said to be harmonic in a
domain D c C if it has a continuous second partial derivative
and satisfy the Laplace’s equation

*u  d'u

A continuous complex-valued function f = u + iv is said
to be harmonic in a complex domain U if both its real and
imaginary parts are real harmonic in U. In any simply con-
nected domain U ¢ C, one can write f = h + g, where h and
g are analytic in U. The class of such functions is denoted
by %. The condition |h'(z)| > |g (z)| is necessary and suffi-
cient for f to be locally univalent and sense preserving in U,
see [8]. There are different papers on univalent harmonic
functions defined in unit disc D ={z : |z| < 1}, for details,
see [9-14]. For z € D* =D\ {0}, in the punctured open unit
disc and let .# 4, denote the class of functions
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which are harmonic in D* where £ is analytic in D* and has a
simple pole at the origin with residue 1, while g is analytic in
D. The class 4 was studied in [15-17]. Furthermore,
denoted by .# 5, a subclass of /g, consisting a functions

of the form

1 (e8] [ee] _
)=+ Ylale" = Yl (3)
n=1 n=1

which are harmonic univalent in punctured unit disc D*.
For functions f € .# g given by (2) and F € /4, given by

F(z)=H(z) + G(z) = % + i A"+ ZZ;an”, (4)

we recall the Hadamard product (or convolution) of f and
F by

(f * F)(z :% Za Z+Z

In terms of the Hadamard product (or convolution),
we choose F as a fixed function in % such that (f = F)(
z) exists for any f € #, and for various choices of F, we
get different linear operators which have been studied in
the recent past.

Recently, Khan et al. [18] introduced and studied a class
of meromorphic starlike functions with respect to symmetric
point in circular domain i.e.,

lannz (zeD"). (5)

22f' () 1+Az
) =2 “1+Bz ©)

Motivated from the above discussion on harmonic func-
tions and class of meromorphic starlike functions with
respect to symmetric point, we introduced the class of mero-
morphic harmonic univalent functions as:

Let -1 <B<A<1. Then, the function f € #, is in the
class 3 [A, B] if it satisfies the condition

1+Az

29,1 (2) -
1+Bz’

f@ -7 "

€D), (7)

where the symbol ~ <
and

represent well-known subordination

Dy f(2) =2h'(2) - 29’ (2), (8)

or equivalently

Daef(2) + (f(2) —f(=2)/2)
BDgf(2) + A(f(2) - f(=2)/2)

<l,(zeD). (9)
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Furthermore, we denote ./ ;f [A, B] subclass of /7 A,

B] consisting of harmonic meromorphic functions f =h + g
of the form (3).

2. Main Results

Theorem 1. Let f = h + g be of the form (2) and satisfies the
condition

2. @l + B, b <1, (10)
with
_|(1+B)n+ (1+A)(1-(-1)"/2)] .
&y = 1-B an
_|I+B)yn—(1+A)(1-(-1)"12)|
ﬁn_ A_B N (11)

then f is harmonic univalent sense-preserving in D* and f €
M A, Bl

Proof. For 0 < |z,| <|z,] < 1, we obtain

f(z1) - f(z)
h(z,) - h(z,)

>1- ‘g(zl) -9(z)
N h(z,) - h(z,)

—1- 215,21 ba (2] = 25)
(21— 25) — 212,22, (2] = 25)
S1— Ynei|by| _ L1 Balbyl >0
1-Y% 1-Y%® ’
n:ln|an| n= l‘xnla |

(12)

where we have used (10) and this shows that the function is
univalent.

Now to show f(z) is sense-preserving harmonic mapping in
D*, consider

@)= 2~ e

(e8]

_Zn|b\>|g (2)].

|Z|"1>1—Z nlan|>Zﬂ|b\

n=1

(13)

This shows that f is sense-preserving.
Now, to show that f € .Z3; [A, B from (9), it is enough to
show that

f(z)-f(=2)

Do (2) + = 1) -J(=2) —2f )| <o,

- ‘B@%f(z) +A

(14)
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For this, consider

f@)~(=2) @12
2 2

'gjyff(z) + - ‘B%zf (2)
i Kn + - (271)n>anZ” + (n + - (271)’1> b,.iz"}
+ i [(Bn Atz (271)">anz” - (Bn Atz (271)”> b[z”} |

< 3 (r+ =5 imler (e =5 e
= e

%1)")'“ Il + (Bn+A

(1+B) n+(1+A)(71)n

A-B
z

la,||z[" +|(1+B)n

+(1+A)1 ( i TB

=%;{|<1+B> (l,ffﬁ( eI
|1+ B+ (1+A)1=(-1)"12)| , . ] A-B
+ . ke -

e {Z[a 0.l + B, b, }—1}

(15)
Hence, complete the proof.
Example 2. The meromorphic univalent function
7+Zx” '+ Zy—” z", (16)
n=1"n
such that )2, (|x,| + [y,|) = 1, we have
[ee] [ee]
2 (@ylan] + B,|b|) = Z (beul + yal) = 1. (17)

Thus, f € M3 [A, B] and above coefficient bound given in
(10) is sharp for this function.

Theorem 3. Let f =h+ g€ M g and of the form (3), then
f e, A, B] if it satisfies the condition

7
3 e+ Bl <1, (18)
with
an—KHB)M(];f%(]_( C)
= 10+ Bin= A+ A= (C1'72) o)

Proof. The proof is similar to Theorem 1, so omitted.

Theorem 4. Let f=h+g¢€ /ﬂ}} [A, B] and of the form (3),
0<|z|=r< 1. Then,

1 A-B 1

<|f(e)| €=+ ——r. (20)

;_2+A+Br r

Proof. Consider

I & J
F@I=]2 + Y (@2 +52")| <+ Y (la,|+[b,)7
n=1 n=1
1 N 1 A-B
< - b )< -
R X R R
(21)
Similarly, proceeding as above we get
1 [ee] ; - 1 o0
F@I=]2 + Y (@ +b,2") |2~ =r Y (la,| +[b,)
n=1 n=1
1 A-B .
r 2+A+B
(22)

Hence, this completes the result.

Theorem 5. Let f = h + g, and of the form (3) then f € ./%};
[A, B] if and only if

[ee]

f@)= Y (Vuhy +8,9,), (23)
n=0
where
I 1 A-B R
S ey oy Yy 5 R
1 1 A-B S
9= 29 = L T T B e A= R
(24)
where 1>y,>0,1>8,>0,and Y, (y,+95,) =
Proof. Let
F@) =Yoo + 8090+ Y. (vl +8,9,)
n=1
oyl s S A-B ,
= E+nlyn<z 1+B)n+(1+A)(1—(— ) /2)\Z>
+;8”( (T+B)n+( 1+A)( “COR)] n)
v 1 A-B o
;( +0) 2+ZV" [T+ B)n+ (1+A)1-(-1)72)°
< s A-B -
AT B (T A= ()
(25)



4
Thus,
& A-B
Z{“”<|<1+B>n+<1+A><1 —<—1>"/2>|V")
A-B
+’3"<|<1+B>n+<1+A><1—<—1>"/2>|6”>} (26)

Mg

(Yat8,)=1-y,-8,<1,

=
I
—

hence, f € M/ %[A, B]. Conversely, let f € 4 %[A, BJ. Set

(Bt (L A)A= D)ooy <16

Yn= A-B
QB A QD g <5, <1,
=1_Zyn 26”
n=1 n=1

(27)

Therefore, f can be written as

@)=+ Ylaf = Ylble

) % " Z|(1 TBn+ (1A+;\§3(1 —cyra) Yl
B °°1 ((1+Byn+ (1A+;xl)3(1 R

B % i z|(1 TBn+ (1A+;A)B(1 — iy
- i\(l +B)n+ (1[:141)3(1 = l)n,2)|5n\bn|5"

A-B
Z(V°+6°)E * ;V"(E A Bn+ 1+ A)(1-

)

A-B .
T+ B+ (1+A) (1= (-1)2)]° >

hence required.
(28)

Theorem 6. The class /l%[A, B] is closed under convex

combination.

Proof. For k€ IN, let f, € M’s,[A, B], be of the form

H

1 X -
Ji(2) = i Z(|ak>n|zn = |by.|2").- (29)
n=1
Then form (10), we get
Y (@] ag,| + B, |bea|) < 1. (30)
n=1

Journal of Function Spaces

For 2,8, =1,(0< 8, <1), the convex combination of

S is
o0 1 (o] o0 o0 _
Z8kfk(z) =2 + Z (Z 8k’akn >Z - Z <Z 8k|bk,n|>zn
k=1 n=1 \ k=1 n=1 \ k=1
(31)
Using (10), we have
Z (‘xn Z Okl @l + B, Z 5k|bk,n|>
n=1 = k=1
(32)

k=1

- S S oot s ] < Sor-

thus prove our desired results.

Theorem 7. Let fke/%;;;[A,B], for k={1,2} be of the

form (29), then, their weighted F; mean is also in the class

M5, |A, B, where F is defined below

(I-i)fi(2) +

> (1 + i) Z(Z) . (33)

Fi(z) =

Proof. From (33), one may easily write

+ (1-9)f1(2) + (1 +i)f5(2)
2

!
— % + i [(1 _j)|an,1| + (1 +j)}an,2| 2" (34)

2

(1 _j>|bn,1| + (1 +j)|bn,2| Z_n]
2

To show that F, e /5

%[A, B], it is enough to show that

(1 _j)’anJ’ + (1 +j)‘un,2| o
2

z[ n
k=1 (35)

Bl<t.

. ‘u =) [Baa + (14 )],
2

Now consider

2

"z":{ 1 ]|an1|+ (1+7) }an2|

1(1 )] +(1+J‘)|bn,z\|ﬁ }
k=1

[ 1 ] }anl|a + 1 ] ‘hnl‘ﬁ
2

(1+4))|a,, |, + (1 +j)|bn,2|ﬁn:|

? IMS

) 1+9) S
DY (lanal, +|bn,l|ﬁ,,>+(

k=1 k=1
(1—1) L)

2 2

( n,2|0‘n + !bn,z{ﬁn)

<

(36)

Hence, F, € /%%[A, B.
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