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Let Th
a be the h-pseudodifferential operators with symbol a. When a ∈ Smρ,1 andm = nðρ − 1Þ/2, it is well known that Th

a is not always
bounded in L2ðℝnÞ. In this paper, under the condition aðx, ξÞ ∈ L∞Snðρ−1Þ/2ρ ðωÞ, we show that Th

a is bounded on L2.

1. Introduction and Main Results

Let ðx, ξÞ ∈ℝn ×ℝn and Smρ,δ be the sets of all the symbol að
x, ξÞ satisfying, for m ∈ℝ, 0 ≤ ρ, δ ≤ 1, and α, β ∈ℕn,

∂βx∂
α
ξa x, ξð Þ

��� ��� ≲ ξh im−ρ∣α∣+δ βj j: ð1Þ

The classical pseudodifferential operator Ta associated
with the symbol aðx, ξÞ ∈ Smρ,δ is defined by

Taf =
1
2πð Þn

ð
ℝn
eixξa x, ξð Þ f̂ ξð Þdξ, ð2Þ

where f̂ ðξÞ is the Fourier transform of f .
The generalized form of pseudodifferential operator is h

-pseudodifferential operator, which is introduced by Helffer
in [1]. Helffer studied this operator to discuss the operator
−h2Δ +VðxÞ associated with the parameter h, where Δ is
the Laplace operator and VðxÞ denotes some potential func-
tion for any x ∈ℝn. Moveover, the h-pseudodifferential oper-
ator also provides a rigorous way to establish relationship
each other for quantum physics and classical mechanics;
see, for example, [2, 3]. Furthermore, by using h-pseudodif-
ferential operator, the Cauchy problem of semiclassical ellip-
tic partial differential equations is studied in [3–5]. Because
of these operators importance, many scholars have studied
one; see, for example, [6–12] and the references given there.

Now, we consider the h-pseudodifferential operator as
follows:

Th
a f =

1
2πð Þn

ð
ℝn
dξ
ð
ℝn
a x, hξð Þei x−yð Þξ f yð Þdy

= 1
2πhð Þn

ð
ℝn
dξ
ð
ℝn
a x, ξð Þe i/hð Þ x−yð Þξ f yð Þdy

= 1
2πhð Þn

ð
ℝn
e i/hð Þxξa x, ξð Þ f̂ ξð Þdξ,

ð3Þ

where h ∈ ð0, h0� and

f̂ ξ, hð Þ =
ð
ℝn
e− i/hð Þyξ f yð Þdy: ð4Þ

First of all, we review L2 regularity theory for the classical
pseudodifferential operators Ta. In [13], Hörmander shown
that Ta is bounded in L2ðℝnÞ, when a ∈ Smρ,δ, δ < 1 and m ≤
nðρ − δÞ/2. For a ∈ S01,1, Ching [14] proved that Ta is not
bounded in L2ðℝnÞ. Moveover, for a ∈ Smρ,1, Rodino [15]

shown that Ta is bounded in L2ðℝnÞ if and only if m < nðρ
− 1Þ/2. However, the operator Ta is not always L2-bound-

edness for a ∈ Snðρ−1Þ/2ρ,1 ; see, for example, [13–15]. The neces-

sary and sufficient conditions of L2-boundedness of Ta are
obtained by Higuchi [16] asm = nðρ − 1Þ/2. Recently, Aitem-
rar and Senoussaoui [6] studied boundedness and compact-
ness on L2 for h-Fourier integral operators, where the
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symbol a ∈ Γμ
ρ. Moveover, Aitemrar and Senoussaoui [9] also

discussed regularity on Bessel potential spaces. Furthermore,
Aitemrar and Senoussaoui [7] considered the symbol for h
-pseudodifferential operator, which belongs to the class L∞

Smρ , namely,

∂αξa ·, ξð Þ�� ��
L∞ ℝnð Þ ≤ Cα ξh im−ρ αj j: ð5Þ

By using this condition and the compact set Suppξaðx, ξÞ,
they obtained the global Lp-boundedness for h-Fourier inte-
gral operators. The noncompact case for Suppξaðx, ξÞ, they
also proved Lp-boundedness for m < nðρ − 1Þ/2. Motivated
by this noncompact case, for δ = 1,m = nðρ − 1Þ/2, we con-
sider the L2-boundedness of h-pseudodifferential operators.
In what follows, we mainly concentrate on the L2-bounded-
ness for h-pseudodifferential operator Th

a with the specific
symbol a. Our main result could be stated as follows:

Theorem 1. Let Th
a be the h-pseudodifferential operators given

by (3) with symbol aðx, ξÞ ∈ L∞Snðρ−1Þ/2ρ ðωÞ, where L∞

Snðρ−1Þ/2ρ ðωÞ is as in Definition 3. Then, for 0 ≤ ρ ≤ 1, there
exists a constant C > 0 such that

Th
au

��� ���
L2
≤ C uk kL2 : ð6Þ

Remark 2. For the classical pseudodifferential operator, in
[16, 17], they have constructed an example that the operator

is not bounded in L2ðℝnÞ as a ∈ Snðρ−1Þ/2ρ,1 :Moveover, here, we

remark that the symbol L∞Snðρ−1Þ/2ρ ðωÞ is different from the

symbol a ∈ Γμ
ρ in [6].

2. Definitions, Notations, and Preliminaries

Let ℝn be an n-dimensional Euclidean space, x = ðx1,⋯,xnÞ
∈ℝn, ℕ = f1, 2,⋯g, ℤ+ =ℕ ∪ f0g, and ℤn

+ = ðℤ+Þn. For
any multi-index α = ðα1,⋯,αnÞ and β = ðβ1,⋯,βnÞ ∈ℤn

+, we
let

αj j = 〠
n

j=1
αj, α + β = α1 + β1,⋯,αn + βnð Þ, ∂αx =

∂α

∂α1x1 ⋯ ∂αnxn
,

ð7Þ

and ∇ξ = ð∂ξ1 ,⋯,∂ξnÞ. Also, we also define ∣ξ ∣ and hξi as fol-
lows:

ξj j = 〠
n

j=1
ξ2j

 !1/2

,

ξh i = 1 + ξj j2
� �1/2

:

ð8Þ

Throughout this article, we denote by C a positive con-
stant which is independent of the main parameters, but it

may vary from line to line. We sometimes write A ≲ B as
shorthand for A ≤ CB.

We give the class L∞Smρ ðωÞ defined below, which will play
significant role in our investigations.

Definition 3. Let m be a real number. A function aðx, ξÞ
which is smooth in the frequency variable ξ and bounded
measurable in the spatial variable x, belongs to the symbol
class L∞Smρ ðωÞ, if it satisfies, for all multi-indices α,

∂αξa x, ξð Þ�� ��
L∞ ℝnð Þ ≤ Cα ξh im−ρ αj jω ξh ið Þ, ð9Þ

where ωðtÞ is a nonnegative and decreasing function on ½1,
∞Þ and satisfies

ð∞
1

ω tð Þ2
t

dt <∞: ð10Þ

Remark 4. If ωðtÞ satisfies (10), then ∑∞
j=0‍ω

2ð2jÞ <∞:

To prove the main theorem, we need the following
lemma.

Lemma 5. Let Th
a be the h-pseudodifferential operators given

by (3) with symbol aðx, ξÞ ∈ L∞Snðρ−1Þ/2ρ and Suppξaðx, ξÞ ⊂ f
ξ : ∣ξ∣≤Rg. Then, for 0 ≤ ρ ≤ 1, there exists a constant C > 0
such that

Th
au

��� ���
L2
≤ C uk kL2 : ð11Þ

The proof method of lemma is similar to Corollary 3.2 in
[18], the details being omitted.

3. Proof of Main Result

In this section, we shall prove the main result Theorem 1.
First we need a dyadic partition of unity, let A be the

annulus A = fξ ∈ℝn ; 1/2 ≤ jξj ≤ 2g,

χ0 ξð Þ + 〠
∞

j=1
χj ξð Þ = 1 for all ξ ∈ℝn, ð12Þ

where χ0ðξÞ ∈ C∞
0 ðBð0, 2ÞÞ and χjðξÞ = χð2−jξÞ. When j ≥ 1

with χðξÞ ∈ C∞
0 ðAÞ, we decompose the operator Th

a as

Th
a = Tχ0

Dð Þ + 〠
∞

j=1
Tχ j

Dð Þ = T0 Dð Þ + 〠
∞

j=1
T j Dð Þ: ð13Þ

The first term in (13) is bounded on L2ðℝnÞ from Lemma
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5. After a change of variables, we have

T j Dð Þ = 1
2πhð Þn

ð
ℝn
e i/hð Þxξχ j ξð Þa x, ξð Þû ξð Þdξ

= 2jρn
2πhð Þn

ð
ℝn
e i/hð Þ·2 jρxξχj 2jρξ

� �
a x, 2jρξ
� �

û 2jρξ
� �

dξ

= 2jρn
2πhð Þn

ð
ℝn
e i/hð Þ·2 jρxξχj 2jρξ

� �
a x, 2jρξ
� �ð

ℝn
e− i/hð Þ2 jρξ·yu yð Þdydξ

= 2jρn
2πhð Þn

ð
ℝn×ℝn

e i/hð Þ·2 jρ xξ−y·ξð Þχ j 2jρξ
� �

a x, 2 jρξ
� �

u yð Þdξdy:

ð14Þ

The kernel of the operator T jðDÞ is given by

T j x, yð Þ = 2jρn
2πhð Þn

ð
ℝn
e i/hð Þ·2 jρ xξ−y·ξð Þχj 2jρξ

� �
a x, 2jρξ
� �

dξ:

ð15Þ

Let

aj x, ξð Þ = χ 2j ρ−1ð Þξ
� �

a x, 2jρξ
� �

: ð16Þ

Then

Aj = Supp
ξ

aj ⊂ ξ ; 2−12j 1−ρð Þ < ξj j < 2 · 2j 1−ρð Þ
n o

, ð17Þ

and satisfying

∂αξaj x, ξð Þ�� �� ≤ Cα2jn ρ−1ð Þ/2: ð18Þ

Now, we deal with the high frequency component T j of
Ta
φ. Let Sj = T jT

∗
j . Then

Sju xð Þ = 1
2πhð Þn

ð
ℝn×ℝn

e i/hð Þ xξ−yξð Þχ2
j ξð Þa x, ξð Þ �a y, ξð Þu yð Þdydξ

= 2jρn
2πhð Þn

ð
ℝn×ℝn

e i/hð Þ2 jρ xξ−yξð Þχ2
j 2jρξ
� �

a x, 2jρξ
� � �a y, 2jρξ

� �
u yð Þdξdy:

ð19Þ

The kernel of the operator Sj = T jT
∗
j reads

Sj x, yð Þ = 2jρn
2πhð Þn

ð
ℝn
e i/hð Þ2 jρ xξ−yξð Þχ2

j 2jρξ
� �

a x, 2jρξ
� � �a y, 2jρξ

� �
dξ:

ð20Þ

We define

bj x, y, ξð Þ = χ2
j 2jρξ
� �

a x, 2jρξ
� � �a y, 2jρξ

� �
: ð21Þ

By this, we have

Supp bj ⊂ ξ :
2j 1−ρð Þ

2 <∣ξ∣<2 · 2j 1−ρð Þ
� 	

: ð22Þ

Now, we claim that

∂αξbj x, y, ξð Þ�� �� ≤ Cα2jn ρ−1ð Þω2 2j
� �

: ð23Þ

In fact, by using (18), we have

∂αξbj x, y, ξð Þ�� �� = ∂αξ χ2
j 2jρξ
� �

a x, 2jρξ
� � �a y, 2jρξ

� �h i��� ���
= 〠

α1+α2=α
∂α1ξ a x, 2jρξ

� � �a y, 2jρξ
� �h i��� ��� ∂α2ξ χ2 2−j 1−ρð Þξ

� ���� ���
≲ 〠

α1+α2=α
2jρ
� � α1j j ∂α1ξ a · �að Þ

� �
x, 2jρξ
� ���� ���ω2 2j

� �
· 2−j 1−ρð Þ α2j j ∂α2ξ χ

� �
2−j 1−ρð Þξ
� ���� ���

≲ 〠
α1+α2=α

2jρ α1j j 2jρξ

 �n ρ−1ð Þ−ρ α1j j2−j 1−ρð Þ α2j jω2 2j

� �
≲ 〠

α1+α2=α
2jρ∣α1∣2j n ρ−1ð Þ−ρ∣α1∣ð Þ2−j 1−ρð Þ∣α2∣ω2 2j

� �
= 〠

α1+α2=α
2jn ρ−1ð Þ−j 1−ρð Þ∣α2∣ω2 2j

� �
= 2jn ρ−1ð Þ〠

α2

‍2−j 1−ρð Þ α2j jω2 2j
� �

≲ 2jn ρ−1ð Þω2 2j
� �

:

ð24Þ

Next, we consider the following differential operators, for
j ∈ℕ,

Lj x, y,Dð Þ = h∇ξ

i2jρ x − yð Þ : ð25Þ

So

LNj x, y,Dð Þe i/hð Þ2 jρ x−yð Þξ = e i/hð Þ2 jρ x−yð Þξ, ð26Þ

L∗j x, y,Dð Þ = −
h∇ξ

i2jρ x − yð Þ : ð27Þ

From this and (25), it follows that

Sj x, yð Þ = 2jρn
2πhð Þn

ð
ℝn
e i/hð Þ2 jρ xξ−yξð Þχ2

j 2jρξ
� �

a x, 2jρξ
� � �a y, 2jρξ

� �
dξ

= 2jρn
2πhð Þn

ð
ℝn

LNj e
i/hð Þ2 jρ x−yð Þξ

� �
bj x, y:ξð Þdξ

= 2jρn
2πhð Þn

ð
ℝn
e i/hð Þ2 jρ x−yð Þξ L∗j

� �N
bjdξ:

ð28Þ

Moreover, by (27) and (24), we further obtain

L∗j
� �N

bj

����
���� ≲ 1

2jρN · hN

x − yj jN
2jn ρ−1ð Þω2 2j

� �

= hN

2jρ x − yj j� 
N 2jn ρ−1ð Þω2 2j
� �

:

ð29Þ
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Integration by parts yields

Sj x, yð Þ = 2jρn
2πhð Þn

ð
ℝn
e i/hð Þ2 jρ x−yð Þξ L∗j

� �N
bjdξ

≲
hN2jρn

2jρ ∣ x − y ∣
� 
N 2jn ρ−1ð Þω2 2j

� �
2j 1−ρð Þn

≲
2jρn

2jρ ∣ x − y ∣
� 
N ω2 2j

� �
:

ð30Þ

Thus,

Sj x, yð Þ�� ��〠N
l=0

2jρ x − yj j� �l ≲ 2jρnω2 2j
� �

, ð31Þ

which implies that

Sj x, yð Þ�� �� ≲ 2jρn

1 + 2jρ x − yj j� �N ω2 2j
� �

, ð32Þ

and hence

sup
x

ð
ℝn

Sj x, yð Þ�� ��dy ≲ 2jρnω2 2j
� �ð

ℝn

1
1 + 2jρ x − yj j� �N dy

≲ ω2 2j
� �ð

ℝn

1
1 + zj jð ÞN

dz ≲ ω2 2j
� �

:

ð33Þ

By Young’s inequality, we obtain

Sju xð Þ�� ��
L2
≲ ω2 2j

� �
u xð Þk kL2 : ð34Þ

Therefore, we have

T∗
j u

��� ���2
L2
= T∗

j u, T∗
j u

D E
= u, T jT

∗
j u

D E
≤ uk kL2 Sju

�� ��
L2
≤ Cω2 2j

� �
uk k2L2 :

ð35Þ

Namely

T ju
�� ��

L2
≤ Cω 2j

� �
uk kL2 : ð36Þ

Next, we need the Littlewood-Paley decomposition. Let
ψ0 : ℝ

n →ℝ be a smooth radial function which equals to
one on the unit ball centric at the origin and supported on
its concentric double. Set ψðξÞ = ψ0ðξÞ − ψ0ð2ξÞ and ψkðξÞ
= ψð2−kξÞ. Then, for any ξ ∈ℝn,

ψ0 ξð Þ + 〠
∞

k=1
ψk ξð Þ = 1, ð37Þ

and supp ψkðξÞ ⊂ fξ : 2k−1 ≤ jξj ≤ 2k+1g for k ≥ 1. Thus

û ξð Þ = 〠
∞

k=0
û ξð Þψk ξð Þ: ð38Þ

Furthermore, we have

Th
au = 〠

∞

j=0
T ju = 〠

∞

k=0
〠
∞

j=1

ð
ℝn
e i/hð Þxξaj x, ξð Þûk ξð Þdξ, ð39Þ

where ∣j − k ∣ ≤2; in order to simplify, let

〠
∞

k=0
〠
∞

j=1

ð
ℝn
e i/hð Þxξaj x, ξð Þûk ξð Þdξ = 〠

∞

j=1
T juj: ð40Þ

And hence

Th
au

��� ���
L2
= 〠

∞

j=0
T juj

�����
�����
L2

≲ 〠
∞

j=0
ω 2j
� �

uj

�� ��
L2

≲ 〠
∞

j=0
ω2 2j
� � !1

2

〠
∞

j=0
∥uj∥

2
L2

 !1
2

≲ uk kL2 :
ð41Þ

We use Remark 4 here. This finishes the proof of Theo-
rem 1.
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