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Let T" be the h-pseudodifferential operators with symbol a. When a € Spyand m =n(p - 1)/2, it is well known that T" is not always
bounded in L?(R"). In this paper, under the condition a(x, &) € LOOSZ(P’I)/ ?(w), we show that T" is bounded on 2.

1. Introduction and Main Results

Let (x,&) € R" x R" and S7; be the sets of all the symbol a(
x, &) satisfying, for me R,0<p,8<1,and a, f € N",

oLoga(x, )| < (&) PN, 1)

The classical pseudodifferential operator T, associated
with the symbol a(x, §) € S7'; is defined by

Tf=

where f (&) is the Fourier transform of f.

The generalized form of pseudodifferential operator is h
-pseudodiftferential operator, which is introduced by Helffer
in [1]. Helffer studied this operator to discuss the operator
~h*A+ V(x) associated with the parameter h, where A is
the Laplace operator and V(x) denotes some potential func-
tion for any x € R". Moveover, the h-pseudodifferential oper-
ator also provides a rigorous way to establish relationship
each other for quantum physics and classical mechanics;
see, for example, [2, 3]. Furthermore, by using h-pseudodif-
ferential operator, the Cauchy problem of semiclassical ellip-
tic partial differential equations is studied in [3-5]. Because
of these operators importance, many scholars have studied
one; see, for example, [6-12] and the references given there.

Now, we consider the h-pseudodifferential operator as
follows:

J dzj a(x, B () dy

1 J e(i/h)xia(x’ E)A(E,)d&
R

where h € (0, hy) and

FEm= ey (@

First of all, we review L? regularity theory for the classical
pseudodifferential operators T',. In [13], Hormander shown
that T, is bounded in L?(R"), when a € Sps»0 <1 and m<

n(p—9)/2. For ae$) , Ching [14] proved that T, is not
bounded in L*(R"). Moveover, for a€Sy;, Rodino [15]

shown that T, is bounded in L*(R") if and only if m < n(p
—1)/2. However, the operator T, is not always L*-bound-

-1)12
edness for a € Sz(f )

; see, for example, [13-15]. The neces-
sary and sufficient conditions of L?-boundedness of T, are
obtained by Higuchi [16] as m = n(p — 1)/2. Recently, Aitem-
rar and Senoussaoui [6] studied boundedness and compact-

ness on L? for h-Fourier integral operators, where the
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symbola eI’ g. Moveover, Aitemrar and Senoussaoui [9] also
discussed regularity on Bessel potential spaces. Furthermore,
Aitemrar and Senoussaoui [7] considered the symbol for h
-pseudodifferential operator, which belongs to the class L®
S"J", namely,
[0Fa(-

E)|] o ey < Ca®)" . (5)

By using this condition and the compact set Supp;a(x, &),

they obtained the global I”-boundedness for h-Fourier inte-
gral operators. The noncompact case for Supp;a(x, ), they

also proved L?-boundedness for m < n(p —1)/2. Motivated
by this noncompact case, for § =1, m=n(p - 1)/2, we con-
sider the L?-boundedness of h-pseudodifferential operators.
In what follows, we mainly concentrate on the L?-bounded-
ness for h-pseudodifferential operator T" with the specific
symbol a. Our main result could be stated as follows:

Theorem 1. Let T" be the h-pseudodifferential operators given
by (3) with symbol a(x,§)e LOOSZ(P’”/Z(w), where L™
Sg(f”l)/z(w) is as in Definition 3. Then, for 0< p <1, there
exists a constant C > 0 such that

Remark 2. For the classical pseudodifferential operator, in
[16, 17], they have constructed an example that the operator

ul = Clull- (6)

is not bounded in L?(R") as a € S (=02 Moveover, here, we
remark that the symbol LO"S:‘7 - 1)/ *(w) is different from the
symbol a € F% in [6].

2. Definitions, Notations, and Preliminaries

Let R" be an n-dimensional Euclidean space, x = (x,++.x,,)

eR", N={1,2,---}, Z, =Nu{0}, and Z" =(Z,)". For
any multi-index a = (ay, --,a,) and = (f,,-,p3,) € Z], we
let

a(X

|a|:Zocj,(x+/3:((x1+[;1"""xn+ﬁn)’ a”ﬁ. a"‘ ’
j=1
(7)

and Vg = (9 ,++,0¢ ). Also, we also define |§ | and (§) as fol-

lows:
12
- ( fj) ,
j (8)

= (1+1r)"

M:

Il
—_

Throughout this article, we denote by C a positive con-
stant which is independent of the main parameters, but it
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may vary from line to line. We sometimes write A <B as
shorthand for A < CB.
We give the class LS (w) defined below, which will play

significant role in our investigations.

Definition 3. Let m be a real number. A function a(x,§)
which is smooth in the frequency variable & and bounded
measurable in the spatial variable x, belongs to the symbol
class L7 (w), if it satisfies, for all multi-indices a,

185a(% &)l ey < Cudd)™ " 0((E)): ()

where w(t) is a nonnegative and decreasing function on 1,
00) and satisfies

Jm#)zdt«n. (10)

1

Remark 4. If w(t) satisfies (10), then Y 7% Rw?(2/) < co.

To prove the main theorem, we need the following
lemma.

Lemma 5. Let T" be the h-pseudodifferential operators given
by (3) with symbol a(x, &) € LOOSZ(P‘I)/2 and Suppga(x, §)  {
& |E|<R}. Then, for 0< p <1, there exists a constant C> 0
such that

u‘LZSCHuHLz. (11)

The proof method of lemma is similar to Corollary 3.2 in
[18], the details being omitted.

3. Proof of Main Result

In this section, we shall prove the main result Theorem 1.
First we need a dyadic partition of unity, let A be the
annulus A= {§eR";1/2< |§| <2},

Mg

Xo(&) + ) x;(§) = 1forallf e R, (12)

-
I
—

where x,(§) € C°(B(0,2)) and x;(§) = x(27&). When j>1
with y(&) € C3°(A), we decompose the operator T" as

D)+ iTXj(D):TO(D)+ iTj(D). (13)

P

-
I

—_
-

The first term in (13) is bounded on L*(R") from Lemma
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5. After a change of variables, we have

1t
(D)= G | K€t e
2jpn e Y
) J]R elirh) E 2]95) (x zfpg)u(zm,g)dg
]P i i IPE.
fﬂh [ comaniyomeyate 2| e oy
= ZW J eli)2° (F=y5) .(zj”f)a(x,2j’)§)u(y)d€dy.
R"xR"

(14)

The kernel of the operator T(D) is given by

1) = G £ (R )
(15)
Let
a(x,£) = X(Zj(p’l)ﬁ)a(x, 20°E). (16)
Then

A= Sug)paj C {5 . 2712i0-p) < E[<2- 21'(1—p)}, (17)

and satisfying
|0fa;(x, &)| < C,2"P2, (18)

Now, we deal with the high frequency component T; of
TG Let §;=T;T}. Then

)= o | 0 @ ate Bty Euty) e

jen . ) . -,
2 J e(;/h)z,/»(xffyf)le_ (zlpf)a(x) zipg)a(y, ZJPE)u(y)dEdy.
R'XR"

(2mh)"
(19)

The kernel of the operator §; = T,T; reads

2P /)2 (xE~ i ' i
Sj(x,y) = WJWE(/ )20P (xE; yE)XJ% (ZJPE)a(x, ZJPE)a(y, ZJPE)dE.
(20)
We define

bi(x,9,8) :X?(ijf)a(x, ijE)a(y,ijPE). (21)

By this, we have

j(1-p)

Supp b; {f 2 <[E|]<2 - 20(F) } (22)

Now, we claim that
|05b;(x, , )| < C,27"P Vw? (27). (23)
In fact, by using (18), we have

080, £)| = [0 [13 (7€) a(x 27E)a(, 279) |
=2

o [a (% zfﬂg)a(y,ifpf)] oy (24(1,‘,) E) |

< z (zfp)\"h\ (a;"(wﬁ))(x,ZjPE)‘w ) L pmi(1=p)lay

oty =a

< Z 219\ﬂx\<2fp§>”(f”

oty =a

< Z piplaslpi(n(p—

CRIICa]

V=Pl 5 —j(1-p) |y W (2)

sl g-i1-Plalg? (21)
ay o =a
= Z 2in(p=1)=i(1=p)layl 2 (21') = 2]"(9*1)Zgz*ﬂlﬁ’)\“z\wz (2/) < 2/mP )2 (zl)A

atay=a a

(24)

Next, we consider the following differential operators, for
jeN,

hv
2P (x - y)
So
(x 7. D)e (2P (x=y)§ = oih)2P (x-y)E (26)
hv
L (%, D) == ———*—. 27)
j i2P(x-y)

From this and (25), it follows that

2l I , N
$59) = Gy []R el 0 (278)a(x, 275 )ay, 278) dE
2jpn N
- (i) (x=)E .
(2nh)” J,Rn (Le )by p6)dE

2ipn ) N
— (ilh) 2P (x—=y)& * )
(2h)” J,Rf (L)) b

(28)
Moreover, by (27) and (24), we further obtain
N 1 W ) )
% ) . ]n(p—l) 2 (]
’(Lj) b < Spw |x—y|N2 W' (2)
N (29)
h A .
= _71\]21"(9—1)“)2 (21).
[27]x—y]]



Integration by parts yields

2jpn 4 N
. - = (ilh)2/P (x—y)& * )
SJ(X,)/) (Zﬂh)nJRne y (L]> b,’dg
Wi , -
P — Y G A (2])2](1#’)” (30)
[2°x-yl]"
2Jpn 200
: [21'9|x—y|]Nw #)-
Thus,
N . .
)| Y (@Fx-y) s 2P0’ (), (31)
1=0
which implies that
2pn _
Si(x, (27, 32
’ i y)’ (1+2°]x-y)) w'(?) (32)
and hence
: : 1
s S:(x, y)|dy < 2P"w? ZJJ - d
ngRJ ie)ldy ) re (1+20°]x - y|)Y g
. 1 ,
<w® (2 J —  _dz<w?(2)).
( ) IR”(1+|Z|)N ( )
(33)
By Young’s inequality, we obtain
18ju(x)|] . < @* (2/)|[u0)]] - (34)

Therefore, we have

2 .
| = (T 1) = (i Ty ) < u Sl < Co () -

(35)

Namely
ITjull2 < Co (@) el - (36)

Next, we need the Littlewood-Paley decomposition. Let
Y, : R" = R be a smooth radial function which equals to
one on the unit ball centric at the origin and supported on

its concentric double. Set (&) =y, (&) —v,(2&) and v, (&)
=y(275€). Then, for any £ € R",
V@) + Y wl®)=1 (37)
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and supp v, (€) € {£ : 261 < [§| <271} for k > 1. Thus
w(©) = 2 aEwilo) (38)
Furthermore, we have
e ea (x, ) (E)dE, (39
where |j— k| <2; in order to simplify, let
> ij Mg, ) (E)dE= 3 Ty (40)

And hence

(o) [oe]
szTu < S0 u,
=0 =0

< (2 wZ(zf)f(g ||u,-||iz>%s Jll-

We use Remark 4 here. This finishes the proof of Theo-
rem 1.
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