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Newly, numerous investigations are considered utilizing the idea of parametric operators (integral and differential). The objective
of this effort is to formulate a new 2D-parameter differential operator (PDO) of a class of multivalent functions in the open unit
disk. Consequently, we formulate the suggested operator in some interesting classes of analytic functions to study its geometric
properties. The recognized class contains some recent works.

1. Introduction

In analysis, a parametric differential operator (PDO) is a dif-
ferential operator of a dependent variable with respect to
another dependent variable that is engaged when both vari-
ables formulate on an independent third variable, typically
supposed as “time.” We shall use this idea to consider the
PDO of a complex variable to discuss its properties in the
opinion of the geometric function theory (GFT). The field
of differential operators is investigated in GFT early by the
well-known Salagean differential operator and the Rusche-
weyh derivative. Later, these operators are generalized by
different types of parameters using a 1D-parameter frac-
tional differential operator [1] and 2D-parameter fractional
differential operator [2]. Recently, using the class of normal-
ized functions y € ¥

y(€)=¢+ i v, (" eA={leC:[¢|<1}. (1)
n=2

Ibrahim and Jay [3] presented PDO of the following
form: for a € [0, 1]

pi(a Q)
pr(e0) + py (e C)

po(a Q) !
p1( Q) + po(a €) ((W (C)>

(2)

Py = Y+

The functions p,, p, : [0,1] X A — A are analytic in A
satistying p, (@) # -y (@ ).

limopl(tx,() =1, limlpl(tx, {)=0,p;(a,0) #0,¥{ € A, a e (0,1),

(3)

limopo(oc,i) =0, limlpo(oc, {)=1,py(a,{) #0,V € A, e (0, 1).
oaO— oa—

(4)
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More studies are given by Ibrahim and Baleanu [4, 5]
using (2) to present a hybrid diff-integral operator and a
quantum hybrid operator, respectively.

In this effort, we generalize (2) by considering another
class of analytic functions denoting by %, and constructing by

V)= + Y wipeN, (5)

n=gp+1

which are analytic in A. Recently, different investigations
are presented studying the geometric behavior of this class
(see [6-9]).

The Hadamard product [10, 11] for two functions in Z,

is given by the series

(v *9)(¢ (

=+ Y (y,0,)" €5,

n=g+1

an

n=gp+1

i %C")

n=gp+1

(6)

Definition 1. For a function y € X, PDO is defined as follows:

Qy()=v({)

10- (555 5 aw) YO (et eawm) (6)7 0

¢ P 8) + (/@) py (2 O)\
o %‘”( P 0) + po(and) )‘“

@y ({) = (@ y(§) ="+

pi(a ) + (/) py(: §)
> o e rivs )z"

n=p+1
ma — % (m—l) Pl lX( (”/W)Po("‘ () " n
e =e {@ @)= Z (P g ) ¢
ey =7+ Y A,
n=gp+1
(e ApeN,a €0, 1], meN), (7)
where
A = P](“)C)+-(n/p)PO(a’C)- (8)

" p1(eC) + py(a, )
p, and p, are defined in (3) and (4), respectively.
Remark 2.

(i) It is clear that @"“y({) € o and it is a generaliza-
tion of (2) (p=1)

(ii) The integral operator that corresponds to @ “y/({) is

i %(",(c € ApeN,ae[0,1]), (9)

n=g+1 n

L) =00+
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where

(@™ + 2" )y (€)= (L™« ")y () =y(C).  (10)

Moreover, we have the following property:

Proposition 3 (semigroup property). Consider the PDO;
then for y and ¢ € X,

@™ (ay(() +bo(0)] = a @y (() + b@"p(()a,b e R
(11)
Proof. Let m = 1; the definition of @™ implies

@lav(©) +bo0)]= (5 P v + b

)
v (pl ai”o)j;j P ) ;) [ay(§) +b9(Q))

((m a?j;jﬂ)w()
+(pl<a’2aff,?ac> (é Vo)

+
)
Q
J\(
N
+
e}
O
Q
J\
\_/
S
~
~
N

= a@y({) +b@9(¢).

Hence, for all m, we have the desired assertion. O
Our study is about the following class:

Definition 4. A function y € X, is called in the class Z(0, p)
if it satisfies the inequality

(1_ ) mao o mao ! _#C"'l
el w(OM(M_l) @y <p0)= 4,
(13)

(CeA a,0€[0,1],-1<v<puc<lpeN), (14)

where the symbol < presents the subordination symbol [12]
and p is convex univalent in A.

For example

Ul +1

p<c)=v(+l

=Y,,(0), (15)

which is univalent convex in A, and it is the extreme func-
tion in the set

P= {peA:p<c>=1+ fpic*"}. (16)
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Define a functional ¥ : A — A, as follows:

wo=%f%wwmwQ;Jmmwmﬁ<m
=1+ il ¥, o0, e A, (18)

where ;
v, - (1 . %%)A;". (19)

Shortly, by Definition 4 we say

()<Y, (0)= ﬁii,(eA (20)

Our aim is to study the operator formula ¥. We recall
the following results:

Lemma 5 (see [12]). Let two analytic functions f({) and g({)

be convex univalent defined in A such that f(0)=g(0).
Moreover, for a constant ¢ # 0, R(c) > 0, the subordination

fO+@ef'(©) <a() (21)
implies
f(©)<9(0)- (22)

Lemma 6 (see [12]). Define the general class of holomorphic
functions

]H[a,n]:{h :h(():a+an(”+an+16”+1+m}, (23)
where a € C and n is a positive integer. If c € R, then
ER{h(() ¥ cch’(c)} >0 R(M(Q)>0.  (24)

Moreover, if ¢>0 and h € H[1, n|, then there are fixed
numbers £, > 0 and £, > 0 with the inequality

h() + ' ({) < (;fg) N

1+0\"®
h — .
0+ (1)
Lemma 7 (see [13]). Let h,p € H[a, n] , where p is convex
univalent in A and for k;,k, € C,k, # 0; then

(25)

ki 7(C) + ko' (§) <y p(€) + kol p'(§) — (§) < p(0).
(26)

Lemma 8 (see [14]). Let h,p € H[a, n] , where p is convex

univalent in A such that h({) + k{h' (Q) is univalent; then

p@) + K p'(§) <h() +k¢h'(€) — p(§) < h(Q). (27

Lemma 9 (see [15]). Let h,y, g€ Hla,n] , and g is convex
univalent in A such that h< g and y < g ; then

i+ (1-k)y< g ke 0,1]. (28)

2. The Results

In this section, we illustrate our main results concerning the
o .
class X (0, p) for some special p((),( € A.

2.1. General Properties

Theorem 10. Suppose that y € X (o,p) . If R{¥({)} >0,
then the coefficient bounds of ¥ satisfy the inequality

2
L) sJ 17| dIN(6), (29)
2 0

where dI is a probability measure. Also, if
R(eMFP(())>0,(eA xR, (30)
then y € ¢ (0, (V¢ + 1)/(v{ + 1)), that is

_ug+ 1 ¢

V(@)= g tea (31)

Proof. By the assumption, we have

m(uv(())=m<1+ f sm”) >0. (32)

n=g+1

Thus, the Carathéodory positivist technique yields

21
le™|dIM (), (33)

0

vl S2J

where dU is a probability measure. In addition, if
R(MP(())>0,{eA xeR, (34)

then according to Theorem 1.6 in [10] and for fixed y € R,
we have

p¢ + 1
=7’ A
v(+1 Ce

¥ (§)=p() (35)

Hence, y € 3¢ (0, (V{ + 1)/(v{ +1)).
The next results show the sufficient and necessary
conditions for the sandwich behavior of the functional

¥(0) = (1-alF) [@"“y(O)] + o/t ) [@"y(@)]'. O



Theorem 11. Let the following assumptions hold

o[y ()] + (~200+20+0)[@"“Y(()] + (0-1)(p- gl Y ({)]
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e

where p,(0) = 1 and convex in A. Moreover, let ¥({) be uni-
valent in A such that ¥ € H[p,(0), ] N Q, where Q repre-

<p,(§) +8p,(0), (36)

sents the set of all injection analytic functions f with
limgpuf # 00 and

P+ cpll(c) <

Then

Pi(6) <¥(8) <p2(9); (38)

ol[@" y ()] + (-20@+20+KJ)[@'"“W(C)]') +(0-1)(p-Dp[@"y(0)]

olj@" y ()" + (—200+20+r@)[@’"“1/f(5)]') +(0-1) (D)@ y(0)]

¢!

and p,(Q) is the best subdominant, and p,({) is the best
dominant.

Proof. Since

Y+ (() =

then we obtain the next double inequality

Pr(€)+8p, (€) <¥(Q) + ¥ (0) < pp(8) +8p, (€). (40)

Thus, Lemmas 7 and 8 imply the desired assertion. [

Theorem 12. Let p be a univalent convex function in A such
that p(0) = 0 and

[@" Y ()] <p(©): [Z" Y ()] < p(©)- (41)

Then
[y (0)] = K[@™ Y (O)] + (1 - W) [Z™ Y (0)] < p(¢), ke € [0, 1].
(42)

Proof. By the definition of [@" *y/({)] and [Z"*y/({)], clearly
we have [&/"%y({)] € Z,. Hence, a direct application of

Lemma 9, we obtain the result. O

2.2. Inclusion Properties. In this part, we deal with the inclu-
sion properties.

o ’ e

Theorem 13. For 0,< 0, <0 and y € X, then

26(05p) € Z5(0,p)- (43)

Proof. Let y € X7 (05, p). Define the analytic function in 4, as
follows:

$(§) =@ Y (©)), (44)

satisfying ¢(0) = 1. A computation gives

(1_02) ma 0, ma r_ 0, !
@ w(C)H( )[@ V) =90)+ 2 (1'®)).

& e
(45)
Consequently, we get the inequality
60+ 2 (/@) < 521 (46)
© v +1
Applying Lemma 5 with o,/p > 0 gives
o)< 1. (#7)
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Since 0 < 0,/0, <1and Y, ({) is convex univalent in 4,  Proof. A calculation implies that
we arrive at the inequality

w0 +er' - 127 [@'"“wmr(

p;_1> @ Q)]

1- ]
+¢ <( (pa) [@’”“w(()H( pg;q) (@™ ()] )

(1 1) (C) (K’ 171 @maw(c)’ @ 4 ' : +
= O ¢ ({J [ ] [ * (c)} h [@ aq/( )] [h + (1+@)h h }
— 5 1+ 1 1 2 2
O (C)), ¢ I

g
enzey @) < (15)

A [@'"“w<¢>1+<

0y

¢!

) @y ()]’

(52)

- 2 (=0)0f0) + % (10 @) + (1- 2 o0
_ According to Lemma 6 joining the value ¢ =1, we get
_ ﬂ (1 KJUz) [@mtxw(c)]_'_ Upz_l [@maw(c)}/
0, ¢ g
1 ¢+1 ¢,

O
Hence, by Definition 4, we conclude that y € Z{ (0, p).

O
Corollary 15. Let ¥ ({) be assumed as in Theorem14. If the

subordination
Theorem 14. Let

[@" v (@), |, 1@ y(©)
(({3 h1+ Cp—]

ROy @) < (1),

1-0) o [h; + (1+p)h, + hy]
1@ O (

o (54)

w(p)=

> (@ y(@))" (49

Then
where £,>0,8,>0,h;=1-0,h,=0/p,p>0 holds, then
y € 2o, (1+0)/(1-)).

(@@, [@" v

1T [h; + (I+gp)h, + 7))

CKJ (p—l
. o (1+0\Y 1+0\% (50) Proof. Taking, £, =¢€,=1 in Theorem 14 implies that
+ P () < (1—_() =¥(()< (ﬁ) ; P(() < (1+0)/(1-). Consequently, we have y € Zf(o,
(1+8)/(1=7)). O
where
Theorem 16. Let y € X (0, p) and f € Z,,. If
£,>0,¢,>0,
h=1-0, m(@ ;”“)) . (55)
o (51) A
hy=—,
©

©>0. then y x f € ¢ (0, p).



Proof. A convolution product indicates that

U9 (@ma(y@) < F@))+ [~ | [@7*(w(@)  FD)))
¢ ¢
@ma @ma
-1 [0 20
o (@) @)
© et ¢
[ e arerent] @@
|00 [0 ]Wl[ f())]] 7
G ©
(56)

where ¥({) <Y, (€). In view of real inequality (55), we get

that (@™ “f({)/¢¥) has the Herglotz integral formula [11].
Q"f(©) _ ds(7)
r J|T_1 1-7(’ 7)

where d¢ conforms the probability measure on the unit
circle |t ]| =1 and

J| =1 (58)
But, Y, () is convex in A; then we have
(1 B U) mao * L mao * !
o @ () f(f))]+<pc@_1> [@™*(w(C) * f(0))]
=0O(() * @m;{(c)
= . O(t{)dg(t) < YW(().
(59)
Thus, y x f € Z (0, p). 0

2.3. Fekete-Szeg0 Inequality. In this section, we obtain the
Fekete-Szego relation coefficient estimates for the class
2 (0,p). Let © be the class of functions of the form

w(():1+@1(+92(2+-~-, (60)

in the open unit disk A satisfying |@(z) | <1. To prove our
results, we need the following lemma.

Lemma 17 (see [16]). If @€ Q
number p

, then for any complex

I(DZ—p(DﬂSmax {Llpl}. (61)
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The result is sharp for the functions given by ®({) = or
o) =0

Theorem 18. Let the function y be formulated by ((5)). Then,
y € Z5(0,p) and

T E (@;ﬁ%) max {1IR |}, (62)

©+2

where

o (V , Ple—v) [@+(2@+1 )G]AZ,“+2> . ()
p(1+0) Azmp ;

Proof. Since y € X (0, p), we have

(IC_ ) [@maw(()]_’_(

In addition, there is a Schwarz function ®({) =1+ @,{ +

@, + -+~ in Q such that
C2 @ ( p;_l> @ y(@))' < pw()p(w()
_ 1+ pw({)
1+vw(()
=1+ (U=, L+ (= V)@, ~ v(p = V)@]| 7+
(65)
Now by (18), we have
(1 B 0) ma o ma !
A O e T
(66)

=+Z

n=g+1

(1 + n—a)Amx//n(” ¥ len,
where A™ is given by (19). Equating the coefficients of { and {*,
we get

(I+0)A

{:Jn+IIPKJ+1 = (M - V)(Dl’ (67)

+1 m
<1+ %0) Ap+21//p+2 = ((’l - V)‘DZ - v((" - V)‘D%’ (68)

<KJ+({J+1)0

g V-V (69)

>AZ+2V/@+2 =(H-v)a,
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From (67) and (69), we get

P ol Y
g+l (1+0)AD,,
V., = (-v)p Vv o
p+2 [p+(p+1)o']Ag+2 2 [p+((§’+1)6}AgL+2 1
(70)
For any p € C, we get
. e M
V/p+2 PV/ng [80+(P+1)0}AZ+2 2 [p+(p+1)0’}Ag’+2 1

S wva | v
(1+0)Ag [+(p+1)o]Ag,

{Q_Q+mmemwn]wﬁﬁ]

p(l+0)> A"

©+1
_ (u-vp R
~ [p+(p+1)o]A W( 2R
(71)
where
Re [y PEVEHE+)0lAG, (72)
p(1+0)*A2m,,,, '

By applying Lemma 17, we get

‘V/mz_PV’éH < (%) max{l, |N|} (73)
©+2

The result is sharp for the function

(1_0) ma ma r_ 2 _y(2+1
o 10" ) (&”>m vl =p(C) =
(74)

(1 ~ ) mo o mao I _ gu{"'l
G (@ W(C)}+<pcp_1>[@ v(©)] =p() = WAl
(75)
O

Remark 19. By fixing p=1 in Theoreml8, we get

Wwfﬁﬂs<@§£%%%g>mmumuk (76)

where

e (V L (=) [@+(p+1)0}/\;12> . )
e

(1+0)*A2m,,,,

From Definition 4, a function y € 2 is said to be in the
class X (o, p) if it satisfies the inequality (13); then we have
V() -1
'({) <1, (78)

u-v¥(Q)

is as given in (17).
Now, we obtain coefficient estimates for f € (0, p).

Theorem 20. Let the function y be defined by ((5)). Then,
yexg(op) if

Z P, o[+ V], < |u—vl, (80)
n=p+1
n—1 m

where Al is given by (8).

Proof. Suppose vy satisfies (80). Then, for |{| =r<1

|YI(C)_1|_ Z anan np

n=p+1

o0
SR I RN Gl

n=p+1

= v¥(0) ~Blu=v)

)
Z lfln,p|l/]n| - |[’4—V‘

n=p+1

0
+ Z ll/n,pvwln'

n=p+1

Zl}f

n=p+1

IN

1+V W/n‘_“’t V|<0
(82)
O

3. An Application

In this section, we consider the suggested class X (o, (1 + )/
(1-0)) forall e [0, 1].



. ) ) ,
Theorem 21. Consider the class of analytic functions ZKJ(O',

(I+0)/(1-{)). Then, the solution of the differential equa-
tion corresponds to this class is

(o-

@ ()] = e, + 1P (

200, F, (1, (o+p)loplo +2,0)) + 1)
(o+p) ’
(83)

where ,F,(a, b, c;{) represents the hypergeometric function.

Proof. Suppose that y € Xf(0, (1+0)/(1-()). Then, it
satisfies the differential equation

(1-0) _ma . o _— P_w
2 1@ y(Q) (pw) @ Q) = Ty 49

where w(0) =0 and |w | <1. This leads to the solution

¢ w
T I N T

o(w(z)-1

To find the upper solution, we let w({) ={. Thus, we
have the differential equation

1- ma ma ;o (+1
e w(()ﬁ(pg;_l) @@ =T (9

Rewrite the above equation as follows:

-0 vl +
@@ + L (@my)- (p‘ ) (o)

o

(87)

Multiplying the above equation by the functional

we obtain

[Qmaw(c)] <pcp(1/6—1)—l(o+(—a(—1))
o(1-0)

@y (@) -
(@0 (140
B o (1——6)

Hence, it follows the solution (26). O

Example 1. For

(i) p=1,0=0.5,¢, =0, the solution is

Journal of Function Spaces

B 4(C+log (1-0))

[@"*y(0)] =—¢ ¢ (90)
(ii) p=1,0=0.25, ¢, = 0; the solution becomes
4(2(3 +30+60 +6log (1- ())
(@™ (0)] =~ (91)

3¢

(iii) g =2,0=0.5,c, =0; then the solution is given by
the formula

4(2(3 +30 +60+6log (1 —())

@y (@)=L 2

. (92)

4. Conclusion

Commencing overhead, we formulated a new parametric
differential operator for a certain class of multivalently ana-
Iytic functions. We investigated some geometric conducts of
the operator connecting with the Janowski function, which is
convex univalent in the open unit disk. As an application, we
presented the formula of the suggested class involving the
operator. For future works, one can generalize the suggested
fractional operator using various classes of analytic functions
such as meromorphic and harmonic functions.
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