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Newly, numerous investigations are considered utilizing the idea of parametric operators (integral and differential). The objective
of this effort is to formulate a new 2D-parameter differential operator (PDO) of a class of multivalent functions in the open unit
disk. Consequently, we formulate the suggested operator in some interesting classes of analytic functions to study its geometric
properties. The recognized class contains some recent works.

1. Introduction

In analysis, a parametric differential operator (PDO) is a dif-
ferential operator of a dependent variable with respect to
another dependent variable that is engaged when both vari-
ables formulate on an independent third variable, typically
supposed as “time.” We shall use this idea to consider the
PDO of a complex variable to discuss its properties in the
opinion of the geometric function theory (GFT). The field
of differential operators is investigated in GFT early by the
well-known Salagean differential operator and the Rusche-
weyh derivative. Later, these operators are generalized by
different types of parameters using a 1D-parameter frac-
tional differential operator [1] and 2D-parameter fractional
differential operator [2]. Recently, using the class of normal-
ized functions ψ ∈ Σ

ψ ζð Þ = ζ + 〠
∞

n=2
ψnζ

n, ζ ∈ Δ≔ ζ ∈ℂ : ζj j < 1f g: ð1Þ

Ibrahim and Jay [3] presented PDO of the following
form: for α ∈ ½0, 1�

P 0ψ ζð Þ = ψ ζð Þ,

P αψ ζð Þ = ρ1 α, ζð Þ
ρ1 α, ζð Þ + ρ0 α, ζð Þ ψ ζð Þ + ρ0 α, ζð Þ

ρ1 α, ζð Þ + ρ0 α, ζð Þ ζ ψ′ ζð Þ
� �

:

ð2Þ

The functions ρ1, ρ0 : ½0, 1� × Δ⟶ Δ are analytic in Δ
satisfying ρ1ðα, ζÞ ≠ −ρ0ðα, ζÞ.

lim
α⟶0

ρ1 α, ζð Þ = 1, lim
α⟶1

ρ1 α, ζð Þ = 0, ρ1 α, ζð Þ ≠ 0,∀ζ ∈ Δ, α ∈ 0, 1ð Þ,
ð3Þ

lim
α⟶0

ρ0 α, ζð Þ = 0, lim
α⟶1

ρ0 α, ζð Þ = 1, ρ0 α, ζð Þ ≠ 0,∀ζ ∈ Δ, α ∈ 0, 1ð Þ:
ð4Þ
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More studies are given by Ibrahim and Baleanu [4, 5]
using (2) to present a hybrid diff-integral operator and a
quantum hybrid operator, respectively.

In this effort, we generalize (2) by considering another
class of analytic functions denoting by Σ℘ and constructing by

ψ ζð Þ = ζ℘ + 〠
∞

n=℘+1
ψnζ

n,℘ ∈ℕ, ð5Þ

which are analytic in Δ: Recently, different investigations
are presented studying the geometric behavior of this class
(see [6–9]).

The Hadamard product [10, 11] for two functions in Σ℘
is given by the series

ψ ∗ φð Þ ζð Þ = ζ℘ + 〠
∞

n=℘+1
ψnζ

n

 !
∗ ζ℘ + 〠

∞

n=℘+1
φn ζ

n

 !

= ζ℘ + 〠
∞

n=℘+1
ψnφnð Þζn ∈ Σ℘:

ð6Þ

Definition 1. For a function ψ ∈ Σ℘, PDO is defined as follows:

Q0ψ ζð Þ = ψ ζð Þ

Qαψ ζð Þ = ρ1 α, ζð Þ
ρ1 α, ζð Þ + ρ0 α, ζð Þ
� �

ψ ζð Þ + ρ0 α, ζð Þ
ρ1 α, ζð Þ + ρ0 α, ζð Þ
� �

ζ

℘

� �
ψ′ ζð Þ

= ζ℘ + 〠
∞

n=℘+1
ψn

ρ1 α, ζð Þ + n/℘ð Þρ0 α, ζð Þ
ρ1 α, ζð Þ + ρ0 α, ζð Þ

� �
ζn,

Q2αψ ζð Þ =Q Qαψ ζð Þð Þ = ζ℘ + 〠
∞

n=℘+1
ψn

ρ1 α, ζð Þ + n/℘ð Þρ0 α, ζð Þ
ρ1 α, ζð Þ + ρ0 α, ζð Þ

� �2
ζn,⋮

Qm αψ ζð Þ =Qα Q m−1ð Þαψ ζð Þ
h i

= ζ℘ + 〠
∞

n=℘+1
ψn

ρ1 α, ζð Þ + n/℘ð Þρ0 α, ζð Þ
ρ1 α, ζð Þ + ρ0 α, ζð Þ

� �m

ζn,

Qm αψ ζð Þ = ζ℘ + 〠
∞

n=℘+1
ψnΛ

m
n ζ

n,

ζ ∈ Δ,℘∈ℕ, α ∈ 0, 1½ �,m ∈ℕð Þ, ð7Þ

where

Λn =
ρ1 α, ζð Þ + n/℘ð Þρ0 α, ζð Þ

ρ1 α, ζð Þ + ρ0 α, ζð Þ : ð8Þ

ρ1 and ρ0 are defined in (3) and (4), respectively.

Remark 2.

(i) It is clear that Qm αψðζÞ ∈ Σ℘, and it is a generaliza-
tion of (2) (℘ = 1)

(ii) The integral operator that corresponds to Qm αψðζÞ is

Lm αψ ζð Þ = ζ℘ + 〠
∞

n=℘+1

ψn

Λm
n
ζn: ζ ∈ Δ,℘∈ℕ, α ∈ 0, 1½ �ð Þ, ð9Þ

where

Qm α ∗Lm αð Þψ ζð Þ = Lm α ∗Qm αð Þψ ζð Þ = ψ ζð Þ: ð10Þ

Moreover, we have the following property:

Proposition 3 (semigroup property). Consider the PDO;
then for ψ and φ ∈ Σ℘

Qmα aψ ζð Þ + bφ ζð Þ½ � = aQm αψ ζð Þ + bQmαφ ζð Þ, a, b ∈ℝ:

ð11Þ

Proof. Let m = 1; the definition of Qmν implies

Qα aψ ζð Þ + b φ ζð Þ½ � = ρ1 α, ζð Þ
ρ1 α, ζð Þ + ρ0 α, ζð Þ
� �

aψ ζð Þ + b φ ζð Þ½ �

+ ρ0 α, ζð Þ
ρ1 α, ζð Þ + ρ0 α, ζð Þ
� �

ζ

℘

� �
aψ ζð Þ + b φ ζð Þ½ �′

= a
ρ1 α, ζð Þ

ρ1 α, ζð Þ + ρ0 α, ζð Þ
� �

ψ ζð Þ
�

+ ρ0 α, ζð Þ
ρ1 α, ζð Þ + ρ0 α, ζð Þ
� �

ζ

℘

� �
ψ′ ζð Þ

�

+ b
ρ1 α, ζð Þ

ρ1 α, ζð Þ + ρ0 α, ζð Þ
� �

φ ζð Þ
�

+ ρ0 α, ζð Þ
ρ1 α, ζð Þ + ρ0 α, ζð Þ
� �

ζ

℘

� �
φ′ ζð Þ

�
= aQαψ ζð Þ + bQαφ ζð Þ:

ð12Þ

Hence, for all m, we have the desired assertion.

Our study is about the following class:

Definition 4. A function ψ ∈ Σ℘ is called in the class Σα
℘ðσ, pÞ

if it satisfies the inequality

1 − σð Þ
ζ℘

Qm αψ ζð Þ½ �+ σ

℘ζ℘−1

 !
Qm αψ ζð Þ½ �′ ≺ p ζð Þ = μζ + 1

νζ + 1 ,

ð13Þ

ζ ∈ Δ, α, σ ∈ 0, 1½ �,−1 ≤ ν < μ ≤ 1,℘∈ℕð Þ, ð14Þ
where the symbol ≺ presents the subordination symbol [12]
and p is convex univalent in Δ.

For example

p ζð Þ = μζ + 1
νζ + 1 = Yμ,ν ζð Þ, ð15Þ

which is univalent convex in Δ, and it is the extreme func-
tion in the set

P ≔ p ∈ Δ : p ζð Þ = 1 + 〠
∞

n=1
piζ

n

( )
: ð16Þ
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Define a functional Ψ : Δ⟶ Δ, as follows:

Ψ ζð Þ≔ 1 − σð Þ
ζ℘

Qm αψ ζð Þ½ �+ σ

℘ζ℘−1

 !
Qm αψ ζð Þ½ �′, ð17Þ

= 1 + 〠
∞

n=℘+1
Ψn+℘ψnζ

n−℘, ζ ∈ Δ, ð18Þ

where

Ψn+℘ = 1 + n − 1
℘ σ

� �
Λm

n : ð19Þ

Shortly, by Definition 4 we say

Ψ ζð Þ ≺ Yμ,ν ζð Þ≔ μζ + 1
νζ + 1 , ζ ∈ Δ: ð20Þ

Our aim is to study the operator formula Ψ. We recall
the following results:

Lemma 5 (see [12]). Let two analytic functions f ðζÞ and gðζÞ
be convex univalent defined in Δ such that f ð0Þ = gð0Þ:
Moreover, for a constant c ≠ 0,RðcÞ ≥ 0, the subordination

f ζð Þ + 1/cð Þf ′ ζð Þ ≺ g ζð Þ ð21Þ

implies

f ζð Þ ≺ g ζð Þ: ð22Þ

Lemma 6 (see [12]). Define the general class of holomorphic
functions

ℍ a, n½ � = h : h ζð Þ = a + anζ
n + an+1ζ

n+1+⋯
n o

, ð23Þ

where a ∈ℂ and n is a positive integer. If c ∈ℝ, then

R h ζð Þ + cζh′ ζð Þ
n o

> 0⇒R h ζð Þð Þ > 0: ð24Þ

Moreover, if c > 0 and h ∈ℍ½1, n�, then there are fixed
numbers ℓ1 > 0 and ℓ2 > 0 with the inequality

h ζð Þ + cζh′ ζð Þ ≺ 1 + ζ

1 − ζ

� �ℓ1
,

h ζð Þ ≺ 1 + ζ

1 − ζ

� �ℓ2
:

ð25Þ

Lemma 7 (see [13]). Let ℏ, p ∈ℍ½a, n� , where p is convex
univalent in Δ and for k1, k2 ∈ℂ, k2 ≠ 0 ; then

k1ℏ ζð Þ + k2ζℏ′ ζð Þ ≺ k1p ζð Þ + k2ζ p′ ζð Þ⟶ ℏ ζð Þ ≺ p ζð Þ:
ð26Þ

Lemma 8 (see [14]). Let h, p ∈ℍ½a, n� , where p is convex

univalent in Δ such that hðζÞ + kζh′ðζÞ is univalent; then

p ζð Þ + kζ p′ ζð Þ ≺ h ζð Þ + kζh′ ζð Þ⟶ p ζð Þ ≺ h ζð Þ: ð27Þ

Lemma 9 (see [15]). Let ℏ, y, g ∈ℍ½a, n� , and g is convex
univalent in Δ such that ℏ ≺ g and y ≺ g ; then

kℏ + 1 − kð Þy ≺ g, k ∈ 0, 1½ �: ð28Þ

2. The Results

In this section, we illustrate our main results concerning the
class Σα

℘ðσ, pÞ for some special pðζÞ, ζ ∈ Δ.
2.1. General Properties

Theorem 10. Suppose that ψ ∈ Σα
℘ðσ, pÞ . If RfΨðζÞg > 0,

then the coefficient bounds of Ψ satisfy the inequality

∣Ψn ∣
2

≤
ð2π
0
∣e−inθ∣ dM θð Þ, ð29Þ

where dM is a probability measure. Also, if

R eiχΨ ζð Þ� �
> 0, ζ ∈ Δ, χ ∈ℝ, ð30Þ

then ψ ∈ Σα
℘ðσ, ðνζ + 1Þ/ðνζ + 1ÞÞ, that is

Ψ ζð Þ ≈ μζ + 1
νζ + 1

, ζ ∈ Δ: ð31Þ

Proof. By the assumption, we have

R Ψ ζð Þð Þ =R 1 + 〠
∞

n=℘+1
Ψnζ

n

 !
> 0: ð32Þ

Thus, the Carathéodory positivist technique yields

∣ψn∣ ≤ 2
ð2π
0
∣e−inθ∣dM θð Þ, ð33Þ

where dM is a probability measure. In addition, if

R eiχΨ ζð Þ� �
> 0, ζ ∈ Δ, χ ∈ℝ, ð34Þ

then according to Theorem 1.6 in [10] and for fixed χ ∈ℝ,
we have

Ψ ζð Þ ≈ p ζð Þ = μζ + 1
νζ + 1 , ζ ∈ Δ: ð35Þ

Hence, ψ ∈ Σα
℘ðσ, ðνζ + 1Þ/ðνζ + 1ÞÞ:

The next results show the sufficient and necessary
conditions for the sandwich behavior of the functional
ΨðζÞ = ð1 − σ/ζ℘Þ ½Qm αψðζÞ� + ðσ/℘ζ℘−1Þ ½Qm αψðζÞ�′:
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Theorem 11. Let the following assumptions hold

where p2ð0Þ = 1 and convex in Δ: Moreover, let ΨðζÞ be uni-
valent in Δ such that Ψ ∈ℍ½p1ð0Þ, 1� ∩ℚ, where ℚ repre-

sents the set of all injection analytic functions f with
limζ∈∂Δ f ≠∞ and

Then

p1 ζð Þ ≺Ψ ζð Þ ≺ p2 ζð Þ, ð38Þ

and p1ðζÞ is the best subdominant, and p2ðζÞ is the best
dominant.

Proof. Since

then we obtain the next double inequality

p1 ζð Þ + ζp1′ ζð Þ ≺Ψ ζð Þ + ζΨ′ ζð Þ ≺ p2 ζð Þ + ζp2′ ζð Þ: ð40Þ

Thus, Lemmas 7 and 8 imply the desired assertion.

Theorem 12. Let p be a univalent convex function in Δ such
that pð0Þ = 0 and

Qm αψ ζð Þ½ � ≺ p ζð Þ, Lm αψ ζð Þ½ � ≺ p ζð Þ: ð41Þ

Then

Am αψ ζð Þ½ �≔ k Qm αψ ζð Þ½ � + 1 − kð Þ Lm αψ ζð Þ½ � ≺ p ζð Þ, k ∈ 0, 1½ �:
ð42Þ

Proof. By the definition of ½Qm αψðζÞ� and ½Lm αψðζÞ�, clearly
we have ½Am αψðζÞ� ∈ Σ℘: Hence, a direct application of
Lemma 9, we obtain the result.

2.2. Inclusion Properties. In this part, we deal with the inclu-
sion properties.

Theorem 13. For σ2 ≤ σ1 < 0 and ψ ∈ Σ℘, then

Σα
℘ σ2, pð Þ ⊂ Σα

℘ σ1, pð Þ: ð43Þ

Proof. Let ψ ∈ Σα
℘ðσ2, pÞ: Define the analytic function in Δ, as

follows:

ϕ ζð Þ = ζ−℘ Qm αψ ζð Þ½ �, ð44Þ

satisfying ϕð0Þ = 1: A computation gives

1 − σ2ð Þ
ζ℘

Qm αψ ζð Þ½ �+ σ2
℘ζ℘−1

 !
Qm αψ ζð Þ½ �′ = ϕ ζð Þ + σ2

℘ ζϕ′ ζð Þ
� �

:

ð45Þ

Consequently, we get the inequality

ϕ ζð Þ + σ2
℘ ζϕ′ ζð Þ
� �

≺
μζ + 1
νζ + 1 : ð46Þ

Applying Lemma 5 with σ2/℘ > 0 gives

ϕ ζð Þ ≺ μζ + 1
νζ + 1 : ð47Þ

σζ Qm αψ ζð Þ½ �′′ + −2σ℘+2σ+℘ð Þ Qm αψ ζð Þ½ �′ + σ−1ð Þ ℘−1ð Þ℘ Qm αψ ζð Þ½ �
℘ζ℘−1

≺ p2 ζð Þ + ζp2′ ζð Þ, ð36Þ

p1 ζð Þ + ζ p1′ ζð Þ ≺
σζ Qm αψ ζð Þ½ �′′ + −2σ℘+2σ+℘ð Þ Qm αψ ζð Þ½ �′

�
+ σ−1ð Þ ℘−1ð Þ℘ Qm αψ ζð Þ½ �

℘ζ℘−1
: ð37Þ

Ψ ζð Þ + ζΨ′ ζð Þ =
σζ Qm αψ ζð Þ½ �′′ + −2σ℘+2σ+℘ð Þ Qm αψ ζð Þ½ �′

�
+ σ−1ð Þ ℘−1ð Þ℘ Qm αψ ζð Þ½ �

℘ζ℘−1
, ð39Þ
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Since 0 < σ1/σ2 < 1 and Yμ,νðζÞ is convex univalent in Δ,
we arrive at the inequality

1 − σ1ð Þ
ζ℘

Qm αψ ζð Þ½ �+ σ1
℘ζ℘−1

 !
Qm αψ ζð Þ½ �′

= 1 − σ1ð Þϕ ζð Þ+ σ1
℘ζ℘−1

 !
Qm αψ ζð Þ½ �′

= 1 − σ1ð Þϕ ζð Þ + σ1
℘ ζϕ′ ζð Þ+℘ϕ ζð Þ
� �

,

= 1 − σ1ð Þϕ ζð Þ + σ1
℘ ζϕ′ ζð Þ+℘ϕ ζð Þ
� �

+ σ1
σ2

ϕ ζð Þ − σ1
σ2

ϕ ζð Þ
� �

= σ1
σ2

1 − σ2ð Þϕ ζð Þ + σ2
℘ ζϕ′ ζð Þ+℘ϕ ζð Þ
� �

+ 1 − σ1
σ2

� �
ϕ ζð Þ

= σ1
σ2

1 − σ2ð Þ
ζ℘

Qm αψ ζð Þ½ �+ σ2
℘ζ℘−1

Qm αψ ζð Þ½ �′
" #

+ 1 − σ1
σ2

� �
ϕ ζð Þ ≺ μζ + 1

νζ + 1 = Yμ,ν ζð Þ:

ð48Þ

Hence, by Definition 4, we conclude that ψ ∈ Σα
℘ðσ1, pÞ:

Theorem 14. Let

Ψ ζð Þ = 1 − σð Þ
ζ℘

Qm αψ ζð Þ½ �+ σ

℘ζ℘−1

 !
Qm αψ ζð Þ½ �′: ð49Þ

Then

Qm αψ ζð Þ½ �′
ζ℘

ℏ1+
Qm αψ ζð Þ½ �
ζ℘−1

ℏ1 + 1+℘ð Þℏ2 + ℏ2½ �

+ ℏ2ζ
2−℘

Qm αψ ζð Þ½ �′′ ≺ 1 + ζ

1 − ζ

� �ℓ1
⇒Ψ ζð Þ ≺ 1 + ζ

1 − ζ

� �ℓ2
,

ð50Þ

where

ℓ1 > 0, ℓ2 > 0,
ℏ1 = 1 − σ,

ℏ2 =
σ

℘ ,

℘>0:

ð51Þ

Proof. A calculation implies that

Ψ ζð Þ + ζΨ′ ζð Þ = 1 − σð Þ
ζ℘

Qm αψ ζð Þ½ �+ σ

℘ζ℘−1

 !
Qm αψ ζð Þ½ �′

+ ζ
1 − σð Þ
ζ℘

Qm αψ ζð Þ½ �+ σ

℘ζ℘−1

 !
Qm αψ ζð Þ½ �′

 !

= Qm αψ ζð Þ½ �′
ζ℘

ℏ1+
Qm αψ ζð Þ½ �
ζ℘−1

ℏ1 + 1+℘ð Þℏ2 + ℏ2½ �

+ ℏ2ζ
2−℘

Qm αψ ζð Þ½ �′′ ≺ 1 + ζ

1 − ζ

� �ℓ1
:

ð52Þ

According to Lemma 6 joining the value c = 1, we get

Ψ ζð Þ ≺ 1 + ζ

1 − ζ

� �ℓ2
: ð53Þ

Corollary 15. Let ΨðζÞ be assumed as in Theorem14. If the
subordination

Qm αψ ζð Þ½ �′
ζ℘

ℏ1+
Qm αψ ζð Þ½ �
ζ℘−1

ℏ1 + 1+℘ð Þℏ2 + ℏ2½ �

+ ℏ2ζ
2−℘

Qm αψ ζð Þ½ �′′ ≺ 1 + ζ

1 − ζ

� �
,

ð54Þ

where ℓ1 > 0, ℓ2 > 0, ℏ1 = 1 − σ, ℏ2 = σ/℘, ℘>0 holds, then
ψ ∈ Σα

℘ðσ, ð1 + ζÞ/ð1 − ζÞÞ:

Proof. Taking, ℓ1 = ℓ2 = 1 in Theorem 14 implies that
ΨðζÞ ≺ ð1 + ζÞ/ð1 − ζÞ: Consequently, we have ψ ∈ Σα

℘ðσ,
ð1 + ζÞ/ð1 − ζÞÞ:

Theorem 16. Let ψ ∈ Σα
℘ðσ, pÞ and f ∈ Σ℘: If

R
Qm αψ ζð Þ

ζ℘

� �
> 1
2
, ð55Þ

then ψ × f ∈ Σα
℘ðσ, pÞ:
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Proof. A convolution product indicates that

1 − σð Þ
ζ℘

Qm α ψ ζð Þ × f ζð Þð Þ½ �+ σ

℘ζ℘−1

 !
Qm α ψ ζð Þ × f ζð Þð Þ½ �′

= 1 − σð Þ Qm α ψ ζð Þð
ζ℘

× Qm α f ζð Þ
ζ℘

�� 	

+ σ

℘
Qm α f ζð ÞÞ½ �′

ζ℘−1
× Qm α f ζð Þ

ζ℘

 !

= 1 − σð Þ Qm α ψ ζð Þð
ζ℘

� 	
+ σ

℘ζ℘−1
Qm α f ζð ÞÞ½ �′

" #
× Qm α f ζð Þ

ζ℘

=Ψ ζð Þ × Qm α f ζð Þ
ζ℘

,

ð56Þ

where ΨðζÞ ≺ Yμ,νðζÞ: In view of real inequality (55), we get
that ðQm α f ðζÞ/ζ℘Þ has the Herglotz integral formula [11].

Qm α f ζð Þ
ζ℘

=
ð
∣τ∣=1

dς τð Þ
1 − τζ

, ð57Þ

where dς conforms the probability measure on the unit
circle ∣τ ∣ = 1 and

ð
∣τ∣=1

dς τð Þ = 1: ð58Þ

But, Yμ,νðζÞ is convex in Δ ; then we have

1 − σð Þ
ζ℘

Qm α ψ ζð Þ ∗ f ζð Þð Þ½ �+ σ

℘ζ℘−1

 !
Qm α ψ ζð Þ ∗ f ζð Þð Þ½ �′

=Θ ζð Þ ∗ Qm α f ζð Þ
ζ℘

=
ð

τj j=1
Θ τζð Þdς τð Þ ≺ Yμ,ν ζð Þ:

ð59Þ

Thus, ψ × f ∈ Σα
℘ðσ, pÞ:

2.3. Fekete-Szegö Inequality. In this section, we obtain the
Fekete-Szegö relation coefficient estimates for the class
Σα
℘ðσ, pÞ: Let Ω be the class of functions of the form

ϖ ζð Þ = 1 + ϖ1ζ + ϖ2ζ
2+⋯, ð60Þ

in the open unit disk Δ satisfying ∣ϖðzÞ ∣ <1: To prove our
results, we need the following lemma.

Lemma 17 (see [16]). If ϖ ∈Ω , then for any complex
number ρ

∣ϖ2 − ρϖ2
1∣ ≤max 1,∣ρ ∣f g: ð61Þ

The result is sharp for the functions given by ϖðζÞ = ζ or
ϖðζÞ = ζ2:

Theorem 18. Let the function ψ be formulated by ((5)). Then,
ψ ∈ Σα

℘ðσ, pÞ and

ψ℘+2−ρψ
2
℘+1




 


 ≤ μ − νð Þ℘
℘+ ℘+1ð Þσ½ �Λm

℘+2

 !
max 1,∣ℵ ∣f g, ð62Þ

where

ℵ = ν +
ρ μ−νð Þ ℘+ ℘+1ð Þσ½ �Λm

℘+2

℘ 1+σð Þ2Λ2m℘+1

 !
: ð63Þ

Proof. Since ψ ∈ Σα
℘ðσ, pÞ, we have

1 − σð Þ
ζ℘

Qm αψ ζð Þ½ �+ σ

℘ζ℘−1

 !
Qm αψ ζð Þ½ �′ ≺ p ζð Þ = μζ + 1

νζ + 1 :

ð64Þ

In addition, there is a Schwarz function ϖðζÞ = 1 + ϖ1ζ +
ϖ2ζ

2 +⋯ in Ω such that

1 − σð Þ
ζ℘

Qm αψ ζð Þ½ �+ σ

℘ζ℘−1

 !
Qm αψ ζð Þ½ �′ ≺ p w ζð Þð Þp w ζð Þð Þ

= 1 + μw ζð Þ
1 + νw ζð Þ

= 1 + μ − νð Þϖ1ζ + μ − νð Þϖ2 − ν μ − νð Þϖ2
1

� �
ζ2+⋯:

ð65Þ

Now by (18), we have

1 − σð Þ
ζ℘

Qm αψ ζð Þ½ �+ σ

℘ζ℘−1

 !
Qm αψ ζð Þ½ �′

= 1 + 〠
∞

n=℘+1
1 + n − 1

℘ σ

� �
Λm

n ψnζ
n−℘, ζ ∈ Δ,

ð66Þ

whereΛm
n is given by (19). Equating the coefficients of ζ and ζ2,

we get

1+σð ÞΛm
℘+1ψ℘+1 = μ − νð Þϖ1, ð67Þ

1+℘+1
℘ σ

� �
Λm

℘+2ψ℘+2 = μ − νð Þϖ2 − ν μ − νð Þϖ2
1, ð68Þ

℘+ ℘+1ð Þσ
℘

� �
Λm

℘+2ψ℘+2 = μ − νð Þϖ2 − ν μ − νð Þϖ2
1: ð69Þ
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From (67) and (69), we get

ψ℘+1 =
μ − νð Þϖ1
1+σð ÞΛm

℘+1
,

ψ℘+2 =
μ − νð Þ℘

℘+ ℘+1ð Þσ½ �Λm
℘+2

ϖ2 −
ν μ − νð Þ℘

℘+ ℘+1ð Þσ½ �Λm
℘+2

ϖ2
1:

ð70Þ

For any ρ ∈ℂ, we get

ψ℘+2−ρψ
2
℘+1 =

μ − νð Þ℘
℘+ ℘+1ð Þσ½ �Λm

℘+2
ϖ2 −

ν μ − νð Þ℘
℘+ ℘+1ð Þσ½ �Λm

℘+2
ϖ2
1

−
μ − νð Þϖ1
1+σð ÞΛm

℘+1

 !2

= μ − νð Þ℘
℘+ ℘+1ð Þσ½ �Λm

℘+2

� ϖ2 − ν +
ρ μ−νð Þ ℘+ ℘+1ð Þσ½ �Λm

℘+2

℘ 1+σð Þ2Λ2m
℘+1

 !
ϖ2
1

" #

= μ − νð Þ℘
℘+ ℘+1ð Þσ½ �Λm

℘+2
ϖ2 −ℵϖ2

1
� �

,

ð71Þ

where

ℵ = ν +
ρ μ−νð Þ ℘+ ℘+1ð Þσ½ �Λm

℘+2

℘ 1+σð Þ2Λ2m℘+1

 !
: ð72Þ

By applying Lemma 17, we get

ψ℘+2−ρψ
2
℘+1




 


 ≤ μ − νð Þ℘
℘+ ℘+1ð Þσ½ �Λm

℘+2

 !
max 1, ℵj jf g: ð73Þ

The result is sharp for the function

1 − σð Þ
ζ℘

Qm αψ ζð Þ½ �+ σ

℘ζ℘−1

 !
Qm αψ ζð Þ½ �′ = p ζ2

� �
= μζ2 + 1
νζ2 + 1

,

ð74Þ

or

1 − σð Þ
ζ℘

Qm αψ ζð Þ½ �+ σ

℘ζ℘−1

 !
Qm αψ ζð Þ½ �′ = p ζð Þ = μζ + 1

νζ + 1 :

ð75Þ

Remark 19. By fixing ρ = 1 in Theorem18, we get

ψ℘+2−ψ
2
℘+1




 


 ≤ μ − νð Þ℘
℘+ ℘+1ð Þσ½ �Λm

℘+2

 !
max 1,∣ℵ ∣f g, ð76Þ

where

ℵ = ν +
μ−νð Þ ℘+ ℘+1ð Þσ½ �Λm

℘+2

℘ 1+σð Þ2Λ2m℘+1

 !
: ð77Þ

From Definition 4, a function ψ ∈ Σ℘ is said to be in the
class Σα

℘ðσ, pÞ if it satisfies the inequality (13); then we have

Ψ ζð Þ − 1
μ − νΨ ζð Þ










 < 1, ð78Þ

where

Ψ ζð Þ = 1 − σð Þ
ζ℘

Qm αψ ζð Þ½ �+ σ

℘ζ℘−1

 !
Qm αψ ζð Þ½ �′ ð79Þ

is as given in (17).

Now, we obtain coefficient estimates for f ∈ Σα
℘ðσ, pÞ:

Theorem 20. Let the function ψ be defined by ((5)). Then,
ψ ∈ Σα

℘ðσ, pÞ if

〠
∞

n=p+1
Ψn,℘ 1 + ν½ �ψn ≤ μ − νj j, ð80Þ

Ψn,℘ = 1 + n − 1
℘ σ

� �
Λm

n , ð81Þ

where Λm
n is given by (8).

Proof. Suppose ψ satisfies (80). Then, for ∣ζ ∣ = r < 1

Ψ ζð Þ − 1j j − μ − νΨ ζð Þj j = 〠
∞

n=p+1
Ψn,℘ψnζ

n−p












 − β μ − νð Þj

+ ν 〠
∞

n=p+1
Ψn,℘ ∣ ψnζ

n−pj

≤ 〠
∞

n=p+1
Ψn,℘ ψnj j − μ − νj j

+ 〠
∞

n=p+1
Ψn,℘ν ψnj j

= 〠
∞

n=p+1
Ψn,℘ 1 + ν½ � ψnj j − μ − νj j ≤ 0:

ð82Þ

3. An Application

In this section, we consider the suggested class Σα
℘ðσ, ð1 + ζÞ/

ð1 − ζÞÞ for all α ∈ ½0, 1�:
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Theorem 21. Consider the class of analytic functions Σα
℘ðσ,

ð1 + ζÞ/ð1 − ζÞÞ: Then, the solution of the differential equa-
tion corresponds to this class is

Qm αψ ζð Þ½ � = c1ζ
σ−1ð Þ℘
σ + ζ℘

2℘ζ2F1 1, σ+℘ð Þ/σ,℘/σ + 2, ζÞð Þ + 1
σ+℘ð Þ

� �
,

ð83Þ

where 2F1ða, b, c ; ζÞ represents the hypergeometric function.

Proof. Suppose that ψ ∈ Σα
℘ðσ, ð1 + ζÞ/ð1 − ζÞÞ: Then, it

satisfies the differential equation

1 − σð Þ
ζ℘

Qm αψ ζð Þ½ �+ σ

℘ζ℘−1

 !
Qm αψ ζð Þ½ �′ = ω ζð Þ + 1

1 − ω ζð Þ , ð84Þ

where ωð0Þ = 0 and ∣ω ∣ <1: This leads to the solution

Qm αψ ζð Þ½ � = ζ σ−1ð Þ℘ð Þ/σ
ðζ
0
−℘z℘/σ−1 ω zð Þ + 1

σ ω zð Þ − 1ð Þ
� �

dz: ð85Þ

To find the upper solution, we let ωðζÞ = ζ: Thus, we
have the differential equation

1 − σð Þ
ζ℘

Qm αψ ζð Þ½ �+ σ

℘ζ℘−1

 !
Qm αψ ζð Þ½ �′ = ζ + 1

1 − ζ
: ð86Þ

Rewrite the above equation as follows:

Qm αψ ζð Þ½ �′ + ℘ 1 − σð Þ
σζ

Qm αψ ζð Þ½ � = ℘ζ℘−1
σ

 !
1 + ζ

1 − ζ

� �
:

ð87Þ

Multiplying the above equation by the functional

T ζð Þ = exp
ð ℘ σ + ζ − σζ − 1ð Þ

σζ ζ − 1ð Þ dζ
� �

, ð88Þ

we obtain

ζ℘ 1/σ−1ð Þ Qm αψ ζð Þ½ �′ −
Qm αψ ζð Þ½ � ℘ζ℘ 1/σ−1ð Þ−1 σ+ζ−σζ−1ð Þ

� �
σ 1 − ζð Þ

= ℘ζ℘/σ−1
σ

 !
1 + ζ

1 − ζ

� �
:

ð89Þ

Hence, it follows the solution (26).

Example 1. For

(i) ℘ = 1, σ = 0:5, c1 = 0, the solution is

Qm αψ ζð Þ½ � = −ζ −
4 ζ + log 1 − ζð Þð Þ

ζ
ð90Þ

(ii) ℘ = 1, σ = 0:25, c1 = 0; the solution becomes

Qm αψ ζð Þ½ � = −ζ −
4 2ζ3 + 3ζ2 + 6ζ + 6 log 1 − ζð Þ
� �

3ζ3
ð91Þ

(iii) ℘ = 2, σ = 0:5, c1 = 0; then the solution is given by
the formula

Qm αψ ζð Þ½ � = −ζ2 −
4 2ζ3 + 3ζ2 + 6ζ + 6 log 1 − ζð Þ
� �

3ζ2
: ð92Þ

4. Conclusion

Commencing overhead, we formulated a new parametric
differential operator for a certain class of multivalently ana-
lytic functions. We investigated some geometric conducts of
the operator connecting with the Janowski function, which is
convex univalent in the open unit disk. As an application, we
presented the formula of the suggested class involving the
operator. For future works, one can generalize the suggested
fractional operator using various classes of analytic functions
such as meromorphic and harmonic functions.
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