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In this paper, we introduce and investigate several inclusion relationships of new k -uniformly classes of analytic functions defined
by the Mittag-Leffler function. Also, integral-preserving properties of these classes associated with the certain integral operator are

also obtained.

1. Introduction

Let & be the class of analytic functions in the open unit disc
U={z: |z] < 1} which in the form

flz)=z+ OZO:anz”. (1)

For f(z) and g(z) € o/, we say that the function f(z) is
subordinate to g(z), written symbolically as follows:

f<gorf(z)<g(2) (2)

if there exists a Schwarz function w(z), which (by defini-
tion) is analytic in U with w(0) =0 and |w(z)| <1, (z € U),
such that f(z) = g(w(z)) for all z€U. In particular, if the
function g(z) is univalent in U, then we have the following
equivalence relation (cf,, e.g., [1, 2]; see also [3]):

f(2)<g(2) ©f(0)<g(0)andf(U)cg(U).  (3)

Let f be as in (1) and h(z) =z + Y ,2,b,z", then Hada-
mard product (or convolution) of f(z) and h(z) is given by

(f *h)(z) =z + iakbkzk (z€ ). (4)
k=2

For {,n€[0,1), we denote by S*({), C({), K({,n), and
K*({,n) the subclasses of o/ consisting of all analytic func-
tions which are, respectively, starlike of order {, convex of
order (, close-to-convex of order { and type #, and quasicon-
vex of order ¢ and type # in U.

Also, let the subclasses US(u, ¢), UC(u, (), USK(y, {, ),
and UCK (u, {,n) of of (€0,1) < 1;u>0)be defined as fol-

lows:

_ (7@
US(y,C)—{fed.m<f(z) —(>>

of'(2)
‘7

-1

UC(M,C):{fed:ER<1+ Z;,((ZZ)) —c> >
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USK (1, ¢, n) = {fe&f :3h e US(u, Q)
#'(2) of'(2)
s.t.?l(h(z) —C>>(4 hz) _1‘}
UCK(u,¢,n) = {fe,szf :3he UC(1, Q)

SR (M _C) >u L

" (2)

}.

1+(1-20)z
1-z

1-¢

(u=0),

1-p?
q‘u,( (Z) =

2,
— cos {; (cos™'u)ilog

1++/z

2

1+ 21-¢) <log

uz)

- V2
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We note that

US(0,¢) =S*(¢), UC(0,{) = C({),
USK(0,¢, 1) = K(¢, 1) and UCK(0,{, ) (6)
—K*({n) (0<C3n<1).

Moreover, let g,, () be an analytic function which maps

U onto the conic domain @, ={u+iv:u>k

(u—1)*++2 +{} such that 1 € @, defined as follows:

1+vz| w-¢
1—\/2}_1—;42(0<M<1)’
) =1, )

dt Y

1-¢ in v Jﬂ
w-1 26(1)

where u(z) = (z - \/u)/(1 — \/pz) and ¢(u) is such that p =
cosh (116" (z)/4¢(2)). By virtue of properties of the conic
domain @, (cf, e.g. [4, 5]), we have

®{q,.2)}> ’;—:‘; (8)

Making use of the principal of subordination and the def-
inition of q,,;(z), we may rewrite the subclasses US(w, {), U

C(u,¢), USK (1, ¢, 1), and UCK(y,{, 1) as follows:

US(.0) = {f et L8 m(z)},

UC( ) - {f esti1e ij, (S) < qﬂ,@v(z)},

USK (.G 17) = { fed : IneUS(ur)st. ZJ; (S) < qM(z)}
©)

2—(( > 1),
/ u -1 ;
0 1-12,/1— p2t?

and

UCK(u,¢,n) = {fe d :3he UC(u, ()

s.t.w < qﬂ)z(z)}.

(10)
h'(2)

Attiya [6] introduced the operator HZ{Z( f), where
HZ’;(f) o —> of is defined by

k k
Hyy(f) = g * f(2) (2 € ), (11)
with f3,y € C,Re («) > max {0,Re (k) =1} and Re (k) > 0.
Also, Re («) =0 when Re (k) =1; +0. Here, P‘KI;S is the
generalized Mittag-Lefller function defined by [7], see also
[6], and the symbol (*) denotes the Hadamard product.

Due to the importance of the Mittag-Leffler function, it is
involved in many problems in natural and applied science. A
detailed investigation of the Mittag-LefHler function has been
studied by many authors (see, e.g., [7-12]).
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Attiya [6] noted that

< I'(y+nk)I(«
H(DE =2+ Y LR

n=2

2 (12)

Also, Attiya [6] showed that

(e’ = (15 (@) - § (st ),

Next, by using the operator H Z’; (f), we introduce the fol-
lowing subclasses of analytic functions in U

USh(w: ) = {f eof : Hypf (2) € US(w,0) |,
UCK(§)={f e ol : Hijgf () € UC( () },
{fed HIf(2) e USK (L)},

{fed: HIf () e UCK (. Lm) ),
(15)

where S,y €C, R(a) >max {0, R(k) - 1}and R(k) > 0.
Also, R(a) =0 when R(k) =1; f#0.
Also, we note that

USK (- 8o1)

UCK} (4 1)

f(2) € UCK(w §) & 2f' (2) € USy(1: ), (16)

f(z) € UCKy(w,¢,m) & 2f '(2) € USK (. Gom). - (17)

In this paper, we introduce several inclusion properties of
the classes US;;(M, 0), UC};(M, 0), USKE(y, {,#), and UCK}3
(4, ¢, 7). Also, integral-preserving properties of these classes
associated with generalized Libera integral operator are also
obtained.

. . . . k
2. Inclusion Properties Associated with H! 5f(2)

Lemma 1 (see [13]). If h(z) is convex univalent in U with
h(0) =1 and R{Eh(z) +{} > 0({ € C). Let p(z) be analytic
in U with p(0) = 1 which satisfy the following subordination
relation

!

zp (2)
Ep(z) +¢

p(z) + <h(z), (18)

then

p(2) <h(z). (19)
Lemma 2 (see [2]). If h(z) is convex univalent in U and let
w be analytic in U with R{w(z)} > 0. Let p(z) be analytic

in U and p(0) = h(0) which satisfy the following subordina-
tion relation

p(2) +w(z)zp’ (2) < h(2), (20)
then
p(2) <h(z). (21)

Theorem 3. If R(y/k) > —(u+{)/(p+ 1), then USE™ (1,0
c USy(u: ).

Proof. Let f(z) € USEH(,M, (), put

z(HZZ,}f(z)) !

p(z)= o) (z€U), (22)

we note that p(z) is analytic in U and p(0) = 1. From (13) and
(22), we have

Hy'f(2) _ &
HIGf(z) vk

(p(z) + %) . (23)

Differentiating (23) with respect to z, we obtain

Z<HZ,+[3ka(Z)>, zp'(2)
e P meam @Y

From the above relation and using (7), we may write

2p'(2)

PO o+ iR

< q%((z) (zel). (25)
Since R{q,,;(2)} > (4 +{)/(p + 1), we see that

R (q,(2) + %) >0(zeU). (26)

Applying Lemma 1, it follows that p(z) < q,.(z), that is,

f(2) € US(w, ).
Using the same technique in Theorem 3 with relation
(14), we have the following theorem.

Theorem 4. If R(a/f) > —(u+{)/(u+ 1), then USE(‘M, {)c
US). (1 0).



Theorem 5. If R(y/k) >
c UCK(w Q).

~(u+ )+ 1), then UCK™ (1,0)

Proof. Applying Theorem 3 and relation (16), we observe that

f2) e UCK™ (1.0) & 2f ' (2) € USE™ ()

27
= zf'(2) € USy(w.) & f(2) € UCK(1, ), )

which evidently proves Theorem 5.
Similarly, we can prove the following theorem.

Theorem 6. If R(a/f3) >
UCh,, (1. 0).

—(u+)/(u+1), then UCE(‘M, {)c

—(u+Q)/(u+1), then USKYH(,M,C

Theorem 7. If R(y/k) > 5

1) € USK(p, G, ).

Proof. Let f(z) € USKEH(‘M, (,7). Then, there exists a func-
tion r(z) € US(y, {) such that

2(HI3" (=)'

@ < qM(z). (28)

We can choose the function h(z) such that HKTBI kh(z) =
r(z). Then, h(z) € US%H(‘LL, {) and
Lk
<(HI3" (=)'

HY 3 hz)

<G (2)- (29)

Z(Hy’];;f(z)), HY*”‘ f ( )
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Now, let

Z(HV’I;f(z))'
p(2) = 7H£]/;h(z) , (30)

where p(z) is analytic in U with p(0) = 1. Since h(z) € US%+1
(4> €), by Theorem 3, we know that h(z)eUS(u, {). Let

z(Hyh(z))!

t(z) =
HY'h(2)

(zel), (31)

where t(z) is analytic in U with R{t(2)} > (u+{)/(u+1).
Also, from(30), we note that

2(HIf(2)) =Hlgef (@) = (HIph@)) ple).  (32)

Differentiating both sides of (32) with respect to z, we
obtain

2(Higef'(2))' 2(High(2)’ ,
Hykh( ) - HZZ[’I( ) p(Z)+Zp (Z) (33)

ap
= t(z)p(z) +2p’ (2).

Now, using (13) and (33), we obtain

(HV’sz’(z)) "+ (R HYgef (@)

Highz) HZ}J"W) 2(HIGh(z))' + (pk) HLh(2)
(st @) Hhte)) + (k) (= (s 2)) 1) (34
B ((HV" z))’/HV ) (y/k)
k
RULE +<(>y LRy t(zz)p+<( .

Since R(p/k) > —(u+{)/(u + 1), we see that
®{t(z) + %} >0(zeU). (34)

Hence, applying Lemma 2, we can show that p(z) < Qg

(z), so that f(z) € USKZ([J, ¢,n). This completes the proof

of Theorem 7.
Similarly, we can prove the following theorem.

Theorem 8. If R(a/f) >
)C USK%H(M, ¢,n).

~(u+Q)/(u+1), then USKE(H, iy
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We can also prove Theorem 9 by using Theorem 7 and
relation (17).

Theorem 9. If R(y/k) >
) € UCKY (w1,

—(u+Q)/(u+1), then UCK%H(‘LL,

Also, we obtain the following theorem.

Theorem 10. If R(a/f) >
1) CUCK}, ().

—(u+Q)/(u+1), then UCK), (y,(

Now, we obtain squeeze theorems for inclusion by com-
bining the above theorems as follows:

Combining both theorems 3 and 4, we have the following
corollary.

Corollary 11. If (u+{)/(u+ 1) > —min {R(y/k),
then

R(a/B)},

USy" (0) C USi(1,0) C US,, (0). (36)

Combining both theorems 5 and 6, we have the following
corollary.

Corollary 12. If (u+{)/(u+ 1) > —min {R(y/k),
then

R(a/B)}

UCK™ (.0) cUCK(m{) cUCK, (). (37)

Combining both theorems 7 and 8, we have the following
corollary.

Corollary 13. If (u+{)/(u+ 1) > —min {R(y/k),
then

R(a/B)}

USKy™ (4. ¢.1m) € USK (. G m) € USK, (. Cop)- - (38)

Combining both theorems 9 and 10, we have the follow-
ing corollary.

Corollary 14. If (u+{)/(u+1)>-min {R(y/k),
then

R(a/p)},

UCKE”(M, {n)c UCKE([J, Gim) C UCKEH (- Gom)- (39)

3. Integral Preserving Properties
Associated with F;

The generalized Libera integral operator Fy (see [14-16],
also, see related topics [17-19]) is defined by

Fs(f)(2) = —j}“f(r)dt, (40)

where f(z) € f and § > -1.

Theorem 15. Let § > —(u+{)/(u+1). If f € US};([J, (), then
Fs(f) € USp(p: ).

Proof. Let f € US;;(pt, () and set

Z(HYSF5(f)(2))’
el ( : 5(1)@) ew) )
Hy 4Fs(f)(2)
where p(z) is analytic in U with p(0) = 1. From definition of
HY'4(f) and (40), we have

2(HIGEs()(2))' = (6 + VHL (2) — SHIGFs(£) (2).

(42)
Then, by using (41) and (42), we obtain
p.k
(5“)% =p(z) +0. (43)
Hy o F5(f)(2)

Taking the logarithmic differentiation on both sides of
(43) and simple calculations, we have

zp'(z) - Z(sz;f(z»/
O 3re iy W @
Since R(q,,, +6) > (4 +)/(1+1) +8) >0, by virtue of

Lemma 1, we conclude that p(z) < q,,;(z) in U, which implies
that F5(f) € USE(,u, 0).

Theorem 16. Let § > —(u+{)/(u+1). If f € UC%(‘M, (), then
Ey(f) € UCH(1,0).

Proof. By applying Theorem 15, it follows that

f(2) € UCK(.€) & 2f'(2) € US)(1)
= Fy(2f") (2) € USh( )
& 2(F(f)(2)) € USh(.0)
& Fy(f)(2) € UCK(1, ),

(45)

which proves Theorem 16.

Theorem 17. Let 8> —(u+()/(u+1). If f € USK?[;(‘M, &),
then Fs(f) € USKE(/A, ¢, n).



Proof. Let f(z) € USKlys(,u, (¢, 7). Then, there exists a function
h(z) e US%(‘u, {) such that

z(HY’]ZJf(z)) '

R <q,(2). (46)
Thus, we set
2(HiFs(/)(2)"
aBt S
p(z) = (zeU), (47)
HYFs(h)(2)

where p(z) is analytic in U with p(0) = 1. Since h(z) e U
Sk (¢ ¢), we see from Theorem 15 that Fs(h) € USj (s, {). Let

Journal of Function Spaces

where t(z) is analytic in U with R{¢(z)} >
Using (47), we have

(H+0)(p+1).

gk

HYyjzFs' (1)(2) = (HigFs(h)(2)) p(). (49)

Differentiating both sides of (49) with respect to z and
simple calculations, we obtain

2(HV's2Es (f)(2) z(HYGFs(h) () ,
Lt o) A ey
HYLFs(h)(2) HYFs(h)(2)

t(2)p(z) +2p’ (2)-

(50)
= UBRO0) (45 o |
HI%Fy () (2) Now, using the identity (42) and (50), we obtain
(@) Hiep'n) =(H ,nga z)’+6HVﬁzFa £))
Hkh(z)  HIGh(z) ( (2) >’+ SHYFs(h) (2)
_(e(Hugrs ()2) H” Fy(h)(2)) + ((H%(f)( ) HEGEs()(2)) (51)
. (=(HEEFs (@) 1 Fo () (2) ) +0
_t@p@) 2 ) o) @) >
t(z)+0 tz)+6°

Since 8 > —(u+{)/(u+ 1) and R{t(z)} > (u+ )/ (u + 1),

we see that
R{t(z) +0} >0(zel). (52)

Applying Lemma 2 into relation (51), it follows that p(z)
< q%((z), which is Fg(f) € USKIV;([A, ¢,n).

We can deduce the integral-preserving property asserted
by 18 by using Theorem 17 and relation (17).

Theorem 18. Let § > (—u+{)/(u+1). If f € UCK%(‘M, ),
then Fs(f) € UCKj(u,{,n).
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