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In this paper, we investigate the implementations of newly introduced nonlocal differential operators as convolution of power law,
exponential decay law, and the generalized Mittag-Leffler law with fractal derivative in fluid dynamics. The new operators are
referred as fractal-fractional differential operators. The governing equations for the problem are constructed with the fractal-

fractional differential operators. We present the stability analysis and the error analysis.

1. Introduction

Magnetohydrodynamics (MHD) deals with the study of the
motion of electrically conducting fluids in the presence of
the magnetic field. MHD flow has significant importance
applications between infinite parallel plates in various areas
such as geophysical, astrophysical, and metallurgical pro-
cessing, MHD generators, pumps, geothermal reservoirs,
polymer technology, and mineral industries [1-6]. In last
few decades, fractional calculus has taken much interest in
many fields [7, 8]. There are many definitions for the frac-
tional derivative operators, and among them are Caputo-
Fabrizio (CF) [9] and Atangana and Baleanu (AB) [10] def-
initions of fractional derivatives with a nonlocal and nonsin-
gular kernels having all the characteristics of the old
definitions [7, 11-23]. Farman et al. [24] have analyzed the
numerical solution of SEIR Epidemic model of measles with
noninteger time fractional derivatives by using the Laplace
Adomian decomposition method. Ghanbari and Djilali
[25] have taken mathematical analysis of a fractional-order
predator-prey model with prey social behavior and infection

developed in predator population. Ghanbari and Atangana
[26, 27] have given the new edge detecting techniques based
on fractional derivatives with nonlocal and nonsingular ker-
nels. Recently, another idea of differentiation has been pro-
posed by Atanagna [28].

We organize our manuscript as follows. We present the
main definitions in Section 2. We construct the problem for-
mulation in Section 3. We present the analysis of the model
with the power law kernel in Section 4. We give the analysis
of the model with the exponential decay kernel in Section 5.
We discuss the analysis of the model with the Mittag-Leftler
kernel in Section 6. We present the error analysis in Section
7. We give the conclusion in the last section.

2. Preminaries

Definition 1. Assume that g(c) is a continuous function in
the (¢;;,d;;) and fractal differentiable on (c¢;;,d;;) with
order # then the fractal-fractional derivative of g of order
A in Riemann-Liouville sense with power law kernel is
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introduced as [29]

1 d (¢
FFP A ¢)= —J x)(¢c—-x)"dx, 0<mn A<1,
(1)
where
dg(x) _ .. 9(c)—g(x)
PR .

Definition 2. Assume that g(c) is a continuous function in
the (¢;;,d;;) and fractal differentiable on (c;;,d;;) with
order # then the fractal-fractional derivative of g of order
A in Riemann-Liouville sense with the exponential decay
kernel is introduced as [29]

FFE A _ M) 4 n <
FEED g(c) = l—V/)dTAJbg(x) exp <—ﬁ7(cfx)>dx, 0<n, A<1.
(3)

Definition 3. Assume that g(c) is a continuous function in
the (c,;,dy;) and fractal differentiable on (¢, d;;) with
order # then the fractal-fractional derivative of g of order
A in Riemann-Liouville sense with the generalized Mittag-
Leffler kernel is introduced as [29]

AB(n) d ¢ n

FEE it £ E (- (c—x)")dx, 0<nm A<1.

9(5)= T=n) ha(%),7 1_,7(< x)")dx, 0<n, A<
(4)

3. Problem Formulation

We consider

6”11<E{1’T{1) 62”{1(511’711) 84”{1(511’7{1) 2t (e 1
P 7 =p 2 -f 7 - 0B, ”11(511>711)’
cat El3t adl

(5)

uh(E{l,O) =0, forallE{l,

“{1(0’711>:0s ”{1(d>711>20> Ogﬁ{lsh, (7)

82”11(5117711)
aEll

(initial condition)  (6)

=0, atf{l zoandﬂl:hforany‘ril >0,

! !
Un 71,U, €1
= =10 , 9
U, YT h ©)

into Egs. (5)-(8), and we obtain

841/()/, t)
oy*

wint) 1 (v 1)
ot Re -

= 52 - M v( ,t)), (10)
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v(y,0) =0, v(l,t)=1, (11)

azv(y, t)
0y?

v(0,t) =0,

=0,aty=0andy=1foranyt >0, (12)

where M|, = 0B,2d’/u is the magnetic field parameter, and

Re = pU,d/u is the Reynold number and h* = n/u. We dem-
onstrate the geometry of the physical model in Figure 1.

4. Solution of the Problem with the Power
Law Kernel

We take into consideration the Eq. (10) with fractal-
fractional differential operator using Definition 1 of power

law kernel as
1 [*v(y, vy, t
)]
e y? y
1

mdij v(y, A)(t = A) " dA

FFPD‘Xl,Bl ()’ )

(13)
e 1<a O I Y t))
uvsit) |-
9y oy
The, we get
YA = o /Fjl(%)j'olﬁ (a Va(yyz’ D2 ;3”; vy A)) (t= )" dA.
(14)
For simplicity, we take
F(y,A)=p, AP~ Tviph) v A) - M, v(y, A
(y’ )_ 1 ayz ay4 11 (y’ ) 4
1
\ F )4t
)= g | PO D=
(15)
We discretize this equation at (y,, t=t,,,) and get
) = = [ E A) 1y — 1) A
v(yis "“)_WJO 0o M)t = A) g
1 ot
VVpty) = s——— J F(y, M) (tyy —M)8 ' dA
( 1) Re[‘((xl)jzzo ; ( )( 1 )
(16)

We apply the two-step Lagrange polynomial as

A=t A—t,
Pj(A)z ; —t] F(yi’tj)_ ; —t]

joti johil

F(yi, tj_l). (17)
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Thus, we will get

(tm—l A)arl dA

YO tun) = Re I(a ZJ
>

j=0
= (=) (n=j+2+20))]

o hal y;’ j-1 a+l Ao .
JZO[ReFaﬁz ((n+1-j) = (n-}) (n1+1+«x1))}
(18)

Wap yl,. L iy s
ReT{a vy (10" (=i 2w a)

We have

,21’5;"{-1 Vi — 4Vl +6v] — Vi, +V527M11"{>'
(Ay) (Ay)

(yx )) Bl ]l ( =
(19)
Then, we will obtain

(L1

noot -
V(i tuer) = Re I'(ay) ZJ P)()‘ w1 — A 'dA
0

n halﬁ tﬁl

;)Rel‘ () +2)

( —2v’+v’ -4l rev]-avl, +"{2—M“v{f>
( (Ay)*

=x((n+ J) (n=j+2+a) = (n=j)"(n=j+2+2a))

h,

n
jz Re I'( ¢x1+2)

[ Via -2 v Vf;z g +6v] - v+ M. !
(4)? (4! “’

X ((n+1=)" = (n-j)%(n-j+1+a)))].

(20)
We define

h Bt Ky

Re I'(a; +2)(Ay)*

o -1«
A"‘ljﬁl _ h lﬁltjl K”jj Bal’:Bl _

" Rel(a +2)(ay)? M
-1
g MBI M K,

Ccu 2—’)
™ Re I'(a; +2)

1
halﬁltﬁl Yn]

1 Bi-1 o
Dtxl N h* ﬁlt -1 Yn] a5 _
Re I'(a; + 2)(Ay)

M Re T(ay +2)(Ay)Y M

0‘1?/31 _ halﬁltﬁl lle,lj
™1 Re I'(a; +2)

C

Kil=((n+1-)%(n-j+2+a)-

n,j (n_j)al(n_j+2+2‘xl))’

Vi = (1= )" = (n=H(n—j+1+ay). (21)

Then, we get

n+1

J

‘i |—|

n
i=0
( i+2 41’?

M=

n,j—1

o %; - w,::;)

J

_ g (v’ a6 -] +v{‘;) Fob (vf_l)}

nj—1\ Vi+2 i+1 - n,j—1

I
o

We choose ¢! =8, exp (ik,,y). Then, we have

81 exp (ikyy) = TS, exp (iky(y + Ay)) = 28, exp (ik,y) + 8, exp (iky(y - 4))]
P <6n exp (ik,,(y +24y)) - 48, exp (ik,,(y + 4y)) + 6, exp (ikmy)>
- Ba';‘ 1
" =48, exp (ik,, (y — Ay)) +8,, exp (ik,, (y — 24))
- CPi8, exp (ik,y) = Dy (8,1 exp (ik,, (v + A7) - 28, exp (ik,y)
+0,y exp (ik,,(y - 4y))]
b, <5H exp (ik,, (y + 24y)) = 48, exp (ik,,(y + Ay)) + 66,y exp (ik,y) )
~ Ean-1
—48,,_ exp (ik,,(y - Ay)) + 8,y exp (ik,,(y - 24y))

= FP (8,0 exp (ik,,))

ARP[6 exp ik, (y + A7) — 28, exp (ik,,y) +8; exp (ik, (v - 4y))]

. b 3 exp (ik,,(y + 24y)) — 46; exp (ik,,(y + Ay)) + 60 exp (ik,.y)
" 48, exp (ik,, (y — Ay)) + 8, exp (ik,,(y — 24y))

3
i

i
&

cy B'6 exp (ik,.y)
Dn‘]ﬁ; (81 exp (ik,,(y + Ay)) — 28, exp (ik,,p) +8;; exp (ik,, (v~ 47))]
(6,4 exp (ik,, (v +24)) — 48, exp ik, (y + Ay)) + 63, exp (ik,,y) )

—46;_, exp (ik,,(y - Ay)) + 6, exp (ik,,(y —24y))

B
T

anfy
- ~Eniit

-
i
)

~Ef3 (850 exp (ik,))
(23)
After simplification, we obtain
8,01 = A%P[S, exp (ik,,Ay) - 20, + 6, exp (~ik,,Ay)] - B2oF:
8, exp (2ik, Ay) - 40, exp (ik,,Ay) + 66,
- ( —46,, exp (ik Ay) + 8, exp (=2ik, Ay) >
- Cphis, - Dyt 1[
8, exp (2ik, Ay) - 43,_, exp (ik, Ay) + 66,_,
‘ ( -46,_, exp (ik,,Ay) +8,_, exp (-2ik, Ay) >
Ay [3, [8; exp (ik,,Ay) - 28; +&; exp (~ik,Ay)]

0; exp (2ik,,Ay) — 46 exp (ik,,Ay) + 66;
—40; exp (-ik,,Ay) + 6; exp — 2(ik,,Ay)

n+l =

5,[,1 exp (ikmAy) - 26”71 + 8”71 exp (ikmA)’)] _Ea1’€1

n,n—1

B n-1
0’1 1
nn— 16” 1t Z

.y
-B}:
@By

—Cj S

foa [0, exp (ik,,Ay) =28, + 8, exp (~ik,Ay)]

n,j-1

w1 (ajl exp (2ik,,Ay) - 48, exp (ik,,Ay) + 65, )

n

_ EYb
Z Fuj —46,_, exp (—ik, Ay) + 8, exp (-2ik,Ay)
_lejﬁiaj 1

(24)
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Then, we get

S AP g
_ -2 m APy APy
Spi1 = ;8] (—4 sin < 3 )An)j +4B,;
o k,,A a
AT (s s (2)) -
11 >
. o (29)
% B
QRQRPRRRLYRLR A LEALK =0
Stationary wall
FIGURE 1: Geometry of the physical model.

We prove by induction. For n =0, we obtain

prove that |8

We assume that for all n>1, |§,/8,| <1. We want to
8, = A58, exp (ik, Ay) — 28, + 8, exp (=ik, Ay)] - By

8, exp (2ik, Ay) — 48, exp (ik, Ay) + 64,

—40, exp (ik, Ay) + &, exp (-2ik,,Ay)

8l < Y5}
)—C&;"‘éo

211/0,] < 1.. However,
A" [exp (ik, Ay) =2 + exp =ik, Ay)]

kA
4 sin? ( = ) ADF 4B
k, A
. (sinz(kmAy) +4 sin’ ( m2 y))
=9, v [ P (2ik,Ay) - 4 exp (ik,,Ay) + 68, . k A
fBU,'f( ) -caif o —4sin? () gy gk
—4 exp (ik, Ay) + exp (-2ik,,Ay) mj 2 ]
=5, (—4 sin? (%ﬁ) AgP o agyP <sin2(kmAy) +4 sin? <km#>> - Ch ) .

n,j—1
A o
: <sin2(kmAy) +4 sin’ (k”’—y>) -k
(25) 2

n,j—1

j=0

n—1
+ Z 18-1]
j=0

We should show [8,/8,| < 1. Therefore, we have

a, « k, A a
'—4 sin’ <—'”2 ) ) AgePr + 4B <sin2 (K Ay) + 4 sin? <—’"2 ) ) ) ~cih

(30)
By induction hypothesis for all n>1,|8,| < |8,|, we have
<1’

= k,,Ay
s S —4 sin® [
| n+1|<| 0(2 ( sin < 2
(26)

Jast van
=0

. . kmAy Py S
. <sm2(kmAy) +4 sm2( 3 >) -G, >| + Z|
: (—4 sin’ (k'”Ay)
2
(27)

Since we have for all m, we obtain

~aAg" + 20837 - | <1

Jj=0
a.py B
A, +4B

n,j—1
When 7 > 1, we have

k
: (sinz(kmAy) +4 sin’ (
AYP[8; exp (ik, Ay) - 26, +0; exp (~ik,,Ay)]

mAy _ Cal’ﬁl |
2 n,j—1 .
n 8 exp (2ik,,Ay) — 49, exp (ik,,Ay) + 60;
anfy [ T m j m j
6n+1 = Z _Bn,jﬁ (
0

(31)
This inequality is true for all m. Thus, we reach
—40; exp (—ik,,Ay) +6; exp - 2(ik,,4y) )

n n-1
ap ap ap
01| <[00 <Z‘ <_4An,j '+20B, 7 - C,; 1)‘ + Z|
j=0 =0
a,pB o, a3
g - (-aanh + 20808 - ).
n,j n
D8,y exp (ik,Ay) - 28, +8,, exp (=ik,Ay)]
nzl b 8,y exp (2ik,, Ay) — 48, exp (ik,,Ay) + 65,
=0 I —48;_; exp (-ik,,Ay) + 6, exp (-2ik,,Ay) .
*Fﬁfjﬁi%l

(32)
We need to show that |,,,,/8,| < 1. Thus, we reach

n-1
Y| (-aanf 4208350 - ) [+ | (~aanfh + 208
=0

- i) () o
(33)
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5. Solution of the Problem with the Exponential
Decay Kernel

We consider Eq. (10) with fractal-fractional differential
operator using Definition 2 of exponential decay kernel as

1 (821/()/, 1) o'yt

FFED‘xl By ¢ _
1) = Re 0y? oy*

_Mllv(y’t)>’
M(“l)i v ex ! B
et o e (< -0

By gt (Pr0nt) O o
R;tﬁ 1( 5 5 —Muv(,t)>.

For simplicity, we define

F(y, t,v(y, 1)) = ﬁl i <82;§,{ ). 841;;4’ g

- M v(y, t))
(35)

Then, we reach

v(y A) = ;4;:1) F(yt,v(3 1)) + M“clt J F(y A v(, A))dA.
(36)

We discretize Eq. (36) at (y;,t,,,) and (y,,t,) as

-« ap [t
vt = LF(y, by V) + —— J Fly,Av(y, A))dA,
M) O Sy J, OO0

0
n 1_“1 n—1 431 Jtﬂ
Y= F(yptpvi )+ ———| FypAv(y,A))da
" M(ay) ()’, ) M(ay) Jo v O»A)
(37)
Then, we obtain
. l—oc -
Vit = < (FOo Vi) = F(ypt,1, %))
( 1)
j F(y b v(y, A))dA
l—oc
1( yl’ (yl’ n-1>V ”1))
(xl 3h n-1
+ M((Xl) ( (yl’ ) (yl’ n— 1’v ))’
(38)
where

Eptwv(yity))

_ &tﬁﬁl Vi — 2V v
Re " (4y)? (4y)*

n 1 1 1
LA S S S A

-2 n
—an[).

(39)

Thus, we acquire

n+1 V + 0 ﬁl tﬂl
“2i v Vi v +6v{'4— v+, M
(Ay (&)
3(1 - ay) + 3ha, ﬁl Bt
( 2M(a;) ) Re 1
( n 2 1*"” ' _ Vi — v +(6;;,)1 i+ v _MHV;H)
2( l—oc1 +hoc1
( 2M(ay) >
(40)
For simplicity, we let
naBy Re (Ay)Z > e,y Re (A)/)4 >
Bi-1
C _ﬁltj1 1\/1111\]0c1
mayBy Re >
K Bk,
D l
n,ay ﬁl Re (Ay) .0y 51 Re (Ay)
ﬁ
F 1 nll MllK
moy By = Re ’
2(1 -—ay)+3h 2(1-ay)+h
N, = (1-a) % .= (1-a)) "y (41)
2M(ay) 2M (o)

We choose €/ =8, exp (ik,,y).. Therefore, we reach

81 xp (ik,,y) =8, exp (ik,,y) = Cof1d, exp (ik,,y) + A, o, 5. 8, exp (ik,, (v + Ay))
—26, exp (ik,y) + 6, exp (ik,,(y = Ay))] = B, o ,
8, exp (ik,,(y +24y)) - 49, exp (ik,,(y + 4y)) + 60, exp (ik,.y)
—48,, exp (ik,,(y = Ay)) + 8, exp (ik,, (v - 24))
=Dy, 8, [0,-1 €xp (ik,, (v + Ay)) = 28, exp (ik,,y) + 8,y exp (ik,, (v - Ay))]
(5,1,1 exp (ik,,(y +24y)) = 48,,_; exp (ik,,(y + Ay)) + 60, exp (ik,.y) )
E
na ) )
—48,, exp (ik,,(y = Ay)) + 6, exp (ik,, (y - 24y))
+ FR (6, exp (ik,p))-
(42)

After simplification, we obtain

6n+1 = 614 - Cn,le,ﬁl
-26, +9, exp (—ik,Ay)] - Ba g,
8, exp (2ik,,Ay) — 46, exp (ik,,Ay) + 65,
-46, exp (ik,,Ay) + 8, exp (-2ik,,Ay)

Dn,(xl,ﬂl [67171 exp (lkmAy) - 261171 + 871—1 exp (lkmAy)}
(8,,1 exp (2ik,,Ay) —46,,_, exp (ik,,Ay) +66,_, )
+E, o : .

g —46,_, exp (ik, Ay) +6,_, exp (-2ik, Ay)
(43)

8+ Py 5,80t + A, 10, €xp (ik,, A7)

0y, Y n



Thus, we have

k,,A
8,,1=0, (1—4AW B, sin (J) 4Ba‘ﬁ‘

(sm (k,,Ay) +4sm< )) Mllg> 8,1

(44)
( a1, sim < ) 4E e,y
(sm (k,,Ay) + 4 sin® <k’”2Ay>) B ) .

For n =0, we get

. o [k, Ay
o =50(1 _4A0,ul,ﬁ] smz( m2 > +4BO,al,ﬁ]

k,,A

The |6,/8,| < 1 implies

k, Ay ., - (kudy
3 ) +4B, 5 (sm (k,,Ay) +4 sin - ) )" Coayp,| <1
(46)

‘1 — 44y p, SN <

This is true for all m.. Thus, we get
1-4Ag, g +20By, 5 —Co, 4| <1. (47)

We assume that |§,/8,| <1.. Thus, we need to show |
O,1/0y| < 1.

|6n+1‘ =

o (kndy . o (kndy
Al |1 =44, 5, sin < ’”2 ) +4B,0 5, <s1n2(kmAy) +4 sin’ (’”T>>

. 2 (kA
Wlﬁl) +16,.4] 4D, 4 g Sin ( m > +4E,, 8

. <sin2(kmAy) +4 sin’ <k'"$>> + Py
. (k"’ZAy) +4B,, 8 (sm (k,,Ay) + 4 sin (k"‘ y))

kA
~ g | + 4D, sin2< = ) ~4E,, 5

kA .
- (sinz(kmAy) +4 sin® (mT)’>> +F,0 8, ‘]

<8, \Hl 44,08, sin’

na,B

(48)
Thus, we obtain

k, A k A
‘1 — 44, g sin’ ( = ) ) +4B,, 5 (sinz(kmAy) +4 sin’ (mTy>>

o (kndy
+ 14Dy, 5, sm2< " ) ~4E,. 5

kA
. (sinz(kmAy) +4 sin’ (mT)’>) +Fpap,

- C”v“l By ‘

<1.

Journal of Function Spaces

This inequality is true for all m.. Thus, we get

(’ (1 ~4A,, 5 +20B,, 45 - Cn%ﬁl) ‘ +]

(50)

(4D, 2B, + Frap, ) < 1

6. Solution of the Problem with the Generalized
Mittag-Leffler Kernel

We take into consideration the Eq. (10) with fractal-
fractional differential operator using Definition 3 of
Mittag-Leffler kernel as

gFMD‘:I"BIV(y) ) = é (azgg,z, t) _ 642)(3: ) -Mv(y t));
AB(a,) o “
it 08 (- - h ) 1)
51
ﬁl lav(,) av(,t)
Retﬁ ( ay ay4 —MHV()/, l’))

For simplicity, we define

Fntv(nt) = B 1<a Be0 %—an). (52)

Then, we get

l-«a a t
v(y,A) = L F(y, t,v(y, t +7IJF LA v(y, A))dA
0N = 25y FO Y00 * FaaB@y ), FOr 0o M)
(53)
We discretize above Eq. (53) at (y;, t,,,;) as
e L8 g, v”)+L[th()} Ay (o V)t M) dA
i AB(w) U7 n+1> Vi (@) AB(ay) J, bV n+l> .
(54)
Then, we obtain
n+l _ l_a s <
Vi I—AB((XII)F(}’pth’Vi)*' "‘1)1';2(:)

W (yi, t),Vf) . ) . .
’ Hi((’wlfj) ‘(n=—j+2+a)—(n=j)"(n-j+2+2a))

o +2)

n (B F (yptin v
- o Z|: ( - )((”+1 purt- ("‘f)a‘(”‘j+1+“1)):|-
5

AB(txl)j= Re I'(a; +2)
(55)
We have
T I T R N R IR N
F(yi’tj’v?):ﬁltﬁyl( 7 v Z_M”V?)
(56)
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Then, we will obtain

wi_ Bill=a) 5

" " ReAB(a;)
. "Z+1’2V{+"xi—1 _ V§+2’4 i;rl+6V{74Vxlfl+Vx772 M.y
(4yy? (@) "
S ha‘ﬁltflil Vin =2V + 7], Vi~ Wi +6v) - 4v, +v), M.y
ST+ @y () o
X410 (1= 2 ) = (0= = 24 20| s =
=0
[Epdnt (v e da-adiee -wliedy o
T +2) \" (@) (@) o
((n +1- ])”“+1 (n=j)(n—-j+1+ txl))} %l;(ul)'
(57)
For simplicity, we let
Bi-1 Bi=
B Bit;' (1-ay) K ﬁ1t bOM (1 -ay)

>

“ " Re (Ay)’AB(a;) “  ReAB(a))

1—1
_ B 1)
“ Re (Ay)'AB(a)’

A(Xl"ﬁl -« hlx}/jlt‘gl 1
™ T ( +2) Re (Ay)zAB((xl) ’
o ﬁl 1
B“ljﬁ] — h ‘Blt Z]

‘x b
™ I(a, +2) Re (Ay)*AB(a;)
halﬁ1t},‘3171M11KZ,lj

Cal:ﬁl — ,
™ % I'(a; +2) Re AB(«;)
o -1
AP _ a h ﬁltﬁl YZ‘J
M T (@ +2) Re (Ay)?AB(wy)
1—1,
"‘17ﬁ1 —u halﬁltﬁ Yn]
" T (ay +2) Re (Ay)*AB(ay)
-1 a
By halﬁﬂf—l MK

mit =% T, +2) Re AB(ay)

Koy=((n+1=j)"(n=j+2+a) = (n=j)"(n-j+2+2m,)),

Py = ((n+ 1= = (n=j)% (n=j+1+a)).  (58)
Then, we get

i

n+l _ n n n

Vit =M, (Vi -2V +vE) - K v - Ty
n

( i+2 _4Vx+1+6v —41/1 1+V1 2)
n

+ Z {Az,‘jljl (V{H - ZV{ + VLl) — Bz,lj’ﬁl

<

S~

i+l

|~ vl +6v] - avl +v7) “\ﬁ\V{] (59)

B
B,

M:

n,j—1\ Vi+l i i

- X (A (v -2 e

.
I
o

-
(-l v - ) - ()],

i+1 n,j-1

We choose € =8, exp (ik,,y).. Then, we acquire

8,1 exp (ik,y) =M, (6, exp (ik,,(y + Ay)) - 20, exp (ik,y) + 8, exp (ik, (v - Ay))]

- Ko, 0, exp (ik,y) = Ty, (8, exp (ik,, (v +24y)) - 48, exp (ik,,(y + Ay))
+60, exp (ik,,y) - 49, exp (ik,,(y — Ay)) + 9, exp (ik,,(y - 24y)))
+ AR (8, exp (ik, (v + Ay)) =28, exp (ik,,y) + 8, exp (ik,,(y — 4))]
s 8, exp (ik,,(y + 24y)) — 40, exp (ik,,(y + Ay)) + 68, exp (ik,y)

— Bah

’ 48, exp (ik,, (y — Ay)) + 8, exp (ik,,(y - 24y))
- CS, exp (ik,y) — Ay (8,1 exp (ik,,(y + Ay)) = 28, exp (ik,,)
8,1 exp (ik,, (v~ Ay)] + Bl

(6%1 exp (ik,,(y +24y)) — 48, exp (ik,,(y + Ay)) + 65, _, exp (ik,.y) )
—49,_, exp (ik, (y = 4y)) + 8, exp (ik,,(y - 24y))

n-1

+Col (8,0 exp (k) +

=0

A:fjfﬂ‘ [8}. exp (ik,,(y + Ay)) - 26j exp (ik,,y) + SJ exp (ika/—Ay))}
gk 0; exp (ik,,(y +24y)) — 49 exp (ik,,(y + Ay)) + 65; exp (ik,,y) B n
’ —46] exp (ik,,(y — Ay)) +8] exp (ik,,(y — 24y))

iy
)

~Cihs, exp (ik,,y)
An‘]ﬁi[ -1 €Xp (ik,,(y + Ay)) 26] 1 exp (ik,y) +6] 1 exp (ik, (y - Ay)
8;_y exp (ik,,(y + 24y)) — 48, exp (ik,,(y + Ay)) + 60;_; exp (ik,,y)
( —46;_, exp (ik,,(y — Ay)) +6;_, exp (ik,, (v — 24y)) )

Py
-B,j

-y (871 exp (ik,,))
(60)

Then, we get

Ma, [, exp (ik,,Ay) - 25, + 3, exp (—ik,Ay)] - Kal(‘in - T‘x1 (0, exp (2ik,Ay)
- 46, exp (ik,,Ay)+60, — 49, exp (=ik,,Ay) + 6, exp (-2ik,,Ay))
+A‘;j;f' [, exp (ik,,Ay) - 28, + 8, exp (—ik, Ay)]
8, exp (2ik,, Ay) — 43, exp (ik,,Ay) + 63,
_BMh —cuhis
nn mn
—48,, exp (ik,,Ay) + 6, exp (-2ik, Ay)
- Anlnpll [6n—1 €xp (lkmA}/> =26, +0,  exp (lkmAy)]
, g 8, exp (2ik,, Ay) - 48,_, exp (ik,,Ay) +65,_,
-1
—49,_, exp (ik,,Ay) +6,_, exp (-2ik, Ay)
a‘ ﬁ‘ [6 exp (ik,,Ay) — 28, +8; exp (—ikmAy)}
8 exp (2ik,,Ay) — 49 exp (ik,, Ay) + 66;
+ Cnln 10, + z ul ﬂl ! ! '
—496; exp (—ik,, Ay) +6; exp - 2(ik,,Ay)
sy
=C,;'0;

AZP[8, ) exp (ik, Ay) =28, , +8,, exp (~ik,Ay)]

nil - 8,y exp (2ik,,Ay) — 48, exp (ik,,Ay) +60;_,
=0 o —46;_, exp (-ik,,Ay) +6;_; exp (-2ik,,Ay)
-Cifio;

(61)

We prove by induction. For n =0, we have



S, = M, (8, exp (ik,, Ay) =28, + &, exp (—ik,Ay)] -

Ka,8o - Ta] (8 exp (2ik,,Ay)
- 46, exp (ik,,Ay)+60,

- 40, exp (—ik, Ay) + 8, exp (-2ik,,Ay))
+A0‘0’3‘ [0, exp (ik,, Ay) =23, + &, exp (—ik,,Ay)]
8, exp (2ik,,Ay) — 48, exp (ik,,Ay) + 66,
_Bg:[;/ﬂ _c* ﬁ‘é\
—40, exp (ik,,Ay) + &, exp (-2ik,,Ay)

(62)

Then, we get

&= SOsz, [exp (ik,,Ay) =2 + exp (-ik,Ay)] - Ka,So -9, Ta‘ (exp (2ik,,Ay)
— 4 exp (ik,, Ay)+6 — 4 exp (~ik, Ay) + exp (-2ik,,Ay))
+ 6, AO‘Oﬁ‘ [exp (ik,,Ay) - 2 + exp (—ik,,Ay)]
exp (2ik,,Ay) - 4 exp (ik,,Ay) +6
- 8,B ( )-c“““*s

—4 exp (ik,,Ay) + exp (=2ik, Ay)

Thus, we reach

8, =8,M,, [—4 sin’ (kaAy>] — K, 0y +48,T, <sin2 (@) +4 sin’ ("n;ﬁ) )
knAy\ o a . o (kA a
+9, (—4 sin’ (L'Z }’> Aojdﬁ‘ + 4B01‘6ﬁ‘ <51n2(kmAy) + 4 sin’ (7"’2 }/)) - Cof(jﬁ‘> .

(64)
After simplification, we obtain
—4 Sinz (kmsz> <Ma, + Ag}dﬁl) _ Ka, _ Cg)lovﬂl
01=0 k,,Ay k,, Ay
+4(Ta‘ +Bg,'0’ﬁ‘> (sm < m2 ) +4s <7m2 ))
(65)
We should show [8,/8,]| < 1.. Therefore, we have
kA
—4 sin2< m y) (M +A“1’/;1) _le _ Cgldﬁl
2 b
P kA k, A
+4(T{x +B01(;ﬁ1><s (”’ y>+4 (—”’ y))
1 ’ 2 2
(66)
Since we have for all m, we obtain
-4 (M, + 5" ) - K, - GO +20(T + B ) [ <1
(67)
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When n > 1, we have

é\r1+1 = er, [8n €xp (lkmAy) - 26n + (Sn €xp (71kmAy)] - Kalgn - Ta, (6n exp (ZikmAy)
— 46, exp (ik, Ay)+66, — 46, exp (=ik,,Ay) + 6, exp (-2ik,,Ay))
Al /3‘ [5 exp (ik,,Ay) =26, +6; exp (—ikmAy)]
. i ok 8; exp (2ik,,Ay) — 49, exp (ik,,Ay) +66;
=0 B —49; exp (-ik,,Ay) + 8; exp - 2(ik,,Ay)
-G8,

AZ‘JE{ [6,1 exp (ik,,Ay) =28, +6,, exp (~ik,Ay)]

i - 8; 1 exp (2ik, Ay) — 46, ; exp (ik,,Ay) + 68,

i —46,_, exp (-ik,,Ay) +8;_; exp (-2ik, Ay)

o
I
o

By
*CZ] 16) 1

(68)

We suppose that for all n>1, |§,/8,] <1.. We want to
prove that |8,,,,/8,| < 1.. However,

—4 sin? (k y)M +K, z‘ﬁjH
=0
—4 sin? (—k”’sz ) A“l Ay 4BD‘l A (sm (k,,Ay) + 4 sin® (—k"'sz ))

Rlﬁl‘ le 1} 4 sin? ( m y)A

k s | -
.(sm (k,,Ay) + 4 sin? ( o =l )) cohl.

1001] <

@B,
n,j-1

.
+4Bh)

(69)

By induction hypothesis for all n > 1, |8, | < |8/, we have

. k . kmAy appy
—4 sin? < )M +K, Z|60 (—4 sin’ <T> An,jﬁ

o km AR
+4B,"" ( sin® (k,, Ay) + 4 sin® =G|
< —4 sin’ <"’ y) ‘;‘]ﬁi+43ff‘]ﬁi<sm (k,,Ay) + 4 sin’ <k"‘ y>>

7c"‘1r’31)|.

‘Smll < ‘60|

n,j-1

(70)

This inequality is true for all m. Thus, we reach

S appy a1, By
|8n+1‘ < |80| }_4sz1 + Kal ‘ + Zo|80| ’ <_4An,j + ZOBn,j - Cn,j ) ‘
j=

n-1
+ 10l (a4t + 2088 - ) |
=0

n,j-1 n,j-1

(71)
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We need to show that |6,,,,/8,| < 1. Thus, we get

|-4M,, +K, | + Z‘( 4A“"81+203“1ﬁ1—C:j]?’31)‘

(72)
+ Z‘( ~4ADF 4 208 - cjjj’f;)’ <1.
j=0
7. Error Analysis
In this section, we will consider the error analysis.
2 4
FFP %0 1 (0%v(y.t) O'v(p1)
0 Dt V(y, t) Re ( ay ay4 _Muv()’> t) >

1 d [ e
m_Jv(y,t)(t—A) dA

B *v(y, t) a4v(y t) (73)
R;tﬁ 1( 5 5 —an(,t)>.

Then, we get

v = g ?EQI)LA’}H <a Va(yyz’A) = a(yy iy A)) (t= 1) dA,
(74)
For simplicity, we take
(v A) atv(nA)
F(y,A) = B A5 ( 3y? 3y Myv(y:A) .
(75)

Then, we have

v(y,t) = RI}(%)J E(y, M) (t—=1)%7"dA. (76)

At (y,t=t,,,), we get

[le
V- J F(rp M)(tyy - V) 'dA

=)

y ”' Py (-t)(A=t.) & Fp My | by = 1) dA
]=0 t, ! aAz Y A=gy n+l

1 i Ljn1 1 i L1

R dA+ [
F(“l),:() r, ( ! J t/
A-t)(A-t,) & .
<( (l aAZ F(yl )|A=EA> (tn+1 7A> ! ld/\
1 1

= ZJ PJ(0) (01~ V)7L + R,
i- t

(A=) (A-1.)

nooet 2!
u¢17 z[’
= Pv(mA)  dv(mA
#l = [ﬁmﬁ 1( ";jz ) "a(){é )—M“v(m)ﬂ
n ot
NTATED TR P LI o ke
(trwl ) < F(“l)ngJty
A= ]]A -]
2!
[ s (3vhA) 9y A) (o =10
2 AR o 9y =M v(A)
(77)
Then, we have
0 (v A) (A
W|:ﬁ1)‘l}1 1( a(}/z ) - a(y4 )—MnV()’pA)):|
[ A oty A
=ﬁ1[(ﬁ1—1)<ﬁ1—2>W< 022 )—Muv(y,m)

S (v A vy, vy, A)
_ B2 i _ i _ i
+2(B - 1A X( Moy oy Mo

4 6 2
st (00 30RO )]
Noy: Nyt oA

1 ot
WZJ sup {/\— | sup |A—t |

=00t refri] e[y T]

{ﬁl ARt ag )—avéyf;” —MHV(%-»A))H
nop aZ
Z sup
:OJ TE[ » )+1}

. [ﬁlAﬁll <a Véy; A a4va(yi, A) _an()’v)t)ﬂ

X sup

Te[r;T, 1]

(g - W) A<

332

(tn+1 - A)alildk

(78)

We have

sup

TE[T],TJH]

9* [Py, A a*v(y, A
AZ{W“( 0en) 2 )—Muv(y,-mﬂ

_ v o'y
<B |:|(181 -1 _Z)Mﬁl 3( 37 FY + M11|V||oo>
*v v ov
2 —1)Ak2 _ _
+2U(F DA X( A3y +Haxay4 N P} 00)
+ AR o' + oy & .
Ny |lavayt| T an||

(79)
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Therefore, we acquire

@ v
[R5 < Fm)mbwr4xm nA< o ®4m+menJ
o’y v ov
+2|(ﬁ1_1)A2< aAay? +HW 1131 )
o'y v - [ e
AS 312732 + S1293.4 11 12 Zl Ly — ! ldA’
0A”0y - 0A“0y* - oA =y
(80)
where

(At)" (n+ 1)
I'l+ay)

Fag ), 0= )

Therefore, we obtain

w| . GiC o’y !
L& (V{% (B, - M(az M+WMWQ
v v ov
+2(1311)|Az< a1ay? +HW 151 00)
oty v v L (AN (n+1)%
O T T v e Y YRR
Ny |[aray || )| m T(l+a)

(82)

Remark 4. Error analysis with exponential decay kernel and
Mittag-Leffler kernel can be obtained likewise. Therefore, we
misplaced the error analysis for them.

8. Conclusion

In this paper, we investigated the fractional MHD incom-
pressible couple stress fluid flow between two parallel plates.
We discussed the discretization and the stability analysis for
three different kernels. Additionally, we discussed the error
analysis of the model in details.
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