Hindawi

Journal of Function Spaces

Volume 2021, Article ID 7211498, 5 pages
https://doi.org/10.1155/2021/7211498

Research Article

Hindawi

Fischer Type Log-Majorization of Singular Values on Partitioned

Positive Semidefinite Matrices

Benju Wang(® and Yun Zhang

School of Mathematical Sciences, Huaibei Normal University, Huaibei 235000, China

Correspondence should be addressed to Yun Zhang; zhangyunmaths@163.com

Received 14 June 2021; Revised 23 July 2021; Accepted 16 August 2021; Published 31 August 2021

Academic Editor: Feliz Minhos

Copyright © 2021 Benju Wang and Yun Zhang. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work

is properly cited.

In this paper, we establish a Fischer type log-majorization of singular values on partitioned positive semidefinite matrices, which
generalizes the classical Fischer's inequality. Meanwhile, some related and new inequalities are also obtained.

1. Introduction

We denote by M, the vector space of all complex n x m
matrices. In particular, when n=m, M, represents the set
of square matrices of order n. Let A and B be Hermitian
matrices. We use the notation A <B or B> A to mean that
B—A is positive semidefinite. Particularly, B>0 (B> 0)
means that B is positive semidefinite (B is positive definite).
The singular values of A € M, are the nonnegetive square
roots of the eigenvalues of A*A. We denote that s;(A) is the
jth largest singular value of A € M, and we denote s(A) =
(5,(A), 5,(A), --+,5,(A)). Denote by |[l, the spectral norm.
For AeM,, it is evident that [|Al, =s;(A).

We rearrange the components of x = (x;, x,, -, x,,) € R”
in decreasing order as xj) > xpy > - 2 x(,. Let x=(x;, -+,

%) ¥ = (oo ,) €RVIE

then we say that x is weakly majorized by y and denotes
x<,y. If x<,y and Y7 x;=>",y, then we say that x is
majorized by y and denotes x < y. Let nonnegative vectors
xyeREIf

k k
me < | |ipk=12-n (2)
i=1

i=1 i

then we say that x is weakly log-majorized by y and denotes
X<y 1og)- I X<, 10gy and [T x; =], y;> then we say that x
is log-majorized by y and denotes x<,,,y.

A norm on M,, is called unitarily invariant it [UAV| =
Al for any A€M, and any unitary U, Ve M,. For A €
M, and 1 <k <n, the kth compound matrix of A is denoted
by C,(A). We list one of the useful properties on compound
matrices: for A, Be M,,, C,(AB) = C;(A)C.(B). A series of
properties of compound matrices can be seen in [1-3]. A
complex matrix C is called contraction if C*C < I or equiva-
lently s,(C) < 1. We denote the block matrix

A 0
0 C
by AeC.

The well-known Fischer’s inequality for determinant on
the partitioned positive semidefinite matrix is the following.
Let

A B
Hz( >20, withA € M,andCe M,. (4)
B* C
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Then
det (H) < det (A) det (C) =det (A® C). (5)

Let the eigenvalues of A € M, be A, A,, -+, A, with A, |
>| Ay | 2+-2|A,]. Weyl [4] proved that {|A; ]}, <6e5(A).
Since for positive semidefinite matrices, singular values and
eigenvalues are the same. Fischer’s inequality can be rewritten
as the following.

J AL p 9
det (H) = []si(H) < [ si(a) [ s0)
‘;; i=1 i=1 (6)
= [[s(AeC) =det (Ae C).

The motivation of this paper is to give the log-
majorization relationship between the singular values of parti-
tioned positive semidefinite matrix and its main diagonal
matrix, which generalizes classical Fischer’s inequality. In
addition, we will also establish some singular value inequalities
between partitioned positive semidefinite matrix and its main
diagonal matrix.

2. Main Results

First, we list some lemmas that are used in our proofs.

Lemma 1 (Zhan [1], p. 71). Let C be a complex matrix (not
necessary square). Then, C is a contraction if and only if

I C
( ) > 0. (7)
cr I

Lemma 2 (Zhan ([1], Theorem 3.34).

A B
( ) >0, (8)
B* C

if and only if A>0, C> 0, and there exists a contraction W
such that B= A"?WC'2,

Lemma 3 (Zhan [1], p. 80). If the singular values of A € M,,
are s, --+,s,, then the eigenvalues of

a4 9
¢()'—<A* 0>, 9)

are Sy, ++5 Sy =Syttt — Spe
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More general, by Jordan-Wielandt theorem ([5], Theo-
rem 4.2), for A € M,, (p = q), the matrix

0 A
A" 0

~  p—qtimes
has eigenvalues +s;, 0,---,0 ,i=1,,q.
Applying Lemma 3, we obtain the following.

Lemma 4. Let WeM, (p>q) be the contractive matrix.
Then,

I w
s =s(I+p(W))
w* I
p—qtimes
=14y las, LI, I=s,01=5, |,

(11)
where s; is the ith largest singular value of W.

Proof. W is a contractive matrix if and only if

I w
( ) >0. (12)
w* I

For positive semidefinite matrices, singular values and
eigenvalues are the same. Note that

I w I 0 0o w
= + , (13)
w* 1 0 I w* 0
by Lemma 3 and spectral mapping theorem, this completes
the proof.?
Next, we will establish the log-majorization relationship

between the singular values of partitioned positive semidefi-
nite matrix and its main diagonal matrix.

AP (14)
€ >
B C b

be positive semidefinite matrix with A € M, C€ M,(p=>q).
Then, there exists a contractive matrix W € Mp’q such that

Theorem 5. Let

s 4 b <ioed ST+ @(W))s;,(A® C) VT (15)
B* C log i ¢ i i=1"

Proof. Applying Lemma 2, there exists a contractive matrix
W such that B=AY?WC'2. Then,
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A B A2 o \* I, W A2
B* C - 0 2 w* Iq 0o C”2 ’
(16)

Denote

A B I, W
H: ,Q:
B* C w* I
! (17)
A1/2 0
pP= ,T=Ae&C.
0 C1/2

The equality (16) can be rewritten as H = P*QP. Using
compound matrices and the fact that for any square matrix
A, |AIZ, = |A*All, for 1 <k <p + g, we have

k
= [[si(P*QP) = [Cu(P*QP)]

k
[[sH
=1

j=1
=51 [C(P7) Ce(Q)C(P)]
= [ Ce(P") Ce(Q)Ci(P)l
< NC(P) oo 1 Ck( Qo [ G (P) |
= [1C(P") 156 | Ce(Q) 1o (18)
= 1Ce(P) Ce(P) oo Ce( Qo
= [1Ck(P"P) o1 Ce( Q)
= NC(Dll oo 1k

k
= [[s(Ds(@
j=1

In addition, for k =p + g, we have

ptq
det (H) = sj(H) =det (P*QP) =det (QT)
=1
ptq p+q
= [[siT+o(Ww Hs (A®C) (19)
=1
ptq

l—s

::]&

Hs (Ae (),

-
I
—_

where the last equality is due to Lemma 4, this completes the
proof.?

Corollary 6. Let

H 4B M (20)
= € 5
B* C pr

be positive semidefinite matrix with A€ M,, C € M,(p<q).
Then, there exists a contractive matrix W € Mp,q such that

) det (A C). (21)

det (H ﬁ 1- s
j=1

Remark 7. From the equality (21), we can see that det (H)
<det (A® C). The equality holds if and only if s(W) =0,
i.e, W=0; it also implies that B=0.

Corollary 8. Let

A B
H=( €M, (22)
B* C

be positive semidefinite matrix with A € MP, Ce Mq. Then,

there exists a contractive matrix W € Mp)q such that

()

for all unitarily invariant norms ||-||.

<(1+s,(W)-JAeC|.  (23)

Proof. Recall that weak log-majorization is stronger than
weak majorization, ie., X<, oz implies x<,y. By Theorem
5, we have

(SI(H)’ ""Sp+q(H))
<o((T+5(W))s;(A@C), -, (1= 5(W))sp, (A C)).
(24)
It is clear that
((1+ ( ))51(A®C) 5 (1=5(W))s,q(AC))
S( si(A®C), -, (1+5,(W)) P+q(AeaC))
(25)
Therefore, we have
(51 H)’ '”’Sp+q(H))
<o((L+5,(W))s;(A@C), -+, (L+5(W))s, (A®C)).
(26)

Using the Fan Dominance Principle (see [6]), this com-
pletes the proof.?

In the following section, we will establish some singular
value inequalities between partitioned positive semidefinite
matrix and its main diagonal matrix. The following well-
known result is due to Ky Fan [1].

Lemma 9. Let A, Be M,,,

1<i, j<n, i+j—1<n. Then,

(AB) <s;(A)s;(B). (27)

Si+j—1



In particular,

sj(AB) <s;(A)s;(B),

J
4B\ oy (29)
€ >
B* C b

M,, CeM,(p=q).
such that

s;(AB) <s;(B)s;(A), j=1,---,n. (28)

Theorem 10. Let

be positive semidefinite matrix with A €
Then, there exists a contractive matrix W € MM

A B
si< )S(1+51(W))si(A€BC),i:1, L p+q.

B* C
(30)
In addition, for 1<i<gq,
* P seswpstaec, o
Si < +Si N 53] 5
B* C :

forq+1<i<q+p,

A B
s,-( ) <s;(AeC). (32)

B* C
A2 L, W Az
C1/2 w* I, 0o C”
Al2 I, W A2
1
L w* I, L
A2 I, w A2
1 Si
o2 w* I, 0o C”
w A 0
=% Si
w 1,)] \o ¢

Proof.

n (33), change the position of

A2

( 0 C1/2>’ (34)
I, W A2 .
w* I, 0 C”2 ’

and
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By similar proof method, we can get the following
inequality.

A B 1 w
s, <s, s(A®C),i=1,,p+q.
B* C w* I

(36)

Using Lemma 4, we can divide into the following cases:
Case 1. 1 <i<gq. Then,

A B
si< ) <(1+5,(W))s,(Ae C). (37)
B* C

Case 2. g+ 1<i<p+gq. Then,

A B
si( ) <s (Ao C). (38)
B* C

This completes the proof.?

The following theorem is proved by using the result
given by Hirzallah and Kittaneh [7].

Lemma 11. Let A, Be M, and 0< «a < 1. Then,
sj(ocA +(I-a)B) < sj(A ®B), j=1,-,2n. (39)

In particular, letting o = 1/2, we have

A+B .
sil = <si(A®B), j=1,-2n. (40)

Theorem 12. Let

4B\ i (41)
€ >
B* C b

be positive semidefinite matrix with A € M, C€M,(p > q).

Then, for j=1,---,p+q,

A 0 A B A B
Co( 02

Proof. Since

0 —Iq B* C 0 —Iq -B* C
we have
A B A -B
5 =s; . (44)
B* C -B* C
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Meanwhile
A 0 1/ A B 1 A -B
= + = . (45)
0o c) 2\B c/) 2\-B C
Applying Lemma 11 to (45), we have
A 0 A B A -B
S <5§; ®
0 C B* C -B* C
A B A B
= 5]. (&) .
B* C B* C

This complete the proof.?

(46)

Remark 13. One may ask whether the inequality holds

A0 A B\
5 <s;( ,j=1,p+q. (47)
0 C B* C

But it needs not be true. For example, setting

(e ()= (o) 6)

(48)

Obviously,
1 1 1 0
52< >=0<1=52< ) (50)
1 1 0 1
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