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In this work, by using the Nash-collative approach for a differential game problem between N-governments and terrorist
organizations, we study governments’ cooperation and the role of each government for counterterrorism. Furthermore, we
discuss the intertemporal strategic interaction of governments and terrorist organizations, where all world governments have to
cooperate to fight terrorism. Also, we study the necessary conditions for finding the optimal strategies for each government to
fight terrorism; we discuss the existence of the solution of the formulated problem and the stability set of the first kind of the
optimal strategies.

1. Introduction

It is clear that the world suffers from many serious problems,
and the problem of terrorism is one of the most important
and serious problems suffered by the local and international
communities throughout the ages, especially in recent times.
Because of this, countries are controlled, their wealth is plun-
dered, chaos and ignorance spread among peoples, the coun-
try’s political and religious identities are lost, individuals are
destroyed intellectually, they become truly aimless, corrup-
tion prevails, and states fall. To face this problem and uproot
terrorism from its roots, cooperation must be made between
the governments of different countries and the different gov-
ernments of the same state. This cooperation extends to the
members of all societies, coordination occurs between the
governments of different countries, and the public good must
be upheld over personal interests. Governments have taken
security measures to combat terrorism, such as freezing the
assets of terrorist organizations and invading their territories

to assassinate terrorists. The measures take into account the
reactions of terrorists.

The strength of a terrorist organization changes over
time, as terrorists are recruited by existing terrorists, and
the rate of terrorist recruitment is affected by their actions
and the government’s antiterrorist actions. The strength of
the organization is evaluated by its resources and activities,
such as arming, funding, and the expertise of technology.

The government derives its benefits from reducing ter-
rorist resources and activities, in addition to demonstrating
that these terrorist organizations are indiscriminate, but they
incur costs through fighting terrorism. However, terrorist
organizations try to maximize their power in terms of scale
and terrorist attacks. Consequently, this study investigates
how to help governments fight terrorism.

In this research, we present and study this problem,
explain the cooperation of governments with each other,
and formulate this problem as a differential game between
different governments and terrorist organizations. To clarify
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the cooperation of governments, to find solutions and to
derive optimal strategies for combating terrorism, we will
provide a Nash-collative approach to infer the necessary con-
ditions for finding the optimal strategies to combat terrorism.
Also, we study the existence of the solution, find it, and study
its stability.

The global reputation and optimal control of terrorism
was discussed by Caulkins et al. [1]. They proved that success
in fighting terrorism relies on community opinion, and the
efficiency of water and fire strategies were studied by Caulk-
ins et al. [2]. The first approach implementing a fuzzy differ-
ential game to guard territory was discussed by Hsia et al. [3,
4]. They considered the problem to guard territory as a differ-
ential game with fuzziness in the distance between the evader
and the one guarding, and they discussed that the strategy for
this problem is fuzzy. A parametric study of a Nash-collative
differential game was discussed by Youness et al. [5]. A differ-
ential game as a large-scale problem was discussed by You-
ness et al. [6]. They presented a Nash approach to solve it.
Furthermore, they studied Nash and min–max zero-sum
approaches to get the optimal strategy of the differential
game problem with fuzzy on the minimum of the objective
function [7–9]. Nova et al. [10] studied the Stackelberg and
Nash approaches of a differential game in addition to the sen-
sitivity analysis. Cross-country strategic connectivity has
been introduced to fight terrorism by Roy and Paul [11].
They analyzed the responses of equilibrium (in terms of
defense, R&D, and preemption) to a possible terrorist strafe
in a two-country framework using a multistep game with
incomplete information. A min–max approach of a differen-
tial game was discussed to get the optimal solution of the gov-
ernment and the terror organization by Megahed [12–14].
He studied two problems of governments’ visions and terror-
ist organization and proved that governmental activities are
important for fighting terrorism and discussed the Stackel-
berg differential game with E-differentiable function and E-
convex set. In [15], Wrzaczek et al. discussed models of dif-
ferential terror queue games, as terrorist organizations seek
to increase the rates of attacks over time, but at the same
time, the government is developing its antiterror activities;
in [16], Megahed introduced the Stackelberg approach for
counterterrorism.

2. Nash-Collative Differential Game

Definition 1. A Nash-collative game is a Nash-equilibrium
game in which some players make coalitions.

2.1. N +M Differential Games. Consider that we have N +M
players; the N players cost

Ji u1, u2,⋯uN , v1, v2,⋯, vMð Þ
= ϕi x t f

� �� �
+
ðt f
t0

e−ρtIi t, x tð Þ, u1,ð

u2,⋯uN , v1, v2,⋯, vMÞdt, i = 1, 2,⋯N ,

ð1Þ

and the M players cost

J j′ u1, u2,⋯uN , v1, v2,⋯, vMð Þ

= ϕi′ x t f
� �� �

+
ðt f
t0

e−ηtI j′ t, x tð Þ, u1,ð

u2,⋯uN , v1, v2,⋯, vMÞdt, j = 1, 2,⋯M,

ð2Þ

subject to

_x tð Þ = f x tð Þ, u1, u2,⋯uN , v1, v2,⋯, vMð Þ, x t0ð Þ = x0, ð3Þ

where xðtÞ ∈ Rn is the state trajectory of the game and x
ðt0Þ is the initial state for all players.

u1ðtÞ ∈ Rs1 , u2ðtÞ ∈ Rs2 ,⋯, uNðtÞ ∈ RsN and v1ðtÞ ∈ Rm1 ,
v2ðtÞ ∈ Rm2 ,⋯, vMðtÞ ∈ RmM denote the control or the deci-
sion of N and M players, respectively, which is taken to be
a piecewise continuous function of time.

f : ½t0, t f � × Rn × Rm × Rs ⟶ Rn, Ii : ½t0, t f � × Rn × Rm ×
Rs ⟶ Rn, I j : ½t0, t f � × Rn × Rm × Rs ⟶ Rn are C1; ϕiðxðt f ÞÞ
is the terminal payoff of the player i, i = 1, 2, :⋯ ,N, and
ϕi′ðxðt f ÞÞ is terminal payoff of the player j, j = 1, 2, :⋯M;
and Iiðt, xðtÞ, u1, u2,⋯uN , v1, v2,⋯, vMÞ is the running
payoff of the player i, i = 1, 2, :⋯ ,N, and I j′ðt, xðtÞ, u1, u2,
⋯uN , v1, v2,⋯, vMÞ is the running payoff of the player j, j
= 1, 2, :⋯ ,M.

Definition 2. The admissible control v∗ = ðv∗1 ,⋯, v∗MÞ is said
to be a Nash-collative optimal solution if and only if for all
admissible v = ðv1, v2,⋯, vMÞ, we have

Ji u
∗
1 , u∗2 ,⋯, u∗N , v∗1 , v∗2 ,⋯, v∗Mð Þ
≤ Ji u1, u2,⋯, uN , v∗1 , v∗2 ,⋯, v∗Mð Þ, i = 1, 2,⋯,N ,

J j′ u∗1 , u∗2 ,⋯, u∗N , v∗1 , v∗2 ,⋯, v∗Mð Þ
≤ J j′ u∗1 , u∗2 ,⋯, u∗N , v1, v2,⋯, vMð Þ, j = 1, 2,⋯,M:

ð4Þ

Definition 3. Pareto optimal solution: let the controls v∗ =
ðv∗1 , v∗2 ,⋯, v∗MÞ be admissible. If there exists w′ ∈ RM , with
wj′> 0, j = 1, 2⋯ ,M, and ∑M

j=1wi′= 1 and w ∈ RN ,wi > 0, i =
1, 2,⋯,N ,∑N

i=1wi = 1 such that for all v = ðv1, v2,⋯, vMÞ, we
have

〠
N

i=1
wiJi u

∗
1 , u∗2 ,⋯, u∗N , v∗1 , v∗2 ,⋯, v∗Mð Þ

≤ 〠
N

i=1
wiJi u1, u2,⋯, uN , v∗1 , v∗2 ,⋯, v∗Mð Þ,

〠
M

j=1
wi′J j′ u∗1 , u∗2 ,⋯, u∗N , v∗1 , v∗2 ,⋯, v∗Mð Þ

≤ 〠
M

j=1
wi′J j′ u∗1 , u∗2 ,⋯, u∗N , v1, v2,⋯, vMð Þ:

ð5Þ
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From the concept of coalitions, we suppose thatN of these
players agree to form a coalition and play against the other
players outside the coalition. Let u = ðu1, u2,⋯, uNÞ ∈ Rs, s =
∑N

i=1si be the composite control for the players in the coalition
and v = ðv1, v2,⋯, vMÞ ∈ Rm,m =∑M

j=1mj be the composite
control outside the coalition. The problem can be formulated
as follows: find ðu∗, v∗Þ that solves the problems

min
u

J u, v∗ð Þ =Φ x t f
� �� �

+
ðt f
t0

e−ρtI x tð Þ, u, v∗ð Þdt, ð6Þ

where

I =〠N

i=1 wiIi, Φ x t f
� �� �

=〠N

i=1 wiΦi x t f
� �� �

, 〠N

i=1 wi = 1, wi ≥ 0,
ð7Þ

min
v

J ′ u∗, vð Þ =Φ′ x t f
� �� �

+
ðt f
t0

e−ηtI x tð Þ, u∗, vð Þdt, ð8Þ

subject to

_x = f x tð Þ, u∗, vð Þ, x t0ð Þ = x0, ð9Þ

where

I ′ = 〠
M

j=1
wj′I j′, Φ′ x t f

� �� �
= 〠

M

j=1
wj′Φj x t f

� �� �
, 〠

M

j=1
wj′= 1, wj′≥ 0:

ð10Þ

Theorem 4. If ðx∗, u∗, v∗Þ is an open-loop Nash-equilibrium
solution for the problems (6), (8), and (9), then there exist con-
tinuous costate functions λðtÞ: ½t0, t f �⟶ Rn, qðtÞ: ½t0, t f �
⟶ Rn and the Hamiltonian functions

H x, u, v∗,w1,⋯,wN , λð Þ = I x, u, v∗ð Þ + λf x, u, v∗ð Þ,
H ′ x, u∗, v,w1′ ,⋯,wM′ , q tð Þ

� �
= I ′ x, u∗, vð Þ + q tð Þf x, u∗, vð Þ,

ð11Þ

where u∗ = ðu∗1 , u∗2 ,⋯, u∗NÞ and v∗ = ðv∗1 , v∗2 ,⋯, v∗MÞ such
that the following relations are satisfied:

_λ tð Þ = ρλ −
∂H x, u∗,v,w1,⋯,wNλð Þ

∂x
,

λ t f
� �

= 〠
N

i=1
wi

∂ϕi x t f
� �� �

∂x
,

ð12Þ

_q tð Þ = ηq tð Þ −
∂H ′ x, u, v∗,w1′ ,⋯,wM′ , q tð Þ

� �
∂x

,

q t f
� �

= 〠
M

j=1
wi′

∂ϕi′ x t f
� �� �

∂x
,

ð13Þ

H x, u∗, v∗,w1,⋯,wN , λð Þ ≤H x, u, v∗,w1,⋯,wN , λð Þ,
H ′ x, u∗, v∗,w1′ ,⋯,wM′ , q tð Þ

� �
≤H ′ x, u∗, v,w1′ ,⋯,wM′ , q tð Þ

� �
:

ð14Þ

For the proof, see [7].

3. Stability

The problem is stable if it is persistent with regard to the data;
that is, the problem is stable if when we change the problem
“a little,” the solution changes only a little.

3.1. Stability with respect to the Parameters w and w′. We
study the stability of the problem with respect to the weights
w andw′ for the Nash-collative differential game to show the
role of each player in the coalition.

Definition 5. The stability Nash-collative differential game is
denoted by

B w,w′
� �

= Λ : Λ = w,w′
� �

∈ RN+M
n o

, ð15Þ

such that the solution of the problem exists, where w
= ðw1,w2,⋯,wNÞ,∑N

i=1wi = 1, and w′ = ðw1′ ,⋯,wM′ Þ,∑M
i=1

wj′= 1.

Definition 6. Suppose that ðw,w′Þ ∈ Bðw,w′Þ with the corre-
sponding the Nash-collative differential game; the stability
set of the first kind for the Nash-collative differential game
is defined by

S u∗,v ∗ð Þ = Λ = w,w′
� �

∈ RN+M ∣ u∗,v ∗ð Þ
n

is a solution of the problems 6ð Þ, 7ð Þ, 8ð Þ
o
:

ð16Þ

Lemma 7. If the cost functionals Jiðu, v,wÞ and J j′ðu, v,w′Þ

J u, v,wð Þ = 〠
N

i=1
wi Ji u1,⋯, uN , v1,⋯, vMð Þ,

J ′ u, v,w′
� �

= 〠
M

j=1
wj′J j′ u1,⋯, uN , v1,⋯, vMð Þ,

ð17Þ

are linear with respect to wi and wi′, respectively, then
Sðu∗, v∗Þ is convex.

Proof. Suppose that Λ1 = ðw1,w1 ′Þ,Λ2 = ðw2,w2′Þ ∈ S, then

J u∗, v∗,w1ð Þ ≤ J u, v∗,w1ð Þ,
J ′ u∗, v∗,w1′
� �

≤ J ′ u, v∗,w1′
� �

, ð18Þ
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J u∗, v∗,w2ð Þ ≤ J u, v∗,w2ð Þ,
J ′ u∗, v∗,w2′
� �

≤ J ′ u, v∗,w2′
� �

:
ð19Þ

By multiplying both sides of the above inequalities by α
and ð1 − αÞ, respectively, and adding them, then

J u∗, v∗, αw1 + 1 − αð Þw2ð Þ ≤ J u, v∗, αw1 + 1 − αð Þw2ð Þ,
J ′ u∗, v∗, αw1′ + 1 − αð Þw2′
� �

≤ J ′ u, v∗, αw1′ + 1 − αð Þw2′
� �

,

ð20Þ

then Sðu∗, v∗Þ is convex with respect to the weight
parameters w and w′. ☐ ☐

Remark 8. If the cost functionals Jðu, v,wÞ, J ′ðu, v,w′Þ are
continuous on the weight space RN+M , where 0 ≤w ≤ 1 and
0 ≤w′ ≤ 1, then the stability of the first kind Sðu∗, v∗Þ is
closed.

4. Counterterrorism Problem

In this section, we discuss the governments and terrorist
problems and find the optimal strategies for the government
to fight terrorism.

4.1. Governments’ Problem. Consider the problem of N
-governments and one terrorist organization where the cost
functional of the government i, i = 1, 2,⋯,N , is

max
ui

J i =
ð∞
0
e−ρit γihi ui, vð Þ − cixi tð Þ − kv tð Þ − αiui tð Þ½ �dt, i = 1, 2,⋯,N ,

ð21Þ

and the cost functional of the terrorist organization is

max
v

J0 =
ð∞
0
e−ρt σixi tð Þ + βv½ �dt, ð22Þ

subject to

_xi = rixi tð Þ − hi ui tð Þ, v tð Þð Þ, ð23Þ

where xðtÞ is the state trajectory of the game which is the
stock of the terrorist organization which includes the finan-
cial capital, network supporters, and weapons. u is the strat-
egy of the governments, v is strategy of the terrorist
organization, hðu, vÞ is the interaction between the govern-
ment and the terrorist organization (harvest function), and
ρ is the positive decreasing rate of the running payoff. Since
the governments are cooperative, then there exist wi ∈ Rs,
wi ≥ 0,∑N

i=1wi = 1

J = 〠
N

i=1
wiJi =

ð∞
0
〠
N

i=1
e−ρi twi γihi ui, vð Þ − cixi tð Þ − kv tð Þ − αiui tð Þ½ �,

ð24Þ

_xi = rixi tð Þ − hi ui, vð Þ, ð25Þ
suppose that the decreasing rate (ρi) are the same for all

governments.
Then, the Hamiltonian function of the Nash-collative

problem

H = 〠
N

i=1
wiγihi ui, vð Þ − 〠

N

i=1
wicixi tð Þ − kv tð Þ − 〠

N

i=1
αiwiui

+ λi rixi − hi ui tð Þ, v tð Þð Þð Þ:
ð26Þ

Since in counterterrorism, the governments have to max-
imize the Hamiltonian, we obtain the necessary conditions

∂H
∂ui

= wiγi − λið Þ ∂hi ui, vð Þ
∂ui

− αiwi = 0⇒ u∗i = u∗i wi, λi, αi, vð Þ:

ð27Þ

Consider the harvest function hiðui, vÞ = uδi v
ε, 0 < δ <

ε < 1

∂hi
∂ui

= δuδ−1i vε ⇒ ui =
αiwi

wiγiδ − δλi

� �1/ δ−1ð Þ
v−ε/ δ−1ð Þ: ð28Þ

In (28), when terrorist organizations become active,
governments double their activities in order to root out
terrorism; this is evident in Figure 1.

The costate variable has to follow the differential
equation

_λi = ρλi −
∂H
∂xi

= ρ + rið Þλi −wici: ð29Þ

With the optimal control u∗i ðvÞ, the harvest function is

h ui, vð Þ = αiwi

wiγiδ − δλi

� �δ/ δ−1ð Þ
v−ε/ δ−1ð Þ: ð30Þ

4.2. The Terrorist Organization Problem. Consider the payoff
functional of the terrorist organization

max
v

J0 =
ð∞
0
e−ρt σixit + βv½ �dt, ð31Þ

and the state trajectory

_xi = rixi tð Þ − hi ui tð Þ, v tð Þð Þ: ð32Þ

The Hamiltonian function of the terrorism

H0 = σixi tð Þ + βv + ηi rixi − hi ui, vð Þð Þ: ð33Þ

As the optimal control of the terrorists have to maximize
the Hamiltonian function
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∂H0
∂v

= β − ηi
∂hi ui, vð Þ

∂v
= 0⇒ v∗ = v∗ uið Þ: ð34Þ

The costate variable for the terrorist problem

_ηi = μηi −
∂H0
∂xi

= μ − rið Þηi − σi: ð35Þ

4.3. Existence.Now, we discuss the existence of the solution
for the following system of differential equation; then, we
have to integrate equations (36), (37), and (38) on the
interval ½0, t�,

_xi = rixi tð Þ − hi ui, vð Þ, ð36Þ

_λi = ρ + rið Þλi −wici, ð37Þ

_ηi = μ − rið Þηi − σi, ð38Þ
with the initial conditions xð0Þ = x0, λið0Þ = 0, and ηið

0Þ = 0, then

xi = x0 +
ðt
0
rixi tð Þ − hi ui, vð Þð Þdt, ð39Þ

λi =
ðt
0
ρ + rið Þλidt −wicit, ð40Þ

ηi =
ðt
0
μ − rið Þηidt − σit: ð41Þ

By differentiating the equations (39), (40), and (41), we get

_xi = rixi tð Þ − hi ui, vð Þ,
_λi = ρ + rið Þλi −wici,
_ηi = μ − rið Þηi − σi,

ð42Þ

putting t = 0 in the equations (39), (40), and (41); we get
xð0Þ = x0, λið0Þ = 0, and ηið0Þ = 0, then the solution exists.

Proposition 9. The optimal control of the differential game
problems (6), (9), and (8) with the initial conditions xið0Þ =
x0, λið0Þ = 0, and ηið0Þ = 0 are

ui =
αiwi

wiγiδ − λiδ

� 	 ε−1ð Þ/ 1−δ−εð Þ β

εηi

� 	ε/ ε+δ−1ð Þ
,

v = β

εηi

� 	 δ−1ð Þ/ 1−ε−δð Þ αiwi

wiγiδ − δλi

� 	δ/ 1−ε−δð Þ
,

ð43Þ

and the harvest function

hi u
∗
i , v∗ð Þ = αiwi

wiγiδ − λiδ

� 	δ 2ε−1ð Þ/ 1−δ−εð Þ β

εηi

� 	1/ ε+δ−1ð Þ
:

ð44Þ

Proof. According to equations (27) and (28), we have

ui =
αiwi

wiγiδ − δλi

� �1/ δ−1ð Þ
v−ε/ δ−1ð Þ: ð45Þ

Also, from (34) and ∂hðu, vÞ/∂v = εuδi v
ε−1, we have

v = β

εηi

� 	1/ ε−1ð Þ
ui

−δ/ ε−1ð Þ: ð46Þ

By solving equations (45) and (46), we get

ui =
αiwi

wiγiδ − λiδ

� 	 ε−1ð Þ/ 1−δ−εð Þ β

εηi

� 	ε/ ε+δ−1ð Þ
,

v = β

εηi

� 	 δ−1ð Þ/ 1−ε−δð Þ αiwi

wiγiδ − δλi

� 	δ/ 1−ε−δð Þ
,

ð47Þ

with the harvest function

hi u
∗
i , v∗ð Þ = αiwi

wiγiδ − λiδ

� 	δ 2ε−1ð Þ/ 1−δ−εð Þ β

εηi

� 	1/ ε+δ−1ð Þ
:

ð48Þ

The solution of this problem is stable when the weight
parameter ðwiÞ is greater than λi/γi where λi is the costate
vector of the government i and γi is the cost coefficient of
the harvest function in the payoff of the government i. Also,
the role of each government (wi), to fight terrorism, is greater
than λi/γi. Thus, the stability set of the first kind for this
problem is defined as

S u∗, v∗ð Þ = Λ = wi ∈ R
N ,wi >

λi
γi

� 	
 �
, ð49Þ

5 10 15 20 25
V0

10

20

30

40

50

60

70

ui

Figure 1: The relation between the strategies of governments ui and
the strategy of terrorism v.
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such that

ui =
αiwi

wiγiδ − λiδ

� 	 ε−1ð Þ/ 1−δ−εð Þ β

εηi

� 	ε/ ε+δ−1ð Þ
,

v = β

εηi

� 	 δ−1ð Þ/ 1−ε−δð Þ αiwi

wiγiδ − δλi

� 	δ/ 1−ε−δð Þ
,

ð50Þ

is the optimal strategy of the counterterrorism problems
(21), (22), and (23).

In (46), when governments play their role to the fullest,
the government’s strategy reaches stability, and this is evident
in the red and black curves, also, when the government gives
up its role, the governments change their strategies and take
strong measures to combat terrorism; this is evident in
Figure 2.

In (47), when the government performs its role, the orga-
nizations increase their activities until they stabilize at a cer-
tain level, this is evident in the red, black, and blue curves, but
when the government gives up its role, the terrorist organiza-
tion is active at a high level, this is evident in the blue curve;
this is evident in Figure 3.

In (48), when governments fulfill its role fully, the harvest
function is greatest; this is evident in Figure 4. ☐

Proposition 10. The state trajectory (the source stock of the
terrorist) and the costate variables λi and ηi of governments
and terrorists are

xi tð Þ = xi 0ð Þ − hi ui, vð Þ
ri

� 	
erit + hi ui, vð Þ

ri
,

λi tð Þ =
wici
ρ + ri

−
wici
ρ + ri

e ρ+rið Þt ,

ηi tð Þ =
σi

μ − ri
−

σi
μ − ri

e μ−rið Þt:

ð51Þ

Proof. Since the dynamic system of source stock is

_xi tð Þ = rixi − h ui, vð Þ: ð52Þ

For the constant strategies and the harvest function, then

xi tð Þe−rit =
hi ui, vð Þ

ri
e−rit + constant cð Þ, ð53Þ

since xiðtÞ⟶ xið0Þ as t⟶ 0, then c = xið0Þ − hiðui, vÞ/
ri and

xi tð Þ = xi 0ð Þ − hi ui, vð Þ
ri

� 	
erit + hi ui, vð Þ

ri
: ð54Þ

Since the costate variable for the government is

_λi = ρ + rið Þλi −wici: ð55Þ

The solution of this differential equation

λie
− ρ+rið Þt = wici

ρ + ri
e− ρ+rið Þt + C constantð Þ, ð56Þ

since λiðtÞ⟶ 0 as t⟶ 0, then C = −ðwici/ðρ + riÞÞ and

λi tð Þ =
wici
ρ + ri

−
wici
ρ + ri

e ρ+rið Þt: ð57Þ

Also, the costate variable of the terrorist is

_ηi = μ − rið Þηi − σi: ð58Þ

Then,

ηie
− μ−rið Þt = + σ

μ − ri
e− μ−rið Þt + c constantð Þ, ð59Þ

Wi

ui
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1

2

3
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6

Figure 2: The relation between the government’s strategies ui and
the weight parameter wi.
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Figure 3: The relation between the strategy of terrorist v and the
weight parameter of each government wi.
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since ηið0Þ = 0, then c = −σi/ðμ − riÞ and

ηi tð Þ =
σi

μ − ri
−

σi

μ − ri
e μ−rið Þt: ð60Þ

☐ ☐

Remark 11. As shown in (54), the resource stock is increasing
with time when the initial stock xið0Þ is greater than

1
ri

αiwi

wiγiδ − λiδ

� 	δ 2ε−1ð Þ/ 1−δ−εð Þ β

εηi

� 	1/ ε+δ−1ð Þ
: ð61Þ

Remark 12. The resource stock xiðtÞ in the duration time ½0
,∞� is

xi tð Þ =
1
ri

αiwi

wiγiδ − λiδ

� 	δ 2ε−1ð Þ/ 1−δ−εð Þ β

εηi

� 	1/ ε+δ−1ð Þ
: ð62Þ

The resource stock xiðtÞ directly decays when the role of
each government wi is sufficiently larger.

Lemma 13. For the optimal strategies ui for the Nash-collat-
ive, v for the terrorist, and the harvest function hiðui, vÞ, the
objective values of the cooperative governments ðJÞ and the
terrorist J0 are

J = 〠
N

i=1
wi Ji, ð63Þ

Ji =
1
ρ

γihi ui, vð Þ − kv − αiuið Þ − ci
ρ
hi ui, vð Þ

−
1

ρ − ri
xi 0ð Þ + hi ui, vð Þ

ri

� 	
,

J0 =
σi

μ − ri
xi 0ð Þ − hi ui, vð Þ

ri

� 	
+ σi
μri

h ui, vð Þ + β

μ
v:

ð64Þ

Proof. Since the objective function of government i is

Ji =
ð∞
0
e−ρit γihi ui, vð Þ − cixi tð Þ − kv tð Þ − αiui tð Þ½ �dt, i = 1, 2,⋯,N ,

ð65Þ

and the state rejector is

xi tð Þ = xi 0ð Þ − hi ui, vð Þ
ri

� 	
erit + hi ui, vð Þ

ri
: ð66Þ

By substituting from (66) in (65) and integrating it, we
have

Ji =
1
ρ

γihi ui, vð Þ − kv − αiuið Þ − ci
ρ
hi ui, vð Þ

−
1

ρ − ri
xi 0ð Þ + hi ui, vð Þ

ri

� 	
:

ð67Þ

Also, by substituting from (66) in (68), we have

J0 =
σi

μ − ri
xi 0ð Þ − hi ui, vð Þ

ri

� 	
+ σi
μri

h ui, vð Þ + β

μ
v, ð68Þ

where ui, v, and hiðui, vÞ are defined in Proposition 9.☐ ☐

5. Conclusions

In this intervention, the cooperation of governments is stud-
ied for fighting terrorism by using the Nash-collative
approach; the necessity for finding the optimal strategies is
derived and we proved that the solution exists and found it.
Also, we showed that the optimal strategies are stable when
the weight parameter ðwiÞ is greater than ðλi/γiÞ. Finally,
we derived the objective value of each government and its
role ðwiÞ in counterterrorism, the objective of the terrorist
organization, and its stock recourse.
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