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In this paper, we study the existence of positive solutions for the following nonlinear second-order third-point semi-positive BVP.
We derive an explicit interval of positive parameters, which for any [, y in this interval, the existence of positive solutions to the
boundary value problem is guaranteed under the condition that a(t,x), b(t,x) are all superlinear (sublinear), or one is

superlinear, the other is sublinear.

1. Introduction

In the applied mathematical field, three-point BVP can
describe many phenomena. Moshinsky [1] introduced the
vibrations of a guy wire with a uniform cross-section and
composed of N parts of different densities using a multipoint
BVP. Timoshenko [2] also revealed that the theory of elastic
stability can be used by the method of a three-point BVP. II'in
and Moviseev [3] were the first to study this aspect. Since
then, more general nonlinear BVP have been studied by
several authors [4-25].

In their paper [7], Ma and Wang obtained the existence
of positive solutions for a three-point BVP by Krasnoselskii’s
fixed theorem:

{ u"(t) +a(t)u' (1) + b(t)u(t) + h(t)f(u) =0, 0<t<l,

u(0) =0, u(l) = au(yn),
(1)

where « is a positive constant, 0 <% < 1, a(t) € C([0, 1], RY),

b(t) € C([0,1],R), f € C(R*,R*),h € C([0, 1], R*) and there
exists x, € (0,400) such that h(x;) > 0.

In our paper, we study the existence of positive solutions
of second-order third-point semipositive BVP:

(Lx)(t) + Aa(t, x) + ub(t, x),
x(0) =0,

0<t<l,

(2)
x(1) = ax(§),
where (Lu)(t) =u" (t) + f(t)u' (t) + g(t)u(t), A, u are posi-
tive parameters, 0 < & < 1, f(¢) € C[0, 1], and g(¢t) € C([0, 1],
(—00,0)). And our paper also allows that a(t, x), b(¢, x) are
both semipositive and lower unbounded.
Our main tool is the following fixed point index theory.

Theorem 1 [4]. We suppose that K C E is a cone in E, in which
E is a real Banach space, the open bounded set Q,, Q, is in E,
0eQ, Q,cQ, and T:Kn(Q,\Q,)— K. Suppose
operator T can be completely continuous and satisfies one of
the following conditions:

@) |Tx|| < x|, VxeKnoaQ; ||Tx|= x|, vxeKn
20,

(i) || Tx|| = ||lx|l, Vxe KnoQ; ||[Tx|| < ||, VxeKn
0Q,
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Then, operator T has at least one fixed point x* in K
N2\ Q).

Theorem 2 [4]. We suppose that P C E is a cone in E, in which
E is a real Banach space, the open bounded set ,;, 2,, Q5 is in
E0eQ, Q,cQ, Q,cQ; and T : PN Q; —> P. Suppose
operator A is completely continuous and satisfies the following
conditions:

ITx|| < ||x]|, VYxePnoQ,
| Tx|| > ||x||, Ax#xVxePnoQ,, (3)
ITx|| < ||x|l, VxePnag,.

Then, operator T has at least two fixed points x* and x** in
PN (0Q;/0,), and x* € PN (Q,/Q,) and x** € PN (Q,/0,).

2. Preliminaries and Lemmas

We set a Banach space E = C([0, 1],(—00,+00)) with norm
|lx|| = max,;|x(¢)|. We know of the following lemmas
from Ref. [6].

Lemma 3. Setting€ (t)as the positive solution of the equation,
we have:

LE)(t) =0,
{ (L&) () "

§:(0)=0,
Then, &, () € [0, 1] is strictly increasing on [0, 1], and &/
(0) > 0.

Lemma 4. Setting€,(t)as the positive solution of the equation,
we have:

LE)(H) =0, 0<t<],
{( )(1) <t< 5

L0)=1  &(1)=0.

Then, &,(¢) € [0, 1] is strictly decreasing on [0, 1].

From Lemma 3 and Lemma 4, we know that 0 < &, (£) < 1,
0 < &,(#) < 1. In the rest of our paper, the following condition

is used:

(C1) 0<aé;(n) <1, where&, (t)is given by Lemma 3

Throughout this paper, we shall use the following
notation:

where { =£(0)&,(0).
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Obviously, from Ref. [6], we can be assured that when
(C1) holds, the BVP

Lx =0, 0<t<l,
{( )(1) + (1) st< )

x(1) = au(&),

is equivalent to the following integral equation:

x(t) = JOG(t, s)e(s)y(s)ds + % JOG(E, s)e(s)y(s)ds,
(8)

where e(t) = exp (J“&f(s)ds)
Set z(¢) = min ((&,()/[1,1]), (§,()/[[&,])). From (6), for
t € [0, 1], we know that

z(t)G(s,s) < G(t,5) < G(s, 5). 9)

We present some other lemmas that are important to our
main results.

Lemma 5 [7]. Assume that for any y € C([0, 1], (0,+00)), x(¢)
is the solution of the following BVP:

{(Lx)(t)+y(t)=0, 0<t<l1, (10)
x(0) =0, x(1) = ax(§).
Then, we have

x(t) = z(t)||x|, t €0, I]. (11)

Lemma 6. Assume that w is a solution of the following BVP:

0<t<l1,

12
x(1) = ax(§), 12)

(L)1) = -B(1),
x(0) =0,

where B€ C(0,1), M > 0. Then, there exists constant M > 0
and satisfies

o(t) < M||B||z(t), teo,1]. (13)

Proof. For t € [0, 1], we can have
w(t) = J;G(t, s)e(s)B(s)ds + % J;G(f, s)e(s)B(s)ds.
(14)
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Obviously, for ¢ € [0, 1], we have

)
[ 51(5)52(06(5)3(5)615+Jt€1(f)fz(5)e(S)M($)d5]
1

t 1

S [El(t)iz(t)LB(s)ds + El(t)fz(t)J

e EIE {fm )
AN
EOEO [
TR Tl )d]
)& &)
7¢ z

B(s)ds}

t

o

M(s)ds

0

<t>joB<s>dssM1z<t>||B||,

where M, = (e(1)]|&, [[[8,[1)/¢.

By the same method, we can know that

“51(0 ! <M.z
e | G eBds < Bl. (19

where M, = (ae(1)[|&, ][5, [1)/(1 - a&,())-

So, by choosing constant M > M, + M,, we have

w(t) < M]|B|jz(t), 0<t<l. (17)

d

Lemma 7 [7]. Let 0 < lim(b(t, x)/x) < L, t € [0, 1]. Define the
X000

following function:

G(t)= max b(t, 7). (18)

0<t<1,0<x<tT

Then

(i) G is a nondecreasing function for t
(i) 0< 1;22((;(1)/7) <K,

For g assumptions:

(C2) a(t,x), b(t,x) € C, ([0, 1] X [0,+00)R)

From (C2), there exists a functionB(t) € C[0, 1], B(¢) > 0,
which satisfies

where M||B|| < 1. M is given by Lemma 6.

(C3) B, <a,, <00,B,< b <00

(C4) 0<al <b,0<bl <b,

(C5) K;<a_, <00,0<b <K,
where

—1

min (B, B,) > 2 ((A ) minJ.;G(t, s)e(s)z(s)ds> ,

0<t<1

by +b,< ((A +u)p(1) UIG(S, §)ds+ %J(I)G(z, s)ds] >1,

0

-1

K, >2 (A minJ;G(t, s)e(s)z(s)ds) ,

0<t<1

a, = liimx_wo a(t’ x) >
x
a:;) = h;nx—w)o (t’ X) N
X
boo _liimx_wom
x
- b(t,x
by, =tim, _, (20)
Let e = minz(t), and
0<t<1
_ H(t,x), x=0,
H(t, x)=
F(t,0), x<0,
(21)
_ Y(t,x), x=0,
Y(t,x)=
G(t,0), x<0,
where H(t, x) = a(t, x) + B(¢), Y(t,x) = b(t, x) + B(t).
For any > 0, we set
H/= max H(t,x),
0<t<1,0<x<l
(22)

Y;= max Y(tx).

0st<1,0sx<I
From Lemma 6, letting w(t) = w(t), then x(¢) is the pos-
itive solution of problem (2) if and only if x(¢) = x(¢) + w(¢)
is the solution of the following problem:

(Lx)(t) + AH(t, x —w) + uY (t, x —w) =0, 23)
x(0)=0, x(1)=au(l),
and x(t) > w(t), 0 < t < 1; here, H, Y is given by (21).
Defining the cone P in E, we have
P={xeE:x(t)z|x|q(t), te[0,1]}. (24)



Obviously, problem (18) is equivalent to

x(t) = JOY(t, s)e(s) [/\H(s, x-—w)+uY(s,x- w)] ds

PO Gl e (53 0) 4 T (55~ w)] s

1-af,(§)

0

Defining the operator T : E— E, we have

1

(Tx)(t) = J G(t, s)e(s) [AH (s, x — w) + uY (s, x — w)] ds

“El(t) !
+ T af (6 G JOG(& s)e(s)

- [AH(s, x — w) + uY (s, x — w) | ds.
(26)
Obviously T(P) c P and T is completely continuous.

3. Our Main Three Results

Theorem 8. Suppose condition (C1), condition (C2), and con-
dition (C3) hold. Then, for the small number A, y, problem (2)
has at least one positive solution.

Proof. Firstly, we choose sufficiently small A, y which satisfies
the following:

A+u< <[H1 +Y,]p(1) UIG(S, s)ds + %JIG(E, s)ds} )1,

0 0

Letting Q, ={x € E : ||x|| <1}, for any x e PN OQ,, t €
[0,1], by the definition of operator T, we have

(002 || Glsat, + v, s+ 20

- J;G(E, s)e(s)[AH, + uY,|ds

< (A+u)[H; + Y ]e(1)
: UOG(S, $)ds + %LG(& s)ds] <1=|x|.
(28)

Thus, we have
ITx]| < ||x]|, VYxePnoQ,. (29)

Secondly, by (C3), we know that there exists constant
I, > 0 which satisfies

a(t,x) = Byx, b(t,x) > Bx,¥x>1,,t€[0,1].  (30)

Journal of Function Spaces

Letting r=max {2M||B||, (2,/¢),2}, then r>1. Set
Q,={x€E:|x|<r}, for any xe PNoQ,, te0,1], we
have

_ M|Bll,

x(t) —w(t) = x(t) — M||B||z(t) = x(t) .

x(t) = %x(t).
(31)

Therefore, we have x(t) —w(t) > (1/2)x(t) > (||x]|/2)z(¢)
> (er/2) >1,.
Thus, by the definition of H, Y and (30), we can have

AH(s, x(s) —w(s)) + uY (s, x(s) — w(s))

> B A(x(s) —w(s)) + Byu(x(s) — w(s)) (32)
> min (B, By) (1 + ) (x(5) -~ w(s)).

We have

(Tx)(t) > LG(t, s)e(s)[AH (s, x —w) + uY (s, x —w)]ds

> min JlG(t, s) min (B, B,)(A + u)(x(s) —w(s))ds

ost=l1 ],
1 1

> — (A +y) min (B, B,) minJ G(t, s)x(s)ds.
2 ost<1 )

(33)

Then, by Lemma 5, we have

1 . e
I(T(0)] 2 5 (s ) min (By, )i | G )e)2(s)ds 1)
(34)
Therefore, by the definition of B;, B,, we have
(| Tx|| = ||x||, Vxe€KnoaQ,. (35)

Then, by (29), (35) and Theorem 1, operator T has at last
one fixed point x(¢) € P N (0,/0,), i.e, X(t) is the solution of
problem (2), and it is easy to know ||%|| > 1.

Finally, by (C2) and Lemma 3, we have

x(t) = ||x||z(t) = z(t) > M||B||z(t) 2 w(t) =w(t).  (36)
Thus, x = X — w is the positive solution of problem (2). O

Theorem 9. We suppose that condition (C1), (C2), and (C4)
hold, and the following condition also holds:

(C6) There exist constant D > 0, p > 0, and we have

a(t,x) = p,
b(t, x) = p, (37)
x € [D,00),t€[0,1].
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Then, for the small number A, y, problem (2) has at least one
positive solution.

Proof. Firstly, let r = max {2M||B||, (2D/¢), 2}, and

-1

1=2r (minJ1 Y(t,5)e(s)(A+ y)pds) . (38)

0<t<1 0

Set O, ={x€E: ||x]| <r}, for any x e PN 0Q,,s€[0,1],
we have

x(s) —w(s) = x(s) — M||B||z(s) = x(s) - wx(s) > %x(s).

(39)

Thus, x(s) —w(s) = (1/2)x(s) = (||x]|/2)z(s) = (er/2) = D.
Therefore, by (C6) and the definition of operator T, we have

1

(Tx)(t) = J G(t,s)e(s) [AH(s,x —w)+uY(s,x— w)] ds

0‘510‘) !
+1ﬂmaﬁf“”“”

- [AH(s, x — w) + uY (s, x — w)]ds.

For B(t) >0, t € (0, 1), we have

(Tx)(t) > J G(t, s)e(s) [AH (s, x = w) + uY (s, x — w)]ds

0

= | Gt 9 Mp + B(©) + (p + B(o)l

[\
NSYRE

1
gmin | Gt )e(s) (A + ppds=r = ]
(41)
We can know that by the above discussion, we have
|| Tx|| = ||x||,¥Yx € PN 0L2;. (42)

Secondly, by (C4), we can have

H(s,x —
0< lim P&*-w)
X—00 u

Y — 43
0< lim L&*X7W) (43)

X—00 u

s€o,1].
Then, there exists constant [, > 0 which satisfies

H(s,x—w) <bx,
Y(s,x—w) < byx, (44)
Vx>1,,s€[0,1].

Letting R =max {21,,2r}, then r<R. Set O, ={x€E:
|lx|| < R}, for any x € PN 0, t € [0, 1], we have

1

(Tx)(t) < J G(s, 5)[Ab, x(s) + ub,x(s)]ds

“E](t) 1 s)e(s X(S X(S S
e | CE e Mx(9) + ()]s

(45)
Thus, we have

(Tx)(t) < (A + p)[by + byle(1)

[ﬁG@$49ﬁ+T¥%%5FG@$M$%]

(46)
So, we have

I(Tx)(B)[] < (A+ @) [by + byJe(1)

[ otee+ B 66 9 .
(47)
Then, we can have by the definition of b,, b,
(I Tx]| < ||x]|,¥x € K N 0£2,. (48)
d

Then, similar to the proof of heorem 8, we have that
result of heorem 9 by Theorem 1.

Theorem 10. Suppose condition (Cl), condition (C2), and
condition (C5) hold. Then, for sufficiently small A, u, problem
(2) has at least two positive solutions.

Proof. Firstly, by Lemma 7, there exists constant 7 > 0 which
satisfies

G(r) < K,t. (49)

Therefore, setting Q, ={x€E: ||x|| <7}, for any xeP
N 0Q,, t € [0, 1], by the above discussion, for the quite small
A, u, we have

[AH, +uY(7)]e(1) (J;G(s, s)ds + 1?25(11()5) JIG(E, s)ds) <T.



We have
(Tx)(t) < [AH, +uY(7)]
: UOG(t, s)e(s)ds + %JOG(& s)e(s)ds]

< [AH, +uY(7)]e(1)

([ 5l 00

<7=x].
(51)
Then, we have
| Tx|| <||x]|, VxePnoQ,. (52)

Secondly, by (C5), there exists a constant /; > 1, which
satisfies

a(t,x)2K,x, Vx=l;. (53)

Letting r = max {2M||B||, (2l;/¢),27}, and Q, ={x€E:
|lx|| < r}, for any x € PN 9, t € [0, 1], we have

M'J?” x(t) = %x(t).

x(£) —w(t) = x(t) — M| B||2(t) = x(t) -

Then, x(t) —w(t) = (1/2)x(t) = (||x]|/2)z(t) = (re/2) = 5.
Therefore, by the definitions of H, Y and the above dis-
cussion, we have

(Tx)(t) = JOG(t, s)e(s)[AH (s, x —w) + uY (s, x —w)|ds

> JOG(t, s)e(s)AK, (x —w)ds

1
> &A minJ G(t,s)e(s)z(s)ds=r=||x|.

2 ost<l 0
(55)
Thus, we have
| Tx]| = ||x||,¥x € PN 0Q,. (56)
Finally, letting
! 0‘51(1)
R=max < [AH, + uY G(s,s)e(s)ds + ————
{tcr i ([ Gt oess S
1
. J G(&, s)e(s)ds} , Zr},
0
(57)
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then, 7<r<R. Set Q; ={x€E: ||x|| <R}, forany xe PN o
0, t €0, 1], by the definition of operator T, we have

(Tx)(t) < [AHg + pYg]

([ ots.9etentss {20 [ Gt etonas]

(58)
Thus, we have

| Tx|| <||x||, Vx€PnoQ;. (59)

Then, similar to the proof of heorem 8, we have the result
of heorem 10 by Theorem 2. O

Remark 11. The results of these three theorems in our paper
also hold under the condition in which nonlinear a(t, x),
b(t,x) are both lower semicontinuous.

Remark 12. We can obtain the results of Theorem 10 if we
replace condition (C5) with (C6)K; < b_ <00, 0<al <K,.
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