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In this research paper, the authors present a new mixed Euler-Lagrange o-cubic-quartic functional equation. For this introduced
mixed type functional equation, the authors obtain general solution and investigate the various stabilities related to the Ulam
problem in Felbin’s type of fuzzy normed linear space (f-NLS) with suitable counterexamples. This approach leads us to

approximate the Euler-Lagrange o-cubic-quartic functional equation with better estimation.

1. Introduction

One of the famous questions concerning the stability of
homomorphisms was raised by Ulam [1] in 1940. The author
Hyers [2] provided a partial answer to Ulam’s question in
1941, and then, a generalized solution to Ulam’s question
was given by Rassias [3] in 1978, which is called Hyers-
Ulam-Rassias stability or generalized Hyers-Ulam stability.
The generalization of Hyers stability result by Rassias [4] is
called Ulam-Gavruta-Rassias stability. Later, Ravi et al. [5]
investigated the stability using mixed powers of norms which
is called Rassias stability.

Definition 1 (see [6]). A fuzzy subset & on R is said to be a
fuzzy real number when it satisfies two axioms:

(N;)There exists 7, € R such that &(7,) =1

(N,)For each y € (0,1}, [¢], = [, &]], where —co <&, <
5; < +00

Note that [§] = {7 : §(r) > y} is y-level set. We show the
set of all fuzzy real numbers by A(R). Also, £ is said to be a

nonnegative fuzzy real number when & € A(R) and &(7) =0
for 7 < 0. We show the set of all nonnegative fuzzy real num-
bers by A*(R).

We define 0 as

N 1, =0,
O(T)z{o T+0 @

Definition 2 (see [6]). We define & ,6,®,0 on A(R) x A(R)
as

(i) E@&)(r) =sup{&(q) AE(T-q)}, TR

qeR
(i) §oZ)(r) =sup{&(q) AE(g-7)}, TeR
qeR
(i) (E®E)(r)= sup {E(s) AS(r/g)}, TR
q€R,g#0
(iv) (§2)(7) =sup{&(qr) A E(q)}, T € R
qeR
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0,1€ A(R) are additive and multiplicative identities,
respectively. We also define ©&as0-&s0,E0E=¢a (0§).

Definition 3 (see [6]). For I € R/0, the notation [® & shows
fuzzy scalar multiplication and defied as (10 &)(7) =&(t/])
and 00 & =0.

Definition 4 (see [7]). Consider the vector space S and the left
and right norms L, R : [0, 1]*> — [0, 1] which are symmetric
and nondecreasing functions satisfying L(0,0) =0, R(1,1)
=1.80, || : S— A*(R) is said to be a fuzzy norm and
(SI-I.L,R) is a fuzzy normed linear space (in short f-
NLS) if

(N1)|Is|l = 0 if and only if s=0

(N2)||As]| = [A| @ |Is]| for all s € S and A € (—c0, 00)

(N3)for all t,s € S:

(N3L)if g <|sl;, T <t} and g+ T <[t + ||, then [|s+¢
I(q+7) = L(Ish(g) el (x))

(N3R)if g = |Isll], 7= Itll; and g+ 7> [Is + t||], then [|s + ¢
I(q+7) < R(Isl(q). Il (r)):where [Isl], = [Isl sl for s €S
and we (0;1].

Lemma 5 (see [8]). Consider f-NLS (S, |||, L, R), and let
(RDR(c, d) <max (¢, d)
(R2)Vy € (0, 1}, 3£(0, y] in which R({,h) <y for every h

€(0,y)
(R3)lim._,;+R(c,c) =0
So, (R1) = (R2) = (R3). The converse is not true.

Lemma 6 (see [8]). Consider f-NLS (S, ||-||, L, R). Then,

(1) if R(c,d) < max (¢, d), then for all y € (0, 1], s+t
<lIslly + I#ll} for all s, t €S

(2) (R2) implies that, for every y € (0, 1], there exists { €
(0,y] such that |s + tll; < ||s||2r + ||t||;for everys,t €S

(3) lim._,;+R(c,c) =0, implies that for every y e (0,1],
there exists { € (0,y] such that |s+ t||;j < lsllz + elly
foreverys,teS

Lemma 7. Consider f-NLS (S, ||-||, L, R) and let
(L1)L(c,d) > min (c, d)
(L2)¥y € (0, 1], 3 (y, 1] such that L({,n) =y for all ne

(v 1)
(L3)lim, - L(d, d) = I
So, (L1) = (L2) = (L3), but not conversely.

Lemma 8. Consider f-NLS (S, ||-||, L, R), then

(1) L(c,d) = min (¢, d), implying that Vye (0,1], s+t
I, < IISII; + ||t||;for everys,t €S

(2) (L2) implies that for every y € (0, 1), there exists{ €
(y, 1] such that ||s + tll; <|isll; + ||t||;f0r everys,t €S
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(3) lim,_,; L(c,c) = 1, implying that for every y € (0, 1],
there exists { € (y, 1] such that |s+ tll; <|islly + lielly
for every s, t €S

Lemma 9 (see [7]). Consider f-NLS (S, ||-||, L, R). Then,

(1) R(c,d) 2max (c,d) and for all ye(0,1], implying
that ||s + t‘||;r < ||5||;r + ||t||;for all s,t €S, then (N3R)

(2) L(c,d) <min (c, d) and for all y € (0, 1], implying that
s + tII; < "S"; + IItII;for all s,t €S, so (N3L)

Definition 10 (see [7]). Consider f-NLS (S, ||-||, L, R) and let
lim__+R(c, ¢) = 0. A sequence {s,,}, €S converges to s €
S, denoted by lim, s, =s , if lim,_ls, —sl, =0 for
every y € (0,1], and is called a Cauchy sequence if lim,, , .,
s, = s4ll; =0 for every y € (0,1]. A subset ECS is said to
be complete if every Cauchy sequence in E converges in E.
A f-NLS is called a fuzzy Banach space (f-BS) if it is complete.

Lemma 11. Consider f-NLS (S, ||-||, L, R) which satisfies (R2).
Then,

(1) ||-||;r is continuous from U into R at s€ S for every y
€(0,1]

(2) For every m€ Z* and {sj}j"il, we have Yy € (0, 1], 3

€ (0,y]5 X sl < X2 sl

Recently, the stability problems of several functional equa-
tions (FEs) have been extensively investigated by a number of
authors [4, 9-20] in Felbin type f-NLS. Our method helps to
solve some new problems of stability and approximation of
functional equations [21-28] in Felbin type f-NLS.

Motivated from the above historical developments in the
field of FEs, the authors introduce a new mixed Euler-
Lagrange o-cubic-quartic functional equation (FE)

n(t+o0s)+m(ot+s)+m(t—os)+m(s—ot)
=0’ 2n(t+s)+n(t-s)+n(s—1)}

=2(o" = 1) {n(t) +7m(s)} + 202 (0% = 1){m(2t) + 7(25)},

(2)

where o € R — {0,+1}. For this mixed type FE, authors obtain
the general solution and investigate the various stabilities
related to Ulam problem [1] in Felbin’s type f-NLS with suit-
able counterexamples.

2. General Solution of Euler-Lagrange o-Cubic-
Quartic FE

Theorem 12. Consider 7 satisfies (2) and odd that is 7(—t)
=—7(t), then a mapping  : T — § is cubic.
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Proof. Assume 7 satisfies (2). Putting t =s=0 in (2), we get
7(0) = 0. Setting (¢, s) by (¢, 0) in (2), we obtain

o?(3(t) + m(~t)) —2(0* - 1)7(t)

2n(t) + n(ot) + m(-ot) =

1
+ 4_102 (0% - 1)m(2t),

(3)
forall te T, 0 € R—{0,+1} and by assuming 7(-t) = —7(t)

in (3) which leads
m(2t)=8n(t), VteT. (4)

Thus, 7 is cubic.

Theorem 13. If 7 satisfies (2) and even that is n(—t) = n(¢),

then a mapping m : T — S is quartic.

Proof. Assume 7 holds (2). Putting t=s=0 in (2), we get
7(0) = 0. Setting (,s) by (£,0) in (2), we arrive

27t(ot) +271(t) = 40’7 (t) - 2(0" - 1) 7(t)

1
+ 207 (0" ~)m(21), Vel

Allowing o =2 in (5), we arrive 77(2t) = 167(¢). Using
n(—t) =7(t) and 7(2t) = 167(¢t) in (5), we get

n(ot) =o*n(t), (6)
for all te T,0 €e R—{0,£1}. Thus, 7 is quartic.
3. Generalized Hyers-Ulam-Rassias Stability of a
Euler-Lagrange o-Cubic-Quartic FE

Consider the following abbreviation

Gn(t,s) =n(t+0s)+m(ot+s)+m(t —os) +n(s—ot)
—o*2n(t+s)+m(t—s)+m(s—t)}

+2(0* = 1) {(t) +7(s)} (7)

- igz (0* = 1){m(2t) + m(25)}, VtseT,

and the integer 0 # 0, +1.

Theorem 14. Consider the odd mapping nw: T — S for
which we can find @ : T x T — A*(R) for a linear space T
and a fuzzy Banach space (f-BS) S where

D (2, 2's ))

2 coo, ViseT, (8)

NMS

IGr(t, s)l <D(t,s), Vt,seT. ©9)

So, we can find a unique cubic function ® : T —§
such that

3
i +
N 4 © (@(2'1,0)),
—_— v b} T’
() =@l < gy 2 vie
(10)
for all y€(0,1],{ €(0,y], where
(20t
O(f) = lim (230). (11)
Proof. Putting s=0 in (9) implies that
1
20%(0® - 1)7(t) - Z02 (0 - 1)m(2t)|| <D(t,0), VteT.
(12)

Multiply both sides of equation (12) by 4/0%(0? - 1),
so we get

||7T(2t)—87r(t)||§ﬁ@@(no), VieT. (13)

Again multiplying (13) by 1/2%*3

2%t, we obtain

and replacing ¢ by

m(27) (201 4 1 .
23(0+1) - 230 O®(2 £, 0)

VteT,
-1)2%

’ = 50(c?
(14)

and it leads to

n(20)  m(2)|]
PR P

< s 237 (@0

y i=l
(15)

Vt e T with o >, nonnegative integers. Now, (8) and (15)
imply that the sequence {rr(2°¢)/23°} is fuzzy Cauchy in S.
So, the sequence {7(27¢)/2°°} converges, which let us to
define the mapping ® : T — S by

(2°%)

230 >

O(t) = lim

0—00

VteT. (16)

Considering /=0
obtain

and allowing 0 — oo in (15), we

®(2t,0)
-0, < )

, VteT,
4 802 2-1)

72 (t)

NMg



and it gives (10). Using (8) and (9), we have

|O(t + os) + O(at +5) + O(t — 05) + O(s — ot)
—0*{20(t+5)+O(t—s) +O(s— 1)}

+2(0* = 1){O(1) + ©(s)} - }102 (? - 1){O21) + ®(25>}H;

(D(2°1,2%5))!

< lim Y =0, VtseT,

g—00 230

(18)

which implies that ® : T — S is cubic. Suppose that
@' :T—S is a cubic mapping satisfying (10) and
implies

+

14 2(e22°n0)),
e - &'l < fim 7 =y 2
o (21,0))"
< fm ( ( )>( =0, VteT,

Y
o—0002(0? — 1) 23
(19)
©®=@', which shows the uniqueness of ©.

Theorem 15. Consider 7w : T — S and let there exist a func-
tion @ : T xS —> A*(R) such that

(o) X t S +

3
EZ’<®<5,5)> < 00,
i=1 y

|Gr(t,s)|| < D(t, ),

(20)
Vt,seT,

for a linear space T and a fuzzy Banach space (f-BS) S. So, we
can find a unique cubic mapping ® : T — S, such that

() = ©(1)]|; < %22&’ (@(%,0)):, VteT,
(21)

where
O(t) = lim {23"71 <2i0) } (22)

The following corollary gives the Hyers-Ulam, Hyers-
Ulam-Rassias, and Rassias stabilities of (2).

Corollary 16. Consider m : T — S and let there be real num-
bers § and p such that

3,

1Gr(t,9)[l,={ o {lltll @ Isl|”}. p#3,

8@ {|lf @ |7+ {[[d|* ® 5|} }, 20# 3Vt seT,
(23)
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then there is a unique cubic mapping Q : T — S such that
467
76%(c? - 1)’
4 (1117
o2(02-1)|2°-2¢ |’
+
487 (1),

0%(0?-1)|2° - 2%

I7(8) = QI =<

VteT.

In the next example, we consider the unstability of FE (2)
for p=3in Corollary 16.

Example 17. Define the mapping @ : T x T — A*(R) as

(1) = 5e
6)

in which & > 0 is a fuzzy real number. Define 7 : T — S as

if [t] <1,
(25)
o.w.,

VteT. (26)

So,
|7(t +0s) + (ot +5) + m(t - os) + (s — ot)
—o*2n(t+s)+m(t-s)+n(s—1)}
+2(0* = 1) {n(t) +7(s)} - iaz (0% = 1){m(2t) + 7(25)}
<32(a” - 1)8(|t]’ +|s|*), Vt,seT.
(27)

As a result, there does not exist a cubic mapping
®:T—>S and a constant { >0 such that

In(t)-Ot)| <l|tf’, VteT. (28)
Proof. The below inequality
o Q2] &8 2%
1) < = == = > 29
LUED) 7] Yy @

showing the boundedness of m. Now, we show that =«
satisfies (27).

Let ¢ = s =0, then (27) is trivial. If |¢|* + |s]° > 1/m?, then
the left-hand side of (27) is less than ((28(c%—1)/7)9).
If 0<|t’+|s]’ < 1/m>. So, we can find a positive integer
r such that

1
£+ 18 < 5w

@)

——7 < (30)
(2’)
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so that

1
2_37

1
2_3$

(2%) 7P <
(31)

(2%)7'$ <

and therefore, for each 0=0,1,---,r -1, we have

29(t+0s),2°(0t +5),2°(t — 05),2° (s — 01), 27 (t +5), 2° (t — 5),
m® (s —t), m° (t), m°(s), m® (2t), m° (2s) € (-1, 1),
D(2°(t +0s)) + D(2° (0t +5)) + D(2°(t — 05)) + D(2° (s - 0t))
-0 20(2°(t +5)) + P27 (t —5)) + P27 (s — 1))}
+2(o - 1) {O7(1) + B2 (5))}
- 71102 (0% = 1){D(27(2t)) + D(27(29))}»

V/\

(32)
for 0=0,1,---,r— 1. From (26) and (30), we have
|77(t + os) + (ot +5) + 7(t — 0s) + (s — ot)
—o*{2n(t+s)+n(t—s)+n(s— 1)}
+ 2(04 - 1){7T(t) +7(s)} - iaz (02 - 1){7‘[(2t) +7(2s)}
< :ij% |D(2°(t +05)) + D2% (ot +5)) + D(2°(t — 05))

+ D2 (s ot)) - 02 {2D(2° (¢ +5)) + D(2°(t - 5))
+OQ2%(s—t))} + 2(04 - 1) {@2°(1)) + D(27(s)) }
- %az (0% = 1){D(27(2t)) + D(27(29)) }
=32(c* - 1) ([t + ).
(33)
Thus, 7 satisfies (27) for all t,s€ T with 0< |t|’ +|s|?

<1/2%. Corollary 16 shows O(t)=rt> for any t in T,
and so,

n(t) < Celrl) el (34)

But we can choose a positive integer | with 16 > @ |r|. If
te(0,1/2"Y), then 2°te(0,1) for all 0=0,1,---,1-1.
For this ¢, we have

n(t)= iﬁ);a 2 =16t > ((@|r))®t, (35)

which contradicts (34). Therefore, the functional equation
(2) is not stable in the sense of Ulam, Hyers, and Rassias
if p=3.

Theorem 18. Consider the even mapping m: T — S for
which we can find @ : T x T — A*(R) such that

© (P(0't, d's)) *

— <00, Vi seT, (36)
=0 o™

|Gr(t,s)|| < D@(t,s), Vt,seT, (37)

and all y € (0, 1. So, we can find a unique quartic mapping
Q: T— SandVye(0,1],3( €(0,y)], such that

1 & O‘t 0
() = Q1) < —42 , VteT, (38)
where
m(a™t)

Q(e) = lim " (39)

Proof. Putting s = 0 in (37), we get
|2(7(ot) = o*n(t))|| <@(t,0), VteT. (40)

Multiply (40) by 1/2, we obtain
|7 (o) - o*ne(t)]| < % Od(t,0), VteT.  (41)

4m+4

Replacing t by 0™t and multiplying (41) by 1/0
obtain

n(o™t)  m(o™t)
gi(m+1) h oim

1

‘ < L 1 pom0), vier.

20-4 4m

(42)
Therefore, for all y € (0, 1], there is { € (0, y] such that

n(a’”“t) (0 t
gim)

1 -1
042;9 atO (,
i

VteT,

y
(43)

with m > 1. From (36) and (43) and because S is a {-BS, we
have the sequence {m(c™t)/c*™} which is a fuzzy Cauchy
in S and converges Vt € T. Now, we define Q : T — S by

Q(t) = lim m(o™t)

m—ooo  gim

, VteT. (44)

Assuming /=0 and allowing the limit as m — oo in
(43), we have



Therefore, we obtain (38). From (36) and (37), we have

IQ(t +0s) + Q(at +5) + Q(t — 0s) + Q(s - ot)
- {2Q(t+5) + Q(t—s) + Q(s — 1)}
+ 2(04 -1){Q(t) +Q(s)} - 202 (02 -1){Q(2t) + Q(Zs)}Hy
(D(a™t, k"’s));

<lim ——F =0,
m—00 gim

Vt,seT,
(46)

and hence, the mapping Q: T — S is quartic. Letting
Q' : T— S be a quartic mapping fulfills (38), and we have

1) - Q0] < tim L 1§ 0

000 g4 Qg4 L o
oo 7
1 & (D(a't,0
< lim — . ) ¢ =,
m—00 20‘4 = 0'4’

forall t € T,Q=Q’, and hence, Q is unique.

Theorem 19. Consider mw: T — S for which we can find a
mapping @ : T x T —> A" (R) such that

(&) . t s +
204’<<1><—i,—i>) <oo, VhseT,
i=1 o o y (48)

|G (t,s)| <D(t,s), Vi seT,

and all y € (0, 1. So, we can find a unique quartic mapping
m:T— SandVy € (0, 1],3¢ € (0,y], such that

+

72(t) = Q(1)I; < 2;204" ((D(;, 0>> ,

¢

VteT, (49)

where

Q(t) = lim {a3mn<0im> } (50)

Corollary 20. Consider m : T — S and let there be real num-
bers & and p such that

S,
[Gr(t.9)[ly<4 S {ie]” @ 5]} Pt
sa{||t|” @lls|”+ {[|t|* @|s|I*}}, p#2VtseT,

(51)
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so we can find a unique quartic mapping Q : T — S satisfying
&
2ot-1|’
S (1E17)
ool
20\t
87 (¢11°%)

L teT.
2ot —o%|’

[7(£) = Q1)<

In the next example, we show that the FE (2) is not stable
for p=4in Corollary 20.

Example 21. Letting @ : Tx T — A*(R) be a mapping
defined by

sott if|t <1,
(1) = (53)

0, 0.W.,

where § > 0 is a fuzzy real number and 7 : T — S is defined
by

|
=
I
D18
5
Q
3
=

VieT, (54)

o=0

a linear space T and a fuzzy Banach space (f-BS) S. Then 7
fulfills the functional inequality

|7t(t+0s) + (ot +5) +m(t —0s) +7(s—ot)
—o*2n(t+s)+n(t—s)+n(s—1t)}

+2(0* = 1) {m(t) +7(s)} - iaz (0% = 1) {m(2t) +7(25)}|

7010 + 9g12
S%6(|t|4+\5\4), Vt,seT.
(0*-1)
(55)

So, we cannot find a quartic mapping Q: T — Sand a
constant { > 0 such that

m(t) - Q(t)| < (e |t]', VteT. (56)

4. Conclusion

In our work, we have obtained the general solution of a new
generalized mixed Euler-Lagrange o-cubic-quartic func-
tional equation and studied its generalized Hyers-Ulam-Ras-
sias, Hyers-Ulam, Hyers-Ulam-Rassias, and Rassias
stabilities in fuzzy normed linear space using Felbin’s con-
cept. Moreover, some counterexamples show both stability
and unstability of FE (2) in {-BS.
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