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In this paper, we study some coincidence point and common fixed point theorems in fuzzy metric spaces by using three-self-
mappings. We prove the uniqueness of some coincidence point and common fixed point results by using the weak
compatibility of three-self-mappings. In support of our results, we present some illustrative examples for the validation of our
work. Our results extend and improve many results given in the literature. In addition, we present an application of fuzzy

differential equations to support our work.

1. Introduction

Zadeh [1] introduced the concept of fuzzy sets which is
defined as “a set contracted from a function having a domain
is a nonempty set Q and range in [0, 1] is called a fuzzy set,
that is if G : Q — [0, 1].” In 1975, Kramosil and Michalek
[2] introduced the notion of fuzzy metric (FM) space, and
they compared the concept of fuzzy metric with the statistical
metric space and proved that both the conceptions are equiv-
alent in some cases. Later on, George and Veeramani [3]
modify the concept of Kramosil and Michalek [2] and proved
that every metric induces a fuzzy metric. They proved some
basic properties and Baire’s theorem for fuzzy metric spaces.
In 1988, Grabiec [4] used the concept of Kramosil and
Michalek [2] and proved fixed point (FP) theorems of
“Banach and Edelstein contraction mapping theorems on
complete and compact FM spaces, respectively.” Gregori
and Sapena [5], Imdad and Ali [6], Mihet [7, 8], Bari and
Vetro [9], and Som [10] proved some FP and common fixed

point (CFP) theorems in FM spaces. Aliouche et al. [11] and
Rao et al. [12] established some related FP in FM spaces.
Hadzic and Pap [13] established some multivalued FP
results in probabilistic metric spaces with an application in
FM spaces. Later on, Kiany and Amini-Haradi [14] obtained
some FP and end-point theorems for set-valued contractive
type mappings in FM spaces. In [15], Beg et al. proved some
FP results for self-mappings satisfying an implicit relation in
a complete FM space. Rolden et al. [16] established some
new FP theorems in FM spaces, while in [17], Jeli et al. pre-
sented some results by using cyclic (y, ¢)-contractions in
Kaleva-Seikkala’s type FM spaces. Later on, Li et al. [18]
proved some strong coupled FP theorems in complete FM
spaces with an integral type of application. The concept of
rational type fuzzy-contraction is given by Rehman et al.
[19]. They proved some unique FP theorems with the appli-
cation of nonlinear integral in FM spaces. Shamas et al. [20]
proved some unique FP results in FM spaces with an appli-
cation to Fredholm integral equations. Recently, Jabeen et al.
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[21] presented the concept of weakly compatible self-
mappings in fuzzy cone metric spaces, and they proved some
coincidence point and CFP theorems in the said space with
integral type application. Some more coincidence points,
coupled coincidence points, and CFP findings in deferent
types of metric spaces can be found in (e.g., see [22-35]
the references therein).

In this paper, we establish some unique coincidence
points and CFP theorems in FM space by using the concept
of Gregori and Sapena [5] and Jabeen et al. [21]. We estab-
lish some generalized fuzzy-contraction results for weakly
compatible three self-mappings in FM spaces without the
assumption that the “fuzzy contractive sequences are Cau-
chy.” We present some illustrative examples and an applica-
tion of fuzzy differential equation to support our work. By
using this concept, researchers can prove more coincidence
points and CFP results for different contractive type map-
pings in FM spaces with the application of integral
operators.

The layout of this paper is as follows: Section 2 consists
of preliminary concepts. While Section 3 deals with the main
results of this paper in which we shall prove unique coinci-
dence points and CFP theorems by using weakly-
compatible three self-mappings in FM spaces with some
illustrative examples. In Section 4, we establish an applica-
tion of fuzzy differential equations to support our main
work. While in the last section, that is, Section 5 is the con-
clusion part of our paper.

2. Preliminaries

In this section, we recall some basic definitions related to our
main work such as continuous ¢-norm, FM space, Cauchy
sequence, fuzzy-contraction, and weak-compatible map-
pings. The concept of continuous t-norm is given by Schwei-
zer and Sklar [36].

Definition 1 (see [36]). An operation = :[0,1] % [0,1] —
[0,1] is known as a continuous ¢-norm if it fulfils the follow-
ing axioms;

(1) = is associative, commutative, and continuous.

(2) 1% p,=p, and p, * p, < p, * p,, whenever p, <p,
and p, < p,, for each p,, p,, p;5, p, €[0,1].

The basic continuous t-norms are (see; [36]): the mini-
mum, the product, and the Lukasiewicz ¢t-norms are defined
respectively as follows;

py* py=min {p;, po}, py % py = pypyand py * p, (1)
=max {p, +p, - 1,0}.

Definition 2 (see [3]). A 3-tuple (Q, M p,*) is said to be a FM
space if ) is an arbitrary set, * is a continuous t -norm, and
M is a fuzzy set on Q x Q2 x (0, co) satisfying the following;

(i) Mp(&n,t)>0and Mp(é,n,t)=1&E=n.
(i) Mp(&n,t) =Mp(n. &, 1).

Journal of Function Spaces

(iii) Mp(& 0, t) « Mp((,m,8) <Mp(&n,t+35).
(iv) Mp(&,7,-): (0,00) —> [0, 1] is continuous

forall§,{,ne Qand t,s>0.

Definition 3 (see [3, 5]). Let (Q, Mp,*) be a FM space, £ € Q
and {;} be a sequence in Q. Then

(i) {&;} is said to converge to & if for >0 and € € (0,

1),3j, e N where (N represent the set of natural

numbers) such that Mp(§,&,t)>1-¢Vj>j,. We

represent this by lim fj =¢or Ej — & as j— o0.
j—o0

(i) {w;} is said to be a Cauchy sequence, if for ¢ > 0 and
€€(0,1),,3j, €N such that Mp(£,¢,,.t)>1—¢,
Vj,m>j.

(ili) (Q, Mp,*) is complete, if every Cauchy sequence is
convergent in Q.

(iv) {£;} is known as a fuzzy-contractive, if there is 0
< B <1 so that

! —1<,B< ! —l)fort
MF(E"ngrl’t) T \ME(i 6 t)
>0,andj>1.

Lemma 4 (see [3]). M (&, 1,%) is nondecreasing V&, € Q.

Lemma 5 (see [3]). Let (Q, Mp,*) be a FM space and let a
sequence {§;} in Q converges to a point § € Q iff Mp(§;, &, t)
—> 1, as j—> oo, for t > 0.

Definition 6 (see [9]). Let (Q, Mp,*) be a FM space. The FM
M, is triangular if

®)

forall ¢,{,ne Qand t>0.

Note: easily one can prove that a FM M, is triangular if
we define a mapping My : QxQxint (€)— [0,1] by
Mp(&nt)=tit+|E—n| foralll,neQ,and > 0.

Lemma 7 (see [3]). Let (Q, Mp,*) be a FM space. Let £ € Q
and {&;} be a sequence in Q. Then §; — & iff lim Mp(&,

]4)00
Et)y=1 fort>0.

Definition 8 (see [5]). Let (Q, Mp,*) be a FM space and
G: Q— Q. Then, G is known as a fuzzy-contraction, if



Journal of Function Spaces

there is 0 < S <1 so that

1 1
MyGE Gy =P (MF@ ol 1)’ ®

for all &,7€Q and t>0.

Definition 9 (see [37]). Let G and € be two self-mappings on
a nonempty set Q (e, G,L: Q—0). If I e and &=
Gw =2w for some we Q. Then w is called a coincidence
point of G and ¢, and & is called a point of coincidence of
the mappings G and €. The mappings G and ¢ are said to
be weakly-compatible if they commute at their coincidence
point, i.e., Aw = £w for some w € O, then Afw =LAw.

Proposition 10 (see [37]). Let G and € be weakly-compatible
self-mappings on a nonempty set Q. If G and £ have a unique
point of coincidence such that &= Aw = €w, then & is known
as the unique CFP of G and ¢.

3. Main Results

In this section, we present some unique coincidence points
and CFP theorems in FM spaces by using weakly-
compatible three self-mappings with illustrative examples.

Theorem 11. Let (Q, My,*) be a FM space in which a FM
My is triangular. Let G,H,L:Q— Q be three self-
mappings that satisfy

1
M (GE, Hy, t)

(e ) (e )

‘ﬁ*(W”)

b { (s agn 1) (1)

(Wl)(ml)}

forall&,neQ,t>0, and B, B,, B; €0, 1) with (B, +4f,+
2B,) < LIfG(Q) UH(Q) c€(Q) and £(Q) is a complete sub-
space of Q. Then, G, H, and £ have a unique point of coinci-
dence. In addition, if (G,€) and (H,L) are weakly-
compatible, then, G, H, and € have a unique CFP.

1
+ -
(M F(8n, H, 1)

(5)

Proof. Let &, € Q) be arbitrary and by using the hypothesis G(
Q) UH(Q) c £(Q). Now, we choose a sequence {£;} such that

€8);41 = GEy;and €8, = HE,,, forall j> 0. (6)

Now by the view of (5) and (6), for t > 0, we have

1 1
Mp (EEZjJrl’EEZﬁZ’t) MF(GEZJ"HEZJ'H’ t)

1
ﬂl (MF (852]’ eEZ}H’ - 1)
Hh ((MF EEZJ’GEZJ’ 1>
1) ’ (MF EEZ}H’GEZJ’ ) 1>
-1
(e )
+ f3; max -1 ! -1
’ MF(eEZj, Geypt) ) \Mp (80 Hoyjrt) )’
1 1 1 1
M (€55;,1, Gy t) )7\ Mp(8 H s t) )
1 1
=k (Mp(efzy €£2j+1x t) N 1) +B, <<MF(€£2]" e£2j+13 t) B 1>
1 1
' (Mp(esz,-wezmt) i 1) ! <MF<E£2j,e£ZJ+1,t) i 1)
1
" (MF (eEZ/’H’ EEZﬁZ’ t) B 1))
1
Py max { <MF(262,-,852,-+1, O 1)’

1
i 1)’ (MF (@ oy t) 1) }

After simplification, for ¢ > 0, we obtain

;—1<(ﬁ1+2ﬁ2) ! -1
My (352]41» P—Ezﬁz» t) S\ 1-28, Mg (szj, efzjﬂ’ t)
Bs ) v
* (1 -28, max { <MF(EE2j, €y 1) 1)’
-1 ; -1
T\ M (85 8570 1) '

Now three possibilities arise:

(MF (eEZJ-H > HEZ]H >

1
(MF (EEZjJrl’ 862]42, t)
(7)

1
(MF (EEZjH’ eEZj+2’ t)
(8)

(i) If (1/Mp(€5y;, €851, 1) —
in (8) for t>0, then after simplification, we get
that

1) is a maximum term

! “1< (W)
Mg (efzj+l’ 3521427 t) a 1- 2[32

1 9)
| ————— 1] fort>0.
(MF (€85)> €55,15 1) )
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1 1 ., ) —1)1s a maximum term 1n ter simplification, for ¢ > 0, we obtain
(i) If (1/Mp(€8yj 1, 88500 1) = 1) | i i After simplification, f 0 btai
(8) for t > 0, then after simplification, we get that )
1 1< < By +2B, ) M (252]42) €£2j+3’ t)
M ({)«52]41’ E£2j+2’ ) 1-26, - /33

B, +2B, 1
(10) < 1
’ ! —1|fort>0. ( 1-2B, > <MF(252]'+1’ 352]42’ t) )
MF( )

Efgj’ €€2j+1’t + < ﬁ3 > max ! -1
1-2p, MF(€E2j+2’ 0857135 t) ’

(iii) If (1/M (8, €§5;,5, ) — 1) is @ maximum term in I
(MF( )

(8) for t > 0, then after simplification, we get that

BEZ]‘H’ ££2j+2’ t)
1 _1S<ﬁ1+2ﬁ2+ﬁ3) 1 X
M (85711, 85500 1) 1-25, =P an Mp(@ i t) ) [
1
| —————— -1 | fort>0. (14)
<MF (€83, €85j410 1) )

Now three possibilities arise,
Assume that A:=max {(f, + 28, + f;)/(1-28,), (B, + (i) If (1/M (€852, €65j43, 1) — 1) is a maximum term in
2B,)/(1=2B, = B5), (B +2B, + B5)/(1 =2, - B5)} < 1 (14) for t > 0, then after simplification, we get that

then from (9), (10), and (11), we get that

1 1< ( Bi+2B, )
1 C1< ( 1 ) _ 1) fort>0. MF (€£2j+2’ 352]43’ t) 1- 2/32 ﬂ3

<Al
Mg (££2j+1’ 352;42’ f) Mg (efzp 352141» t

1
. -1 | fort>0.
(12) (MF (352;41’ €500 t) )

Similarly, again from (5) and (6), for t > 0,
(i) If (1/Mp(885;,15 8515, t) — 1) is @ maximum term in

! 1= ! (14) for t > 0, then after simplification, we get that
M (88515, 85550 1) M;(GEyj0 HE 11 1)
—lsﬁl(;a) ! _1s(ﬂl+2f3ﬁﬁs>
M (8857120 €655015 1) My (852j+2, €£2j+3, t) 1-28, 16)
+‘82<<M (& 1GE t)_1>+<M @ le t)_1> : ! ~1 | fort>0
F (625420 G82j125 F(882j41> 835415 M, (252j+1, {’.Ezﬂz, t) .
1 1
. . ——
" <MF(€£2}'+1’ G&yjias t) ) ! <MF (e£2j+2’H£2j+l’ t) ))
1 (iii) If (1/M (€851, €855, t) — 1) is @ maximum term in
+ f; max My (o G ) (14) for t > 0, then after simplification, we get that

1 1
-1, -1/, 1 +206, +
<MF(B£2j+1’HEZj+1’t) ) <MF(€EZj+1’GEZj+2’t) ) MF (3524 2 efz- 3 t) i (?T%)
j+2> 52j+3>

(4_%3,3(;_1) (17)
My (€50, HE 10 1) ! M (85120 sj1r 1) . ! -1 | fort>0.

1 1 MF (252]41’ €£2j+2’ t)

+ﬁ2<< ( 1>+<Mp( —1)

M (€851, 885530 1) 6501 83100 t)

1 1 :

-1 |+ [ -1 Since A =max {(B; +2f,+ B;)/(1-2B,), (B, +2,)/(1

<MF(ezz,-+1,esm f) ) (MF(ffzf'u’ffzf'w’ f) )) —2B, = By), (B, + 2B, + B)/(1-2B, - B3)} < 1, as defined
+ B, max 1 o 1 o in (12), then from (15), (16), and (17), we get that

} My (€£2j+2’ eszj»fs’ t) Mg (efzj+1> 352}42’ t) '

) 1 1

- - -1<A —1|fort>0.
(MF(B£2j+1’e£2j+3’ t) 1) } My (352142»252}43: t) (MF (252j+1>€52j+2’ t) >

(13) (18)
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Now, from (12) and (18), and by induction, for t > 0, we
have

1 1
-1<A -1
MF(efzﬁz’ Efzﬁs’ t) (MF (%2]41’ 852]42) t) )

1
P L P —
(MF (€8, 885015 1) )

, 1
<. S,\Zﬁz(i —1> — 0,asj — oo.
M (8 8, 1) !
(19)

Hence, from the above, we get that the sequence {€& j}j>0

is a fuzzy-contractive in (2, therefore,

lim Mp (€, ¢8;,,,t) = 1fort >0. (20)
J—)OO

Next, we have to prove that the sequence {¢& j}j>0 is a

Cauchy sequence in (£, Mp,*). Then, from Definition 2
and by using (20), for m > j where m=j+n forn=1,2, -
and t > 0, we have that

MF (EE], Eﬁm, t) = MF (€£> EEj+n’ t)

t t
ZMF <€§p e£j+1’ Z) % MF (€5j+1’ {)'Ej+2’ ;> **MF

t
. (EEj+n_1,E£j+n, E) —> 1#1%---xl=1,asj — 00.

(1)
This implies that
lim Mg (€8, €€, t) = 1fort > 0. (22)
Jm—00

Hence, proved that {€£;} is a Cauchy sequence. Since,

£(€Q) is a complete subspace of (Q, Mp,*), then there exits
w, k € Q such that Efj — Kk ={w as j — 00, therefore,

lim My (€%, t) = lim M (€&, €w, t) =1fort>0. (23)
j—00

J7/

Now, we have to show that £w = Gw = Hw. First, we esti-
mate that M (8w, Gw, t) = M (x, Gw, t) for t > 0. Since, M
is triangular, therefore,

1 1
_ 1l 1
M (fw, G, t) (MF (Cw, €515, 1) )
(24)

1
+|—Frr———-1]fort>0.
M (€855, G, t)

5
Now by using (5), (20), and (23), for t > 0, we have
1 L 1
Mg (352]42) Gow, t) - MF(G(U) Hfzju) t)
1
-1<B; <MF(€w,€Ezﬁl,t) 1)
! -1 ! -1
+ . 1|+ . 1
Mp (252]41’ Go, t) Mg ({’,w, H'szj+1’ t)
! 1 ! 1
+ P, max (MF((’,w, Gy t) ) My (@ He o 1))
1 1 1 -1
Mp (e£2j+1’ Gow, t) T\ My (&U» HEyjs t)
1 1
=h <Mp(ew, i t) 1) +B2(<Mp(ew, Gw, t) _1)
+ —1 -1+ 71 -1
Mg (egzprp 55005 t) Mg (e£2j+1’ Go, t)
71 1 71 1
T\ My (e, 8,01 )+ B m“{(MF(ew, Go ) >
! -1 ! -1
Mp (Efz]'w 55025 t) T\ M (852]41, Gw, t) ’
oy
M (0w, €855, 1)
1
—>(2B2+ﬁ3)<m —1> as j — 00.
(25)
Thus,
lim su ! -1
im0 P\ My (8., Gao, 1) 6)

< (2, +ﬁ3)<w - 1) for t > 0.

The above (26) is together with (23) and (24), we get that

1
M (b, Gar )
1
g(2ﬁ2+ﬁg)<1\mm<m,0_l>
:>(1—2/32—/33)<m_1>SOfort>O’

(27)

which is a contradiction, as (1 -2, — 3;) # 0, therefore,
M (fw, Gw, t) =1 = w = G, for ¢ > 0. Hence, fw = Gw = «.



Similarly, again by using the triangular property of Mp,

1 1
SE— N (S
M (8w, Hw, t) <MF (Cw, €854, 1) )
(28)

1
+|————  —1|fort>0.
Mg (Efzjﬂ, Hw, t)

Again by using (5), (20), and (23), similar to the above
simplification, we get

1
lim SUp | ————F—7—~ — 1
Jj—00 <MF ((’,fzjﬂ,Hw, t) )

(29)
< (2B, +B5) (MF(Ea),Ha),t) - 1) fort > 0.
The above (29) is together with (23) and (28), we get that
I
Mp(fw, Ho, t)

<08 ) (37 g )
:(I—Zﬁz—ﬁ3)( ( :

— -1} <0fort>0,
Mp(fw, Ho, t)

(30)
which is a contradiction, as (1 -2, —f3;) #0, therefore,
Mp(w, Hw,t) =1 = fw = Hw, for ¢t > 0. Hence, ¢w=Hw =
«. It follows that w is a coincidence point, and « is a common
point of coincidence point for the self-mappings ¢, G, and H,
that is,

tw=Gw=Hw=x. (31)

Next, we prove that the point of coincidence point of the

three self-mappings is unique. Let 3 another point k; € Q
such that

x, = tw; = Gw, = Hw, for some w; € Q. (32)

Now by using (5), for ¢ >0,

1 1
S [ . ——
Mp(x, Ky, t) <MF Gw, Hw,, t) >

e )+ (s )
<MF &ul Haw,, t 1) (MF (8w, G, t) 1)
+( m,le, 1) b m“{(MF@lew, >‘1>’
1) (tErean )
) en it

( Ewl yHw,, t)

( (Lw, le
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After simplification, we get that

1
Mg(k, 5, t)
602808 (i1 )
=>(1—/31_2ﬁ2_ﬁ3)(m —1) <0fort >0,

(34)

which is a contradiction. Hence, Mp(k, &, 1) =1 = k=%
for t>0. Further, by using the weak compatibility of the
pairs (G, ) and (H, £) and by Proposition 10, it follows that
the three self-mappings G, H, and € have a unique CFP, that
is, &x = Gk = Hk = k. 0

Corollary 12. Let (Q, My,*) be a FM space in which a FM
My is triangular. Let G,H,€:Q— Q be three self-
mappings that satisfy

1 1
MG Hp ) =P (Mp(ﬁf, o, t) _1>

6 ((rmees ) Gremn )

(mmeen ) Grems 1))
(35)

forallE,neQ,t>0,and 3, B, €0, 1) with (B, +4B,) < 1. If
G(Q)UH(Q) ce(Q) and £(Q) is a complete subspace of Q.
Then G, H, and € have a unique point of coincidence. In addi-
tion, if (G, ) and (H,2) are weakly-compatible, then, G, H,
and € have a unique CFP.

Corollary 13. Let (Q, My,*) be a FM space in which a FM
My is triangular. Let G,H,8:Q— Q be three self-
mappings that satisfy

; -1<B, ; -1
M(GE, Hn, t) <MF(BE’ e, 1) )
bmoc{ (sraeees ) G )

‘Q(Mm%az‘ﬂ}’

forall&,neQ,t>0,and B,, B, €[0,1) with (B, +2p;) < L. If
G(Q)UH(Q) ce(Q) and £(Q) is a complete subspace of Q.
Then, G,H, and € have a unique point of coincidence. In
addition, if (G,¢) and (H,2) are weakly-compatible, then
G, H, and € have a unique CFP.

1
(MF(QE’ Hn,t)
(36)

If we use identity map instead of the mapping ¢, i.e, £=1
, in Theorem 11, we get the following corollary.
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Corollary 14. Let (Q, Mp,x) be a complete FM space in
which a FM My, is triangular. Let G, H : Q — Q be a pair

of self-mappings that satisfy

1 1
Mp(GE, Hy, t) ~1sh <MF(E’ 1) B 1)

+#((noen ) * o )
(wmeen ) Grgmn 1)) @)
ms (e ) (s )
(remie ) oz )

forall§,neQ,t>0, and B, B,, B; €[0, 1) with (B, + 4B, +
2pB,) < 1. Then, the mappings G and H have a unique CFP.

Example 15. Let Q =0, 1] and * is a continuous ¢-norm. Let
aFM My : Qx Q% (0,00) — [0, 1] be defined by

Mp(&n,t)=t/t+ m(& n), wherem(&, 1) = | - 5|,VE, n € Q,and t > 0.
(38)

Then easily one can verify that M, is triangular FM
space (Q,Mp,*). Now we define the mappings G, H, ¢
:Q— Q0 by GE=HE=2E/27 and €€=&/3 for all £
and satisfying the hypothesis G(Q)U H(Q) c£(Q). By
using the constants B, =2/9,,=1/6, and f3;=1/20 in
(5), then the three self-mappings satisfying the inequality
(5) of Theorem 11. For verification, we present the fol-
lowing calculation for the defined mappings with constant
values used in the inequality (5), for ¢ >0, we have

1

Mg (GE, Hn, t)
_|GE-Hy| _2§8-n| _135+n _208-n| 7(x+y)
t 27t~ 81t T 27t 81t
1
* 50; M {7, 71,19 - 28, |9¢ - 211|}
< 2|& -] . 1 <14(x +y)>
27t 6t 27

7 — —
oL J7E T (928 9k 2
20t 27 27 27 27

<£§_ﬂ‘+l<‘§_§+‘ﬂ_ﬁ+‘ﬂ_§+‘§_2_’7‘>
“o9t3 3 6t \|3 27 3 27 3 27 3 27
L S % 2| n 28] |82
20t 3 27013 27013 2713 27
1 1
=k (Mmf, W) ’1> *ﬁ2<<Mp<ez, & 1)
1 1 1
' (MM o) 1) ! <MF<E:1, GEr) 1) * (MF(es_, H.t) 1))
1 1
+ By max { (Mpws, GEn 1)’ <Mp<en, D) 1)’

<MF<EfTHn, H- 1)’ (Mpanl, &) - 1) }

Hence, proved that all the conditions of Theorem 11
are satisfied with 8, =2/9, 8, =1/6, and f; =1/20, where
By +4B, + 2P = (2/9+4(1/6) +2(1/20)) =89/90 <1  and
the three-self-mappings G, H, and € have a unique coin-
cidence point and CFP, that is, 0 € Q.

Theorem 16. Let (Q, My,*) be a FM space in which a FM

My is triangular. Let G,H,€:Q— Q be three self-
mappings that satisfy

1 1
Mp(GE, Hn, t) ish <MF(BE’ €, 1) B 1)

%(W‘]) +ﬁ3<m_l>
Hmazn )5 e )

h(smeny 1)
(40)

where

1 . 1
RGH GG M0 {<Mp<e& GE 1) 1)’
1 1
(Mp(fm D) 1)’ (Mp@a D) 1)’ 1)

(m ‘1)’}’

forall &, e Q,t>0, and B, B, B3 By Bs> Bs € [0, 1) with (
Bi+ B+ Bs+ Byt Ps+Ps)<1and B,=p;sor f;=P. IfG
(Q)UH(Q) ce(Q) and ¢(Q) is a complete subspace of Q.
Then G, H, and € have a unique point of coincidence. In addi-
tion, if (G,2) and (H, ) are weakly-compatible, then G, H,
and € have a unique CFP.

Proof. Let & € 2 be arbitrary and by using the hypothesis G(
Q) UH(Q) c ¢(Q). Now, we choose a sequence {;} such that

€851 = G&yjand €8, = HE,,, for j> 0. (42)

Now, from (40), for ¢ > 0, we have

1
Mp ({7'52j+1’ 8505 t)
R 1<pB B R 1
Mp(GEy HE oy t) \ Mg (€83 €835110 1)

+ - -1]+p L -1
: MF(Efzpcgzj’t) ’ MF(EEZJ‘H’HEZjﬂ’t)



+f -1
! MF €£2]+1’G€2]’ ) >

€£2]’H£2]+1’ ) _1>

-1
G H P’ EZ]’£2]+1’ ) )

( {J’EZ]’ egZﬁl’ ) B 1)

€£2]>862]+1’ ) _1>

-1
EEZJH’ e€2]+2’ ) )

eézj,ezzﬁz, N 1)

.
e

=P
S
.
Y -
e

-1
G H e EZ]’£2]+1’ ) )

1
ﬁl+ﬁf+&><MF@§y&¢H:)_l>

1
+(Bs + Bs) (M(efzjw Eynt) 1>

)

+p !
6 N(G) H) e) Ezj) Ezj+1’

where

1
N (G’ H, ¢, Ezj’ £2j+1’ t)

. 1 1
=min { (MF(egzjﬁ G‘fzj: t) 1) > <MF(€E2j+1’ HE2j+l’ t)

ol > (MF (s HEM ) 1)}

1
=min { (MF 852] szﬁl 1> (MF EEZ]+1 3521+2 )

-1

. 1), 1
MF (EEZ}H ‘7‘52}-*-3
. 1),
1
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the view of (40), for t > 0,

1 1
MF(EEZ)'-Q’ 8513 t) MF(GEZj+2’H’EZj+1> t)
-1
) )

1 1
: ﬁl (MF (252]42’ 252]41’ t) - 1) ! ﬁZ <MF(EEZJ‘+2’ GEZ]’+2’ t
1 1
’ ﬁ3 (MF (EEZ/'H’ HEZ]'H’ t) - l) " ﬁ4 <MF (eszﬁl’ G€2j+2’ t) B 1)
1 1
+Ps (MF(EEZﬁZ’HEZjH’ t) B 1) +hs <N(G’ H,¢, £2j+2’£2j+1’ t) B 1)
1 1
= S | — 1
A (MF (efzﬁz’ efzjﬂ’ t) ) +F, <MF(e£2j+2’ 8‘52143’ t) >
1 1
s (MF (efzjﬂ’ zfzhzr t) - 1) +h (Mz-‘ (3’52141’ 852]43’ t) - 1)
£ 1)
o
M (€85, €855, 1)

1
+(Bo+By) (W i 1)

+5 ! 1
\R(GH 8,8 t) )

(43)

+5 !
C\R(G H, 68515 &350

S(ﬁ1+ﬁ3+ﬁ4)<

(46)
where

1

-1
N(G’ H.,¢, Ezj+2’ 52j+1> t)

1
—_ 1 s _ 1 ,
> (MF(E£2f+1’ HEyjy0t) >
- -1
t) ) (Mp (8312 Hfzm t) )}

;
(EEZ]+1 GEZ]+2

= min -1 -1,
{(MF E52]+2 E52]+3> ) (MF EEZ]H EEZ}+2 ) )

) 1
- { (MF(zfszrzr GEjiar t)

>‘l>’}

Hence, we get that

(47)

1
- O  1<B|—— 1 |fort>0,
0, ( ! - 1) }=0, M (€855, €555,30 1) (MF (883010 8junr t) >
M (€85, €855 1) (48)
(44)
where B = (B, + B+ B,)/(1 - B, — B,). Now from (45) and
Hence, we get that (48),
! 1< ! 1] fort>0 ! 1<% o ! 1) fort>0
-l | —Fp——— - ) -  1<BA|——— 1] fort>0.
Mp (352]41’252]42’ t) My (efzj’ 5015 ) M (€520 €530 1) M (€85, €650, 1)
(45) (49)
where of = (B, + 3, + B5)/(1— 5 — fB5). Similarly, again by Now by the view of (45), (48), (49), and by induction, for
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t > 0, we obtain that

1
My (efzﬁp eEZj+2> t)

1
= (MF (€55, €65;10 1) ) 1)

1
<A B (M—p (Eizj_l, E£2j> t) - 1) (50)

S&f-%-d(

1
-1
Mp (€855, 8551, t) >

, 1
S...sd@-d)’Q\%m_l)’

! -1<3A ! -1
M (%2142’ 852143’ t) - M (852]41) efz;w t)

j+1 1
<< (RB-d)Y (WJ).

(51)

Since, &/ = (B, + B, + B5)/(1 = 5 — B5) and B = (B, + B,
+B,)/(1 =B, - B,). Now, if B, = 3,

@ Bi+B+Bs BitBi+hBy

7 1_53_ﬁ5 1_ﬁ2_ﬁ4
_ B+ B+ PBs . B+ B+ By
1_ﬁ2_ﬁ4 1_/33_/35

(52)
<1-1=1,

In second case, if B3, = fBs,

) :ﬁ1+ﬁ2+ﬁ5_/31+ﬁ3+/34 1=
R e s SRR (53)

Hence, from (50), (52), and (53), we get that {€£ j}j>0 isa

fuzzy-contractive sequence, therefore,

lim Mp (€, 08;,,,t) =1fort > 0. (54)
J—/

Next, we have to prove that a sequence {€§; }j>0 is a Cauchy

sequence in (2, M ,*). Then, from Definition 2 and by using
(54), for m > j where m=j+mn for n=1,2,--- and t >0, we
have that

Mp (ﬁfj, {’,Em, l’) =Mrp (Egj) E£j-¢-n’ t)

t t
> M, (eg., s _> « M, (efjw e, Z)

n

t
*---*MF (€€j+n_1, E£j+7l’ ;)

—> 1 #*1x---x1=1,asj —> o0.

This implies that

lim My (€, €€, t) = 1fort > 0. (56)

J

Hence, proved that {€£;} is a Cauchy sequence. Since, £(0)

is a complete subspace of (Q, M p,*), then there exits w, k € Q
such that €& K= fw as j — 00, therefore,

lim Mp (8§, x,t) = lim My(€, tw,t) = 1fort>0. (57)
Jj—00 Jj—00

Now we have to show that €w = Gw = Hw. First, we esti-
mate that M (8w, Gw, t) = M (k, Gw, t) for ¢ > 0. Since, M,

is triangular, therefore,
: 1)
(58)

1 1
- 1<
M (fw, Gw, t) (M £ (0w, €655, 1)

1
+|—+————— -1 ]fort>0.
M (€85, G, t)

Now by using (40), (54), and (57), for ¢ > 0, we have

1 1

B Mp (Gw, H£2j+l> t)

1
-1<B; <MF(Ew,€£zjﬂ,t) - 1)

Mp (B£2j+2’ Go, t)

1
(MF (852141’ HEyj1s f) i 1>
1

1
_ -1
MF(&‘)’ Hfzﬁpt) )

! 1
+Bs N(G, H, ¢ w, Ezjﬂ,t) -
YRR P T
M (0w, €85, t) Mp(fw, Gw, t)
1 1
i ﬂ?) (MF (zfzjﬂ’ ££2j+2’ t) - 1) i ﬁ4 (MF (Efzjﬂ’ Gw> t) - 1)

S ! 1
b M (bw, €05 1) Fs R(GH, 6w, &0 t)

1
— (/52+/54)(W B 1)
+ﬁ6 1 -1 ,asj—)OO)
R(G H, 6 w,&y),, 1)
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where

1
R(GH, b, &, 1)

1
—1=min { (MF(ew Gort) 1> <MF(ffz]+1 H£21+1 ) - 1),

(MF tw, HE, ., 1) 1) <MF (€551, G, 1) 1)}

= min -1 -1,
{(MF tw, Gw, t) (MF (062010 6000 1) >

1
(MF(Ew, 8515 1) R 1>) <MF(EEZj+1’ Guw, 1) 1) }

1
ind0,(——— —1)t=0,as] .
—n {0 (irmmany 1) o

(60)

Thus,
I 1 1) <(B,+ )

m Ssu —_— — <
im0 P\ M (€855, G, ) 2" P

1
f—————— 1) fort>0. 61
(MF(ﬂw, Gw, t) ) ort> (61)

The above (61) is together with (57) and (58), we get that

1 1
M (w, G, t) < (P +Py) <MF(Ew, Gw,t) 1)

1

ﬁ(l—ﬁz_ﬁzl)(m—l) <0fort >0,

(62)

which is a contradiction, as (1 -, —f8,) #0, therefore,
M (fw, Gw, t) =1 = w = Gw, for t > 0. Hence, 8w = Gw = k.
Similarly, again by using the triangular property of M,

1 1
- 1<l— -1
M (0w, Hw, t) <MF (Cw, €851, t) )
(63)

1
+|———————-1]|fort>0.
M (88,;,, Ho, )

Again by using (40), (54), and (57), similar as above sim-
plification, we get

1
lim sup | ————— -1 | <(B;+55)
J/00 (MF (252141’ Hw, t) ) ’ ’ (64)
71 —1|fort>0
Mp(fw, Hw, t) ot
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The above (64) is together with (57) and (63), we get that

< 6,48 (57 i )
1

= -85 (57 oy

1
M (w, Ho, t) -
- 1) <0fort>0,
(65)
which is a contradiction, as (1 - f3; - 85) # 0, therefore, M
(fw, Hw,t) =1 = 8w =Hw, for t>0. Hence, fw=Hw =x.
It follows that w is a coincidence point and x is a common
point of coincidence point for the self-mappings ¢, G, and
H, that is,
tw=Gw=Hw=x. (66)
Next, we prove that the point of coincidence point of the
three self-mappings is unique. Let 3 another point «; € Q
such that
K, = w; = Gw,

= Hw, for some w, € Q. (67)

Now by using (40), for t >0,

1
Mp(x, K, t) N

- (sr@am )

A (rwms ) Ay )
b (st s ) Pelitrcay )
ey ) Pl mtaens )

=B+ (3 ) e (Gt )
(68)

where
—1 1 =min 71 1
—1=mi 1),
N(G, H, ¢, w,w,, t) M (fw, Gw, t)

1 1
—— 1), (—— -1,
(MF(CwI,le,t) ) (MF(Ew,le,t) )

(W‘QF““KW”)’%Z“

(69)

Hence, from the above, we get that

S(/g1+ﬁ4+ﬁ5)(1\w—l),
— -F-8-5) (3 e

Mp(x, %, 1)

1
Mg (k, %, t) )

- 1) <0fort>0,
(70)

which is a contradiction. Hence M (x, &, t) =1 = k=, for
t > 0. Further, by using the weak compatibility of the pairs
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(G,2) and (H, £) and by Proposition 10, it follows that the
three self-mappings G, H, and € have a unique CFP, that is,
tk=Grk=Hk=x. U

Corollary 17. Let (Q, Mp,*) be a FM space in which a FM
My is triangular. Let G,H,8:Q— Q be three self-
mappings that satisfy

1 1
My(GE Hy,t) '<h (MF(KE’ tn,t) 1)

6 (srmees 1) A Grmm )
(71)

where

I . 1
soreens " (nasy 1)
(o) Gomn ")

(m ‘1>’}’

for all &, neQ,t>0, and B, B, B3 Bs € [0, 1) with (B,
+B,+B;) <1 If G(Q)UH(Q) c(Q) and £(Q) is a com-
plete subspace of Q. Then G, H, and £ have a unique point
of coincidence. In addition, if (G, ) and (H, ) are weakly-
compatible, then G, H, and € have a unique CFP.

Corollary 18. Let (Q, Mp,*) be a FM space in which a FM

My is triangular. Let G,H,€:Q— Q be three self-
mappings that satisfy

71 -1<p <7l —1)
Mp(GE Hy,t) =TI\ Mp(RE, ey, 1)
1

b (rmass ) F Gy )

b(semeeny )
(73)

where

1 . 1
RGH GG ™" { (Mm &) 1)’
1 1
Grmmn ) rmms 1) 0

(WQ}

forall&,neQ,t>0, and B,, B, Bs Bs € [0, 1) with (B, + B,
+B:) <1 If G(Q)UH(Q) c€(Q) and €(Q) is a complete
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subspace of Q. Then G, H, and £ have a unique point of coin-
cidence. In addition, if (G, ) and (H, £) are weakly-compat-
ible, then G, H, and € have a unique CFP.

If we use identity map instead of the mapping ¢, i.e., £ =1
, in Theorem 16, we get the following corollary.

Corollary 19. Let (Q, Mg,x) be a complete FM space in

which a FM My, is triangular. Let G, H : Q — Q be a pair
of self-mappings and satisfies

1 1

ey s )
g ) Plaama )
mmaes ) P lnems )

I
+ﬁ6<N(G,H,I,£,r1,t) _1>’

(75)
where
—1 — 1=min —1 -1
R(GHL&nt) {<MF(5’ Gé, 1) )
1 1
o 1) Ggmm ) 09
1
(e 1))
forall &, neQ,t>0, and B, By B3 By Bsr Bs € [0, 1) with (

B, + B+ Bs+2B,+2B5) <1 Then G and H have a unique
CFP.

Example 20. From Example 15, let we define the three-self-
mappings G, H, £ : Q — Q by: as for each £ € Q,

i(§+§) it§+0,

GE=HE={ 10\ 7 5 (77)
0, if£=0.
And
2
<—E + §>, if £ #0,
= \7 "5 (78)
0, ifE=0.
Since, G(2) U H(Q) c £(Q), then, we have
1 . _|GE-Hpy| _ 3128 29
Mg (GEHnt)y — t 10|77 (79)
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which shows that the three self-mappings are weakly-
compatible fuzzy-contractive in a complete FM space (£2,
M ,*). Thus, all the conditions of Theorem 16 are satisfied
with 8, =3/10,,=B,=1/5,B,=B;=2/15, and S, =0,
and the three self-mappings have a unique coincidence point
and CFP in , that is, 0.

4. Application

This section deals with the application of the fuzzy differen-
tial equations (FDEs) to support our work. From the book of
Lakshmikantham and Mohapatra [38], we have the follow-
ing FDEs.

Let [ be the space of all fuzzy subsets & of R where &
: R — [0, 1]. Let the boundary value problem (BVP) is

£'(1) :P(T,E(T),E'(T)), rel=[ab),

§(1) =81, 8(r,) =&,

(80)
7,7, €1=[a, b,

where P:IxFxF—F is a continuous function. This
problem is equivalent to the integral equation

T

sm:J Q(T,v)(p(v,s(v),s’(v)))dwh(r), (81)

T
where Green’s function Q is given by

(,-7)(v-1)

, T SVESTELT,,
-7

And h(7) satisfies h'' =0, h(t,) =&, h(t,) = &,. Here, we
recall some properties of Q(7, v), that are

JTZQ(T, v)dv < @, (83)

T
and

J 2QT(T, v)dv < %

Ty

(84)

Let Q=0 (L F), * is a continuous ¢-norm, and a fuzzy
metric Mg : Qx Qx (0,00) — [0, 1] be defined as

Mp(§n.t)= wherem(§, 1) =[&-7n|,  (85)

ot
t+m(&n)

V&, €O, and t > 0. Then easily one can prove that M,
is triangular and (Q, M, ) is a complete FM space.

Now, we prove the existing result for the above BVP by
using Theorem 11.

Theorem 21. Suppose that P;,P, : IxFxF—F and let
there exist a, B € (0, 1) with a < 3 such that for all &, € Q!

Journal of Function Spaces

(I, F), satisfies

Pi(nE08' (@) ~Pa(mn(mn' (7))

(86)
<alé(1) = n(r)l + ' (1) - 7' (1))

Let there exists k € (0, 1) such that
m(E(1),n(1)) = m(E,n) <KD(G, H, . E ) VE, €, (87)
where

[& =l

D(G)H,&&n)—{ [§=Ag=h|+[n-B,~h|+|q~Ag~h[ +[T~B,~h| 5,

max {[§~Ag ~h|, [n~B, ~ |, [n~ A=, |~ B, ~h}
(88)

Then the integral equations

Q(r,v) (Pl (v, E(v), &' (v)) dv+h(r),Tel, (89)

Q(t,v) (Pz(v, 7v), ;1' (v)) dv+h(v),Tel, (90)

have a unique common solution in Q'[[t,, 1), Fl.

Proof. Suppose that Q = [[1,, T,], F] with metric

m(&n) = max (ale() = n(r)|+BE (1) ' (x)]). (o)

T <T<T,

The space (Q,m) is a complete metric space. Now, we
define the operators G, H,2: Q — Q as

G(§) =Ag +h H(n) =B, + 1 &(§) =& and&(n) =1, (92)

where
4= | Q) (P (mEDE ) durer (03)
and

B,()= | Q) (P ) dv et (04

Ty

where P}, P, e QI x Fx F, ), & n e Q' (L F), and i € Q(L, F)
. Now by the properties of Q(z, v), and from (91), (92) and
by using the hypothesis, we have
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6@)©) - Hi() < [ 10w I[Py (50,8 )
=, (s, ) v <& [ (e )

< @m(f, 7) < m(& 1) .

By (s ) v < (e[ 10, )l

<2 Dm(gn)< m(i’ iy

(96)

Now, from the above and by view of (86), and (91), we
have that

m(GE, Hnp) = max (“IG(E)(T) —H(n)(7)| + B|(G(&)) ()

T)<T<T,

~ (H(n)' ()]) < ami’ n ﬁm(i’ ")

< (38)mEn

Now, from (87), we have that

(97)

m(GE, Hy) < (gﬁ) m(&n) <Y'D(G, H,8,& 1)V neQ,
(98)

where Y* =5/8fk < 1. Now we are in the position to apply
Theorem 11 to get that G, H, and € have a unique CFP u* ¢
O, ie, u* is a solution of the BVP. We have the following two
main cases:

(a) If D(G, H,¢& 1) =|&—7| in (88), then from (85)
and (98), for ¢ > 0, we have

1 L m(G&, Hr) . Y*D(G,H, 6.&1)

M, (GE, Hn, t) t t

_ *‘E—I’]l_ * 1 _
S (e )
(99)

for all &, 7 € Q. Hence, the operators G, H, and € satisfy all
the conditions of Theorem 11 with Y* =, and 3,=,=0
in (5). Thus, the operators G, H, and € have a unique CFP
u* €, ie, u* is a solution of the BVP (80).

13

(b) If D(G H, 88 n)=[§~A;—h|l+|n-B,—h|+|n-
Af—h|+|€—B,1—h| in (88), then from (85) and
(98), for t >0, we have

1 - m(GE, Hny) <7 D(G,H,¢,¢,n)
M, (GE, Hy,t) t = t
_y- A=l +|n-B,~h|+|n- AR +|E- B,
t
- -H - -H
:Y*(If tGE\ o t o, n th\ L8 t fﬂ)

- ((r@een ) (rmmn )

for all &,7 € Q. Hence, the operators G, H, and ¢ satisfy all
the conditions of Theorem 11 with Y* =, and 3, =3, =0
in (5). Thus, the operators G, H, and € have a unique CFP
u* €, ie, u* is a solution of the BVP (80).

(100)

(0) If D(G, H,¢,&,1) =max {|§ - A; —hl,|n - B, —hl, |
—Ag—h[,[€-B, —h| in (88), then, we may have
the following four subcases.

(i) If |E — Ay — A is the maximum term in {|§ - A
—h|,|n-B, —hl,|n—Ag —h|,[€ - B, — h[}. Then,
D(G,H,¢,& 1) =[5 - Ag —h| in (88). Now from
(85) and (98), for t > 0, we have

! _,_m(GEHy) _ . D(GH, &)
M, (GE, Hn, t) t t
=Y E_Atg—h’ -y ‘E_tGﬂ (101)
" 1
= (m - 1),forallf,11€(2.

(ii) If [ — B, — | is the maximum term in {|§ — A; — 7]
»|n—B,—hl,|n- A —h[, |- B, - hl}. Then, D(G,
H,0,&n) = |11—B,7 —h| in (88). Now from (85) and
(98), for t >0, we have

! . mG&Hn) . D(GHtE )
Mr(GE’ HYI’ t) - t a t
= Y* ’1 - B;"/ B h| — Y* ‘T” _tH77| (102)

1
=Y -1, forallE,neQ.
(Mr(m Hn, t) )

(i) If |7~ Ag — k| is the maximum term in {|§— A,
~hl,[n-B,~hl, |- A =h[,|E~ B, —h[}. Then,



14
D(G,H,¢,&n)=|n—-Ag—h| in (88). Now from
(85) and (98), for t >0, we have
1 . _ m(G¢, Hn) <7 D(G,H, ¢, &, 1)
M,(GE, Hny,t) t - t
—A.-h -
— Y* |’7 : ’ — Y* ‘71 tGE|

1
=Y |——— —1),forallé,n e Q.
<Mr(11, GE, 1) ) !

(103)

(iv) If [§ - B, —h| is the maximum term in {|§ - A; - h
|, In—B, —h|, |n—Ag - h|,|§ - B, —h|}. Then, D(G
JH G E ) =18 - B, - h| in (88). Now from (98)
and (98), for t > 0, we have

1 —1= m(Gf,Hq) <Y* D(G)H,B,E,I’])
M,(GEHpt)y ot !
=Y |§_Bt’7_h| =Y* |£_Btfv_h}

1
=Y"(——— —1},forallé, ne Q.
(Mr(&Hm t) ) 1

(104)

for all £, € Q. Hence, from (i)-(vi), the operators G, H, and
€ satisfy all the conditions of Theorem 11 with Y* = 8, and
B, =,=0 in (5). Thus, the operators G, H, and ¢ have a
unique CFP u* € ), i.e,, u* is a solution of the BVP (80) [J

5. Conclusion

In this paper, we proved some generalized unique coinci-
dence points and CFP theorems for weakly-compatible three
self-mappings in FM spaces without the assumption that the
“fuzzy contractive sequences are Cauchy.” The “triangular
property of FM” is used as a basic tool throughout the com-
plete paper to get the existence of unique coincidence points
and CFP results in FM spaces. In support of our main work,
we presented two illustrative examples, that is, Examples 15
and 20. In addition, we established an application of fuzzy
differential equations to ensure the existence of a unique
common solution to support our work. By using this con-
cept, one can contribute different contractive types of FP,
CFP, and coincidence points result in FM spaces with differ-
ent types of applications.
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