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Bessel functions are related with the known Bessel differential equation. In this paper, we determine the radius of starlikeness for
starlike functions with symmetric points involving Bessel functions of the first kind for some kinds of normalized conditions. Our
prime tool in these investigations is the Mittag-Leftler representation of Bessel functions of the first kind.

1. Introduction and Definitions

Let E(zy,r)={z€C:|z—zy <r} and E(0,1)cE(zy 1)
denote the interior of the unit circle with center at origin.
Suppose that o represent functions f in E(0, 1):

flz)=z+a,z*+--. (1)

Obviously, f(0) =0 along with f'(0) =1. The subclass
& C A only contains univalent (one-to-one) functions and
& C & represent the set of starlike functions. A function f
for which f(E(0, 1)) is star-shaped is starlike if Re {zf' (z)/
f(z)}>0. Also, f €8, if

22f'(2)
Re {W} >0, zeE(0,1), (2)

and f € $,(y) if

2f' () <
Re {W} >n, 0<n<l,zeE(0,1). (3)

Let

“EY = , (
r*(f) =sup {r>O.Re {m}>0,ze[E(0,r)},

r;(f):sup {r>0 : Re {f(zz)z{;?)—z)} >11,ze[E(0,r)}
(4)

be the radii of the classes defined above. We note that r* is
the maximum value of the radius such that f(E(0,7*(f)))
€S§* and r; is the maximum value of the radius such that

f(E(0,7,(f))) €S with symmetric points. Consider the
following representation of the function b, as in [1], which
satisfies the well-known Bessel differential equation:

0,)- s 6 - T LG o

ijj!F(j+.M+1) =04 (J+
where z,u € C such that y#-1,-2,-3,---. Observe that
b,(z) ¢ A. Thus, we consider the following normalizations:

ful@) = [2'T(u+ )b, ()] ™, p#0, (6)


https://orcid.org/0000-0001-8382-0204
https://orcid.org/0000-0002-5243-4252
https://orcid.org/0000-0003-3206-1900
https://orcid.org/0000-0002-7221-4468
https://orcid.org/0000-0003-2526-7353
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2021/9451999

k,(z)=2"T(p+ l)zl_“bﬂ(z), (7)

e,(z) = 2T (u+ 1)z b, (V7). (8)

Clearly, the function f k., € /. We see that

f”(z) = exp é log (2"1"(;4+ l)by(z)) } (9)

The geometric behavior and properties of the functions f ,
k,, and €, were studied by Brown, Kreyszig, Robertson, and

many others (for detail, see [2-4] and also the references
therein). The related problems were also studied in [3, 5-8]
with references therein. We study the radius problems for
the functions f,, k,, and ¢, starlike with symmetric points.

Mittag-Leffler expansion for Bessel functions is used as a
prime tool along with the conclusion that the specific positive
roots of the Dini functions are always smaller than the related
zeros b, (z), for reference, see [9].

2. Preliminaries

Lemma 1. Let f : E(0, 1) — C be a transcendental function
having the following expansion:

fla)==]] (1— ZZ> (10)
]

21

where z; : |z;| > 1 have the same argument. For a univalent
function f in E(0, 1), we have

Zw%lgz. (11)

=1

This result holds if and only if fe &*, and each of its
derivatives is close to convex in the open unit disk E(0, 1).

Furthermore, for z}, the zeroes of the derivative of f, f, and

f' are univalent in E(0,1) and for E(0,1),f(E(0,1)) is a
convex-shaped if and only if

z; <1. (12)

; <
=[5l
Lemma 2. The function
e,(z) = 2T (u+1)z' b, (Vz) € * (1) (13)

and each of its derivative is close to convex in E(0, 1) if and
only if u>u,(n), where p,(n) =0.5623 --- is a unique zero
of ,(1)=0on (-1, 00).

The proof of Lemma 1 and Lemma 2 is found in [10].
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Lemma 3. The function
fu@)= (@ T+ b)) es ) (14)

in E(0, 1) if and only if u > u,(n), where 0 < u,(n) < co is the
unique solution of

(I=m)ub,(1)=1b,,(1). (15)

In particular, f, € S* in E(0, 1) if and only if y> p,(0),
where p,(0) =0.3908 --- is a unique zero of

tuby(l):b;ﬁl(l)' (16)
Lemma 4. The function

k(2)=2T(u+ Db, (2)2 * € S*(n), 0<n<1, (17)

in E(0, 1) if and only if u> u,(n), where u,(n) is the unique
zero of

(l_n)by(l):b;wl(l)’ (18)

lies in (fi,00), where fi=—0.7745--- is the unique root of
b, =1and b, is the first positive zero of b,. In particular,
k,€8™ in E(0,1) if and only if pu>p,(0), where p,(0) =
—0.3397 -+ is a unique zero of

by(l)zbml(l)' (19)

The proof of Lemma 3 and Lemma 4 can be seen
in [11].

Lemma 5. Ifze C and n € R : 7> |z|, then

Re <ﬁ> . (20)

For the detail of the above Lemma 5, we refer to [3].

2l
n-lzl

3. Main Results

Theorem 6. Let 1>1>0, and p € (=1,0). Then, r,(1,), is a
unique positive zero of

zI;(z) —npl,(z) =0, (21)

where I ,(z) =i b, (iz). Moreover, if > 0, then r, (b,,) is the
least positive zero of

zb;(z) —nub,(z) = 0. (22)

Proof. Using Lemma 3, we see that the function f,(z) =
I (pu+ 1)by(z))1/”6c5’* (n) in E(0,1) with respect to z iff
p >, (n), where y, () is a unique zero of
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(L=m)ub,(1) = b, (1), (23)

lies in (0, co). Suppose b, ; is the jth positive root of b,(z).

By using infinite product representatlon,

2

1 Z\H z
%)=t )1 (1 B E;) (24)

i1

Also, as given in [12], we see that f, has the following form:

From Lemma 3, we see that for y > py* =—-0.7745 --- the
unique value of the root of f (1)=0 or b,; =1, we have

b,>Landb,;>1j=12,-
ate, if b, | is mcreasmg on (-1

-. The above result is immedi-
00). Using (24) and (25), we

can write
_b[:(Z) bf(—z% 6)
b,(z) =b,(-2)
Also, from (6), we have
~fu(2) =fu(-2), @

fl=2)=(-1)f (),

which in the context of zb’:(z) —ub,(z) =-zb,,,(z) is equiv-
alent to the Mittag-Leftler representation:

1 2z
b =y —— .
@) Yo @) 2; T (28)
Consequently,
b + (_Z) b +1(Z)
utl N 29
b b@) )
In view of (6), (25), and (27), we can write
2f ,(~2) 12b,(z)
=—1 = —=——— 30
7.2 'W; ER

Using Lemma 1, we find that for je€N,uy=-1, and
z€E(0,b,,), the following inequality

3
ot <z2>
(31)
b - |z b, -7
implies that
zf! 2 2|f (|2
v FilD) _ Z LD oy
u(=2) M]>1 -l fulle)
When |z <b,;, we observe that
zf (-2 1 2
R {ff (—Z)} - sz .
,u( ) HJ>1 Wi
<-1+ ! 2 (33)
=TT L2
izt bw’ 1
A
fu(1)

As in [12], we see that b'w.>0 on (0,00) for a fixed
j€N. Thus, fl:(l)/fy(l) is increasing on (0,00), and
—(fli(l)/f”(l)) is decreasing on (0, 00). Also,

—;”((3 < u<p(n) (34)
14

where u,(#) is the unique zero of

fu) =nf (1) ornqub, (1) = b,(1) or (1 = n)ub, (1) = b, (1).

(35)
We also note that
HU-2) . bua2)
AT ER (6)

when pe(-1,0).
! .
zb,(z) +1b,(z) has real roots except a pair of complex

For —-1<u<-o0o, the Dini function

conjugate roots (for detail, see [1]). Thus,
fu(=2)€8™(n), ne(-1,0), (37)

in E(0,1) if and only if p<py,(y).
(30), (33), and (36), we have

sz[:(z) _
fu@) =fu(=2)

Considering (5),

2zfﬂ (z)b!:(z)
1( @)+ £u(2))bul2)




Also, from (38), it is obvious that

o 2 2ef’
Cro-f.a! u; ~ 2P
G 39)
7D
2 (2)
=Re f”(z) .

As in [1], for 1>#>0 and pe€(-1,0), r;(I,) is the

unique value of positive zero of zI;(z)—nyIM(z):O
Moreover, if ¢>0, then we have r;(b,) which is the
least positive zero of zb;(z) —nub,(z) =0. O

Theorem 7. If y> -1, then ry(k,) > 0 is the smallest zero of

zb;l(z) +

(1=n=p)b,(z) =0, (40)
where k,(z) = 2¢T'(u+ 1)b,(z) (z)"*.
Proof. By Lemma 4, the function

k,(2) = 2T (u+1)[b,(2)] ™ € (), (41)
for 7€ (-1,0)in the open unit disk E(0, 1) if and only if

Y < p,(n), where p,(n) is the unique value of the zero of
the following equation:

(1=m)b,(1) = by (1) (42)

Suppose that b, ; is the jth positive zero of b,(z) given
by (24) and (25). Cons1der the normalization (7) such that
ku(=2) = (=Dk,(2)- (43)

We write

zkl(~z)  zk(z) zb,.(2)
¢ =T 14u-0(b,)(z) = -1+
D) R S 5
(44)
For y>-1 and r=z| <b,;, we see that
k' (— K’ 2 k(1
ReZ”( Z)S_Z ﬂ(r)=_1+z 22|Z| = #().
kﬂ(_z) ky(r) j=1 by,j - |Z| ky(l)
(45)

For detail, we refer to [12]. Since the function b;,j> 0
n (-1, 00) for fixed je N, thus k;(l)/ky(l) is increasing

n (f1,00), and —(k;(l)/kﬂ(l)) is decreasing on (f, 00)
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and —(k;(l)/ky(l))<—rl if and only if p<p,(n), where
U,(n) is the unique value of the root of

k(1) = nk, (1)or(1 = —n)b, (1) + b,(1)
=0or(1-#n)b,(1) (46)
= b,u+1(1)’

Thus,
2b,(-z) 222
b:(—z) =—1+ Re]; i,j 2
<-1+ 2722|Z|2 5
1,21 Wi |Z‘ (47)
IZIk (I2)
k(l2])
ko)
=Rl

and equality holds for |z| =r. The above inequality implies
that the function k,(-z)es™(n).n€(-1,0), in E(0,1) if
and only if u<u,(#). Considering normalization in (7),
we can write

+(1-p) (48)

22
=1_Zb2 ‘

j=1

From (48), it is known that

22k,(2)
M{M@%A }

ke

j=1 HJ

vy 2k
Z b2 |

j=1
muw
PA(E)
2K)(2)

Sk

z2

2[?

Forl >#>0 and p > -1, we see that r; (k
positive zero of the following equation:

M) is the least

zb;(z) +(1-n-pb,(2) =0, (50)

where k,(z) =2¢I'(u + 1)b,,(2) (z)"*. O
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Theorem 8. If y1>—1 and 1>1>0, then r,(2,) is the least

positive zero of the differential equation zb’:(z) +(2-2n-p)
- _ I-/2

b,(z) =0, where ¢,(z) = 2¢T'(u+ 1)b,(v/2)(2) "

Proof. Assume that b, ; is the jth positive zero of b,(z) given

by (24) and (25). Con31der1ng the normalization given in (7),
we write

t,(-2) =2'T(u+ 1)b, (vV-2) (-2) 7. (51)

Since

8,(2)= 2MF([A +1)b, (\/_) (Z)l—(y/z)

Z ]F 1+ [./l)
SN (et )+ 1) (52)
= ZH <1 - bT> >
j>1
SO we can write
e b
Rez’l(z>—1—E e —— 1z (\/—) =1- ez .
Eﬂ(z) 2 2\/z bu(\/_) ]>1 -z
(53)

This result shows that

or

The equality holds for r=|z|=2z. The principle of
minimum value for harmonic functions along with (7)
shows that

D 1y L (56)

is valid if and only if |z[ <b,;, and b,; is the minimum
positive root of the equation

rbI:(r) +(2- )b, (r)=0. (57)

Thus, we have

/(-1 1 1
ul ):_1 by L1
t,(-1) 11— ((—1)/bij) b, (58)
1
Jjz1 buj +1
t,(~2) 1 —Z L0 t,(~2)
Ey( Z =1 b2 +Z ‘l/l By(_z) 5
. bﬂ,j(a/ay)bw (59)
=y T e,
j21 (z + bf‘,j)
or
El (e;(—n) __y 2b,,;(3/0u)b,,; 0 (60)
ou\e (-1 . 2 \2 T 7
#\t(-1) j=1 (1 + bw‘)

since b;/l,j> 0 on (-1,00) for a fixed j€ N. Thus, by using
(58) and (60), we see that €, satisfies (7) and by applying
Lemma 1 and Lemma 2, we obtain that ¢,(-z) € S and
decreasing on (-1, 00) and by considering (8), we can write

“4)(z) = 2T(u+ 1>[ (8 Mﬁ)]

2\/22—1+(;4/2) 2) 77 1+(u2)
Z G+ DI(1+p)
= 4JJ'F #+J+1) z it
(61)
We also write
N (CLYT(L+p) o
Kﬂ(z)—ﬁy(—z):Z( -(-1)™) ( VI )z”f. (62)

YiTr(j+pu+1)
We can write

226,(2)  Tpo((i+ DT +@)2 ) (A0 (u+ i+ 1))
(@) = 6(=2) Epoo (1= (1)) (F1YT (1 + )2 )/ (410 (14 + )
2 22}:(2)
+(=i)b, (iV2) 1b,(VZ) Lu(2)

(63)



6
Since
& (-1 (V)
%)= AT e o
~ i (i)[A(_l)Zj (L—)!HZJ
SIG+DI(1+p+j)\ 2 ’
so we have
b (ivz) Z)
(x/E)
IR (L CV)IIG DI+ e+ ) (VE2)Y
YO (“1YID(1+ )L (p+j+ 1)) (vVz2)*™
(65)
From (63) along with (65), we see that
222,'4(2)
ey
w2 [ b(ive) -
=Re E:(z) [1+ b’;(\/i) (—z)“}
o 2(2) b, (ivz) (-i)*
=Re E:(z) 1- Hb,,(\/g) + }
e 28,(2) X% (1T (j+ )T (1 + u + ) (ﬁ/z)”+2j(1+(—1)7)
L) IR (DTG DI+ ) (Va2)
v 2l
;bﬁ,j—|z| e,(jz)
(66)
As in [11], we observe that
22¢/(2) 2€/(2) 202 lzle(l2])
Re-—#* 2 >Re—-*->1- ©w,
DG 2 L@ 2 AR LD
(67)

For 1>17>0 and p>-1, r,(¢,) is the least positive
zero of

zb,(2) + (2= 27— )b, (2) =0, (68)

where ¢,(z) = 24T (p + l)bﬂ(\/g)(z)l—ﬂ/z' .
4. Conclusion

The class of Bessel functions is originated as a solution of the
well-known Bessel differential equation. We studied the
radius problems of starlike functions with symmetric points
involving Bessel functions under some kind of normalized
conditions. We used the Mittag-Leftler representation of
Bessel functions and derived our main results.
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