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In this article, we aim to develop new ðk, sÞ-fractional integral and differential operators containing S-functions as kernels in a
form of generalized k-Mittag-Leffer functions. We also set up various properties of such operators. Furthermore, we consider a
variety of implications of the major outcomes that will be very useful in the implementation of scientific, engineering, and
technical problems.

1. Introduction and Preliminaries

More focus has been given in recent years to the develop-
ment of fractional calculus applications. The fractional cal-
culus is very important in the development of integration
and differentiation with the fractional calculus powers of real
numbers or complex numbers (for example, integral and dif-
ferential operators). The properties and application of the
fractional calculus operator are described by [1, 2]. For more
modern fractional calculus developments, the reader can
refer to [3–7]. Some new results for ψ-Hilfer fractional
pantograph-type differential equation depending on ψ-Rie-
mann–Liouville integral are studied by Foukrach et al. [8].
In the frame of fractional derivatives, Alqahtani et al. [9]
studied nonlinear F-contractions on b-metric spaces and
differential equations with Mittag-Leffler kernel. Many
scholars have computed numerous fractional integral
inequalities containing the various fractional integration
and differentiation operators over the past few years (see
[10, 11]). The k symbols are well known from a number of
sources related to the measurement of finite differences
(see [12, 13]). In the literature, k-fractional integral opera-
tors have recently been considered by different scholars.

For this function, we begin the literature with the following
properties. The Pochhammer k-symbols and k-gamma func-
tion were introduced by Diaz and Pariguan (see [14])

ζð Þn,k =
1, n = 0, ζ ∈ℂð Þ,
ζ ζ + kð Þ⋯ ζ + n − 1ð Þkð Þ, n ∈ℕ, ζ ∈ℂ, k > 0ð Þ,

(

Γk ρð Þ =
ð∞
0
zρ−1e−z

k/kdz, ρ ∈ℂ,R ρð Þ > 0:

ð1Þ

In the same paper, they spell out the relations

Γk ρ + kð Þ = ρΓk ρð Þ, ð2Þ

Γk ρð Þ = kð Þ ρ/kð Þ−1Γ
ρ

k

� �
: ð3Þ

The k-fractional integral is develop by [15] as

Iςk f xð Þð Þ = 1
kΓk ςð Þ

ðx
0
x − zð Þ ς/kð Þ−1 f zð Þdz: ð4Þ
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When we choose k = 1, then Iςkð f ðxÞÞ shows the result of
the Riemann-Liouville (R-L) fractional integration formula.

We have

Iς f xð Þð Þ = 1
Γ ςð Þ

ðx
0
x − zð Þς−1 f zð Þdz: ð5Þ

Formulas for k-fractional integral are developed by [15]
as

Iςk x ν/kð Þ−1
� �

= Γk νð Þ
Γk ρ + νð Þ x

ρ/kð Þ+ ν/kð Þð Þ−1,

Iςk x − uð Þ ν/kð Þ−1
� �

= Γk νð Þ
Γk ρ + νð Þ x − uð Þ ρ/kð Þ+ ν/kð Þð Þ−1:

ð6Þ

The R-L ðk, sÞ-fractional integral of order ς > 0 was eluci-
dated by [16].

s
kI

ς
a f xð Þ = s + 1ð Þ1− ς/kð Þ

kΓk ςð Þ
ðx
a
xs+1 − zs+1
� � ς/kð Þ−1zs f zð Þdz, ð7Þ

where x ∈ ½a, b�, k > 0 and s ∈R \ f−1g. In the same paper,
they defined the following result:

s
kI

ς
a zs+1 − as+1
� �θ/k − 1
h i
= Γk θð Þ

s + 1ð Þ ς/kð Þ−1Γk θ + ςð Þ
xs+1 − as+1
� � θ+ςð Þ/kð Þ−1

:
ð8Þ

In recent years, the applications of the fractional calcu-
lus are given by the researchers (see [17, 18]). By using
generalized k-fractional integrals, Gruss-type integral
inequalities for generalized R-L k-fractional integrals, and
ðk, sÞ-R-L fractional integral inequalities for continuous
random variables, analytical properties of ðk, sÞ-Riemann-
Liouville fractional integral several researchers have also
provided such results including Hermite-Hadamard-type
inequalities by using the definition of ðk, sÞ-fractional inte-
grals [19–23].

The S-function is given by [24]

S ς,ν,σ,ξ,kð Þ
l,mð Þ p1,⋯,pl ; q1,⋯,qm ; xð Þ

= 〠
∞

n=0

p1ð Þn ⋯ plð Þn σð Þnξ,kxn
q1ð Þn ⋯ qmð ÞnΓk nς + νð Þn! ,

ð9Þ

k ∈R ; ς, ν, σ, ξ ∈ℂ ;RðςÞ > 0, piði = 1, 2,⋯,lÞ, qjðj = 1, 2,⋯,
mÞ,RðςÞ > kRðξÞ, and l <m + 1.

The Pochhammer symbol ðζÞn, ðζ ∈ℂ, n ∈ℕÞ defined in
terms of gamma function as (also see [7])

ζð Þn =
1, n = 0, ζ ∈ℂð Þ,
ζ ζ + 1ð Þ⋯ ζ + n − 1ð Þ, n ∈ℕ, ζ ∈ℂð Þ:

(
ð10Þ

For some more result on S-function, the reader can refer
to [25–29].

1.1. Special Cases

(i) Choosing l = 0 =m in equation (9), it becomes gener-
alized k-Mittag-Leffler function, defined by Saxena
et al. [30].

S ς,ν,σ,ξ,kð Þ
0,0ð Þ −;−;xð Þ = 〠

∞

n=0

σð Þnξ,kxn
Γk nς + νð Þn! = Eσ,ξ

k,ς,ν xð Þ, ð11Þ

where Rððς/kÞ − ξÞ > l −m.

(ii) For ξ =m, equation (9) yields

S ς,ν,σ,q,kð Þ
l,mð Þ p1,⋯,pl ; q1,⋯,qm ; xð Þ = 〠

∞

n=0

p1ð Þn ⋯ plð Þn σð Þnm,kx
n

q1ð Þn ⋯ qmð ÞnΓk nς + νð Þn! ,

ð12Þ

where RðςÞ > kl.

(iii) When ξ = 1, equation (9) yields

S ς,ν,σ,1,kð Þ
l,mð Þ p1,⋯,pl ; q1,⋯,qm ; xð Þ = 〠

∞

n=0

p1ð Þn ⋯ plð Þn σð Þn,kxn
q1ð Þn ⋯ qmð ÞnΓk nς + νð Þn!

ð13Þ

= S ς,ν,σ,kð Þ
l,mð Þ p1,⋯,pl ; q1,⋯,qm ; xð Þ, ð14Þ

where RðςÞ > kl.

(iv) For k = 1, equation (14) yields K-function defined
by Sharma [31]

S ς,ν,σ,1,1ð Þ
l,mð Þ p1,⋯,pl ; q1,⋯,qm ; xð Þ = 〠

∞

n=0

p1ð Þn ⋯ plð Þn σð Þnxn
q1ð Þn ⋯ qmð Þnσ nς + νð Þn!

ð15Þ

= K ς,ν,σð Þ
l,mð Þ p1,⋯,pl ; q1,⋯,qm ; xð Þ, ð16Þ

where RðςÞ > l −m.

(v) When σ = 1 (equation (16)), it reduces to generalized
M-series defined by [32] (see also [33])

S ς,ν,1,1,1ð Þ
l,mð Þ p1,⋯,pl ; q1,⋯,qm ; xð Þ = 〠

∞

n=0

p1ð Þn ⋯ plð Þnxn
q1ð Þn ⋯ qmð ÞnΓ nς + νð Þn!

ð17Þ

=M ς,νð Þ
l,mð Þ p1,⋯,pl ; q1,⋯,qm ; xð Þ, ð18Þ

where RðςÞ > l −m − 1.

(vi) When p = q = 0 (equation (18)), it reduces to gener-
alized Mittag-Leffler function, defined by [34]
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S ς,ν,1,1,1ð Þ
0,0ð Þ −;−;xð Þ = 〠

∞

n=0

xn

Γ nς + νð Þn! = Eς,ν xð Þ, ð19Þ

where ς, ν ∈ℂ,RðςÞ > 0,RðνÞ > 0.

2. ðk, sÞ-Fractional Integrals and
Differentials of S-Function

In this section, we develop ðk, sÞ-fractional integration and
differentiation operators containing S-function as its kernel.
Also, we study ðk, sÞ-fractional calculus; we define integral
operators in terms of ðk, sÞ as follows.

Definition 1. If k > 0 and ς, ν, σ, ξ, ζ, τ ∈ℂ,RðςÞ > 0,RðνÞ
> 0,RðσÞ > 0, then

s
kε

τ;σ,ξ
a+;ς,ν f

� �
xð Þ = 1

k

ðx
a
xs+1 − zs+1
� � ν/kð Þ−1

� S ς,ν,σ,ξ,kð Þ
l,mð Þ τ xs+1 − zs+1

� �ς/k� �
zs f zð Þdz,

ð20Þ

where x > ρ. Substituting s = 0, then (20) reduces to the
operator

kε
τ;σ
a+;ς,ν f

� �
xð Þ = 1

k

ðx
a
x − zð Þ ν/kð Þ−1S ς,ν,σ,ξ,kð Þ

l,mð Þ τ x − zð Þς/k
� �

f zð Þdz:

ð21Þ

In particular, the integral operator in (21) decreases to
the well-known R-L fractional integral operator defined as
τ = 0 and k = 1.

Iςa+ fð Þ xð Þ = 1
ς

ðx
a
x − zð Þν−1 f zð Þdz: ð22Þ

The integral operator is described as s
kI

ς
a+ and s

kI
ς
a−, and

also, ðk, sÞ-fractional order left side and right side fractional
differential operators are described as ðk, sÞ- Dς

ρ+,k and Dς
ρ−,k.

Also, we used left- and right-sided R-L ðk, sÞ-fractional inte-
gral operators s

kI
ς
a+ and s

kI
ς
a−. Similarly, the left- and right-

sided R-L ðk, sÞ-fractional differential operators are s
kD

ς
a+,k

and s
kD

ς
a−, respectively. By using the Lebesgue measurable

integral of a real or complex valued function, we can
describe both R-L ðk, sÞ-fractional integral operators. The
Lebesgue measurable integral of a valued function that is
denoted and defined as real or complex form

L ρ, νð Þ = f : ∥ψ∥1 =
ðν
ρ

∣ ψ ξð Þ ∣ dξ<∞;ψ ∈ L ρ, νð Þ
( )

: ð23Þ

Definition 2. For ψðxÞ ∈ Lðρ, νÞ, ς ∈ℂ,RðςÞ > 0, k > 0, then
we define the R-L left-sided ðk, sÞ-fractional integral opera-
tor of order ς as

s
a,kD

−ς
x f xð Þ= s

a,kI
ς
x f xð Þ= s

kI
ς
a+ f xð Þ = s

kI
ς
a+ fð Þ xð Þ

= s + 1ð Þ1− ς/kð Þ

kΓk ςð Þ
ðx
a
xs+1 − zs+1
� � ς/kð Þ−1zs f zð Þdz x > að Þ:

ð24Þ

The R-L right-sided ðk, sÞ-fractional integral operator of
order ς is defined as

s
ρ,kD

−ς
ν f xð Þ= s

ρ,kI
ς
ν f xð Þ= s

kI
ς
a− f xð Þ = s

kI
ς
a+ fð Þ xð Þ

= s + 1ð Þ1− ς/kð Þ

kΓk ςð Þ
ðν
x
xs+1 − zs+1
� � ς/kð Þ−1zs f zð Þdz x < νð Þ:

ð25Þ

Definition 3. For k > 0 ; s ∈Rf−1g ; ς ∈ℂ,RðςÞ > 0 and n =
½RðςÞ� + 1, then the R-L left- and right-sided ðk, sÞ-frac-
tional differential operators are defined as

s
kD

ς
a+ fð Þ xð Þ = 1

xs
d
dx

� �n� 	
knskI

nk−ς
a+ f

� �
xð Þ,

s
kD

ς
a− fð Þ xð Þ = −

1
xs

d
dx

� �n� 	
knskI

nk−ς
a− f

� �
xð Þ,

ð26Þ

respectively. Substituting k = 1 and s = 0, then the R-L
left- and right-sided ðk, sÞ-fractional integrals and deriva-
tives will reduce to the well-known R-L left-side and right-
side fractional integrals and derivatives; see [35, 36].

Definition 4. The generalized ðk, sÞ-fractional derivative
operator is denoted by s

kD
ς,ν
a+ where ς is the order such that

0 < ς < 1 and 0 < ν < 1 is defined as

s
kD

ς,ν
a+ fð Þ xð Þ = s

kI
ς k−νð Þ
ρ+

1
xs

d
dx

� �
kskI

1−νð Þ k−ςð Þ
a+ f

� �� 	
xð Þ: ð27Þ

Obviously, when ν = 0, then (27) reduces to the R-L
ðk, sÞ-fractional derivative operators s

kD
ς
a+ (24).

Lemma 5. For k > 0, the following result for ðk, sÞ-fractional
derivative operator Dς,ν

a+,k defined in (27) holds true:

s
kD

ς,ν
a+,k zs+1 − as+1

� � θ/kð Þ−1h i� �
xð Þ

= Γk θð Þ
s + 1ð Þ−ς/kΓk θ − ςð Þ

xs+1 − as+1
� � θ−ςð Þ/kð Þ−1,

ð28Þ

with x > ρ, 0 < ς < 1, 0 < ν < 1, and RðθÞ > 0.

Proof. We obtain from equation (8)

s
kI

1−νð Þ k−ςð Þ
a+ zs+1 − as+1

� � θ/kð Þ−1h i� �
xð Þ

= Γk θð Þ
s + 1ð Þ 1−νð Þ k−ςð Þð Þ/k−1Γk 1 − νð Þ k − ςð Þ + θð Þ

� xs+1 − as+1
� � 1−νð Þ k−ςð Þ+θð Þ/kð Þ−1,

ð29Þ
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1
xs

d
dx

s
kI

1−νð Þ k−ςð Þ
a+ zs+1 − as+1

� � θ/kð Þ−1h i� �
xð Þ

= 1 − νð Þ k − ςð Þ + θ − k½ �Γk θð Þ
k s + 1ð Þ 1−νð Þ k−ςð Þð Þ/kð Þ−1Γk 1 − νð Þ k − ςð Þ + θð Þ
� xs+1 − as+1
� � 1−νð Þ k−ςð Þ+θð Þ/kð Þ−2,

ð30Þ

which by applying the relation given by (2) yields

s
kD

ς,ν
a+,k zs+1 − as+1

� � θ/kð Þ−1h i� �
xð Þ

= Γk θð Þ
Γk 1 − νð Þ k − ςð Þ + θ − kð Þ
� s

kI
ν k−ςð Þ
a+ zs+1 − as+1

� � 1−νð Þ k−ςð Þ+θð Þ/kð Þ−2h i� �
xð Þ

= Γk θð Þ
s + 1ð Þ ν k−ςð Þ+ 1−νð Þ k−ςð Þð Þ/kð Þ−1Γk 1 − νð Þ k − ςð Þ + θ − kð Þ
× Γk 1 − νð Þ k − ςð Þ + θ − kð Þ
Γk ν k − ςð Þ + 1 − νð Þ k − ςð Þ + θ − kð Þ

� xs+1 − as+1
� � θ−ςð Þ/kð Þ−1

= Γk θð Þ
s + 1ð Þ−ν/kΓk θ − νð Þ

xs+1 − as+1
� � θ−ςð Þ/k−1,

ð31Þ

which is the desired proof.

Theorem 6. For k > 0, the following result always holds true:

1
xs

d
dx

� �α

xs+1 − as+1
� � ν/kð Þ−1S ς,ν,σ,ξ,kð Þ

l,mð Þ τ xs+1 − as+1
� �ς/k� �h i

= s + 1ð Þα xs+1 − as+1
� � ν/kð Þ−α−1

kα

� S ς,ν−αk,σ,ξ,kð Þ
l,mð Þ τ xs+1 − as+1

� �ς/k� �
,

ð32Þ

where s ∈R \ ½−1�, ς, ν, σ, ξ ∈ℂ,RðνÞ > 0,RðςÞ > 0,Rð
σÞ > 0.

Proof. The proof is obvious by applying ð1/xsd/dxÞα where
α = 1, 2,.

Corollary 7. Choosing l = 0 =m in equation (32), it becomes
generalized k-Mittag-Leffler function and we get a result ear-
lier given by Nisar et al. [37].

Corollary 8. Choosing ξ =m in equation (32) and using
equation (12), we get

1
xs

d
dx

� �α

xs+1 − as+1
� � ν/kð Þ−1S ς,ν,σ,m,kð Þ

l,mð Þ τ xs+1 − as+1
� �ς/k� �h i

= s + 1ð Þα xs+1 − as+1
� � ν/kð Þ−α−1

kα

� S ς,ν−αk,σ,m,kð Þ
l,mð Þ τ xs+1 − as+1

� �ς/k� �
:

ð33Þ

Corollary 9. Choosing ξ = 1 in equation (32) and using (14)
yield

1
xs

d
dx

� �α

xs+1 − as+1
� � ν/kð Þ−1S ς,ν,σ,1,kð Þ

l,mð Þ τ xs+1 − as+1
� �ς/k� �h i

= s + 1ð Þα xs+1 − as+1
� � ν/kð Þ−α−1

kα

� S ς,ν−αk,σ,kð Þ
l,mð Þ τ xs+1 − as+1

� �ς/k� �
:

ð34Þ

Corollary 10. Choosing k = 1 in equation (34) then S-func-
tion converted in to K-function and using (16) yield

1
xs

d
dx

� �α

xs+1 − as+1
� �ν−1

S ς,ν,σ,1,1ð Þ
l,mð Þ τ xs+1 − as+1

� �ς� �h i
= s + 1ð Þα xs+1 − as+1

� �ν−α−1
K ς,ν−α,σð Þ

l,mð Þ τ xs+1 − as+1
� �ς� �

:

ð35Þ

Corollary 11. Choosing σ = 1 in equation (35) and using
equation (16), it becomes generalized M-series defined by
Sharma and Jain [32]

1
xs

d
dx

� �mα

xs+1 − as+1
� �ν−1

S ς,ν,1,1,1ð Þ
l,mð Þ τ xs+1 − as+1

� �ς� �h i
= s + 1ð Þα xs+1 − as+1

� �ν−α−1
M ς,ν−αð Þ

l,mð Þ τ xs+1 − as+1
� �ς� �

:

ð36Þ

Corollary 12. Choosing l = 0 =m in equation (36), it becomes
generalized Mittag-Leffler function [34]

1
xs

d
dx

� �α

xs+1 − as+1
� �ν−1

S ς,ν,1,1,1ð Þ
0,0ð Þ τ xs+1 − as+1

� �ς� �h i
= s + 1ð Þα xs+1 − as+1

� �ν−α−1
E ς,ν−αð Þ τ xs+1 − as+1

� �ς� �
:

ð37Þ

Theorem 13. Suppose k > 0, x > aða ∈R+ = ½0,∞ÞÞ and ς,
ν, σ, τ ∈ℂ,RðνÞ,RðςÞ > 0,RðσÞ > 0,RðςÞ > 0, then

s
kI

ς
a+ zs+1 − as+1
� � ν/kð Þ−1S ς,ν,σ,ξ,kð Þ

l,mð Þ τ zs+1 − as+1
� �ς/k� �h i� �

xð Þ

= xs+1 − as+1
� � ν+ςð Þ/kð Þ−1

s + 1ð Þς/k
S ς,ν+ς,σ,ξ,kð Þ

l,mð Þ τ xs+1 − as+1
� �ς/k� �

,

ð38Þ

s
kD

ς
a+ zs+1 − as+1
� � ν/kð Þ−1S ς,ν,σ,ξ,kð Þ

l,mð Þ τ zs+1 − as+1
� �ς/k� �h i� �

xð Þ

= xs+1 − as+1
� � ν+ςð Þ/kð Þ−1

s + 1ð Þς/k
S ς,ν−ς,σ,ξ,kð Þ

l,mð Þ τ xs+1 − as+1
� �ς/k� �

,

ð39Þ
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s
kD

ς,ν
a+ zs+1 − as+1
� � ν/kð Þ−1S ς,ν,σ,ξ,kð Þ

l,mð Þ τ zs+1 − as+1
� �ς/k� �h i� �

xð Þ

= xs+1 − as+1
� � ν+ςð Þ/kð Þ−1

s + 1ð Þ−ς/k
S ς,ν−ς,σ,ξ,kð Þ

l,mð Þ τ xs+1 − as+1
� �ς/k� �

:

ð40Þ

Proof. By using equation (7), we get

s
kI

ς
a+ zs+1 − as+1
� � ν/kð Þ−1S ς,ν,σ,ξ,kð Þ

l,mð Þ τ zs+1 − as+1
� �ς/k� �h i� �

xð Þ

= s + 1ð Þ1− ς/kð Þ

kΓk ςð Þ
ðx
a

zs+1 − as+1
� � ν/kð Þ−1S ς,ν,σ,ξ,kð Þ

l,mð Þ τ zs+1 − as+1
� �ς/k� �

zs

xs+1 − as+1ð Þ1− ς/kð Þ dz

= s + 1ð Þ1− ς/kð Þ

kΓk ςð Þ 〠
∞

n=0

p1ð Þn ⋯ plð Þn σð Þnξ,kτn
q1ð Þn ⋯ qmð ÞnΓk nς + νð Þn!

×
ðx
a
zs+1 − as+1
� � ν+ςnð Þ/kð Þ−1 xs+1 − as+1

� � ς/kð Þ−1zsdz:

ð41Þ

Substituting zs+1 = as+1 + yðxs+1 − as+1Þ, this implies zs

dz = ððxs+1 − as+1Þ/ðs + 1ÞÞdy; we get

s
kI

ς
a+ zs+1 − as+1
� � ν/kð Þ−1S ς,ν,σ,ξ,kð Þ

l,mð Þ τ zs+1 − as+1
� �ς/k� �h i� �

xð Þ

= s + 1ð Þ1− ς/kð Þ

s + 1ð ÞkΓk ςð Þ〠
∞

n=0

p1ð Þn ⋯ plð Þn σð Þnξ,kτn
q1ð Þn ⋯ qmð ÞnΓk nς + νð Þn!

×
ð1
0
xs+1 − as+1
� � ν+ςn+ςð Þ/kð Þ−1 1 − yð Þ ς/kð Þ−1y ν+ρnð Þ/kð Þ−1dy

= xs+1 − as+1
� � ν+ςð Þ/kð Þ−1

s + 1ð Þς/kkΓk ςð Þ

� 〠
∞

n=0

p1ð Þn ⋯ plð Þn σð Þnξ,k τ xs+1 − as+1
� �ς/k� �n

Γk nς + νð ÞΓk ςð Þ
q1ð Þn ⋯ qmð ÞnΓk nς + νð ÞΓk ς + ν + nςð Þ n!

= xs+1 − as+1
� � ν+ςð Þ/kð Þ−1

s + 1ð Þς/k
〠
∞

n=0

p1ð Þn ⋯ plð Þn σð Þnξ,k τ xs+1 − as+1
� �ς/k� �n

q1ð Þn ⋯ qmð ÞnΓk ς + ν + nςð Þ n!

= xs+1 − as+1
� � ν+ςð Þ/kð Þ−1

s + 1ð Þς/k
S ς,ν+ς,σ,ξ,kð Þ

l,mð Þ τ zs+1 − as+1
� �ς/k� �

:

ð42Þ

This completes the proof of (38).

Now, to prove (39),

s
kD

ς
a+ zs+1 − as+1
� � ν/kð Þ−1S ς,ν,σ,ξ,kð Þ

l,mð Þ τ zs+1 − as+1
� �ς/k� �h i� �

xð Þ

= 1
xs

d
dx

� �n

knskI
nk−ς
a+ zs+1 − as+1

� � ν/kð Þ−1S ς,ν,σ,ξ,kð Þ
l,mð Þ

h�
� τ zs+1 − as+1

� �ς/k� �i�
xð Þ,

ð43Þ

and using (38), this take the following form:

s
kD

ς
a+ zs+1 − as+1
� � ν/kð Þ−1S ς,ν,σ,ξ,kð Þ

l,mð Þ τ zs+1 − as+1
� �ς/k� �h i� �

xð Þ

= kn
1
xs

d
dx

� �n

s + 1ð Þ− ς/kð Þ−n xs+1 − as+1
� � ν−ςð Þ/kð Þ+n−1h�

� S ς,ν−ς+nk,σ,ξ,kð Þ
l,mð Þ τ xs+1 − as+1

� �ς/k� �i�
:

ð44Þ

Applying (32), we have

s
kD

ς
a+ zs+1 − as+1
� � ν/kð Þ−1S ς,ν,σ,ξ,kð Þ

l,mð Þ τ zs+1 − as+1
� �ς/k� �h i� �

xð Þ
= s + 1ð Þ−ς/k xs+1 − as+1

� � ν−ςð Þ/kð Þ+n−1S ς,ν−ς+nk,σ,ξ,kð Þ
l,mð Þ

h
� τ xs+1 − as+1

� �ς/k� �i
:

ð45Þ

This completes the desired proof.
Now, to prove (40), we have

s
kD

ς,ν
a+ zs+1 − as+1
� � ν/kð Þ−1S ς,ν,σ,ξ,kð Þ

l,mð Þ τ zs+1 − as+1
� �ς/k� �h i� �

xð Þ

= s
kD

ς,ν
a+ 〠

∞

n=0

p1ð Þn ⋯ plð Þn σð Þnξ,k τn

q1ð Þn ⋯ qmð Þn Γk nς + νð Þ n!
zs+1 − as+1
� � ςn+νð Þ/kð Þ−1

" # !
xð Þ

= 〠
∞

n=0

p1ð Þn ⋯ plð Þn σð Þnξ,k τn

q1ð Þn ⋯ qmð Þn Γk nς + νð Þ n!
s
kD

ς,ν
a+ zs+1 − as+1
� � ν+ςnð Þ/kð Þ−1h i� �

xð Þ:

ð46Þ

Using (28), we get

s
kD

ς
a+ zs+1 − as+1
� � ν/kð Þ−1S ς,ν,σ,ξ,kð Þ

l,mð Þ τ zs+1 − as+1
� �ς/k� �h i� �

xð Þ

= 〠
∞

n=0

p1ð Þn ⋯ plð Þn σð Þnξ,k τn

q1ð Þn ⋯ qmð Þn Γk nς + νð Þ n!
Γk ν + ςnð Þ

s + 1ð Þ−ς/kΓk ν + ςn − ςð Þ

� xs+1 − as+1
� � ν+ςn−ςð Þ/kð Þ−1 = xs+1 − as+1

� � ν−ςð Þ/kð Þ−1

s + 1ð Þ−ς/k

� 〠
∞

n=0

p1ð Þn ⋯ plð Þn σð Þnξ,k  τ xs+1 − as+1
� �ς/k� �n

q1ð Þn ⋯ qmð Þn Γk nς + ν − ςð Þ n!

= xs+1 − as+1
� � ν−ςð Þ/kð Þ−1

s + 1ð Þ−ς/k
S ς,ν−ς,σ,ξ,kð Þ

l,mð Þ τ xs+1 − as+1
� �ς/k� �

,

ð47Þ

which completes the desired proof.

Corollary 14. Choosing p = q = 0 in equations (38), (39), and
(40), it reduces to generalized k-Mittag-Leffler function and
we get a result earlier given by Nisar et al. [37].
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Corollary 15. Choosing ξ = q in equations (38), (39), and
(40) and using equation (12), we get

s
kI

ς
a+ zs+1 − as+1
� � ν/kð Þ−1S ς,ν,σ,q,kð Þ

l,mð Þ τ zs+1 − as+1
� �ς/k� �h i� �

xð Þ

= xs+1 − as+1
� � ν+ςð Þ/kð Þ−1

s + 1ð Þς/k
S ς,ν+ς,σ,q,kð Þ

l,mð Þ τ xs+1 − as+1
� �ς/k� �

,

s
kD

ς
a+ zs+1 − as+1
� � ν/kð Þ−1S ς,ν,σ,q,kð Þ

l,mð Þ τ zs+1 − as+1
� �ς/k� �h i� �

xð Þ

= xs+1 − as+1
� � ν−ςð Þ/kð Þ−1

s + 1ð Þς/k
S ς,ν−ς,σ,q,kð Þ

l,mð Þ τ xs+1 − as+1
� �ς/k� �

,

s
kD

ς,ν
a+ zs+1 − as+1
� � ν/kð Þ−1S ς,ν,σ,q,kð Þ

l,mð Þ τ zs+1 − as+1
� �ς/k� �h i� �

xð Þ

= xs+1 − as+1
� � ν−ςð Þ/kð Þ−1

s + 1ð Þ−ς/k
S ς,ν−ς,σ,q,kð Þ

l,mð Þ τ xs+1 − as+1
� �ς/k� �

:

ð48Þ

Corollary 16. Choosing ξ = 1 in equations (38), (39), and (40)
and using (14) yield

s
kI

ς
a+ zs+1 − as+1
� � ν/kð Þ−1S ς,ν,σ,1,kð Þ

l,mð Þ τ zs+1 − as+1
� �ς/k� �h i� �

xð Þ

= xs+1 − as+1
� � ν+ςð Þ/kð Þ−1

s + 1ð Þς/k
S ς,ν+ς,σ,kð Þ

l,mð Þ τ xs+1 − as+1
� �ς/k� �

,

ð49Þ

s
kD

ς
a+ zs+1 − as+1
� � ν/kð Þ−1S ς,ν,σ,1,kð Þ

l,mð Þ τ zs+1 − as+1
� �ς/k� �h i� �

xð Þ

= xs+1 − as+1
� � ν−ςð Þ/kð Þ−1

s + 1ð Þς/k
S ς,ν−ς,σ,kð Þ

l,mð Þ τ xs+1 − as+1
� �ς/k� �

,

ð50Þ

s
kD

ς,ν
a+ zs+1 − as+1
� � ν/kð Þ−1S ς,ν,σ,1,kð Þ

l,mð Þ τ zs+1 − as+1
� �ς/k� �h i� �

xð Þ

= xs+1 − as+1
� � ν−ςð Þ/kð Þ−1

s + 1ð Þ−ς/k
S ς,ν−ς,σ,kð Þ

l,mð Þ τ xs+1 − as+1
� �ς/k� �

:

ð51Þ

Corollary 17. Choosing k = 1 in equations (49), (50), and
(51) then S-function reduces to K-function, and using (16),
it yields

sIςa+ zs+1 − as+1
� �ν−1

S ς,ν,σ,1,1ð Þ
l,mð Þ τ zs+1 − as+1

� �ς� �h i� �
xð Þ

= xs+1 − as+1
� �ν+ς−1

s + 1ð Þς K ς,ν+ς,σð Þ
l,mð Þ τ xs+1 − as+1

� �ς� �
,

ð52Þ

sDς
a+ zs+1 − as+1
� �ν−1

S ς,ν,σ,1,1ð Þ
l,mð Þ τ zs+1 − as+1

� �ς� �h i� �
xð Þ

= xs+1 − as+1
� �ν−ς−1

s + 1ð Þς K ς,ν−ς,σð Þ
l,mð Þ τ xs+1 − as+1

� �ς� �
,

ð53Þ
sDς,ν

a+ zs+1 − as+1
� �ν−1

S ς,ν,σ,1,1ð Þ
l,mð Þ τ zs+1 − as+1

� �ς� �h i� �
xð Þ

= xs+1 − as+1
� �ν−ς−1

s + 1ð Þ−ς K ς,ν−ς,σð Þ
l,mð Þ τ xs+1 − as+1

� �ς� �
:

ð54Þ
Corollary 18. Choosing σ = 1 in equations (52), (53), and
(54) then S-function becomes M-series defined by [32], and
using (16), it yields

sIςa+ zs+1 − as+1
� �ν−1

S ς,ν,1,1,1ð Þ
l,mð Þ τ zs+1 − as+1

� �ς� �h i� �
xð Þ

= xs+1 − as+1
� �ν+ς−1

s + 1ð Þς M ς,ν+ςð Þ
l,mð Þ τ xs+1 − as+1

� �ς� �
,

ð55Þ

sDς
a+ zs+1 − as+1
� �ν−1

S ς,ν,1,1,1ð Þ
l,mð Þ τ zs+1 − as+1

� �ς� �h i� �
xð Þ

= xs+1 − as+1
� �ν−ς−1

s + 1ð Þς M ς,ν−ςð Þ
l,mð Þ τ xs+1 − as+1

� �ς� �
,

ð56Þ
sDς,ν

a+ zs+1 − as+1
� �ν−1

S ς,ν,1,1,1ð Þ
l,mð Þ τ zs+1 − as+1

� �ς� �h i� �
xð Þ

= xs+1 − as+1
� �ν−ς−1

s + 1ð Þ−ς M ς,ν−ςð Þ
l,mð Þ τ xs+1 − as+1

� �ς� �
:

ð57Þ
Corollary 19. Choosing p = q = 0 in equations (55), (56), and
(57) then S-function turns into generalized Mittag-Leffler
function defined by Mittag-Leffler [34], and using (16), it
yields

sIςa+ zs+1 − as+1
� �ν−1

S ς,ν,1,1,1ð Þ
0,0ð Þ τ zs+1 − as+1

� �ς� �h i� �
xð Þ

= xs+1 − as+1
� �ν+ς−1

s + 1ð Þς E ς,ν+ςð Þ τ xs+1 − as+1
� �ς� �

,

sDς
a+ zs+1 − as+1
� �ν−1

S ς,ν,1,1,1ð Þ
0,0ð Þ τ zs+1 − as+1

� �ς� �h i� �
xð Þ

= xs+1 − as+1
� �ν−ς−1

s + 1ð Þς E ς,ν−ςð Þ τ xs+1 − as+1
� �ς� �

,

sDς,ν
a+ zs+1 − as+1
� �ν−1

S ς,ν,1,1,1ð Þ
0,0ð Þ τ zs+1 − as+1

� �ς� �h i� �
xð Þ

= xs+1 − as+1
� �ν−ς−1

s + 1ð Þ−ς E ς,ν−ςð Þ τ xs+1 − as+1
� �ς� �

:

ð58Þ

6 Journal of Function Spaces



If we substitute s = 0 in (38), (39), and (40), then we have
some special results of the S-function.

Corollary 20. Suppose k > 0, x > aða ∈R+ = ½0,∞ÞÞ and ς, ν
, σ, τ ∈ℂ, RðνÞ,RðςÞ > 0,RðσÞ > 0,RðςÞ > 0, then

kI
ς
a+ t − að Þ ν/kð Þ−1S ς,ν,σ,ξ,kð Þ

l,mð Þ τ t − að Þς/k
� �h i� �

xð Þ
= x − að Þ ν+ςð Þ/kð Þ−1S ς,ν+ς,σ,ξ,kð Þ

l,mð Þ τ x − að Þς/k
� �

,
ð59Þ

kD
ς
a+ t − að Þ ν/kð Þ−1S ς,ν,σ,ξ,kð Þ

l,mð Þ τ t − að Þς/k
� �h i� �

xð Þ
= x − að Þ ν−ςð Þ/kð Þ−1S ς,ν−ς,σ,ξ,kð Þ

l,mð Þ τ x − að Þς/k
� �

,
ð60Þ

kD
ς,ν
a+ t − að Þ ν/kð Þ−1S ς,ν,σ,ξ,kð Þ

l,mð Þ τ t − að Þς/k
� �h i� �

xð Þ
= x − að Þ ν−ςð Þ/kð Þ−1S ς,ν−ς,σ,ξ,kð Þ

l,mð Þ τ x − að Þς/k
� �

:
ð61Þ

If we substitute k = 1 in (59), (60), and (61), then we have
some special results of the S-function.

Corollary 21. Suppose x > aða ∈R+ = ½0,∞ÞÞ and ς, ν, σ, τ
∈ℂ,RðνÞ,RðςÞ > 0,RðσÞ > 0,RðςÞ > 0, then

Iςa+ t − að Þν−1S ς,ν,σ,ξ,1ð Þ
l,mð Þ τ t − að Þςð Þ

h i� �
xð Þ

= x − að Þν+ς−1S ς,ν+ς,σ,ξ,1ð Þ
l,mð Þ τ x − að Þςð Þ,

Dς
a+ t − að Þν−1S ς,ν,σ,ξ,1ð Þ

l,mð Þ τ t − að Þςð Þ
h i� �

xð Þ
= x − að Þν−ς−1S ς,ν−ς,σ,ξ,1ð Þ

l,mð Þ τ x − að Þςð Þ,

Dς,ν
a+ t − að Þν−1S ς,ν,σ,ξ,kð Þ

l,mð Þ τ t − að Þςð Þ
h i� �

xð Þ
= x − að Þν−ς−1S ς,ν−ς,σ,ξ,1ð Þ

l,mð Þ τ x − að Þςð Þ:
ð62Þ

3. Some Properties of the Operator ð skετ;σa+;ς,ν f ÞðxÞ

Theorem 22. For k > 0 and ς, ν, σ, ξ, ζ, τ ∈ℂ,RðςÞ > 0,R
ðνÞ > 0,RðσÞ > 0 and RðςÞ > 0, we have

s
kε

τ;σ,ξ
a+;ς,ν zs+1 − as+1


 �ς/k� �
xð Þ = xs+1 − as+1

� � ς+νð Þ/kð Þ−1Γk ςð Þ
s + 1ð Þ

� S ς,ν+ς,σ,ξ,kð Þ
l,mð Þ τ xs+1 − as+1

� �ς/k� �
:

ð63Þ

Proof. From (20),

s
kε

τ;σ,ξ
a+;ς,ν f

� �
xð Þ = 1

k

ðx
a
xs+1 − zs+1
� � ν/kð Þ−1S ς,ν,σ,ξ,kð Þ

l,mð Þ

� τ xs+1 − zs+1
� �ς/k� �

zs f zð Þdz:
ð64Þ

Therefore, we have
s
kε

τ;σ,ξ
a+;ς,ν zs+1 − as+1


 �ς/k� �
xð Þ = 1

k

ðx
a
xs+1 − zs+1
� � ν/kð Þ−1

� zs+1 − as+1
� � ς/kð Þ−1S ς,ν,σ,ξ,kð Þ

l,mð Þ τ xs+1 − zs+1
� �ς/k� �

zsdz

= 〠
∞

n=0

p1ð Þn ⋯ plð Þn σð Þnξ,kτn
q1ð Þn ⋯ qmð ÞnΓk nς + νð Þ n!

� 1
k

ðx
a
zs+1 − as+1
� � ς/kð Þ−1 xs+1 − zs+1

� � ν+ςnð Þ/kð Þ−1zsdz
� �

= 〠
∞

n=0

a1ð Þn ⋯ ap
� �

n
σð Þnξ,kτn

q1ð Þn ⋯ qmð Þn s + 1ð ÞΓk nς + νð Þ n!
� xs+1 − as+1
� � ν+ς+ςnð Þ/kð Þ−1Bk ν + ςn, ςð Þ

= 〠
∞

n=0

a1ð Þn ⋯ ap
� �

n
σð Þnξ,kτn xs+1 − as+1

� � ν+ς+ςnð Þ/kð Þ−1

q1ð Þn ⋯ qmð Þn s + 1ð ÞΓk nς + νð Þ n!

� Γk ν + ςnð ÞΓk ςð Þ
Γk ν + ς + ςnð Þ = xs+1 − as+1

� � ν+ςð Þ/kð Þ−1Γk ςð Þ
s + 1ð Þ

� S ς,ν+ς,σ,ξ,kð Þ
l,mð Þ τ xs+1 − as+1

� �ς/k� �
,

ð65Þ
which completes the desired proof.

Theorem 23. Suppose let f ∈ L1½a, b�, s ∈R \ ½−1�, k > 0 and
ς, ν, σ, ξ, ζ, τ ∈ℂ,RðςÞ > 0,RðνÞ > 0,RðσÞ > 0 and RðςÞ >
0, then s

kε
τ;σ,ξ
a+;ς,ν f ðxÞ exit for any x ∈ ½a, b�.

Proof. Assume that ∇ = ½a, b� × ½a, b� and U : ∇⟶R such
that Uðx, tÞ = ½ðxs+1 − zs+1Þzs� for all x ∈ ½a, b�. It is obvious
that U =U+ +U− where

U+ x, tð Þ = xs+1 − zs+1
� � ν/kð Þ−1zs, a ≤ t ≤ x ≤ b:

0, a ≤ x ≤ t ≤ b:

 

U− x, tð Þ = zs+1 − xs+1
� � ν/kð Þ−1xs, a ≤ t ≤ x ≤ b:

0, a ≤ x ≤ t ≤ b:

 ð66Þ

As U is measurable on ζ, we can write

ðb
a
U x, zð Þdz =

ðx
a
U x, zð Þdz =

ðx
a
xs+1 − zs+1
� � ν/kð Þ−1zsdz

= k
ν

xs+1 − zs+1
� �ν/k

:

ð67Þ

So, we get

= 〠
∞

n=0

p1ð Þn ⋯ plð Þn σð Þnξ,kτn
q1ð Þn ⋯ qmð ÞnΓk nς + νð Þ n!

ðx
a
xs+1 − zs+1
� � ν+ςnð Þ/kð Þ−1zsdz

� �

= 〠
∞

n=0

a1ð Þn ⋯ ap
� �

n
σð Þnξ,k τ xs+1 − zs+1

� �ς/k� �n
q1ð Þn ⋯ qmð ÞnΓk nς + νð Þ n!

k
ν + ςn

xs+1 − as+1
� �ν/k

:

ð68Þ
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Again, integral the above term, we have

ðb
a

ðb
a
U x, tð ÞS ς,ν,σ,ξ,kð Þ

l,mð Þ τ xs+1 − zs+1
� �ς/k� �

∣ f xð Þ ∣ dz
� �

dx

=
ðb
a
∣f xð Þ∣

ðx
a
U x, zð ÞS ς,ν,σ,ξ,kð Þ

l,mð Þ τ xs+1 − zs+1
� �ς/k� �

dz
� �

dx

= 〠
∞

n=0

a1ð Þn ⋯ ap
� �

n
σð Þnξ,kτn

q1ð Þn ⋯ qmð ÞnΓk nς + νð Þ n!
k

ν + ςn

�
ðb
a
xs+1 − as+1
� � ν+ςnð Þ/k ∣ f xð Þ ∣ dx

� �

≤ 〠
∞

n=0

a1ð Þn ⋯ ap
� �

n
σð Þnξ,k τ bs+1 − as+1

� �ς/k� �n
q1ð Þn ⋯ qmð ÞnΓk nς + νð Þ n!

� k2

ν + ςnð Þ ν + ςn + kð Þ bs+1 − as+1
� � ν/kð Þ+1

×
ðb
a
∣f xð Þ∣dx ≤ bs+1 − as+1

� � ν/kð Þ+1

� 〠
∞

n=0

a1ð Þn ⋯ ap
� �

n
σð Þnξ,k τ bs+1 − as+1

� �ς/k� �n
q1ð Þn ⋯ qmð ÞnΓk nς + νð Þ n!

× k2

ν + ςnð Þ ν + ςn + kð Þ ∥f ∥1 ≤∞:

ð69Þ

The V : ζ⟶R function is then such that Vðx, tÞ =U
ðx, tÞf ðxÞ can be integrated into ζ by Toneli’s theorem. Thus,

by Fubini’s theorem
Ð b
aUðx, tÞSðς,ν,σ,ξ,kÞðl,mÞ ðτðxs+1 − zs+1Þς/kÞ

f ðxÞdx is an integrable function on ½a, b�, as a function of t
∈ ½a, b�. Thus, s

kε
τ;σ,ξ
a+;ς,ν f ðxÞ exists.

Theorem 24. For ς ∈ℂ, ς, ν, σ, ξ, ζ, τ ∈ℂ,RðςÞ > 0,RðνÞ >
0,RðσÞ > 0 and RðςÞ > 0, k > 0, s ∈R \ f−1g and x > a, the
following result holds:

s
kI

ς
a+

s
kε

τ;σ,ξ
a+;ς,ν f

h i� �
xð Þ = 1

s + 1ð Þς/k
s
kε

τ;σ,ξ
a+;ς,ν+ς f

� �
xð Þ

= s
kε

τ;σ,ξ
a+;ς,ν+ς

s
kI

ς
a+ f½ �

� �
xð Þ,

ð70Þ

for any f ∈ Lðς, νÞ.

Proof. From (20) and (24), we observe

s
kI

ς
a+

s
kε

τ;σ,ξ
a+;ς,ν f

h i� �
xð Þ = s + 1ð Þ1− ς/kð Þ

kΓk ςð Þ
ðx
a

s
kε

τ;σ,ξ
a+;ς,ν f zð Þ
 �

xs+1 − zs+1ð Þ1− ς/kð Þ z
sdz

= s + 1ð Þ1− ς/kð Þ

k2Γk ςð Þ

ðx
a
xs+1 − zs+1
� � ς/kð Þ−1 ×

ðz
a
zs+1 − us+1
� � ν/kð Þ−1

�

� S ς,ν,σ,ξ,kð Þ
l,mð Þ τ xs+1 − zs+1

� �ς/k� �
f uð Þusdu

	
zsdz:

ð71Þ

By changing the order of integration, we obtain

s
kI

ς
a+

s
kε

τ;σ,ξ
a+;ς,ν f

h i� �
xð Þ = 1

k

ðx
a

s + 1ð Þ1− ς/kð Þ

kΓk ςð Þ

" ðx
u
xs+1 − zs+1
� �ς/k

� zs+1 − us+1
� � ν/kð Þ−1S ς,ν,σ,ξ,kð Þ

l,mð Þ τ xs+1 − zs+1
� �ς/k� �

zsdz
	
usf uð Þdu:

ð72Þ

Using (38), we have

s
kI

ς
a+

s
kε

τ;σ,ξ
a+;ς,ν f

h i� �
xð Þ = 1

k s + 1ð Þς/k
ðx
a
xs+1 − zs+1
� � ν+ςð Þ/kð Þ−1

× S ς,ν+ς,σ,ξ,kð Þ
l,mð Þ τ xs+1 − zs+1

� �ς/k� �
us f uð Þdu:

ð73Þ

Thus, we get

s
kI

ς
a+

s
kε

τ;σ,ξ
a+;ς,ν f

h i� �
xð Þ = 1

s + 1ð Þς/k
s
kε

τ;σ,ξ
a+;ς,ν+ς f

� �
xð Þ: ð74Þ

To prove the second part of the theorem, consider the
RHS of (70); then, by applying (20), we get

s
kI

ς
a+

s
kε

τ;σ,ξ
a+;ς,ν f

h i� �
xð Þ = 1

k

ðx
a
xs+1 − zs+1
� � ν/kð Þ−1S ς,ν,σ,ξ,kð Þ

l,mð Þ

� τ xs+1 − zs+1
� �ς/k� �

s
kI

ς
a+ f½ � zð Þzsdz = 1

k

ðx
a
xs+1 − zs+1
� � ν/kð Þ−1S ς,ν,σ,ξ,kð Þ

l,mð Þ

� τ xs+1 − zs+1
� �ς/k� �

× s + 1ð Þ1− ς/kð Þ

kΓk ςð Þ
ðz
a

f uð Þ
zs+1 − us+1ð Þ1− ς/kð Þusdu

 !
dz:

ð75Þ

By interchanging the order of integration, we have

s
kI

ς
a+

s
kε

τ;σ,ξ
a+;ς,ν f

h i� �
xð Þ = 1

k

ðx
a

s + 1ð Þ1− ς/kð Þ

kΓk ςð Þ
×
ðx
u
xs+1 − zs+1
� � ν/kð Þ−1 zs+1 − us+1

� � ς/kð Þ−1S ς,ν,σ,ξ,kð Þ
l,mð Þ

�

� τ xs+1 − zs+1
� �ς/k� �

zsdz
	
× f uð Þusdu:

ð76Þ

Again, by making use of (24) and using (38), we get

s
kI

ς
a+

s
kε

τ;σ,ξ
a+;ς,ν f

h i� �
xð Þ = 1

s + 1ð Þς/k
s
kε

τ;σ,ξ
a+;ς,ν+ς f

� �
xð Þ: ð77Þ

Thus, (74) and (77) complete the proof of (70).

4. Concluding Remarks

In this article, we develop some new results of ðk, sÞ-frac-
tional integral and differential operators involving S-func-
tion under the extension of left and right R-L ðk, sÞ
-fractional integral and differential operators. Also, we find
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some special cases of functions like k-Mittag-Leffler func-
tion, K-function, and M-series. If we set l = 0 =m, then we
obtained results of the generalized k-Mittag-Leffler function
given by [37], and if we set s = 0, the results obtained are
reduced to the well-known results given by [38]. If we select
k = 1 and s = 0, then the results obtained are reduced to the
Mittag-Leffler function’s well-known results.
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