Hindawi

Journal of Function Spaces

Volume 2021, Article ID 9582879, 10 pages
https://doi.org/10.1155/2021/9582879

Research Article

Hindawi

Estimates of Classes of Generalized Special Functions and Their
Application in the Fractional (k, s)-Calculus Theory

S. Chandak ®,"' D. L. Suthar (,” S. AL-Omari®,’ and S. Gulyaz-Ozyurt®*

IScience and Humanities Department, L.D. College of Engineering, Ahmedabad 380015, India
Department of Mathematics, Wollo University, P.O. Box 1145, Dessie, Ethiopia

*Department of Physics and Applied Sciences, Al-Balqa Applied University, Amman, Jordan
*Department of Mathematics, Sivas Cumhuriyet University, Sivas, Turkey

Correspondence should be addressed to D. L. Suthar; dlsuthar@gmail.com

Received 1 September 2021; Accepted 21 September 2021; Published 6 October 2021

Academic Editor: Andreea Fulga

Copyright © 2021 S. Chandak et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

In this article, we aim to develop new (k, s)-fractional integral and differential operators containing S-functions as kernels in a
form of generalized k-Mittag-Leffer functions. We also set up various properties of such operators. Furthermore, we consider a
variety of implications of the major outcomes that will be very useful in the implementation of scientific, engineering, and

technical problems.

1. Introduction and Preliminaries

More focus has been given in recent years to the develop-
ment of fractional calculus applications. The fractional cal-
culus is very important in the development of integration
and differentiation with the fractional calculus powers of real
numbers or complex numbers (for example, integral and dif-
ferential operators). The properties and application of the
fractional calculus operator are described by [1, 2]. For more
modern fractional calculus developments, the reader can
refer to [3-7]. Some new results for y-Hilfer fractional
pantograph-type differential equation depending on y-Rie-
mann-Liouville integral are studied by Foukrach et al. [8].
In the frame of fractional derivatives, Alqahtani et al. [9]
studied nonlinear F-contractions on b-metric spaces and
differential equations with Mittag-Leffler kernel. Many
scholars have computed numerous fractional integral
inequalities containing the various fractional integration
and differentiation operators over the past few years (see
[10, 11]). The k symbols are well known from a number of
sources related to the measurement of finite differences
(see [12, 13]). In the literature, k-fractional integral opera-
tors have recently been considered by different scholars.

For this function, we begin the literature with the following
properties. The Pochhammer k-symbols and k-gamma func-
tion were introduced by Diaz and Pariguan (see [14])
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I'i(p) = J e dz,  peC,R(p)>0.
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(1)

In the same paper, they spell out the relations

I'i(p+k)=pIL'(p), (2)

Ii(p) = ()7 (%), (3)

The k-fractional integral is develop by [15] as
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When we choose k =1, then I} (f(x)) shows the result of
the Riemann-Liouville (R-L) fractional integration formula.
We have

1 X
S - 61
FU) = 7 | (=2 e (5)
Formulas for k-fractional integral are developed by [15]
as
IS (x(v/k)—1> _ Iy(v) (PR +(vIK))-1
¢ Ii(p+v)
I (6)
I _ (k-1 k _ 0\ ((plk)+(vik))-1
k((x ) ) I'i(p+v) )

The R-L (k, s)-fractional integral of order ¢ > 0 was eluci-
dated by [16].

(s+ 1)) px

;(IZf(x) — ka(c) J (le _ Zs+1)(C/k)*1ZSf(Z)dZ’ (7)

where x € [a,b], k>0 and s€ R\ {-1}. In the same paper,
they defined the following result:

ilfz |:(ZS+1 _ as+1)9/k _ 1}

_ I'v(0) (et -
(s+ DR (0 +¢)

g1 (G, (8)

In recent years, the applications of the fractional calcu-
lus are given by the researchers (see [17, 18]). By using
generalized k-fractional integrals, Gruss-type integral
inequalities for generalized R-L k-fractional integrals, and
(k,s)-R-L fractional integral inequalities for continuous
random variables, analytical properties of (k,s)-Riemann-
Liouville fractional integral several researchers have also
provided such results including Hermite-Hadamard-type
inequalities by using the definition of (k, s)-fractional inte-
grals [19-23].

The S-function is given by [24]

Ek)
(Cva ( IO ’pl;‘11>""Qm;x)

o )n( )nkan (9)
2 (qm) Ty(nc +v)n!’

keR;6v,0,E€C;R(c)>0,p,(i=1,2, --,l),qj(jz 1,2,
m), R(¢) >kN(&), and I < m + 1.

The Pochhammer symbol ({),, ({ € C, n € N) defined in
terms of gamma function as (also see [7])

1, (n=0,{eC),

= 10
©n {c(c+1).--((+n—1), (neN,{eC). (10

For some more result on S-function, the reader can refer
to [25-29].
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1.1. Special Cases
(i) Choosing I =0 =m in equation (9), it becomes gener-

alized k-Mittag-Leftler function, defined by Saxena
et al. [30].

where R((¢/k)-&) >1-m

(ii) For & =m, equation (9) yields

S(cvuqk D) i x) = 2 (Pl)n.'.(pl)n(a)nm,kxn ,
my (PP ) ,;)(ql)n-" (@)L k(6 +v)n!
(12)
where R(g) > kl.
(iii) When & = 1, equation (9) yields
cvalk . . _ 5 ) (Pl) ( )nkxn
(pl’ pl’ql’ ’qm’x - Y;) ( ),,Fk(flC+V)n!
(13)
S(C”k(pl, Py 5 X)s (14)

where R(¢) > kL

(iv) For k=1, equation (14) yields K-function defined
by Sharma [31]

(<v011 P -y (p1),(9),x"
(P> P13 QG 3 %) = V;} ) o (g + )l
(15)
Ko (prse= P15 Qs 3 %), (16)

where R(¢) >1-m

(v) When o =1 (equation (16)), it reduces to generalized
M-series defined by [32] (see also [33])

(cv111 \ (1) ()"
S T P >t 4
(P Py3 Qi s 5 %) nZ:(; o (@), T (ng +v)n!
(17)
:ME?;?)( 1P A 5 5 X)s (18)

where R(¢) >1-m— 1.

(vi) When p =g =0 (equation (18)), it reduces to gener-
alized Mittag-Leftler function, defined by [34]
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where ¢,v e C,R(g) >0, R(v) >0

2. (k, s)-Fractional Integrals and
Differentials of S-Function

In this section, we develop (k, s)-fractional integration and
differentiation operators containing S-function as its kernel.
Also, we study (k, s)-fractional calculus; we define integral
operators in terms of (k, s) as follows.

Definition 1. If k>0 and ¢,v,0,§{, 7€ C,R(g) >0,R(v)
>0,R(0) >0, then

1(* + +1 (V/IK)=
(e )@ = ¢ =™

SE?;)Ufk) <T(xs+1 _ Zs+1)C/k) Zsf(Z)dZ,
(20)

where x > p. Substituting s=0, then (20) reduces to the
operator

50 L vik)- V,0,8,k
(i f)(x) = EJ (x—2) g il (‘r(x - z)</") f(z)de.
(21)

In particular, the integral operator in (21) decreases to
the well-known R-L fractional integral operator defined as
7=0and k=1.

X

@ = | G- @)

a

The integral operator is described as IS, and (I, and
also, (k, s)-fractional order left side and right side fractional
differential operators are described as (k, s)- D:) .« and D;_)k
Also, we used left— and right-sided R-L (k, s)-fractional inte-
gral operators (I, and ;IS_. Similarly, the left- and right-
sided R-L (k,s)- fractlonal dlfferentlal operators are D} .
and }D;_, respectively. By using the Lebesgue measurable
integral of a real or complex valued function, we can
describe both R-L (k, s)-fractional integral operators. The
Lebesgue measurable integral of a valued function that is
denoted and defined as real or complex form

L(p,v) = {f Ayl = j (&) | dE<co € Lp, v)}. (23)
p

Definition 2. For y(x) € L(p,v),c € C,R(g) >0,k >0, then
we define the R-L left-sided (k, s)-fractional integral opera-
tor of order ¢ as

D ()= LS (0= 305 () = (U5 ) (%)
s 1-(¢lk) px k1
= %Ju (xs+1 _Zs+1)( k) Zsf(Z)dZ(x > a).
(24)

The R-L right-sided (k, s)-fractional integral operator of
order ¢ is defined as

DS (0)= IS (0)= L5 f () = i) ()
s 1-(¢/k) (v Gk

= %J (xs+1 _ zs+1)( 1k) Zf(z)dz(x <v).

(25)

Definition 3. For k>0;s€ R{-1};6€ C,R(¢) >0 and n=
[R(¢)] +1, then the R-L left- and right-sided (k,s)-frac-
tional differential operators are defined as

(0500 | (525) | (32 ) 0,

(5010 = | (~52) | (Risr) o,

respectively. Substituting k=1 and s=0, then the R-L
left- and right-sided (k, s)-fractional integrals and deriva-
tives will reduce to the well-known R-L left-side and right-
side fractional integrals and derivatives; see [35, 36].

(26)

Definition 4. The generalized (k,s)-fractional derivative
operator is denoted by ;D% where ¢ is the order such that
0<¢<1land 0<v<1is defined as

052 = [0t () (K)o @

Obviously, when v =0, then (27) reduces to the R-L
(k, s)-fractional derivative operators D, (24).

Lemma 5. For k > 0, the following result for (k, s)-fractional
derivative operator D) defined in (27) holds true:

(1D [ @ =a) "] ) )

— Fk(e) (xs+1 _ as+1)<(9*<>/k)*1 (28)
(s+1) "I (0-0)
with x> p,0<¢<1,0<v <1, and R(0) >0
Proof. We obtain from equation (8)
) (k- o+ se1n (076)-1
(kl(l )¢ C)|:(Z 1_a+1)( ) :|)(x)
= Li(6) (29)

(5 + 1)((l—v)(k—6)>/k—11—vk<(l _
) (xs+1 _ as+1)(((1*")("*@)*9)/")*1

v)(k—-¢)+0)

>



%di(kﬁliv ) (k=) |:(Z5+1 s+1)(9/k)—1})(x)

- [(1-v)(k=¢)+0-Kk|T(0) (30)
k(s + 1)((( V) (k=6))1k)-1 (1-v)(k-c)+6)
. (XSH _as+1)(((1 v) (k=6)+0)/k)-2

which by applying the relation given by (2) yields

( D;J‘:k[< 2 _as+1)(9/k)—1:|)(x)
= I (6)

Ii(1=v)(k-¢)+6-k)

. (fclz(f") [(Zsﬂ _ a5+1>(((I*V)(k7<)+6)/k)—2} ) (%)
= Ty (6)
(s 1)(OEIMEDRTL (1 -y (k—¢) +0 - k) (31)

I((1=v)(k-¢)+60—k)
I (v(k=¢)+(1-v)(k-c)+0-k)
. (xS+1 _ us+1)((97c)/k)—1

_ I'v(6) o+
(s+ 1) (0 -v) (

6—¢)/k—1
as+1)( <) ,

which is the desired proof. O

Theorem 6. For k > 0, the following result always holds true:

1d\*“ _
(; %) [(xsu _ a5+1)(v/k) ISE?;;,);T’EJ() (T (XSH _ a5+1)c/k)}
(s+ I)a(xsﬂ _ as+1)(‘//k)*a*1
ka
. SE?:;;Wkﬁsf)k) (T(XSH _ aSH)C/k),

(32)

where seR\[-
0)>0.

1,6,v,0,£€ C,R(v) >0, R(g) > 0, R(

Proof. The proof is obvious by applying (1/x°d/dx)" where
a=1,2, |

Corollary 7. Choosing | = 0= m in equation (32), it becomes
generalized k-Mittag-Leffler function and we get a result ear-
lier given by Nisar et al. [37].

Corollary 8. Choosing £ =m in equation (32) and using
equation (12), we get

1 d\*“ R
(Sd> [(XH—I _aﬁ-l)( /k) ISE?m)J ) (T(x”l _ as+1)</k)i|
X’ ax )
(s+ ])“(xs+1 _ as+1)(wk)—a_1
kOt

) SE;,:;;ak,a,m,k) (T (x5+1 _ a5+1)c/k) .
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Corollary 9. Choosing & = 1 in equation (32) and using (14)
yield

< xi d% ) ‘ {(xm o) O glevatd (T (- am)c/kﬂ
(s+ I)a(x5+1 B a5+1)(v/k)—o¢—1

P
S (e =0 ) ).

(34)

Corollary 10. Choosing k=1 in equation (34) then S-func-
tion converted in to K-function and using (16) yield

(é%) [(xsﬂ _ aSH)V_ISEZ::,’)U)M) (T(XSH _ aSH)C)}
= (s+ D)% - as“)vfaflKEZ’:;;“’o) (T(x‘“ - as“)c).
(35)
Corollary 11. Choosing o =1 in equation (35) and using

equation (16), it becomes generalized M-series defined by
Sharma and Jain [32]

ma
(é%) [(xsﬂ _ as+1)"*lsg?’;‘;’;:1>1) (T(f“ _ aSH)C)}
=(s+ l)oc(xsﬂ _ as+1)V—“—1MEZ<,-::l;“) (T(xsﬂ _ aSH)C)‘

(36)

Corollary 12. Choosing | = 0 = m in equation (36), it becomes
generalized Mittag-Leffler function [34]

(é%) [(xsﬂ _ as+1)v—lsgf):;,)1)1,1) (T(XSH _ as+1)<)]
_ (s + 1)“(x5+1 _ “SH)WWIE(Q,V—a) (T(xSH _ a“])c).
(37)

Theorem 13. Suppose k>0,x>a(aecR, =[0,00)) and g,
v,0,7€C,R(v),R(5)>0,R(c) >0,R(g) >0, then

(;(I;— {(ZSH _ aSH)(V/k)_ISE;‘;;’)E’k) (T(Z5+1 _ as+1)C/k)} ) (x)
s B v+¢)/k)-1

_ (x " -a H)(( R glovreodk) s+l s+1\S/k

) (s+ 1) () <T(x -a) )

(38)

(iDZ+ |:(zs+1 _ as+1)("/k)’ SE?;)"E")( (zs+1 _ as+1)C/k)i| ) (X)

s s v+6)/k)—
(X +_ g +1)(( +6)/k)-1 (cv—c0Ek) st1 s+1\6/k
(s+ 1)k Stm) T =),

(39)
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(;{D{cl,r |:(Zs+1 _ as+1) (V/k)*ISE?’,:;)l”f,k) (T(ZSH _ as+1)</k>:| ) (x)

v+¢)/k)—-1
e —a5+1)(< o (sv=6.0.&.K) st _s+1\Sk
- (s+ 1)’c/k S(Lm) T(x -4 ) .
(40)

Proof. By using equation (7), we get

(i12+ |:(ZS+1 _ as+1)("/k)’1sgis;’;;7fsk) (T(ZS+1 _ as+1)C/k):| ) (X)

(s+ 1)1 e (27 = ) (T (2 - aﬁl)c/k)zs
B dz
kI (s) .L (5+1 = a5+1)17(c/k)
_ (s+ 1)1—(</k) OZO: ®), (Pl)n(‘f)ng,kT"
kLu(6)  2(1)y - (dm) Ti(ns +v)n!
y Jx (Z5+1 _as+1)<(V+cn V1K)~ (xs+1 5+1) ORI
(41)

Substituting z*! = a**! + y(x*! — a*tl),
dz= ((XSH - aS“)/(s +1))dy; we get

this implies z°
(7{121» |:(Zs+1 _ aﬁl)(wk%lsgz‘;’;ﬂf’k) (T(ZHI _ as+1)(/k):| ) (x)

_ (S+ l)li(dk) < (Pl)n (pl)n(g)nf,an
(s+ DEL(6) 155 (1) = () L6 + vl

% Jl (xs+1 _ as+1)(("+<"+<)/k) (1 )’) (s7k)- v+Pn)/k)—1dy
0

(xs+1 _ as+1)(("*<)/k)’1
s+ 1))
§ (0. 0o Jues (70 =@ ) Ty (6 4910
) (40)n - (@) Ti(ns +v)Ii(6 +v +ng) !
e _aﬁl)((wc)/k)fl © (py), (), (0)n§k< (x4 _a5+1)C/k>
(s+1)* 2 (@), (@) Tils+v+ng) n!
(e —as"l)((wc)/k)_l (evicoEk) ol ssiyolk
) (s+ 1) S (T(z ) )
(42)
This completes the proof of (38). O

Now, to prove (39),
(o5 [ - )" (e (@ - ) ) )
1d _
_ (Ta) (knilnk S |:(ZS+1 _ aSH)(Wk) ISEZC,’:;’)U’&M

_ asu)c/kﬂ ) (),

and using (38), this take the following form:
(iD2+ [(zsﬂ _ as+1)("/k)‘1852;‘:)0’5»k) (T(ZSH _ as+1)C/k>} ) (x)
1 d\" ()= v=)/k)+n-1
= k" <__> ((S+ 1) (clk) n|:(xs+l _as+1)(( S
xS dx
) SEZ,;;c+nk,0,E,k) (T ( 1 aﬁl)c/k)} )
(44)
Applying (32), we have
(7(D2+ |:(Z5+1 _ as+1)("/k)_15522’;;7)5>k) (T(ZSH _ as+1)c/k>:| ) (x)
_ —clk 1 1\ ((v=¢)/k)+n—1 (¢,v—c+nk,0,& k)
=[5+ 1) —a) Stim)
. (T(xs+1 _ as+1)c/k>:| )
(45)

This completes the desired proof.
Now, to prove (40), we have

[ R i SN &

D¢
<7<D2'I

S ) POex T ey
= ;(ql) (qm),,l Fk(nik+v) - (2 -a )<< )Ik) D(x)
_ Z (Pl)n' (Pl)n(a)nz,k T _ (kD {( S sﬂ)((wcn)/k)fl})(x)_

(@), (@), Tr(ng+v)

(46)

Using (28), we get

(308 [ = @) "G (e - @) ™) ) 0
_ . 1)y (P1)(0) g T I'i(v+gn)

=), (@), Tilng+v) nl(s4+1)9* I (v+gn—g)

—¢)/k)-1
a5+1)(("+<”—<)/k)—1 (XSH B as+1)(<v o

A xs+1 _
( (s+ 1)"”‘

) i (Pl)n (Pl),,((f)n&k (T(le _ as+1)c/k>”

n=0 (ql)n (qm)n
_ a5+1)((v—<)/k)—1

S(§>V’§>‘7>f’k) (T (xs+1 _ as+l)C/k)
_ (Lm) >
(s+ 1)~k

I'i(ng+v-g) nl
(xs+1

(47)

which completes the desired proof.

Corollary 14. Choosing p = q = 0 in equations (38), (39), and
(40), it reduces to generalized k-Mittag-Leffler function and
we get a result earlier given by Nisar et al. [37].



Corollary 15. Choosing &=q in equations (38), (39), and
(40) and using equation (12), we get

(ilfu |:(Zs+1 _ as+1) (V/k)‘lsgz’:;’;"%k) <T (Zs+1 _ as+1)</k):| ) (x)

(xs+1 _ as+1> ((v+¢)1k)-1

(6v+6.0,q.k) s+l _s+1\G/k
) (s+1)%* St (T(x @) )’

(iD2+ |:(ZS+1 _ as+1) ("/k)’lsgi;‘;»;,%k) (T (Zs+1 _ as+1)C/k)} ) (X)
(x_§+1 _ as+1)((V—c)/k)—1

- (6:v=6,0.9:k) s+l _s+1\Glk
) (s+ 1) S <T(x a) )’

(iDgX |:<Zs+1 _ as+1)("/k)’lsgz;:’1))‘7>’1)k) (T (Zs+1 _ as+1)C/k):| ) (X)
(Xs+1 _ as+1)((V*<)/k)*1

(6:v=6,0.9:k) st _ _s+1\S/k
N (S+1)—c/k S(l»m) (T(x —a ) )

(48)

Corollary 16. Choosing & = 1 in equations (38), (39), and (40)
and using (14) yield

(i12+ |:(Zs+1 _ as+1) (V/k)’lsézg’;)‘n]’k) (T (zs+l _ as+1)C/k)] ) (X)

S S v+6)/k)-1
(x +1_ g +1)(( +¢)/k) (vHcok) sl seINGk
(s+1)%* Sm) T =) ),

(49)

(;cDEH |:(Zs+l _ as+1) (V/k)’lsgi;‘;;ﬂhk) (T (Zs+1 _ as+1)C/k)i| ) (.X)
(xs+1 _ as+1)(("’c)/k)*1

(6;v=6,0.k) s+l _s+1\Sk
T e ),

(50)

(iDz,r |:(ZS+1 _ a5+1)<V/k)_ISEi’;);’I)k) (T (Zs+1 _ as+1)</k)} ) (x)

v=¢)/k)-1
(x* —a*t) e §(OV=eok) (st _ pst1yelk
(s+ 1)~ (bm) (T (e =a) ) .

(51)

Corollary 17. Choosing k=1 in equations (49), (50), and
(51) then S-function reduces to K-function, and using (16),
it yields

(r @ =a) s (v (@ - a)) )

-1
~ (xs+1 _ as+1)V+C (C,v+c,¢7) o e
- (S+ I)C (Lm) T(X —a ) >

(52)
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(SD(CH [(Zsﬂ _ as+1)"*lsgi’r‘r’l’;ﬂ1»1) (T(ZSH _ as+1><)} > (x)
s+1 _ s+1\V—¢-1
_ (x (531)2 E?}vn;w) (T(XSH _ as+1)¢),
(53)

(SDZ’}: [(Zs+1 _ as+1)"—18§2’r‘;’;7»1)1) (T(ZSH _ aSH)C)} ) (x)
~ (xs+1 _ a5+1)v—c—1 (6v—6,0) (T(x”l _ a”l)c).

T Genc um
(54)

Corollary 18. Choosing o =1 in equations (52), (53), and
(54) then S-function becomes M-series defined by [32], and
using (16), it yields

(SIfH |:(Zs+1 _ as+1)V_ISEZ>;’1>>1>1:1) (T(ZSH _ as+1)¢)i| ) (X)
xS _ gstl vHg-1 , .
= %Mzim;c) (T(xs+1 —a +1)c))

(55)

(SDZH {(Zsu _ tZSH)V_ISEZ’;’)L]’]) (T(Zs+1 _ as+1)<)} ) (x)
s+1 _ s+1\ V61
_ (* (sjl)z MEZ’::T) (T(xm _ as+1>¢)’
(56)

(SDZ)X |:(zs+1 _ as+1)V*ISE§:;’1s)1r1s1) (T(ZHI _ as+1)€):| ) (X)
K5t — gst1\ Vsl . . .
- G+ 1))< o (7 =a™)).
(57)

Corollary 19. Choosing p = q = 0 in equations (55), (56), and
(57) then S-function turns into generalized Mittag-Leffler
function defined by Mittag-Leffler [34], and using (16), it
yields

(SI{QH |:(zs+1 _ aS”)v_ISE;?(;)lJ’I) <T(ZS+1 _ as+1)¢):| ) (x)

xSH _ g5t v+6-1
= ( (s+ 1)2 E(c,v+c) (T(xSH - aHl)c)’

(SDEH |:(ZS+1 _ as+1)"*18$’)‘6>)1»1,1) (T(ZSH _ asﬂ)c)} ) (x)

(xs+1 _ as”)Hfl

_ 1 1\ S
= WE(C’H) (T(xs+ -a™*) )

(SDZ)X |:(Zs+1 _ as+l)"_ISE;:‘(;s>1’1s1) (T(Zs+1 _ as+1)€>:| ) (X)

(xs+1 _ as+1)"—¢—1 . .

(58)
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If we substitute s = 0 in (38), (39), and (40), then we have
some special results of the S-function.

Corollary 20. Suppose k> 0,x>a(aeR, =[0,00)) and ¢, v
,0,7€C, R(V),R(g) >0,R(0) >0, NR(g) >0, then

(s, (- u><””‘>"sﬁ?':;;”“‘> (xt-a™)] )0

= (x - a) ("0 cv+ca£k (r ‘a c/k) (59)
DS ( v/k 1S(cvaé;’k) T c/k

(:k(xai E)((v —¢)1k)~ cv cofk E‘[ C/k))}) (60)

(e e (O ) C R

= (x—a)((" §)/k)= Isgi;)cafk) (T(x_a)c/k>.

If we substitute k = 1 in (59), (60), and (61), then we have
some special results of the S-function.

Corollary 21. Suppose x> a(a€ R, =[0,00)) and ¢,v,0,T
€eC,R(WV),R(c)>0,R(c)>0,R(c) >0, then

(15, [ =0 sy (e = a))| ) ()

= (=) IS e - a)),

(D5 [ (=S et - ap)| ) ()

= ()< IS e - a)),

(D[ =ay s et - ay)] ) ()

= (x—a) s (r(x - a)).

(62)
3. Some Properties of the Operator (/7 f)(x)

Theorem 22. For k>0 and ¢,v,0,§,{, 7€ C,R(5) >0, R
(v)>0,R(0) >0 and R(g) >0, we have

(xm _ as”)((cw)/k)fll‘k(c)
(s+1)

(isszv [Zs+1 _ as+1] C/k) <x> _
(6:v+6,0.E,k) 1 1\Sk
. S(l,m) (T<x5+ g ) >
(63)

Proof. From (20),

s o I P sr1y (VIK)-1 o(cvio bk
( uijf)( ) %J (x+l_z+1)(V ) SEZM)U )
a (64)

. (T (x™ = z”l)c/k) Z'f(z)dz.

7
Therefore, we have
s St gst1]k 1 . (vik)-1
(k‘S;ffv +1 _ +1 s ) EJ +1 zs+1)
.(Zs+1 s+1 (s/k) ISECVJEk( 1 s+1 c/k)zdz
_§ B O
n=0 (ql)n (qm) Fk(nc + V) n'
1 _
. (EJ (Zs+1 _as+1) (stk)= (x”l s+1)((V+<n)/k) 1stz)
_ i (ar), - (“p)n<")n£,k7n
(@), (@), (s + DI (n6 +v) n!
. (xs+1 _ as+l)(("+<+<”)/k>_13k(v +cn, C)
0o ‘11 .. (O’) Ean (xs+1 _ as+1)(("+¢+¢”)/k)‘1
n
Zo (ql) “ (G) (s + DIk (6 +v) !
_Fk(V+Cn)Fk(C) _ (xs+1 _ as+1)((v+c)/k)—11_,k(c)
I'i(v+g+gn) (s+1)
(ev+6,0.Ek) s s+1y 6Tk
S e - ),
(65)
which completes the desired proof. O
Theorem 23. Suppose let f € L,[a, b],s € R\ [-1], k>0 and

¢, 0,60 1eC,R(c)>0,R(v)>0,R(0) >0 and R(g) >
0, then $£50% f(x) exit for any x € [a, b].

Proof. Assume that V =[a,b] x [a,b] and U : V—R such
that U(x, t) = [(x*! = z°1)z*] for all x € [a, b]. It is obvious
that U = U, + U_ where

U+(x’ t) _ < (xs+1

0, a<x<t<b.

/k)-1
—z”l)(v) Z, a<t<x<b.

(66)

(z*! - x”l)(Wk)_le, as<t<x<b.
U_(x,t) =
0, a<x<t<b.

As U is measurable on {, we can write
X

JbU(x, z)dz = JX U(x,z)dz = J (x”l -

a a a

Zs+1) (V/k)*lzsdz

_ k s+1 s+1\vik
—;(x 2 I
(67)
So, we get
_ < (P) (Pl) (a)nEkT” +1 s+1 ((v+sm)lk)=1 s
= Y e ([ o e )

_ i( n-.. ) (o )n£k< (xs+1_zs+l)q/k)”

n=0 ( ) (qm) Fk(nc + V) nl

+1 s+l vik
v+cn(xs @)

(68)



Again, integral the above term, we have

b /b
J (J U(x, t)sgi,::)mi,k) (T(xsﬂ _Zs+1)</k) If(x) | dz> dx

b X
- J If (%)] J U(x, z)sgiyn»;ff,k) (T(xm _Zs+1)c/k) dz) I

(), (0),e4T" kK
() Tr(ns+v)nlv +6n

: < J a (21— ) ) dx)
- (ay), (@)u (r(0" = @) ™)

- n=0 (ql)n (qm)nrk(nc + V) n!
. K (bs+1 _ as+1)(V/k)+1
(v+gn)(v+sn+k)

b
XJ |f(x)|de (bs+1 _as+1)("/k)+1

' 020: (al)n (ap)n(a)nf,k('f(bs“ _as+1)C/k>n
(ql)n (qm)nrk(”c +v)n!

n=0

2

x (v+en)(v+on+k) I, < oo.

(69)

The V : { — R function is then such that V(x,t)=U
(x,1)f (x) can be integrated into { by Toneli’s theorem. Thus,
by Fubini’s theorem j Ulx, t SECWEM( (1 — 217
f(x)dx is an integrable function on [a, b}, as a function of ¢
€ [a, b]. Thus, $e7%¢ f(x) exists. O

a+;G,V.

Theorem 24. For ¢ € C,6,v,0,E,{, 7€ C,R(g) >0, R(v) >
0,R(c) >0 and R(¢) > 0,k>0,se R\ {-1} and x> a, the
following result holds:

(5. [rerzduf] ) (o) =

1 o (1 ) () o

= (G i12S1) ()

for any f € L(g,v).

Proof. From (20) and (24), we observe

(s, [ierzif ) o) =

_ (s ;'2;)1(<;/k) JX (x5+1 _ Z”l)(dkH % Uz (Zs+1 _ us+1)("/k)*1
Ay a a

(s+ 1) [ i)
(

kI (c) a2 (x5+1 _Zs+1>1 (/k)

. SE;,’;’;’E’}{) (T (xs+1 - zs“)dk)f(u)usdu} Z2'dz.

(71)
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By changing the order of integration, we obtain

< grio: 1(* (5+1)1'(‘/k) Tl sk
(i zsa o= [ L ==
. (Zs+1 _ us+1)(V/k)’ISEZ;‘;;T»E:k) (T(xs+1 _ Zs+1)</k> ZSdZ:| usf(u)du
(72)

Using (38), we have
1 * _
s TGE st1 s+ (vH6)/k)—1
( |: u+cvf:|)( ) k(5+1)c/k4[a(x z )
V+6,0,8,k s s 1k
X SEZm;w ) (T(x tl_g +1)c )usf(u)du
(73)

Thus, we get

(i [t )0 = —— (jebn )0 (79

( + I)C/k

To prove the second part of the theorem, consider the
RHS of (70); then, by applying (20), we get

1 VIK)-1 ((6v,0.8s
(i [t o = [ e -y e

. <T(xs+1 _Zs+1></k> [il;f}(z)z‘dz: %[ (xs+1 _Zs+1)(v/k)flsgi,::;f,&k)

Ja

. s+l _ s+l c/k (S+ 1)17<dk) ‘ f(u)
(T(x #) > * ( kI'i(s) ). (2541 - us+1)1-(c/k)usdu dz.

(75)

By interchanging the order of integration, we have
s TJE f 1 (S+ 1)17(C/k)
( { “*WD()_E o kTW(o)

|

: (1’(9@+1 - z”l)c/k) zsdz} x f(u)u'du.

Jx (x5+1 _ Zs+1)(v/k)-1 (zs+1 _ MSH)(q/k)_lSEz’:;)G’E’k)

u

(76)

Again, by making use of (24) and using (38), we get
1
s raf s 1308 ) 77
(i [s28ur] ) 09 = e (B ) 0 (7)

Thus, (74) and (77) complete the proof of (70). O

4. Concluding Remarks

In this article, we develop some new results of (k, s)-frac-
tional integral and differential operators involving S-func-
tion under the extension of left and right R-L (k,s)
-fractional integral and differential operators. Also, we find
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some special cases of functions like k-Mittag-Leftler func-
tion, K-function, and M-series. If we set [ =0 =m, then we
obtained results of the generalized k-Mittag-Leffler function
given by [37], and if we set s=0, the results obtained are
reduced to the well-known results given by [38]. If we select
k=1 and s =0, then the results obtained are reduced to the
Mittag-Leffler function’s well-known results.
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