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In this study, we investigate the falling body problem with three different fractional derivatives. We acquire the solutions of the
model by the Sumudu transform. We show the accuracy of the Sumudu transform by some theoretic results and implementations.

1. Introduction

The Sumudu transform is an important integral transforma-
tion. This transformation has been begun with Watugala [1]
who has presented a new integral transform to solve differ-
ential equations and control engineering problems. Weera-
koon [2, 3] has made a big contribution with the
application of the Sumudu transform to partial differential
equations and complex inversion formula for the Sumudu
transform. Then, this transformation has attracted great
attention, and lots of work have been done related to this
transformation by the authors. Some of them are as follows:
Belgacem et al. [4] have searched the analytical investiga-
tions of the Sumudu transform. Fundamental properties of
the Sumudu transform have been studied by Belgacem and
Karaballi [5]. Atangana and Akgiil [6] have obtained the
transfer function and Bode diagram by the Sumudu
transform.

Fractional differential equations have taken much inter-
est recently. Arqub and Maayah [7, 8] have studied a fitted
fractional reproducing kernel algorithm for the numerical
solutions of ABC-fractional Volterra integro-differential
equations and solution of the fractional epidemic model by
the homotopy analysis method. Jangid et al. [9] have inves-
tigated some fractional calculus findings associated with

the incomplete functions. Some new fractional-calculus con-
nections between Mittag-Leffler functions have been studied
by Srivastava et al. [10]. Singh et al. [11] have investigated
the fractional epidemiological model for computer viruses.
Ghanbari and Atangana [12, 13] have presented an efficient
numerical approach for fractional diffusion partial differen-
tial equations and a new application of fractional
Atangana-Baleanu derivatives. Abdeljawad et al. [14, 15]
have investigated an efficient sustainable algorithm for
numerical solutions of systems of fractional-order differen-
tial equations by the Haar wavelet collocation method and
more general fractional integration by part formulae and
applications. For more details, see [16-25].

In this study, we examine the falling body problem
depending on Newton’s second law that represents that the
acceleration of a particle relied on the mass of the particle
and the net force action on the particle. Take into consider-
ation an object of mass m falling through the air from a
height / with velocity v(0) in a gravitational field. If we use
Newton’s second law, we acquire

md—dtv + mkv = —myg, (1)

where k is the positive constant rate and g expresses the
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gravitational constant. The solution of this equation is pre-
sented as [26]

v(t) = —% +exp (—kt) (V(O) + %) 2)

and by integrating for z(0) = h, we get

z(t)=h—%t %(l—exp( kt))(v(0)+%). (3)

Considering all the information presented above, we
organize this study as follows. In Section 2, some fundamen-
tal definitions and lemmas about nonlocal fractional calculus
are given. In Section 3, the fractional falling body problem is
investigated by means of Caputo, Caputo-Fabrizio sense of
Caputo, and ABC. Also, some outstanding consequences
are clarified in Section 4.

2. Preliminaries

After giving some introduction, we want to present some
significant definition and lemma properties of fractional cal-
culus for setting up a mathematically sound theory that will
serve the purpose of the current study.

Definition 1. Over
B= {v(t)EIN, 1151, > 0,]v(t)|<N exp <|t|/’71> ift € (—l)j X [0,00) },
(4)
the Sumudu transform is identified by [17]
Vi) =S ()= | S exp (0, we (o). ()
Definition 2. We define the classical Mittag-Leffler function

E,(z) as [27]

m

E,(z)= (ze C,Re () >0), (6)

ibe

I'(am+1)

and the Mittag-Leffler kernel with two parameters is pre-
sented by [27]

ifomwﬁ (z,Be C,Re (&) >0). (7)

m=0

Definition 3. The generalized Mittag-Leftler function is
defined by [28]

m

thxm+ﬁm' Z,ﬂp,OCE(CRe() ) (8)

0

where (p),, =p(p+1)---(p+m—1) is the Pochhammer
symbol introduced by Prabhakar. As seen clearly, (1), =m
land E, 5(2) = Eq 4(2).
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Definition 4. Let {,y : [0,00) — R; then, the convolution
of {,y is given as [27]

t

()= j {(t - w)y (u)du, (9)

0

and assume that {, v : [0,00) — R; then, we have

S{(€xy) ()} = uS{l(1)}S{y (1)} (10)

Definition 5. Let v : [0,00] — R be a smooth function.
Then, the Caputo fractional derivative is defined as follows
[18]:

S0 = i |- )

where a € C,Re («) >0 and n=[Re ()] + 1.

Lemma 6. The Sumudu transform of the Caputo fractional
derivative is presented by [6]

s[epiv() = L0, (12)

ua
where V[u] =

Sv(1)].

Definition 7. We identify the Caputo-Fabrizio fractional
derivative as [29]

D v(r) =

M(a) Jtv’(z) exp (-Mt-2))dz.  (13)

-«

Lemma 8. The Sumudu transform of the CFC fractional
derivative is acquired by [6]

M(a) Viu
(I=a)(1+ (a/(1-a))u)

oM@ v
(I-a)(1+ (a/(1-a))u)
(14)

S[aDiv(t)] =

Definition 9. We describe the Atangana-Baleanu fractional
derivative by [27]

ABEDy (1) = AIB_(‘;? J;v’(z)Ea(—A(t—z)“)dz. (15)

Lemma 10. The Sumudu transform of the ABC fractional
derivative is acquired by [6]

AB(a) Viu] _ AB(a) v(0) 4
(I-a)(I+(a/(1-a))u*) (I-a)(I+ (a/(1-a))u*)
(16)

S[eDfv(e) =

Definition 11. The generalized fractional integral is given by
(28]

oIy (t) = W J; (tﬁ - zﬁ) ailv(z)zﬁ’ldz. (17)
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FiGure 1: Simulations of the solution for « =0.5 and « =0.9.
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1.0

FiGure 2: Simulations of the solution for « =0.8 and « =0.9.

Definition 12. The generalized fractional derivatives in the
Caputo sense are defined, respectively, by [28]

ED*Py(t)= (1" P (tl-ﬁ %) v(t)

t na-1/ o d\" »
:WJO(H;—Z/?) (t ﬁa) v(z)P dz.
(18)

Lemma 13. We have [6]

S[E,(~At%)] = 1+IW (19)

S[1 - Ey(~At%)] = % (20)

3. Main Results

The aim of this section is to obtain the solutions for the frac-
tional falling body problem by means of some nonlocal frac-
tional derivative operators such as Caputo, Caputo-Fabrizio,
and ABC.

3.1. The Falling Body Problem in the Sense of Caputo. The
falling body problem in the sense of Caputo depended on
Newton’s second law which is given as follows:

gD"‘v(t) + kal_“v(t) = —gal’”‘, (21)
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FiGure 3: Simulations of the solution for « =0.98 and a =0.99.

where the initial velocity v(0) = v,, g is the gravitational con-
stant, and m and k are the positive constant rate which indi-
cates the mass of the body. We have

S{ED (1)} + ko' “S{v(t)} =${-go'*}.  (22)
Using the relation equation (9), we can write

S{V(t)} ~ V(O) + ko.l—txs{v(t)} — _go.l—a’ (23)

ua

spt =0 g (24)

T 1+koloue 1+ kolaye

If we apply the inverse Sumudu transform, we will
obtain

V(t) = V() By (~ko' ) = T [1- E,(~ka'™t%)].  (25)

Because of a =0k, 0 <o < 1/k, the velocity v(t) can be
put down as follows:

v(t) = v(0)E, (—k"a' %) - % [1-E, (-k"a'~*t*)].  (26)

Note that we put the condition v, = —g/k in order to sat-
isfy the initial condition v(0) =v,. By benefiting from the
velocity (33), vertical distance z(#) can be obtained in the
following way:

1-a
§D2(t) = v(0)0 B, (ko 1) = T2 [1 - B, (~ko'17)].

(27)

Applying the Sumudu transformation to the above equa-

tion, we have

S{ED72(0)} = W00 S {E, (ko 717)} - 97

S{Z(t)} - Z(O) (O) 1-a 1 go.l—a

S[1 - E,(~ko'*t%)],

1-a
o 1
=v(V)o 1 - + g 1 >
u 1+ kol-ou* k k 1+ko!-ou«
o« go.l—zxua gol—a us

_ 1-a u _
§{z(t)} =2(0) +v(0)o T+ koo PR S o
(28)

Using the inverse Sumudu transformation for the last
equation and taking the z(0) = h, we acquire the vertical dis-
tance z(t) as

2ty =h+ "0 [1-E, (ko' )] - gor g [1-E

2 K(a+1) "1 (choe%)].

o

(29)

Because of a =0k, 0 <o < 1/k, the vertical distance z(¢)
can be put down as

g‘xl—atrx
k(ZﬂX)F(lX + 1) (30)

We demonstrate the simulations of the above solution
for different values of « as shown in Figures 1-3. Similar
simulations can be shown easily for other solutions.

3.2. The Falling Body Problem in the Sense of Caputo-
Fabrizio. The falling body problem in the sense of Caputo-
Fabrizio depended on Newton’s second law which is given
as follows:

SFED*w(t) + ko' v (t) = —go' ™. (31)
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where the initial velocity v(0) = v,, g is the gravitational con-
stant, and m and k are the positive constant rate which indi-
cates the mass of the body. We have

S{eFD (1)} + ko' *S{v(t)} = S{-go'*}.  (32)
If we use the relation equation(19), we can write

M@ S{(1)}
(1-a)(1+ (a/1 - a)u)

_ M@ v(0)

(1—a) (L+ (a/(1 - a))u) T koS (1)} = g0,

(33)

B M(a)v(0)/(1—a)(1+ (a/1 — ex)u)
SO} = ey (T = a) (17 (@/(1 = a))a)) + ko'
go.l—tx
(M(a)/(1 = a)(1+ (a/(1 - a))us)) + ko'~
(34)

Applying the inverse Sumudu transform yields

el M(x)v(0)/(1 - a)(1+ (a/1 - x)u)
V() =$ {(M(oc)/(l —a)(1+ (/1 —ayu)) + kal‘“}

. go_l—a
-S {(M((x)/(l —a)(1+ (/1 —a)u)) + kal“}'

B M(a)v(0) —ako! %t
O M@ s koo (1=a) °F (M(oz) Tkol(1- a))
_ g[M(a) +ko'"*(1 - &) - M() exp (~aka't/(M(a) + ko' (1 - a)) )] -
k(M(a) + ko'~*(1 - a))

(35)

Because of a =0k, 0 <o < 1/k, the velocity v(t) can be
put down as follows:

B M(a)v(0) —k® oot
= Ma) + Fare(i=a) =P <M(oc) TR (1 - oc))
_ g[M(0) + K a' (1 - @) — M(a) exp (—K"a’ "t/ (M(a) + K*a' (1 - a)))] ‘
k(M(a) + k*o'=%(1 - a))

(36)

Note that we put the condition v, = —g/k in order to sat-
isfy the initial condition v(0) =v,. By benefiting from the
velocity (33), vertical distance z(t) can be obtained in the
following way:

M(a)o'~*v(0)

CFCya, (1) — —ako'™"t
o D)= g TR —a) P (M(oc)+k0"“(1—“)>

g0 [M(a) + ko' (1 - ) - M(a) exp (-ako' "t/ (M(a) + ko' (1 - a)))] .

k(M(a) + ko'*(1 - a))
(37)

If we implement the Sumudu transformation to the last

equation, we will obtain

o _ M(a)o"v(0) —ako'~t
S{o Dz(f)}—ms{ex" <m>}
go' M («)

gol—xx
_S{ k } " k(M(a) + ko (1-a))

—ako'%t

' {e"p (M(a) kot (1 —vc)) ’
M(a) S{z()} _ M(a) z(0)
(I-a)(1+ (a/(1=a))u) (1-a)(l+(a/(1-a))u)

_ M(a)o'%v(0) 1
M(a) +ko'=%(1 - a) 1 + (ako'~*u/(M(a) + ko'~*(1 - a)))
go'™® go'*M(a) 1

Tk * k(M(a) + ko'%(1 - a)) 1 + (ako'%u/(M(a) + ko' -¢(1 - a)))’

S{z(t)}=2(0) ol_av(())M(cx) Jr(;c;f"‘zlaf)oc + ocu)}

go"(1-a) go'"Yau

S

M(a)k M(a)k
go'® (1-a+au)
TR M((x)+k01‘"‘(1—0c+0cu)}’

(38)

If we utilize the inverse Sumudu transformation for
equation (13) and take the z(0) = h, we acquire the vertical
distance z(t) as

v(0) [M(a) + ko' (1 - a) - M(a) exp (—ako'“t/(M(a) + ko' (1 - a)))]

z(t)=h+

k M(a) + kal=%(1 - a)
go'™t  go'Cat
T Mk M(a)k
L9 [M(a) + ko'"*(1 - &) = M(a) exp (—ako"*t/(M(a) + ka'*(1 - a)))]
K M(a) + ko'-%(1 - a) :

(39)

Because of a =0k, 0 <o < 1/k, the vertical distance z(¢)
can be put down as

L v(0) [M(a) + k%t (1 - &) — M(a) exp (—k"a? 7t/ (M(a) + k"' (1 - a)))]
A=h+ = M(a) + Kol o(1 — )
g ga
()k  M(a)k
[M () + k"' ™(1 - &) - M(w) exp (—k“a®™t/(M(a) + k"' *(1 - a)))]
M(a) +k%al=(1 - a)

Tle =

+
(40)
3.3. The Falling Body Problem in the Sense of ABC. The fall-

ing body problem in the sense of ABC depended on New-
ton’s second law which is given as follows:

ABEDTY(t) + ko' v (t) = —ga' 4, (41)
where the initial velocity v(0) = v,, g is the gravitational con-
stant, and m and k are the positive constant rate which indi-

cates the mass of the body. We have

S{6°“D v(t)} + ko' S{v(t)} = ${-go'*}. (42)
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Using the relation equation (15), we can write
AB(@)  S{v(1)} AB(q) v(0) - o gla
(o) (L @ (- a)a) (- (1% (@(L-apyum) T SO ==go
s(v(t)} = AB@V(O) - g0 (1 - a)(1+ (a/(1 - o))u)

AB(a) + ka'%(1 = a) (1 + (a/ (1 - &) )u®)
(43)

If we apply the inverse Sumudu transform, we will reach

. AB(a)v(0) 1
V)= {AB(oc) +ko'=(1 - a) 1 + (ako'-ous/(AB(«) + ko'=%(1 - oc)))}
—S’l{ go' (1 - a) (1 + (a/(1 - a))u®) }
AB(a) + ko'=*(1—a)(1 + (a/(1 - a))u®) [’

(44)

AB(a)v(0) E (_

ako!ot®
)= AB(a) + ko (1 -a)® )

AB(a) + ko'=*(1 - «)

gla(l_ ) aklattx
~ AB(a) + kol ¥ (1—-a) © (_ AB(a) + ko (1 - a))

- % {1 P <_ AB(oc)a+k chf‘t(l - a))} '

(45)

Because a =0k, 0 < o < 1/k, the velocity v(t) can be put
down as follows:

- AB(a)v(0)
"= RB(@) + ket

(=o' (_ AB(a)on;(ocklt’): (1- a))
e AR
- % [1 _E"‘(_AB((x) +ko;(;t_)a(1 _a))}.

(46)

Note that we put the condition v, = —g/k in order to sat-
isfy the initial condition v(0) = v,. By benefiting from the
velocity (33), vertical distance z(t) can be obtained in the
following way:

2De(r) =

AB(a)o'™v(0) ako' ot
AB(a) +koT¥(1-a) © (_ AB(a) + ko'(1 - a))

g0l - a(l - a) ako!ote
~ AB(a) + ko™ (1 - a) “(_ AB(a) + ko'=(1 —oc))

~ go.l—zx | _E ~ ‘xko.l—zxtoc
“\ AB(a)+ko"¥(1-a)/|

(47)

If we apply the Sumudu transformation to the above
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equation, we have

- AB?Z; 1+_k:1(1;1a—) a) S{E“ <_ AB(a)OZc chrlt(l - rx)> }

B go.lfzx gglftx ~ aka.lfatu
S{ k }+ k S{E“< AB(a) +ko'5(1-a)) |’

S{8%D*2(1)} =

AB(«) S{z(t)} AB(a) z(0)
(I-a)(1+(a/(1-a))u*) N (I—a) (1+ (a/(1-a))u®)
_ AB(a)d'"(0) 1
" AB(a) + ko' (1 - a) 1 + (ako'~*u®/(AB(a) + ko'~ (1 - oc)))}
go*l—a(l - a) 1
" AB(a) + ko' (1 — &) 1 + (ko *u®/(AB(a) + ko' -%(1 - oc)))}
ga.l—a go.lfoc 1
Tk Tk T+ (akomou (AB(a) + koo (1 - a)))}’
(1 - a)v(0 1
SO} =20+ 35 -f—kal )((1 3 ) 1+ (ako™*u*] (AB(a) + ko (1 - oc)))}
o (0)a u®
" ABa )+ka‘ (1= a) 1+ (ako " *u/(AB(a) + ko2 (1 —oc)))}
B go?1=9(1 - a)? 1 }
AB(«) + ko'~ “(1 @) 1+ (ako'=*u®/(AB(a) + ko'=%(1 - @)))
B 90?1 (1 - a) u® }
AB(a)(AB(a) + koT%(1 —a)) 1 + (ako™u/(AB(a) + ko *(1 - a)))
_go'faut  go't(1-a) go'a u® }
AB(a)k AB(a)k AB(a)k 1+ (ako'-u®/(AB(a) + ka'=%(1 - t)))
go' (1 - a) 1
T TAB(@k 1+ (ako s /(AB(«) + ko 5(1 - a)))}'

(48)

Using the inverse Sumudu transformation for the last
equation and taking the z(0) = h, we acquire the vertical dis-
tance z(t) as

“O="t B @ ko)

){E

v(0
— 1
k
gl
AB(a

(1 - a)v(0) ako! ¥
E <_ AB(a) + ko' (1 - a))

(
-a) ako!~%t*
+kot(1 - a))E“ <_ AB(a) + ko' (1 - oc))

+ _
o

(o) (AB(a

go (1 -a

~ AB(w)k

) Tk
)

e ako' e
“\ AB(a) + ko'"#(1 - «)

B i:(l ;k {1 mar T((IX:oc)}

go (1 -a) (_ ako Tt )
AB(a)k “\ AB(a) + ko'"%(1—-«a)
gAB(a) + gko!"9 (1 - a) ako ot
T AB@)R -2~ s heme=a) |
(49)

where v, = go'™*/AB(«). Because of a =ck, 0 <o < 1/k, the
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vertical distance z(t) can be put down as

B =k (1 - a)v(0) o (kt)®
A=1" R r ke (i-a) <_ AB(a) + Kl (1 - “)>

+@[1—Ea<—$ﬂ

g2 (1 - )2
" AB(a)(AB(a) + Ko (1 - a)) (

_ o (kt)* >
AB(a) + k%al=%(1 — a)

g K (1 - ) a?~(kt)*
N AB(a)k “<_ AB(a) + K al(1 —oc))
B gall- ok B at®
AB((x)kz {1 * I +oc)]
go O (1 - a) o (kt)*
AB()k  “ (_ AB(a) + Kal*(1 - a))

gAB(a) + gk®a1=9 (1 - a) ~ ~ o (kt)*
' AB(a)K? {1 E“( AB(a) + k*al~%(1 - a)>] ‘

(50)

4. Conclusions

We searched the falling body problem in detail by the
Sumudu transform in this study. We obtained the exact
solutions of this problem with Caputo, Caputo-Fabrizio,
and Atangana-Baleanu derivatives. We demonstrated the
effect of the Sumudu transform by these results.
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