
Research Article
A Fixed Point Technique for Solving an Integro-Differential
Equation Using Mixed-Monotone Mappings

Hasanen A. Hammad ,1 Rashwan A. Rashwan,2 and Manuel De la Sen 3

1Department of Mathematics, Faculty of Science, Sohag University, Sohag 82524, Egypt
2Department of Mathematics, Faculty of Science, Assuit University, Assuit 71516, Egypt
3Institute of Research and Development of Processes University of the Basque Country, 48940 Leioa, Bizkaia, Spain

Correspondence should be addressed to Hasanen A. Hammad; h.elmagd89@gmail.com

Received 26 March 2021; Revised 30 July 2021; Accepted 24 August 2021; Published 23 September 2021

Academic Editor: Nawab Hussain

Copyright © 2021 Hasanen A. Hammad et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

The objective of this manuscript is to present new tripled fixed point results for mixed-monotone mappings by a pivotal lemma in
the setting of partially ordered complete metric spaces. Our outcomes sum up, enrich, and generalize several results in the current
writing. Moreover, some examples have been discussed to strengthen and support our theoretical results. Finally, the theoretical
results are applied to study the existence and uniqueness of the solution to an integro-differential equation.

1. Brief Introduction

The fixed point (FP) technique is considered a fundamental
pillar and a powerful tool in nonlinear analysis because of
its many vital applications in many disciplines such as com-
puter science, engineering, economics, biology, chemistry,
and physics. In mathematics, this technique plays a promi-
nent role in the study of statistical models, dynamical sys-
tems, game-theoretic models, differential equations, and
many others. More clearly, for example, this method is
mainly applied in finding the analytical solution to some dif-
ferential and integral equations, fractional equations,
integro-differential equations (IDEs), and functional analysis
which facilitates the way to find numerical solutions to such
problems. These problems were addressed by Fredholm [1],
Rus [2], Hammad and De La Sen [3, 4], Ameer et al. [5],
Hussain et al. [6, 7] and Younis et al. [8–10]

In [11], the concepts of the coupled FP and a mixed-
monotone mapping were initiated, and some exciting work
in partially ordered metric spaces (POMSs) have been dis-
cussed by the same authors. This idea was investigated by
many authors such as Berinde [12], Choudhury and Maity
[13], and Aydi et al. [14]. Moreover, in abstract spaces, this

concept has many applications in integral and functional
equations; see the papers of Cirić et al. [15], Ding et al.
[16], Hammad et al. [17, 18], Luong and Thuan [19],
Choudhury and Kundu [20], Agarwal et al. [21], Radenović
[22], and Hammad et al. [23].

In 2011, coupled FP notions are generalized to tripled
fixed points (TFPs) concepts by Berinde and Borcut [24] in
the setting of POMSs. Via the mentioned spaces, Borcut
and Berinde [25, 26], Karapnar et al. [27] presented pivotal
results about TFP theorems and the applications in this
direction introduced by Mustafa et al. [28] and Hammad
and De la Sen [29, 30].

Definition 1 [25]. We say that a trio ðω, κ, νÞ ∈ℵ3 (where
ℵ ×ℵ ×ℵ =ℵ3) is a TFP of a self-mapping ℧ : ℵ3 ⟶ℵ
if ω =℧ðω, κ, νÞ, κ =℧ðκ, ν, ωÞ, and ν =℧ðν, ω, κÞ.

Definition 2 [26]. A trio ðω, κ, νÞ ∈ℵ3 on a nonempty set ℵ
is called a tripled coincidence point of the two self-mappings
℧ : ℵ3 ⟶ℵ and ℷ : ℵ⟶ℵ if ℷω =℧ðω, κ, νÞ, ℷκ =℧ðκ,
ν, ωÞ, and ℷν =℧ðν, ω, κÞ.
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Definition 3 [26]. Assume that ℵ ≠∅ is a set. A trio ðω, κ,
νÞ ∈ℵ3 is called a tripled common FP of ℧ : ℵ3 ⟶ℵ and
ℷ : ℵ⟶ℵ, if ω = ℷω =℧ðω, κ, νÞ, κ = ℷκ =℧ðκ, ν, ωÞ, and
ν = ℷν =℧ðν, ω, κÞ.

Definition 4 [24]. Assume that ðℵ, ≼Þ is a partially ordered
set on the product space ℵ3 defined as follows:

ω, κ, νð Þ, ω∗, κ∗, ν∗ð Þ ∈ℵ3,
ω, κ, νð Þ≼ ω∗, κ∗, ν∗ð Þ⇔ ω≼ω∗,

κ∗≼κ, ν≼ν∗:

ð1Þ

Under this partial order, we state the following
definitions.

Definition 5 [24]. A mapping ℧ : ℵ3 ⟶ℵ on a partially
ordered set ðℵ, ≼Þ has a mixed-monotone property, if for
any ω, κ, ν ∈ℵ, we have

ω1, ω2 ∈ℵ, ω1≼ω2 ⇒℧ ω1, κ, νð Þ≼℧ ω2, κ, νð Þ,
κ1, κ2 ∈ℵ, κ1≼κ2 ⇒℧ ω, κ1, νð Þ ≽℧ ω, κ2, νð Þ,
ν1, ν2 ∈ℵ, ν1≼ν2 ⇒℧ ω, κ, ν1ð Þ≼℧ ω, κ, ν2ð Þ:

ð2Þ

Definition 6 [14]. A mapping ℧ : ℵ3 ⟶ℵ on a partially
ordered set ðℵ, ≼Þ has a mixed ℷ-monotone property, where
ℷ : ℵ⟶ℵ, if for any ω, κ, ν ∈ℵ, we have

ω1, ω2 ∈ℵ, ℷω1≼ℷω2 ⇒℧ ω1, κ, νð Þ≼℧ ω2, κ, νð Þ,
κ1, κ2 ∈ℵ, ℷκ1≼ℷκ2 ⇒℧ ω, κ1, νð Þ ≽℧ ω, κ2, νð Þ,
ν1, ν2 ∈ℵ, ℷν1≼ℷν2 ⇒℧ ω, κ, ν1ð Þ≼℧ ω, κ, ν2ð Þ:

ð3Þ

Definition 7 [27]. Assume that ℵ is a nonempty set. We say
that the mappings ℧ : ℵ3 ⟶ℵ and ℷ : ℵ⟶ℵ are com-
mutative if ℷð℧ðω, κ, νÞÞ =℧ðℷω, ℷκ, ℷνÞ, for all ω, κ, ν ∈ℵ.

The first contribution of the TFP for a mixed-monotone
mapping in a partially ordered set was presented as follows:

Theorem 8 [24]. Let ðℵ, ζ,≼Þ be a complete partially ordered
metric space (CPOMS). Assume that ℧ : ℵ3 ⟶ℵ, so that

(i) ℧ has a mixed-monotone property

(ii) Either ℧ is continuous or ℵ has the following
properties:

(a) ωn≼ω, if the nondecreasing sequence ωn ⟶ ω

(b) νn ≽ ν, if the nonincreasing sequence νn ⟶ ν,
for all n

(iii) There is α, β, γ ≥ 0 with α + β + γ < 1 such that

ζ ℧ ω, κ, νð Þ,℧ ω∗, κ∗, ν∗ð Þð Þ ≤ αζ ω, ω∗ð Þ + βζ κ, κ∗ð Þ + γζ ν, ν∗ð Þ,
ð4Þ

for any ω, κ, ν, ω∗, κ∗, ν∗ ∈ℵ, for which ω≼ω∗, κ∗≼κ, and ν
≼ν∗. If there are ω0, κ0, ν0 ∈ℵ so that ω0≼℧ðω0, κ0, ν0Þ, κ0
≽℧ðκ0, ν0, ω0Þ, and ν0≼℧ðν0, ω0, κ0Þ: Then ℧ has a TFP.

In this manuscript, we utilize a pivotal lemma to obtain
new TFP results for mixed-monotone mappings in
CPOMSs. Our results unify, extend, and generalize the
papers [19, 31, 32]. Also, some examples and a corollary
are given. Later on, we apply the theoretical results to obtain
the solution of a system of IDEs as an application.

2. Main Results

We begin this part with the pivotal lemma below.

Lemma 9. Assume that ðℵ, ≼Þ is a partially ordered set and
℧ : ℵ3 ⟶ℵ and ℷ : ℵ⟶ℵ are two mappings. Suppose
that the following assumptions hold:

(s1) There is ⅁0 ∈ℵ, so that for ρn1⅁0, ρn2⅁0, ρn3⅁0 ∈ℵ,
ρ1, ρ2, ρ3 ∈ ð0, 1Þ, and ρ1 < ρ3 < ρ2, n ∈ℕ

℧ ⅁0,⅁0,⅁0ð Þ ≽ ℷ ρn1⅁0ð Þ
ρn1⅁0

,

℧ ⅁0,⅁0,⅁0ð Þ≼ ℷ ρn2⅁0ð Þ
ρn2⅁0

,

℧ ⅁0,⅁0,⅁0ð Þ ≽ ℷ ρn3⅁0ð Þ
ρn3⅁0

:

ð5Þ

(s2) There is Δ : ½0,∞Þ⟶ ½0,∞Þ with ΔðρÞ ∈ ðρ1, ρ2�, so
that for ρn1⅁0, ρn2⅁0, ρn3⅁0 ∈ℵ, n ∈ℕ

℧ ρn1⅁0, ρn2⅁0, ρn3⅁0ð Þ ≽ Δ ρð Þ℧ ρn−11 ⅁0, ρn−12 ⅁0, ρn−13 ⅁0

� �
,
ð6Þ

℧ ρn2⅁0, ρn3⅁0, ρn1⅁0ð Þ≼Δ ρð Þ℧ ρn−12 ⅁0, ρn−13 ⅁0, ρn−11 ⅁0

� �
,
ð7Þ

℧ ρn3⅁0, ρn1⅁0, ρn2⅁0ð Þ ≽ Δ ρð Þ℧ ρn−13 ⅁0, ρn−11 ⅁0, ρn−12 ⅁0

� �
:

ð8Þ

Then, there is ω0, κ0, ν0 ∈ℵ, so that ℧ðω0, κ0, ν0Þ ≽ ℷðω0Þ,
℧ðκ0, ν0, ω0Þ≼ℷðκ0Þ, and ℧ðν0, ω0, κ0Þ ≽ ℷðν0Þ.

Proof. We split the proof into three steps:

(Step 1) Since ΔðρÞ > ρ1, then there is a nonnegative
integer ℓ = ððln ð1/ρ1ÞÞ/ðln ðΔðρÞ/ρ1ÞÞÞ + 1,
such that for n ≥ ℓ, we get ðΔðρÞ/ρ1Þn ≥ ð1/ρ1Þ,
i.e., ðΔðρÞÞn ≥ ρn−11 . Take ω0 = ρn1⅁0, κ0 = ρn2⅁0,
and ν0 = ρn3⅁0: By Stipulation (s1) and (5), we
have
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℧ ω0, κ0, ν0ð Þ =℧ ρn1⅁0, ρn2⅁0, ρn3⅁0ð Þ
≽ Δ ρð Þ℧ ρn−11 ⅁0, ρn−12 ⅁0, ρn−13 ⅁0

� �
≽ Δ ρð Þð Þ2℧ ρn−21 ⅁0, ρn−22 ⅁0, ρn−23 ⅁0

� �
≽⋯

≽ Δ ρð Þð Þn℧ ⅁0,⅁0,⅁0ð Þ ≽ ρn−11 ℧ ⅁0,⅁0,⅁0ð Þ
≽ ℷ ρn1⅁0ð Þ = ℷ ω0ð Þ:

ð9Þ

(Step 2) Since ΔðρÞ ≤ ρ2, then for each n ∈ℕ, we obtain
ρ2 ≤ ðρ2/ΔðρÞÞn, i.e., ðΔðρÞÞn ≥ ρn−12 : Apply
Stipulation (s1) and (6), we get

℧ κ0, ν0, ω0ð Þ =℧ ρn2⅁0, ρn3⅁0, ρn1⅁0ð Þ
≼Δ ρð Þ℧ ρn−12 ⅁0, ρn−13 ⅁0, ρn−11 ⅁0

� �
≼ Δ ρð Þð Þ2℧ ρn−22 ⅁0, ρn−23 ⅁0, ρn−21 ⅁0

� �
≼⋯

≼ Δ ρð Þð Þn℧ ⅁0,⅁0,⅁0ð Þ≼ρn−12 ℧ ⅁0,⅁0,⅁0ð Þ
≼ℷ ρn2⅁0ð Þ = ℷ κ0ð Þ:

ð10Þ

(Step 3) Similar to Step 1, since ΔðρÞ > ρ3, then we can
write ðΔðρÞÞn ≥ ρn−13 . By Stipulation (s1) and
(7), we have

℧ ν0, ω0, κ0ð Þ =℧ ρn3⅁0, ρn1⅁0, ρn2⅁0ð Þ
≽ Δ ρð Þ℧ ρn−13 ⅁0, ρn−11 ⅁0, ρn−12 ⅁0

� �
≽ Δ ρð Þð Þ℧ ρn−13 ⅁0, ρn−11 ⅁0, ρn−12 ⅁0

� �
≽⋯

≽ Δ ρð Þð Þn℧ ⅁0,⅁0,⅁0ð Þ ≽ ρn−13 ℧ ⅁0,⅁0,⅁0ð Þ
≽ ℷ ρn3⅁0ð Þ = ℷ ν0ð Þ:

ð11Þ

This completes the proof.

Remark 10. The results (5)-(7) of Lemma 9 still hold if we
reserve the symbols “≽” and “≼,” that is, ω0, κ0, ν0 ∈ℵ so
that ℧ðω0, κ0, ν0Þ≼ℷðω0Þ, ℧ðκ0, ν0, ω0Þ ≽ ℷðκ0Þ, and ℧ðν0,
ω0, κ0Þ≼ℷðν0Þ:

Theorem 11. Let ðℵ, ζ,≼Þ be a CPOMS and ϑ be a zero ele-
ment in ℵ. Assume that ℧ : ℵ3 ⟶ℵ is mixed ℷ-monotone
mapping, ℷ : ℵ⟶ℵ is self-mapping, and Δ : ½0,∞Þ⟶ ½0,
∞Þ, so that ΔðρÞ ≤ ρ for any ρ ≥ 0. Suppose that the hypoth-
eses below hold:

(i) ℧ðℵ3Þ ⊂ ℷðℵÞ
(ii) ℷ and ℧ are continuous and commute

(iii) ℧ðω, κ, νÞ verifies stipulations (s1) and (s2) of
Lemma 9

(iv) For any ω, κ, ν, ω∗, κ∗, ν∗ ∈ℵ with ℷðωÞ ≽ ℷðω∗Þ, ℷð
κÞ≼ℷðκ∗Þ, ℷðνÞ ≽ ℷðν∗Þ, and we have

ζ ℧ ω, κ, νð Þ,℧ ω∗, κ∗, ν∗ð Þð Þ
≤ Δ max 1

2
ζ ℷ ωð Þ,℧ ω, κ, νð Þð Þ, ζ ℷ ω∗ð Þ,℧ ω∗, κ∗, ν∗ð Þð Þ

� �� �
:

ð12Þ

Then, the following conclusions are fulfilled:
(C1) For a triplet ðω0, κ0, ν0Þ ∈ℵ, construct three

sequences fωng, fκng, and fνng in ℵ verifying

ℷ ωnð Þ =℧ ωn−1, κn−1, νn−1ð Þ,
ℷ κnð Þ =℧ κn−1, νn−1, ωn−1ð Þ,
ℷ νnð Þ =℧ νn−1, ωn−1, κn−1ð Þ,

ð13Þ

for all n ∈ℕ. Then, ℷðωnÞ⟶ ω″, ℷðκnÞ⟶ κ″, and ℷðνnÞ
⟶ ν″, as n⟶∞

(C2) ℧ and ℷ have a tripled coincidence point ðω″, κ″,
ν″Þ. Moreover, assume that ℷðω0Þ, ℷðκ0Þ, and ℷðν0Þ are
comparable, and for each ðω, κ, νÞ ∈ℵ, ðℷðω0Þ, ℷðκ0Þ, ℷðν0ÞÞ
is comparable to ð℧ðω, κ, νÞ,℧ðκ, ν, ωÞ,℧ðν, ω, κÞÞ

(C3) ℧ and ℷ have a unique common fixed point ℷðϑÞ,
that is, ℷðϑÞ = ℷðℷðϑÞÞ =℧ðℷðϑÞ, ℷðϑÞ, ℷðϑÞÞ

Proof. We shall prove Conclusion (C1): By Condition (iii),
there are ω0 = ρn1⅁0, κ0 = ρn2⅁0, and ν0 = ρn3⅁0, so that ℧
ðω0, κ0, ν0Þ ≽ ℷðω0Þ, ℧ðκ0, ν0, ω0Þ≼ℷðκ0Þ, and ℧ðν0, ω0, κ0Þ
≽ ℷðν0Þ, where ρ1, ρ2, ρ3 ∈ ð0, 1Þ: Since ℧ðℵ3Þ ⊂ ℷðℵÞ, by
Condition (i), this yields that there exists ω1, κ1, ν1 ∈ℵ, so
that ℷðω1Þ =℧ðω0, κ0, ν0Þ, ℷðκ1Þ =℧ðκ0, ν0, ω0Þ, and ℷðν1Þ
=℧ðν0, ω0, κ0Þ: Generally, we can build the three sequences
fωng, fκng, and fνng in ℵ, so that

ℷ ωnð Þ =℧ ωn−1, κn−1, νn−1ð Þ,
ℷ κnð Þ =℧ κn−1, νn−1, ωn−1ð Þ,
ℷ νnð Þ =℧ νn−1, ωn−1, κn−1ð Þ,

 for n ∈ℕ:

ð14Þ

Since ℧ is a mixed ℷ-monotone, then we get

ℷ ω2ð Þ =℧ ω1, κ1, ν1ð Þ ≽℧ ω0, κ0, ν0ð Þ = ℷ ω1ð Þ,
ℷ κ2ð Þ =℧ κ1, ν1, ω1ð Þ≼℧ κ0, ν0, ω0ð Þ = ℷ κ1ð Þ,
ℷ ν2ð Þ =℧ ν1, ω1, κ1ð Þ ≽℧ ν0, ω0, κ0ð Þ = ℷ ν1ð Þ:

ð15Þ

By induction for n ∈ℕ, one can write

ℷ ωnð Þ ≽ ℷ ωn−1ð Þ,
ℷ κnð Þ≼ℷ κn−1ð Þ,
ℷ νnð Þ ≽ ℷ νn−1ð Þ:

ð16Þ
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It follows from (12) and (13) that for n ∈ℕ, we have

ζ ℷ ωn+1ð Þ, ℷ ωnð Þð Þ = ζ ℧ ωn, κn, νnð Þ,℧ ωn−1, κn−1, νn−1ð Þð Þ
≤ Δ max 1

2 ζ ℷ ωnð Þ,℧ ωn, κn, νnð Þð Þ,
��

ζ ℷ ωn−1ð Þ,℧ ωn−1, κn−1, νn−1ð Þð Þ
��

≤max 1
2 ζ ℷ ωnð Þ,℧ ωn, κn, νnð Þð Þ,

�

ζ ℷ ωn−1ð Þ,℧ ωn−1, κn−1, νn−1ð Þð Þ
�

=max 1
2 ζ ℷ ωnð Þ, ℷ ωn+1ð Þð Þ, ζ ℷ ωn−1ð Þ, ℷ ωnð Þð Þ

� �
:

ð17Þ

If ζðℷðωn−1Þ, ℷðωnÞÞ ≤ ζðℷðωnÞ, ℷðωn+1ÞÞ, then by (16), we
find directly that

ζ ℷ ωn+1ð Þ, ℷ ωnð Þð Þ ≤ 1
2 ζ ℷ ωn+1ð Þ, ℷ ωnð Þð Þ, ð18Þ

this is a contradiction. So, we should take ζðℷðωn+1Þ, ℷðωnÞÞ
= 0. It is clear that for each ε > 0 and σ ∈ℕ, we have

ζ ℷ ωnð Þ, ℷ ωn+σð Þð Þ < ε: ð19Þ

Since ζðℷðωn−1Þ, ℷðωnÞÞ > ð1/2ÞζðℷðωnÞ, ℷðωn+1ÞÞ, then by
(16), we obtain that

ζ ℷ ωn+1ð Þ, ℷ ωnð Þð Þ ≤ ζ ℷ ωnð Þ, ℷ ωn−1ð Þð Þ, for n ∈ℕ: ð20Þ

Set ∇n = ζðℷðωn+1Þ, ℷðωnÞÞ. Using (12)–(17), one can
obtain

∇n ≤ ∇n−1 ≤ ∇n−2 ≤⋯≤ ∇0, for n ∈ℕ ∪ 0f g, ð21Þ

thus, we have

ζ ℷ ωn+1ð Þ, ℷ ωnð Þð Þ ≤ ζ ℷ ω1ð Þ, ℷ ω0ð Þð Þ: ð22Þ

According to the proof of Lemma 9 and Condition (ii)
(the continuity), there is ⅁0 ∈ℵ, ρ1, ρ2, ρ3 ∈ ð0, 1Þ, so that

lim
n⟶∞

ℷ ω0ð Þ = lim
n⟶∞

ℷ ρn1⅁0ð Þ≼ lim
n⟶∞

℧ ρn1⅁0, ρn2⅁0, ρn3⅁0ð Þ = lim
n⟶∞

℧ ω0, κ0, ν0ð Þ,
lim

n⟶∞
ℷ κ0ð Þ = lim

n⟶∞
ℷ ρn2⅁0ð Þ ≽ lim

n⟶∞
℧ ρn2⅁0, ρn3⅁0, ρn1⅁0ð Þ = lim

n⟶∞
℧ κ0, ν0, ω0ð Þ,

lim
n⟶∞

ℷ ν0ð Þ = lim
n⟶∞

ℷ ρn3⅁0ð Þ≼ lim
n⟶∞

℧ ρn3⅁0, ρn1⅁0, ρn2⅁0ð Þ = lim
n⟶∞

℧ ν0, ω0, κ0ð Þ,

ð23Þ

that is,

ℷ ϑð Þ≼℧ ϑ, ϑ, ϑð Þ,
ℷ ϑð Þ≼℧ ϑ, ϑ, ϑð Þ:

ð24Þ

Therefore, ℷðϑÞ =℧ðϑ, ϑ, ϑÞ. By the triangle inequality
and (21), one can write for any positive integers m, n with
m > n, so we have

ζ ℷ ωmð Þ, ℷ ωnð Þð Þ ≤ ζ ℷ ωmð Þ, ℷ ωm−1ð Þð Þ + ζ ℷ ωm−1ð Þ, ℷ ωm−2ð Þð Þ
+⋯+ζ ℷ ωn+1ð Þ, ℷ ωnð Þð Þ ≤ ζ ℷ ω1ð Þ, ℷ ω0ð Þð Þ
+ ζ ℷ ω1ð Þ, ℷ ω0ð Þð Þ+⋯+ζ ℷ ω1ð Þ, ℷ ω0ð Þð Þ

= ζ ℧ ω0, κ0, ν0ð Þ, ℷ ω0ð Þð Þ
+ ζ ℧ ω0, κ0, ν0ð Þ, ℷ ω0ð Þð Þ+⋯
+ζ ℧ ω0, κ0, ν0ð Þ, ℷ ω0ð Þð Þ

= ζ ℧ ρn1⅁0, ρn2⅁0, ρn3⅁0ð Þ, ℷ ρn1⅁0ð Þð Þ+⋯
+ζ ℧ ρn1⅁0, ρn2⅁0, ρn3⅁0ð Þ, ℷ ρn1⅁0ð Þð Þ:

ð25Þ

It follows that limm,n⟶∞ζðℷðωmÞ, ℷðωnÞÞ = 0. Similarly,
we can show that limm,n⟶∞ζðℷðκmÞ, ℷðκnÞÞ = 0 and
limm,n⟶∞ζðℷðνmÞ, ℷðνnÞÞ = 0. This illustrates that fωng,
fκng, and fνng are Cauchy sequences. The completeness
of ℵ leads to the conclusion that there are ω″, κ″, ν″ ∈ℵ so
that

lim
n⟶∞

ℷ ωnð Þ = ω″,

lim
n⟶∞

ℷ κnð Þ = κ″,

lim
n⟶∞

ℷ νnð Þ = ν″:

ð26Þ

Next, we shall show Conclusion ðC2Þ: Since ℷ is continu-
ous, then by (25), we get

lim
n⟶∞

ℷ ℷ ωnð Þð Þ = ℷ ω″
� 	

,

lim
n⟶∞

ℷ ℷ κnð Þð Þ = ℷ κ″
� 	

,

lim
n⟶∞

ℷ ℷ νnð Þð Þ = ℷ ν″
� 	

:

ð27Þ

Also, by the commutativity of ℷ and ℧, we have

ℷ ℷ ωnð Þð Þ = ℷ ℧ ωn−1, κn−1, νn−1ð Þð Þ =℧ ℷ ωn−1ð Þ, ℷ κn−1ð Þ, ℷ νn−1ð Þð Þ,
ℷ ℷ κnð Þð Þ = ℷ ℧ κn−1, νn−1, ωn−1ð Þð Þ =℧ ℷ κn−1ð Þ, ℷ νn−1ð Þ, ℷ ωn−1ð Þð Þ,
ℷ ℷ νnð Þð Þ = ℷ ℧ νn−1, ωn−1, κn−1ð Þð Þ =℧ ℷ νn−1ð Þ, ℷ ωn−1ð Þ, ℷ κn−1ð Þð Þ:

ð28Þ

By (26) and (27), we deduce that

ℷ ω″
� 	

= lim
n⟶∞

ℷ ℷ ωnð Þð Þ = lim
n⟶∞

℧ ℷ ωn−1ð Þ, ℷ κn−1ð Þ, ℷ νn−1ð Þð Þ =℧ ω″, κ″, ν″
� 	

,

ℷ κ″
� 	

= lim
n⟶∞

ℷ ℷ κnð Þð Þ = lim
n⟶∞

℧ ℷ κn−1ð Þ, ℷ νn−1ð Þ, ℷ ωn−1ð Þð Þ =℧ κ″, ν″, ω″
� 	

,

ℷ ν″
� 	

= lim
n⟶∞

ℷ ℷ νnð Þð Þ = lim
n⟶∞

℧ ℷ νn−1ð Þ, ℷ ωn−1ð Þ, ℷ κn−1ð Þð Þ =℧ ν″, ω″, κ″
� 	

:

ð29Þ

Therefore, the trio ðω″, κ″, ν″Þ is a tripled coincidence
point of ℧ and ℷ.

Finally, to prove Conclusion ðC2Þ, assume that ℷðω0Þ≼
ℷðκ0Þ, ℷðκ0Þ≼ℷðν0Þ, ℷðν0Þ≼ℷðω0Þ, and ðℷðω0Þ, ℷðκ0Þ, ℷðν0ÞÞ≼
ð℧ðω, κ, νÞ,℧ðκ, ν, ωÞ,℧ðν, ω, κÞÞ, for ðω, κ, νÞ ∈ℵ3. Since

4 Journal of Function Spaces



ðω″, κ″, ν″Þ, ðκ″, ν″, ω″Þ, ðν″, ω″, κ″Þ ∈ℵ3 and by Defini-
tion 4, we have

ℷ ω0ð Þ, ℷ κ0ð Þ, ℷ ν0ð Þð Þ≼ ℧ ω″, κ″, ν″
� 	

,℧ κ″, ν″, ω″
� 	

,℧ ν″, ω″, κ″
� 	� 	

,

ð30Þ

which yields

ℷ ω0ð Þ≼℧ ω″, κ″, ν″
� 	

= ℷ ω″
� 	

,

ℷ κ0ð Þ ≽℧ κ″, ν″, ω″
� 	

= ℷ κ″
� 	

,

ℷ ν0ð Þ≼℧ ν″, ω″, κ″
� 	

= ℷ ν″
� 	

:

ð31Þ

It follows from (13) and (30) and mixed ℷ-monotonicity
of ℧ that

℧ ω0, κ0, ν0ð Þ≼℧ ω″, κ″, ν″
� 	

,

℧ κ0, ν0, ω0ð Þ ≽℧ κ″, ν″, ω″
� 	

,

℧ ω0, κ0, ν0ð Þ≼℧ ν″, ω″, κ″
� 	

:

ð32Þ

This leads to

ℷ ω1ð Þ≼ℷ ω″
� 	

,

ℷ κ1ð Þ ≽ ℷ κ″
� 	

,

ℷ ν1ð Þ≼ℷ ν″
� 	

:

ð33Þ

By induction, for n ∈ℕ, we have

ℷ ωnð Þ≼ℷ ω″
� 	

,

ℷ κnð Þ ≽ ℷ κ″
� 	

,

ℷ νnð Þ≼ℷ ν″
� 	

:

ð34Þ

Applying (12), we observe that

ζ ℷ ω″
� 	

, ℷ ωn+1ð Þ
� 	

= ζ ℧ ω″, κ″, ν″
� 	

,℧ ωn, κn, νnð Þ
� 	

≤ Δ max 1
2 ζ ℷ ω″

� 	
,℧ ω″, κ″, ν″

� 	� 	
,

��

ζ ℷ ωnð Þ,℧ ωn, κn, νnð Þð Þ
��

=max 1
2 ζ ℷ ω″

� 	
, ℷ ω″
� 	� 	

,
�

ζ ℷ ωnð Þ, ℷ ωn+1ð Þð Þ
�

≤ ζ ℷ ωnð Þ, ℷ ωn+1ð Þð Þ:
ð35Þ

In the same manner, we have

ζ ℷ κ″
� 	

, ℷ κn+1ð Þ
� 	

≤ ζ ℷ κnð Þ, ℷ κn+1ð Þð Þ,

ζ ℷ ν″
� 	

, ℷ νn+1ð Þ
� 	

≤ ζ ℷ νnð Þ, ℷ νn+1ð Þð Þ:
ð36Þ

From another direction, since ℷðω0Þ≼ℷðκ0Þ, and the
mixed ℷ-monotonicity of ℧, then ℧ðω0, κ0, ν0Þ≼℧ðκ0, ν0,
ω0Þ, i.e., ℷðω1Þ≼ℷðκ1Þ; similarly, one can obtain ℷðκ1Þ≼ℷðν1
Þ and ℷðν1Þ≼ℷðω1Þ: By the proof of Conclusion ðC1Þ, we
have

ℷ ω0ð Þ≼⋯≼ℷ ωnð Þ≼ℷ κnð Þ≼⋯≼ℷ κ0ð Þ,
ℷ κ0ð Þ≼⋯≼ℷ κnð Þ≼ℷ νnð Þ≼⋯≼ℷ ν0ð Þ,
ℷ ν0ð Þ≼⋯≼ℷ νnð Þ≼ℷ ωnð Þ≼⋯≼ℷ ω0ð Þ:

ð37Þ

Taking the limit as n⟶∞, we get

lim
n⟶∞

ℷ ωnð Þ = lim
n⟶∞

ℷ κnð Þ = lim
n⟶∞

ℷ νnð Þ = ℷ ϑð Þ: ð38Þ

This implies together with (25) that

ω″ = κ″ = ν″ = ℷ ϑð Þ: ð39Þ

Hence, by (34), (35), (37), and (38), we have

lim
n⟶∞

ζ ℷ ω″
� 	

, ℷ ωn+1ð Þ
� 	

= lim
n⟶∞

ζ ℷ κ″
� 	

, ℷ κn+1ð Þ
� 	

= lim
n⟶∞

ζ ℷ ν″
� 	

, ℷ νn+1ð Þ
� 	

= 0:

ð40Þ

With the help of (39) and the triangle inequality, we
can write

ζ ℷ ω″
� 	

, ℷ ϑð Þ
� 	

≤ ζ ℷ ω″
� 	

, ℷ ωn+1ð Þ
� 	

+ ζ ℷ ωn+1ð Þ, ℷ ϑð Þð Þ⟶ 0 as n⟶∞,

ζ ℷ κ″
� 	

, ℷ ϑð Þ
� 	

≤ ζ ℷ κ″
� 	

, ℷ κn+1ð Þ
� 	

+ ζ ℷ κn+1ð Þ, ℷ ϑð Þð Þ⟶ 0 as n⟶∞,

ζ ℷ ν″
� 	

, ℷ ϑð Þ
� 	

≤ ζ ℷ ν″
� 	

, ℷ νn+1ð Þ
� 	

+ ζ ℷ νn+1ð Þ, ℷ ϑð Þð Þ⟶ 0 as n⟶∞:

ð41Þ

Thus, ℷðω″Þ = ℷðκ″Þ = ℷðν″Þ = ℷðϑÞ. According to (39),
we obtain ℷðϑÞ = ℷðℷðϑÞÞ =℧ðℷðϑÞ, ℷðϑÞ, ℷðϑÞÞ, which proves
that ℷðϑÞ is a common FP of ℧ and ℷ.

To discuss the uniqueness, suppose that ℘ is another
common FP of ℧ and ℷ, thus ℘ = ℷð℘Þ =℧ð℘, ℘, ℘Þ. By the
above results and Definition 4, we get

ℷ ω0ð Þ, ℷ κ0ð Þ, ℷ ν0ð Þð Þ≼ ℧ ℘,℘,℘ð Þ,℧ ℘,℘,℘ð Þ,℧ ℘,℘,℘ð Þð Þ:
ð42Þ

That is, for ω0 = ρn1⅁0, κ0 = ρn2⅁0, and ν0 = ρn3⅁0, where
ρ1, ρ2, ρ3 ∈ ð0, 1Þ, we have

ℷ ω0ð Þ≼℧ ℘,℘,℘ð Þ≼ℷ κ0ð Þ,
ℷ ν0ð Þ≼℧ ℘,℘,℘ð Þ≼ℷ κ0ð Þ:

ð43Þ
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This leads to

lim
n⟶∞

ℷ ω0ð Þ = lim
n⟶∞

ℷ κ0ð Þ = lim
n⟶∞

ℷ ν0ð Þ = ℷ ϑð Þ: ð44Þ

Hence, ℧ð℘, ℘, ℘Þ = ℷðϑÞ, which leads to ℘ = ℷðϑÞ. There-
fore, ℷðϑÞ is a unique common FP of ℧ and ℷ. This finishes
the proof.

Examples below verify the assumptions of Theorem 11.

Example 1. Let ℵ = ½0,∞Þ be endowed with

ζ ω, κð Þ = κ − ωj j, κ, ω ∈ℵ: ð45Þ

Define the order relation ≤ by

κ, ω ∈ℵ,
ω≼κ⇔ ω ≤ κ:

ð46Þ

It is obvious that ðℵ, ζ,≼Þ is a CPOMS. Define the map-
pings ℧ : ℵ3 ⟶ℵ and ℷ : ℵ⟶ℵ by

℧ ω, κ, νð Þ =
ω + κ − ν

4 , if ω ≥ κ ≥ ν,

0, otherwise,

8<
:
ℷ ωð Þ = 2ω,

ð47Þ

respectively. It is clear that ℧ðℵ3Þ ⊂ ℷðℵÞ, ℷ and ℧ are con-
tinuous, and ℧ have a mixed ℷ-monotone property.

Now, let us verify Condition (12) of Theorem 11 for all
ω, κ, ν, ω∗, κ∗, ν∗ ∈ℵ with ω ≥ ω∗, κ ≤ κ∗, and ν ≥ ν∗. Con-
sider that the function Δ : ½0,+∞Þ⟶ ½0,+∞Þ is given by

Δ max ω, κf gð Þ = ω + κ

2 , ω, κ ∈ 0,∞½ Þ: ð48Þ

Now, we consider the cases below:
(⋆1) If ω ≥ κ ≥ ν and ω∗ ≥ κ∗ ≥ ν∗, then ω ≥ ω∗ ≥ κ∗ ≥ κ

≥ ν, and we have

ζ ℧ ω, κ, νð Þ,℧ ω∗, κ∗, ν∗ð Þð Þ
+ ω∗ + κ∗ − ν∗

4










 ≤ ω + ω∗ð Þ + κ + κ∗ð Þ

4 ≤
2ω + 2κ∗

4

≤
ω + ω∗

2 ≤
1
2

7ω
8 + ν − κj j

8

� �
+ 7ω∗

4 + ν∗ − κ∗j j
4

� �� �

= 1
2

1
2 ζ ℷ ωð Þ,℧ ω, κ, νð Þð Þ + ζ ℷ ω∗ð Þ,℧ ω∗, κ∗, ν∗ð Þð Þ

� �

= Δ max 1
2 ζ ℷ ωð Þ,℧ ω, κ, νð Þð Þ, ζ ℷ ω∗ð Þ,℧ ω∗, κ∗, ν∗ð Þð Þ

� �� �
:

ð49Þ

(⋆2) If ω ≥ κ ≥ ν and ω∗ < κ∗ < ν∗, then ω ≥ ν ≥ ν∗ ≥ ω∗

≥ κ, and we have

ζ ℧ ω, κ, νð Þ,℧ ω∗, κ∗, ν∗ð Þð Þ
= ω + κ − ν

4 − 0



 


 ≤ ω + κ

4
� 	

≤
ω + ω∗

4

� �

≤
1
2

7ω
8 + ν − κj j

8

� �
+ 2ω∗

� �

= 1
2

1
2 ζ ℷ ωð Þ,℧ ω, κ, νð Þð Þ + ζ ℷ ω∗ð Þ,℧ ω∗, κ∗, ν∗ð Þð Þ

� �

= Δ max 1
2 ζ ℷ ωð Þ,℧ ω, κ, νð Þð Þ, ζ ℷ ω∗ð Þ,℧ ω∗, κ∗, ν∗ð Þð Þ

� �� �
:

ð50Þ

(⋆3) If ω < κ < ν and ω∗ ≥ κ∗ ≥ ν∗, then ν ≥ ω ≥ ω∗ ≥ κ∗,
and we have

ζ ℧ ω, κ, νð Þ,℧ ω∗, κ∗, ν∗ð Þð Þ
= 0 − ω∗ + κ∗ − ν∗

4










 = ω∗ + κ∗ − ν∗

4










 ≤ ω∗ + κ∗

4

≤
ω + ω∗

4 ≤
1
2 2ω + 7ω∗

4 + ν∗ − κ∗j j
4

� �� �

= 1
2

1
2 ζ ℷ ωð Þ,℧ ω, κ, νð Þð Þ + ζ ℷ ω∗ð Þ,℧ ω∗, κ∗, ν∗ð Þð Þ

� �

= Δ max 1
2 ζ ℷ ωð Þ,℧ ω, κ, νð Þð Þ, ζ ℷ ω∗ð Þ,℧ ω∗, κ∗, ν∗ð Þð Þ

� �� �
:

ð51Þ

(⋆4) If ω < κ < ν and ω∗ < κ∗ < ν∗, then we have

ζ ℧ ω, κ, νð Þ,℧ ω∗, κ∗, ν∗ð Þð Þ = 0 ≤ 1
2 ω + 2ω∗ð Þ

= 1
2

1
2 ζ ℷ ωð Þ,℧ ω, κ, νð Þð Þ + ζ ℷ ω∗ð Þ,℧ ω∗, κ∗, ν∗ð Þð Þ

� �

= Δ max 1
2 ζ ℷ ωð Þ,℧ ω, κ, νð Þð Þ, ζ ℷ ω∗ð Þ,℧ ω∗, κ∗, ν∗ð Þð Þ

� �� �
:

ð52Þ

The four cases indicate that the requirements of
Theorem 11 are fulfilled and ð0, 0, 0Þ is a unique TFP.

Example 2. Assume that the first requirements of Example 1
hold with the usual order “≤.” Define the mappings ℧ : ℵ3

⟶ℵ and ℷ : ℵ⟶ℵ by

℧ ω, κ, νð Þ = ω + κ + ν

3 ,

ℷ ωð Þ = ω,
ð53Þ

respectively. It is obvious that ðℵ, ζ,≤Þ is a CPOMS, ℧ðℵ3Þ
⊂ ℷðℵÞ, ℷ and ℧ are continuous, and ℧ have a mixed ℷ
-monotone property.

Now, let us verify Condition (12) of Theorem 11 for all
ω, κ, ν, ω∗, κ∗, ν∗ ∈ℵ with ω ≤ ω∗, κ ≥ κ∗, and ν ≤ ν∗. Let Δ
: ½0,+∞Þ⟶ ½0,+∞Þ be a function defined by
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Δ max ω, κf gð Þ = ω + κ

2 , for allω, κ ∈ 0,∞½ Þ: ð54Þ

Now, consider

ζ ℧ ω, κ, νð Þ,℧ ω∗, κ∗, ν∗ð Þð Þ = ω + κ + ν

3 −
ω∗ + κ∗ + ν∗

3












≤
ω − ω∗

3










 + κ − κ∗

3










 + ν − ν∗

3










 ≤ κ − κ∗

3










 ≤ κ + κ∗

2

≤
1
2

2κ
6 + ω + νð Þ

6

� �
+ 2κ∗

3 + ω∗ + ν∗ð Þ
3

� �� �

= 1
2

1
2 ζ ℷ κð Þ,℧ κ, ν, ωð Þð Þ + ζ ℷ κ∗ð Þ,℧ κ∗, ν∗, ω∗ð Þð Þ

� �

= Δ max 1
2 ζ ℷ κð Þ,℧ κ, ν, ωð Þð Þ, ζ ℷ κ∗ð Þ,℧ κ∗, ν∗, ω∗ð Þð Þ

� �� �
:

ð55Þ

Hence, all conditions of Theorem 11 are satisfied and ℧
and ℷ have a unique common TFP in ℵ for all ω = κ = ν.

If we set ℷ = Iℵ (the identity mapping on ℵ) in Theorem
11, we deduce the result below:

Corollary 12. Let ðℵ, ζ,≼Þ be a CPOMS and ϑ be a zero ele-
ment in ℵ. Assume that ℧ : ℵ3 ⟶ℵ is a mixed-monotone
mapping and Δ : ½0,∞Þ⟶ ½0,∞Þ is so that ΔðρÞ ≤ ρ for
any ρ ≥ 0: Suppose that the assumptions below are satisfied:

(i) ℧ is continuous

(ii) ℧ðω, κ, νÞ verifies stipulations (s1) and (s2) of
Lemma 9

(iii) For any ω, κ, ν, ω∗, κ∗, ν∗ ∈ℵ with ω ≽ ω∗, κ≼κ∗,
and ν ≽ ν∗, and we have

ζ ℧ ω, κ, νð Þ,℧ ω∗, κ∗, ν∗ð Þð Þ
≤ Δ max 1

2
ζ ω,℧ ω, κ, νð Þð Þ, ζ ω∗,℧ ω∗, κ∗, ν∗ð Þð Þ

� �� �
:

ð56Þ

Then, the following conclusions are fulfilled:
(C1) For a triplet ðω0, κ0, ν0Þ ∈ℵ, construct three

sequences fωng, fκng, and fνng in ℵ verifying

ωn =℧ ωn−1, κn−1, νn−1ð Þ,
κn =℧ κn−1, νn−1, ωn−1ð Þ,
νn =℧ νn−1, ωn−1, κn−1ð Þ,

ð57Þ

for n ∈ℕ. Then, ωn ⟶ ω″, κn ⟶ κ″, and νn ⟶ ν″, as n
⟶∞

(C2) ℧ has a TFP ðω″, κ″, ν″Þ: Moreover, assume that
ω0, κ0, and ν0 are comparable and for each ðω, κ, νÞ ∈ℵ, ðω0,
κ0, ν0Þ is comparable to ð℧ðω, κ, νÞ,℧ðκ, ν, ωÞ,℧ðν, ω, κÞÞ

(C3) ℧ has a unique FP ϑ, that is ϑ =℧ðϑ, ϑ, ϑÞ

3. An Application to Integro-
Differential Equation

In fact, this part is a fundamental pillar of our paper, where
the theoretical results presented in the above section are
involved in order to obtain the existence of the solution to
an IDE of the following form:

ω ρð Þ = 1
2

ðρ
ℓ1

Θ ρ, σð Þ ℵ1 σ, ω σð Þ, ω′ σð Þ
� 	

+R1 σ, ω σð Þð Þ
h i�

+ ℵ2 σ, κ σð Þ, κ′ σð Þ
� 	

+R2 σ, κ σð Þð Þ
h i

+ ℵ3 σ, ν σð Þ, ν′ σð Þ
� 	

+R3 σ, ν σð Þð Þ
h i	

dσ,

ð58Þ

for ρ ∈ ½ℓ1, ℓ2�, where Θ : ½ℓ1, ℓ2� × ½ℓ1, ℓ2�⟶ ½1,∞Þ, ℵi : ½ℓ1,
ℓ2� × ½0,∞Þ × ½0,∞Þ⟶ ½0,∞Þ, and Ri : ½ℓ1, ℓ2� × ½0,∞Þ⟶
½0,∞Þ (for i = 1, 2, 3) are given continuous functions.

Assume that ωðρÞ, κðρÞ, νðρÞ, ω′ðρÞ, κ′ðρÞ, and ν′ðρÞ
are nonnegative real continuous functions which are differ-
entiable on ½ℓ1, ℓ2�, where ω′ðρÞ, κ′ðρÞ, and ν′ðρÞ are the
first derivative of ωðρÞ, κðρÞ, and νðρÞ with respect to ρ,
respectively.

Also, suppose that Θ is continuously differentiable with
respect to its first variable, where ð∂Θ/∂ρÞ > 0.

In order to find the existence solution of Problem (57),
we shall derive the hypotheses below:

(‡i) ℵi : ½ℓ1, ℓ2� × ½0,∞Þ × ½0,∞Þ⟶ ½0,∞Þ and Ri : ½ℓ1,
ℓ2� × ½0,∞Þ⟶ ½0,∞Þ (for i = 1, 2, 3) are continuous func-
tions so that

R1 ρ, ω ρð Þð Þ ≤R1 ρ, ω∗ ρð Þð Þ,
R2 ρ, κ ρð Þð Þ ≥R2 ρ, κ∗ ρð Þð Þ,
R3 ρ, ν ρð Þð Þ ≤R3 ρ, ν∗ ρð Þð Þ,

ℵ1 ρ, ω ρð Þ, κ′ ρð Þ
� 	

≤ℵ1 ρ, ω∗ ρð Þ, κ∗′ ρð Þ
� 	

,

ℵ2 ρ, κ ρð Þ, ν′ ρð Þ
� 	

≥ℵ2 ρ, κ∗ ρð Þ, ν∗′ ρð Þ
� 	

,

ℵ3 ρ, ν ρð Þ, ω′ ρð Þ
� 	

≤ℵ3 ρ, ν∗ ρð Þ, ω∗′ ρð Þ
� 	

,

ð59Þ

for any fixed ρ ∈ ½ℓ1, ℓ2�
(‡ii) Define the mappings ℧ and ℷ by

℧ ω, κ, νð Þ ρð Þ =
ðρ
ℓ1

Θ ρ, σð Þ ℵ1 σ, ω σð Þ, κ′ σð Þ
� 	�

+ℵ2 σ, κ σð Þ, ν′ σð Þ
� 	

+ℵ3 σ, ν σð Þ, ω′ σð Þ
� 		

dσ,

ð60Þ

ℷωð Þ ρð Þ =
ðρ
ℓ1

Θ ρ, σð Þ R1 σ, ω σð Þð Þ +R2 σ, κ σð Þð Þ +R3 σ, ν σð Þð Þð Þdσ,

ð61Þ
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such that

R1 ρ,℧ ω, κ, νð Þ ρð Þð Þ =ℵ1 ρ, ℷω ρð Þ, ℷκð Þ′ ρð Þ
� 	

,

R2 ρ,℧ ω, κ, νð Þ ρð Þð Þ =ℵ2 ρ, ℷκ ρð Þ, ℷνð Þ′ ρð Þ
� 	

,

R3 ρ,℧ ω, κ, νð Þ ρð Þð Þ =ℵ3 ρ, ℷν ρð Þ, ℷωð Þ′ ρð Þ
� 	

,

ð62Þ

for any fixed ρ ∈ ½ℓ1, ℓ2�
(‡iii) For any fixed ρ ∈ ½ℓ1, ℓ2�, there is β ∈ ð0, ð1/2ÞÞ so

that

ℵ1 ρ, ω∗ ρð Þ, κ∗′ ρð Þ
� 	

≥R1 ρ, ω ρð Þð Þ,

ℵ2 ρ, κ∗ ρð Þ, ν∗′ ρð Þ
� 	

≥R2 ρ, κ ρð Þð Þ,

ℵ3 ρ, ν∗ ρð Þ, ω∗′ ρð Þ
� 	

≥R3 ρ, ν ρð Þð Þ,

ð63Þ

ℵ1 ρ, ω ρð Þ, κ′ ρð Þ
� 	

−ℵ1 ρ, ω∗ ρð Þ, κ∗′ ρð Þ
� 	


 




≤
β

2 ℵ1 ρ, ω ρð Þ, κ′ ρð Þ
� 	

−R1 ρ, ω ρð Þð Þ



 


� 	

,

ℵ2 ρ, κ ρð Þ, ν′ ρð Þ
� 	

−ℵ2 ρ, κ∗ ρð Þ, ν∗′ ρð Þ
� 	


 




≤
β

2 ℵ2 ρ, κ ρð Þ, ν′ ρð Þ
� 	

−R2 ρ, κ ρð Þð Þ



 


� 	

,

ℵ3 ρ, ν ρð Þ, ω′ ρð Þ
� 	

−ℵ3 ρ, ν∗ ρð Þ, ω∗′ ρð Þ
� 	


 




≤
β

2 ℵ3 ρ, ν ρð Þ, ω′ ρð Þ
� 	

−R3 ρ, ν ρð Þð Þ



 


� 	

,

ð64Þ

(‡iv) there is ⅁0ðρÞ ∈ ½0,∞Þ, so that for any fixed ρ ∈
½ℓ1, ℓ2�, ρ1, ρ2, ρ3 ∈ ð0, 1Þ,

R ρ, ρ j
1⅁0 ρð Þ

� 	
≤ℵ ρ, ρj

1⅁0 ρð Þ, ρj
2⅁0′ ρð Þ

� 	
≤R ρ, ρj

2⅁0 ρð Þ
� 	

,

R ρ, ρ j
3⅁0 ρð Þ

� 	
≤ℵ ρ, ρj

3⅁0 ρð Þ, ρj
2⅁0′ ρð Þ

� 	
≤R ρ, ρj

2⅁0 ρð Þ
� 	

:

8><
>:

ð65Þ

Now, our main theorem of this section is stated as
follows:

Theorem 13. Under hypotheses (‡i)-(‡iv), System (57) has a
unique solution ℷðϑÞ.

Proof. The proof is splitting into the following steps:
(St1) Construct a CPOMS. Assume that ℵ = ðC½ℓ1, ℓ2�,

ℝ+Þ is the set of all nonnegative real continuous functions
on ½ℓ1, ℓ2�, ϑ ∈ℵ. Define a metric ζ : ℵ ×ℵ⟶ ½0,∞Þ on ℵ
by

ζ ω, κð Þ = ω ρð Þ − κ ρð Þj j21, ∀ω, κ ∈ℵ, ρ ∈ ℓ1, ℓ2½ �, ð66Þ

where jωðρÞj21 = jωðρÞj + jω′ðρÞj. Define the partial ordered
≼ by

ω≼κ⇔ ω ρð Þ ≤ κ ρð Þ, ∀ρ ∈ ℓ1, ℓ2½ �: ð67Þ

Then, a trio ðℵ, ζ,≼Þ is a CPOMS if ω≼ω∗, κ∗≼κ, and ν≼ν∗,
whenever ωðρÞ ≤ ω∗ðρÞ, κ∗ðρÞ ≤ κðρÞ, and νðρÞ ≤ ν∗ðρÞ, for
all ω, κ, ν, ω∗, κ∗, ν∗ ∈ℵ

(St2) Construct the mappings ℧′ and ℷ′. For this pur-
pose, we involve a derivative with respect to ρ on both sides
of (59) and (60), respectively, for ω, κ, ν ∈ℵ, ρ ∈ ½ℓ1, ℓ2�, we
get

℧′ ω, κ, νð Þ ρð Þ
=Θ ρ, ρð Þ ℵ1 ρ, ω ρð Þ, κ′ ρð Þ

� 	
+ℵ2 ρ, κ ρð Þ, ν′ ρð Þ

� 	�

+ℵ3 ρ, ν ρð Þ, ω′ ρð Þ
� 		

+
ðρ
ℓ1

∂
∂ρ

Θ ρ, σð Þ

� ℵ1 ρ, ω ρð Þ, κ′ ρð Þ
� 	

+ℵ2 ρ, κ ρð Þ, ν′ ρð Þ
� 	�

+ℵ3 ρ, ν ρð Þ, ω′ ρð Þ
� 		

dσ,

ð68Þ

ℷωð Þ′ ρð Þ =Θ ρ, ρð Þ R1 ρ, ω ρð Þð Þ +R2 ρ, κ ρð Þð Þð
+R3 ρ, ν ρð Þð ÞÞ +

ðρ
ℓ1

∂
∂ρ

Θ ρ, σð Þ R1 σ, ω σð Þð Þð

+R2 σ, κ σð Þð Þ +R3 σ, ν σð Þð ÞÞdσ:
ð69Þ

(St3) Show that ℧ is a mixed ℷ-monotone and ℧ and ℷ
are commuting. If ðℷκÞ′ðρÞ ≥ ðℷκ∗Þ′ðρÞ, then by (68), we
have

Θ ρ, ρð Þ R2 ρ, κ ρð Þð Þ −R2 ρ, κ∗ ρð Þð Þð Þ + R3 ρ, ν ρð Þð Þðð
−R3 ρ, ν∗ ρð Þð ÞÞ + R1 ρ, ω ρð Þð Þ −R1 ρ, ω∗ ρð Þð Þð ÞÞ
+
ðρ
ℓ1

∂
∂ρ

Θ ρ, σð Þ R2 ρ, κ ρð Þð Þ −R2 ρ, κ∗ ρð Þð Þð Þð

+ R3 ρ, ν ρð Þð Þ −R3 ρ, ν∗ ρð Þð Þð Þ + R1 ρ, ω ρð Þð Þð
−R1 ρ, ω∗ ρð Þð ÞÞÞdσ ≥ 0,

ð70Þ

since Θðρ, ρÞ ≥ 1, and ð∂/∂ρÞΘðρ, σÞ > 0, then, we get R2
ðρ, κðρÞÞ ≥R1ðρ, κ∗ðρÞÞ. Moreover by hypothesis (‡i), for
any fixed ρ ∈ ½ℓ1, ℓ2�, ω, κ, ν, ω∗, κ∗, ν∗ ∈ℵ: If

ℷωð Þ ρð Þ ≤ ℷω∗ð Þ ρð Þ, ℷκð Þ′ ρð Þ ≥ ℷκ∗ð Þ′ ρð Þ,
ℷνð Þ ρð Þ ≤ ℷν∗ð Þ ρð Þ,

ð71Þ

then, we have

℧ ω, κ′, ν
� 	

ρð Þ≼℧ ω∗, κ′∗ , ν∗
� 	

ρð Þ: ð72Þ
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Similarly, if

ℷωð Þ′ ρð Þ ≤ ℷω∗ð Þ′ ρð Þ,
ℷκð Þ ρð Þ ≥ ℷκ∗ð Þ ρð Þ,

ℷνð Þ ρð Þ ≤ ℷν∗ð Þ ρð Þ⇒℧ ω′, κ, ν
� 	

ρð Þ
≤℧ ω′∗ , κ∗, ν∗

� 	
ρð Þ,

ð73Þ

and if

ℷωð Þ ρð Þ ≤ ℷω∗ð Þ ρð Þ,
ℷκð Þ ρð Þ ≥ ℷκ∗ð Þ ρð Þ,

ℷνð Þ′ ρð Þ ≤ ℷν∗ð Þ′ ρð Þ⇒℧ ω, κ, ν′
� 	

ρð Þ
≤℧ ω∗, κ∗, ν′∗

� 	
ρð Þ,

ð74Þ

then this implies that ℧ is a mixed ℷ-monotone. By the
definition of ℧ and ℷ, we can write

℧ ℷω, ℷκ, ℷνð Þ ρð Þ =
ðρ
ℓ1

Θ ρ, σð Þ ℵ1 σ, ℷω σð Þ, ℷκð Þ′ σð Þ
� 	�

+ℵ2 σ, ℷκ σð Þ, ℷνð Þ′ σð Þ
� 	

+ℵ3 σ, ℷν σð Þ, ℷωð Þ′ σð Þ
� 		

dσ

=
ðρ
ℓ1

Θ ρ, σð Þ R1 ρ,℧ ω, κ, νð Þ ρð Þð Þ +R2 ρ,℧ ω, κ, νð Þ ρð Þð Þð

+R3 ρ,℧ ω, κ, νð Þ ρð Þð ÞÞdσ = ℷ ℧ ω, κ, νð Þ ρð Þð Þ:
ð75Þ

(St4) Fulfill Condition (12) of Theorem 11. It follows
from (60), (63), and (68) that

℧ ω, κ, νð Þ ρð Þ −℧ ω∗, κ∗, ν∗ð Þ ρð Þj j

=
ðρ
ℓ1

Θ ρ, σð Þ ℵ1 σ, ω σð Þ, κ′ σð Þ
� 	

−ℵ1 σ, ω∗ σð Þ, κ∗′ σð Þ
� 	� 	�






+ ℵ2 σ, κ σð Þ, ν′ σð Þ
� 	

−ℵ2 σ, κ∗ σð Þ, ν∗′ σð Þ
� 	� 	

+ ℵ3 σ, ν σð Þ, ω′ σð Þ
� 	

−ℵ3 σ, ν∗ σð Þ, ω∗′ σð Þ
� 	� 		

dσ







≤

ðρ
ℓ1

Θ ρ, σð Þ β

2 R1 σ, ω σð Þð Þ −ℵ1 σ, ω σð Þ, κ′ σð Þ
� 	� 	�






+ β

2 R2 σ, κ σð Þð Þ −ℵ2 σ, κ σð Þ, ν′ σð Þ
� 	� 	

+ β

2 R3 σ, ν σð Þð Þ −ℵ3 σ, ν σð Þ, ω′ σð Þ
� 	� 		

dσ







= β

2

ðρ
ℓ1

Θ ρ, σð Þ R1 σ, ω σð Þð Þ −ℵ1 σ, ω σð Þ, κ′ σð Þ
� 	� 	�






+ R2 σ, κ σð Þð Þ −ℵ2 σ, κ σð Þ, ν′ σð Þ
� 	� 	

+ R3 σ, ν σð Þð Þ −ℵ3 σ, ν σð Þ, ω′ σð Þ
� 	� 		

dσ






,
ð76Þ

℧′ ω, κ, νð Þ ρð Þ −℧′ ω∗, κ∗, ν∗ð Þ ρð Þ

 


= Θ ρ, ρð Þ ℵ1 ρ, ω ρð Þ, κ′ ρð Þ

� 	
−ℵ1 ρ, ω∗ ρð Þ, κ∗′ ρð Þ

� 	� 	�



+ ℵ2 ρ, κ ρð Þ, ν′ ρð Þ

� 	
−ℵ2 ρ, κ∗ ρð Þ, ν∗′ ρð Þ

� 	� 	

+ ℵ3 ρ, ν ρð Þ, ω′ ρð Þ
� 	

−ℵ3 ρ, ν∗ ρð Þ, ω∗′ ρð Þ
� 	� 		

+
ðρ
ℓ1

∂
∂ρ

Θ ρ, σð Þ ℵ1 ρ, ω ρð Þ, κ′ ρð Þ
� 	��

−ℵ1 ρ, ω∗ ρð Þ, κ∗′ ρð Þ
� 		

+ ℵ2 ρ, κ ρð Þ, ν′ ρð Þ
� 	�

−ℵ2 ρ, κ∗ ρð Þ, ν∗′ ρð Þ
� 		

+ ℵ3 ρ, ν ρð Þ, ω′ ρð Þ
� 	�

−ℵ3 ρ, ν∗ ρð Þ, ω∗′ ρð Þ
� 			

dσ





≤ Θ ρ, ρð Þ β

2 R1 ρ, ω ρð Þð Þ −ℵ1 ρ, ω ρð Þ, κ′ ρð Þ
� 	� 	��





+ β

2 R2 ρ, κ ρð Þð Þ −ℵ2 ρ, κ ρð Þ, ν′ ρð Þ
� 	� 	

+ β

2 R3 ρ, ν ρð Þð Þ −ℵ3 ρ, ν ρð Þ, ω′ ρð Þ
� 	� 			

+
ðρ
ℓ1

∂
∂ρ

Θ ρ, σð Þ β

2 R1 σ, ω σð Þð Þ −ℵ1 σ, ω σð Þ, κ′ σð Þ
� 	� 	�

+ β

2 R2 σ, κ σð Þð Þ −ℵ2 σ, κ σð Þ, ν′ σð Þ
� 	� 	

+ β

2 R3 σ, ν σð Þð Þ −ℵ3 σ, ν σð Þ, ω′ σð Þ
� 	� 		

dσ





= β

2 Θ ρ, ρð Þ R1 ρ, ω ρð Þð Þ −ℵ1 ρ, ω ρð Þ, κ′ ρð Þ
� 	� 	��




+ R2 ρ, κ ρð Þð Þ −ℵ2 ρ, κ ρð Þ, ν′ ρð Þ
� 	� 	

+ R3 ρ, ν ρð Þð Þ −ℵ3 ρ, ν ρð Þ, ω′ ρð Þ
� 	� 			

+
ðρ
ℓ1

∂
∂ρ

Θ ρ, σð Þ R1 σ, ω σð Þð Þ −ℵ1 σ, ω σð Þ, κ′ σð Þ
� 	� 	�

+ R2 σ, κ σð Þð Þ −ℵ2 σ, κ σð Þ, ν′ σð Þ
� 	� 	

+ R3 σ, ν σð Þð Þ −ℵ3 σ, ν σð Þ, ω′ σð Þ
� 	� 		

dσ



:

ð77Þ
From (59), (60), (67)–(76) and by definition of j:j21, we

conclude that

℧ ω, κ, νð Þ ρð Þ −℧ ω∗, κ∗, ν∗ð Þ ρð Þj j

=
ðρ
ℓ1

Θ ρ, σð Þ

ℵ1 σ, ω σð Þ, κ′ σð Þ
� 	

−ℵ1 σ, ω∗ σð Þ, κ∗′ σð Þ
� 	� 	

+ ℵ2 σ, κ σð Þ, ν′ σð Þ
� 	

−ℵ2 σ, κ∗ σð Þ, ν∗′ σð Þ
� 	� 	

+ ℵ3 σ, ν σð Þ, ω′ σð Þ
� 	

−ℵ3 σ, ν∗ σð Þ, ω∗′ σð Þ
� 	� 	

0
BBBBBB@

1
CCCCCCA
dσ





























≤
ðρ
ℓ1

Θ ρ, σð Þ

β

2 R1 σ, ω σð Þð Þ −ℵ1 σ, ω σð Þ, κ′ σð Þ
� 	� 	

+β2 R2 σ, κ σð Þð Þ −ℵ2 σ, κ σð Þ, ν′ σð Þ
� 	� 	

+β

2 R3 σ, ν σð Þð Þ −ℵ3 σ, ν σð Þ, ω′ σð Þ
� 	� 	

0
BBBBBBBB@

1
CCCCCCCCA
dσ
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= β

2

ðρ
ℓ1

Θ ρ, σð Þ

R1 σ, ω σð Þð Þ −ℵ1 σ, ω σð Þ, κ′ σð Þ
� 	� 	

+ R2 σ, κ σð Þð Þ −ℵ2 σ, κ σð Þ, ν′ σð Þ
� 	� 	

+ R3 σ, ν σð Þð Þ −ℵ3 σ, ν σð Þ, ω′ σð Þ
� 	� 	

0
BBBBBB@

1
CCCCCCA
dσ




























,

ð78Þ

that is

ζ ℧ ω, κ, νð Þ ρð Þ,℧ ω∗, κ∗, ν∗ð Þ ρð Þð Þ
≤ β × 1

2 ζ ℷωð Þ ρð Þ,℧ ω, κ, νð Þ ρð Þð Þ

≤ β max 1
2 ζ ℷωð Þ ρð Þ,℧ ω, κ, νð Þ ρð Þð Þ,

�

ζ ℷω∗ð Þ ρð Þ,℧ ω∗, κ∗, ν∗ð Þ ρð Þð Þ
o
:

ð79Þ

Set ΔðωÞ = βω for ω ∈ ½0,∞Þ,β ∈ ð0, ð1/2ÞÞ: It is clear
that ΔðωÞ ≤ ω for ω ≥ 0. Through Inequality (78), Hypoth-
esis (iv) of Theorem 11 is verified. Suppose that ω0ðρÞ =
ρn1⅁0, κ0ðρÞ = ρn2⅁0, and ν0ðρÞ = ρn3⅁0, then by ((65)), we
have

ðρ
ℓ1

Θ ρ, σð ÞR ρ, ω0 ρð Þð Þdσ

≤
ðρ
ℓ1

Θ ρ, σð Þℵ ρ, ω0 ρð Þ, κ0′ ρð Þ
� 	

dσ

≤
ðρ
ℓ1

Θ ρ, σð ÞR ρ, κ0 ρð Þð Þdσ,
ðρ
ℓ1

Θ ρ, σð ÞR ρ, ν0 ρð Þð Þdσ

≤
ðρ
ℓ1

Θ ρ, σð Þℵ ρ, ν0 ρð Þ, κ0′ ρð Þ
� 	

dσ

≤
ðρ
ℓ1

Θ ρ, σð ÞR ρ, κ0 ρð Þð Þdσ,

ð80Þ

that is

ℷω0ð Þ ρð Þ ≤℧ ω0, κ0, ν0ð Þ ρð Þ ≤ ℷκ0ð Þ ρð Þ,
ℷν0ð Þ ρð Þ ≤℧ ω0, κ0, ν0ð Þ ρð Þ ≤ ℷκ0ð Þ ρð Þ:

ð81Þ

This means ℧ðω0, κ0, ν0Þ ≽ ℷðω0Þ, ℧ðκ0, ν0, ω0Þ≼ℷðκ0Þ,
and ℧ðν0, ω0, κ0Þ ≽ ℷðν0Þ. Thus, all requirements of Theo-
rem 11 are fulfilled. So, there is a unique common FP for
the mappings ℧ and ℷ in the form of ℷðϑÞ ∈ℵ, so that ℷ
ðϑÞ = ð1/2Þð℧ðℷðϑÞ, ℷðϑÞ, ℷðϑÞÞ + ℷðϑÞÞ, which is the unique
solution to Problem (57).

The example below supports our application.

Example 3. Consider the following problem:

ω ρð Þ = 1
32

ðρ
0
ρeρσ e2ω + eω

� �
+ e2κ + eκ
� �

+ e2ν + eν
� �� �

dσ:

ð82Þ

Problem (80) is a special form of Problem (57), with the
following constraints:

ℵ1 ρ, ω ρð Þ, ω′ ρð Þ
� 	

= ρ
1
4 e

ω

� � 1
4 e

ω

� �
= 1
16 ρe

2ω,

R1 ρ, ω ρð Þð Þ = 1
4

1
4 ρe

ω

� �
= 1
16 ρe

ω,

ℵ2 ρ, κ ρð Þ, κ′ ρð Þ
� 	

= 1
16 ρe

2κ,

R2 ρ, κ ρð Þð Þ = 1
16 ρe

κ,

ℵ3 ρ, ν ρð Þ, ν′ ρð Þ
� 	

= 1
16 ρe

2ν,

R3 ρ, ν ρð Þð Þ = 1
16 ρe

ν:

ð83Þ

Θðρ, σÞ = eρσ, for all ρ ∈ ½0, 1� and ℓ1 = 0, ℓ2 = 1.
Here, we considered ωðρÞ = ð1/4Þeω, κðρÞ = ð1/4Þeκ, and

νðρÞ = ð1/4Þeν: Thus, ω′ðρÞ = ð1/4Þeω, κ′ðρÞ = ð1/4Þeκ, and
ν′ðρÞ = ð1/4Þeν, respectively. It is clear that the function
Θ : ½0, 1� × ½0, 1�⟶ ½1,∞Þ is continuously differentiable
with respect to its first variable, where ð∂Θ/∂ρÞ = σeρσ > 0.
Moreover, ð1/4Þeω, ð1/4Þeκ, and ð1/4Þeν are nonnegative real
continuous functions on ½0, 1�: Also, the two mappings take
the following form:

℧ ω, κ, νð Þ ρð Þ = 1
16

ð1
0
ρeρσ e2ω + e2κ + e2ν

� �
dσ, ð84Þ

ℷωð Þ ρð Þ = 1
16

ð1
0
ρeρσ eω + eκ + eνð Þdσ: ð85Þ

Now, we are going to satisfy the hypotheses of Theorem
13.

(1) For ω ≤ ω∗, κ ≥ κ∗, and ν ≤ ν∗, the functions ℵi : ½0,
1� × ½0,∞Þ × ½0,∞Þ⟶ ½0,∞Þ and Ri : ½0, 1� × ½0,∞Þ
⟶ ½0,∞Þ (for i = 1, 2, 3) are continuous functions,
so that

R1 ρ, ω ρð Þð Þ = 1
16 ρe

ω ≤
1
16 ρe

ω∗ =R1 ρ, ω∗ ρð Þð Þ,

R2 ρ, κ ρð Þð Þ = 1
16 ρe

κ ≥
1
16 ρe

κ∗ =R2 ρ, κ∗ ρð Þð Þ,

R3 ρ, ν ρð Þð Þ = 1
16 ρe

ν ≤
1
16 ρe

ν∗ =R3 ρ, ν∗ ρð Þð Þ:

ð86Þ
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This obviously leads to

ℵ1 ρ, ω ρð Þ, κ′ ρð Þ
� 	

= 1
16 ρe

ω+κ ≤
1
16 ρe

ω∗+κ∗

=ℵ1 ρ, ω∗ ρð Þ, κ∗′ ρð Þ
� 	

:
ð87Þ

Similarly, one can write

ℵ2 ρ, κ ρð Þ, ν′ ρð Þ
� 	

≥ℵ2 ρ, κ∗ ρð Þ, ν∗′ ρð Þ
� 	

,

ℵ3 ρ, ν ρð Þ, ω′ ρð Þ
� 	

≤ℵ3 ρ, ν∗ ρð Þ, ω∗′ ρð Þ
� 	

:
ð88Þ

(2) From (82) and (83), and assuming that ðℷκÞ′ = ðℷκÞ,
we have

ℵ1 ρ, ℷω ρð Þ, ℷκð Þ′ ρð Þ
� 	

= 1
16 ρe

ℷωð Þe ℷκð Þ = 1
16 ρe

ℷω+ℷκ

= 1
16 ρe

1/16
Ð 1

0
ρeρσ e2ω+e2κ+e2νð Þdσ

= 1
16 ρe

℧ ω,κ,νð Þ =R1 ρ,℧ ω, κ, νð Þ ρð Þð Þ:

ð89Þ

Similarly, one can write

R2 ρ,℧ ω, κ, νð Þ ρð Þð Þ =ℵ2 ρ, ℷκ ρð Þ, ℷνð Þ′ ρð Þ
� 	

,

R3 ρ,℧ ω, κ, νð Þ ρð Þð Þ =ℵ3 ρ, ℷν ρð Þ, ℷωð Þ′ ρð Þ
� 	

:
ð90Þ

(3) For any fixed ρ ∈ ½0, 1�, there is β = ð1/4Þ, so that

ℵ1 ρ, ω∗ ρð Þ, κ∗′ ρð Þ
� 	

= 1
16 ρe

ω∗+κ∗ ≥
1
4

1
4 ρe

ω

� �

=R1 ρ, ω ρð Þð Þ:
ð91Þ

In the same manner, we have

ℵ2 ρ, κ∗ ρð Þ, ν∗′ ρð Þ
� 	

≥R2 ρ, κ ρð Þð Þ,

ℵ3 ρ, ν∗ ρð Þ, ω∗′ ρð Þ
� 	

≥ βR3 ρ, ν ρð Þð Þ:
ð92Þ

Also, we have

ℵ1 ρ, ω ρð Þ, κ′ ρð Þ
� 	

−ℵ1 ρ, ω∗ ρð Þ, κ∗′ ρð Þ
� 	


 




= 1
16 ρ eω+κ − eω

∗+κ∗



 


 ≤ 1

8 ρ eω+κ − eωj j since eω∗+κ∗ ≥ eω
� 	

= β

2 ℵ1 ρ, ω ρð Þ, κ′ ρð Þ
� 	

−R1 ρ, ω ρð Þð Þ



 


:

ð93Þ

Similarly, with β = ð1/4Þ, one can write

ℵ2 ρ, κ ρð Þ, ν′ ρð Þ
� 	

−ℵ2 ρ, κ∗ ρð Þ, ν∗′ ρð Þ
� 	


 




≤
β

2 ℵ2 ρ, κ ρð Þ, ν′ ρð Þ
� 	

−R2 ρ, κ ρð Þð Þ



 


� 	

,

ℵ3 ρ, ν ρð Þ, ω′ ρð Þ
� 	

−ℵ3 ρ, ν∗ ρð Þ, ω∗′ ρð Þ
� 	


 




≤
β

2 ℵ3 ρ, ν ρð Þ, ω′ ρð Þ
� 	

−R3 ρ, ν ρð Þð Þ



 


� 	

:

ð94Þ

(4) There is ⅁0ðρÞ = eρ ∈ ½0,∞Þ, so that for any fixed ρ
= 1 ∈ ½0, 1�, ρ1 = ð1/16Þ, ρ2 = ð1/2Þ, and ρ3 = ð1/20Þ,
we have

1
64 e ≤

1
32 e

2 ≤
1
8 e⇒

1
4

1
16 e

ρ

� �
≤

1
16 × 1

2 e
ρ

≤
1
4

1
2 e

ρ

� �
⇒R ρ, 1

16 e
ρ

� �
≤ℵ ρ, 1

16 e
ρ, 12 e

ρ

� �

≤R ρ, 12 e
ρ

� �
⇒R ρ, ρn1⅁0 ρð Þð Þ

≤ℵ ρ, ρn1⅁0 ρð Þ, ρn2⅁0′ ρð Þ
� 	

≤R ρ, ρn2⅁0 ρð Þð Þ,
1
80 e ≤

1
40 e

2 ≤
1
8 e⇒

1
4

1
20 e

ρ

� �
≤

1
20 × 1

2 e
ρ

≤
1
4

1
2 e

ρ

� �
⇒R ρ, 1

20 e
ρ

� �
≤ℵ ρ, 1

20 e
ρ, 12 e

ρ

� �

≤R ρ, 12 e
ρ

� �
⇒R ρ, ρn3⅁0 ρð Þð Þ

≤ℵ ρ, ρn3⅁0 ρð Þ, ρn2⅁0′ ρð Þ
� 	

≤R ρ, ρn2⅁0 ρð Þð Þ:
ð95Þ

Hence, we find that all hypotheses of Theorem 13 are
fulfilled. So, the Problem (80) has a unique solution.

4. Conclusion

Due to the multiple applications of fixed point theory, it has
become widespread in many scientific disciplines, especially
in nonlinear analysis. It contributes significantly to the study
of the existence and uniqueness of the solution to many
differential and integral equations, as well as integro-
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differential equations. So, the main objectives of this paper
have been to present some new tripled fixed point results
for mixed monotone mappings in the framework of partially
ordered metric spaces, and these new results have extended
to a lot of papers in the literature. Furthermore, to support
the proposed results, some illustrative examples have been
given and the existence and uniqueness of the solution to
the integro-differential equation have been obtained.
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