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In this article, we introduce the multi-additive-quartic and the multimixed additive-quartic mappings. We also describe and
characterize the structure of such mappings. In other words, we unify the system of functional equations defining a multi-
additive-quartic or a multimixed additive-quartic mapping to a single equation. We also show that under what conditions, a
multimixed additive-quartic mapping can be multiadditive, multiquartic, and multi-additive-quartic. Moreover, by using a
fixed point technique, we prove the Hyers-Ulam stability of multimixed additive-quartic functional equations thus generalizing

some known results.

1. Introduction

Let V be a commutative group, W be a linear space over
rational numbers, and n be an integer with n > 2. A mapping
f: V" — Wis called

(i) Multiadditive if it satisfies the Cauchy’s functional
equation A(x + y) = A(x) + A(y) in each variable [1]

(ii) Multiquadratic if it fulfills quadratic functional
equation Q(x+y)+Q(x—y)=2Q(x)+2Q(y) in
each variable [2, 3]

(ili) Multicubic if it satisfies the cubic equation C(2x +
¥)+C(2x—y)=2C(x+y) +2C(x - y) + 12C(x) in
each variable [4, 5]

(iv) Multiquartic if it satisfies the quartic equation

RQx+2y) +Q(x-2y) =4Q(x +y) +4Q(x - y)

6 M)
- 6(x) +24Q(»),

in each variable [6, 7].
We have the following observations about a several
variables mapping f : V' — W.

(i) f is multiadditive [1] if and only if it satisfies

fearm)= Y f(wer) @

Joeaje€{1:2}

(i) f is multiquadratic [8] if and only if it satisfies
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Z f(x) +5xy) =2"

se{-1,1}"

Y f(xgx) G

Joreain€{1:2}

where x; = (x;,%,j, -+, x,;) € V" with je{1,2}. More
information about the structure of multiadditive and multi-
quadratic mappings, we refer for instance to [9, 10].

Bodaghi et al. [4] (resp., [6]) provided a characterization
of multicubic (resp., multiquartic) mappings, and they
showed that every multicubic (resp., multiquartic) mapping
can be shown a single functional equation and vice versa.

Lee et al. [11] introduced and obtained the general
solution of the quartic functional equation which somewhat
different from (1) as follows:

Q2x+y) +Q2x—y) =4Q(x +y) +4Q(x — y) + 24Q(x) - 6Q(y)-

(4)

For the generalized forms of the quartic functional,
equations (1) and (4) refer to [12, 13]. Recently, in [14]
and motivated by (4), a new form of multiquartic mappings
was introduced, and the structure of such mappings was
described.

Speaking of the stability of a functional equation, we fol-
low the question raised in 1940 by Ulam [15] for group
homomorphisms. Hyers [16] presented a partial solution
to the problem of Ulam. Later, Hyers’ theorem was extended
and generalized in various forms by many mathematicians
such as Aoki [17] and Rassias [18]. Recall that a functional
equation g is said to be stable if any mapping ¢ fulfilling &
approximately; then, it is near to an exact solution of .
Next, several stability problems of various functional equa-
tions and mappings have been investigated by many mathe-
maticians which can be found in literatures.

In the last two decades, the stability problem for several
variable mappings such as multiadditive, multi-Jensen, mul-
tiquadratic, multicubic, and multiquartic mappings by
applying direct and fixed point methods has been studied
by a number of authors which are available for example in
[1,2,4,38,9, 19-26].

In [27], Eshaghi Gordji introduced and obtained the
general solution of the following mixed type additive and
quartic functional equation

F@xty)+ f2x—y) =a[(f(x+9) + f(x—9)] - >

7
(f(2y) =21 () +2f (2x) - 8f (x).
()

He also established the Hyers-Ulam Rassias stability of
the above functional equation in real normed spaces. The
stability of (5) in non-Archimedean orthogonality spaces is
studied in [28]. A different and equivalent form of mixed
type additive and quartic functional equation from (5) was
introduced by the first author in [29] as follows:
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f(x+2y) —4f(x+y)—4f(x—y) + f(x = 2y)
12 (6)

== () =2f() - 6f (%)-

It is easily verified that the function f(x) = ax* + fx is a
solution of equations (5) and (6); the generalized version
of equation (6) can be found in [30].

This paper is organized as follows: In the second section,
we firstly define multi-additive-quartic mappings and
include a characterization of such mappings. In fact, we
prove that every multi-additive-quartic mapping can be
shown a single functional equation and vice versa (under
some extra conditions). Section 3 is devoted to the study of
stricture of multimixed additive-quartic mappings. In other
words, motivated by equation (6), we introduce the multi-
mixed additive-quartic mappings and reduce the system of
n equations defining the multimixed additive-quartic map-
pings to a single equation, namely, the multimixed
additive-quartic functional equation. In Section 4, we prove
the Hyers-Ulam stability for the multi-additive-quartic and
the multimixed additive-quartic mappings in the setting of
Banach spaces by applying a fixed point method [31]. As
an application of this result, we establish the stability of
multi-additive-quartic mappings. Finally, we show that
under some mild conditions every multiadditive and multi-
quartic functional equations are §-stable for a small positive
number 6.

2. Characterization of Multi-Additive-
Quartic Mappings

Throughout this paper, N and Q stand for the set of all
positive integers and the rational numbers, respectively,
N,:=NU{0}, R, :=[0,00). For any le N,,meN, t= (¢,
v t,) €{-1,1}", and x = (x, -+, x,,) € V™, we write lx =

(Ixy, -+, Ix,,) and tx:= (t;x, -+, t,x,,), where ra stands, as
usual, for the rth power of an element a of the commutative
group V.

Let V and W be linear spaces, n € Nand k € {0, ---, n}. A
mapping f : V" — W is called k-additive and #n — k-quartic
(briefly, multi-additive-quartic) if f is additive in each of
some k variables and satisfies (4) in each of the other vari-
ables. In what follows, for simplicity, it is assume that f is
additive in each of the first k variables. Moreover, for k=n
(k = 0), the above definition leads to the so-called multiaddi-
tive (multiquartic) mappings.

In the sequel, we assume that V and W are vector spaces
over Q. Moreover, we identify x=(x,--,x,) € V" with
(xF, x"7*) € VEx VK| where xF = (x;, -+, %) and x" 7%= (
Xpyp> - X%,)- Let me N with n>2 and x7' = (x5, X, -+ Xip)
€ V", where i€ {1,2}. Throughout, we shall denote x! by
x; if there is no risk of mistake. Put also xf = (x;;, -+, x;) €
VE and %7 = (x4, -+ x;,) € V', For x,x, € V" and p,
€N, with 0<p,<nand 0<k<n-1,set /" *={N =
(Nier> =5 N, IN; € {xy; £ 25,1, %} }, where je{k+1,
---,n}. Consider the subset ./ o ]fpz) of /I as follows:
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/V’(;’fpz) = {mn_k ek Card{N;: N;=x;} =p,(i€ {1’2})}'
(7)

To achieve our aims, for the multi-additive-quartic
mappings, we use the oncoming notations:

f(/’/’(zl,(pzo = Z fR) (8)

n—k
N, ke'/Vl’l P2)

Y flen

N, Nk

f( Mk ) = D(zeV). o)

(p1p2)

For each x,, x, € V", we consider the equation

Z f(x1 +xk, 2 4 tx;"k)

te{-1,1}"*
n—k n—k-p,

= Z Z 4”’]"1’1’1’2 24P (_6)sz( /V”Plkpz )

p1=0 p,=0 ie{1,2}
(10)

for all x¥=(x;,-x;) € VK and x'*= i) €
V" where i € {1,2}.
It is shown in Proposition 2.2 in [14] that if a mapping

f: V" — W is multiquartic, then it satisfies the equation

(xi,k+1 "

n h=p,
n—p,—, ) n—k
Y fex )= Y Y 4 P224P1(—6)Pf(/lfplp2)
te{-1,1}" p1=0p,=0

(11)

The next proposition shows that the system of n equa-
tions defining a multi-additive-quartic mapping can be
reduced to (10).

Proposition 1. Let n € N and k € {0, ---, n}. Suppose that a
mapping f: V" — W is k-additive and n— k-quartic
(multi-additive-quartic) mapping. Then, f fulfills equation
(10).

Proof. For k € {0, n}, the result follows from Proposition 2.2
in [14] and Theorem 2 in [1], and so we prove the assertion
for the case that k€ {1, --,n— 1}. For any x"k e vk con-
sider the mapping g, : V¥ — W defined by g,..(x*) =
f(x*, x") for x* € V¥. The assumption shows that g, is
k-additive, and thus, we can obtain from Theorem 2 in [1]
that

k. ok
G-k (xl + x2> =

k ko vk
xjkk>, <x1,x2 eV )

(12)

o i gxn—k (lelrszza T
oo ike{12}

The above equality implies that

bt 3 et o

Jorj€{12}

for all xX,xke V¥ and x"F e V" Repeat the above
method, and for any x* € V¥, define the mapping h, : V"*
— W via hu(x"F) = f(xk, x" ), x" ¥ € V"%, This map-
ping is n — k-quartic, and hence, by Proposition 2.2 from
[14], we have

Z b (Zx’f_k + txg_k)

te{-1,1}"*
n—k n—k-p, (14)
n=k=p,=p, 5 4P\ n—k
Y 4 22471 (=6)P: b (/V@ p2>)
=0 p,=0

for all xq”k, xg"k € V"% On the other hand, by the defini-

tion of A, relation (14) converts to
Z f (xk, 217k 4 txg”k>
tef{-1,1}"*
ek nkop, (15)
—k—p,— k
— Z Z 4N=k=p, P224P1(_6)P2f<x '/Vr(iﬂle )
p1=0 p,=0

for all x' % x' % e V"k and xFe VE Tt now follows
between (13) and (15) that

Z f(x1 + x5, 207K 4 txg‘_k)

te{-1,1}"*
n—k n—k-p,
_ n—k—p,—p,H AP 6 n—k
=Y ARl (—6)f (X + x5, N K
=0 p,=0
n—k n—k-p,

P DD M

P1=0 pa=0 jiojpseesj,€{12}

n—k
‘(lel’ijZ’ > jn”’A/(Ple)

n—k n—k-p, .
—k—p. —
§ 4" PR 4P (—6)Pe f (x ( s N o) )

-5

P1=0 p,=0 ie{1,2}

for all xF = (x;, -+ xz) € VE and x5 = (x5, -+, ;) €
V", This finishes the proof. O

By Proposition 6, it is easily verified that the mapping
flzy - 2,) =[5,z iin?; satisfies (10), and so this
equation is said to be multi-additive-quartic functional
equation.

Definition 2. Let r € N. Consider a mapping f : V"' — W.
We say f



(i) Satisfies (has) the r -power condition in the jth vari-
able if

f(zl"'

.’Zl’l) zzrf(zl’...’ j*l’Zj’ zj+l’ “.’Zl’l)’

(17)

forall z,, -+, z, € V". Sometimes 4-power condition is called
quartic condition.

DL 2Zj’ Zj+1, o

(i) Has zero condition if f(x) =0 for any x € V" with at
least one component which is equal to zero

We remember that the binomial coefficient for all n, r
n

€ N, with n>r is defined and denoted by ( > =nl/rl(n
r

-l

We wish to show that if a mapping satisfies equation
(10), then it is multi-additive-quartic. For doing it, we need
the upcoming lemma. The method of the proof of Lemma
3 is similar to the proof of ([14], Lemma 2.5) and so we
include lemma without the proof.

Lemma 3. Suppose that a mapping f : V' — W satisfies
equation (10). Under one of the following assumptions, f sat-
isfying zero condition.

(i) f satisfies the quartic condition in the last n—k
variables

(ii) f is even in the last n — k variables

Theorem 4. Suppose that a mapping f : V" — W fulfilling
equation (10). Under one of the hypothesis of Lemma 3, f is
multi-additive-quartic.

Proof. 1t follows from Lemma 3; f satisfies zero condition.
Putting x7 % = (0, ---,0) in the left side of (10) and applying
the hypothesis, we obtain

2"k 24(”_k)f (x’f + x’g, x;’_k) = 25(”_k)f (x]f + x’z‘, ZxT_k) .

(18)

On the other hand, by using Lemma 3, the right side of
(10) converts to

n-k /n—k
k- k- —k
Z 4R Piggb " Plf(lel,szz,-", oo X1 )
=0\ P,

n-k (n—k
—k— —k
= Z( )8” P124P1f(xj11)xj22)..., jkk’x? )
=0\ p;
5(n-k —k
=2 <n ) Z f(lel)szza R jkk’ XT )

b oige{1:2}
(19)
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Now, relations (18) and (19) necessitate that

n-k
2 f(lel’szz’“" Jan> X1 )

Kk, ko oon-k) _
f(x1 + X5, X} ) =
Judarjn€{12}

(20)

for all x¥, x € V" and x"* € V¥, In light of Theorem 2
in [1], we see that f is additive in each of the k first variables.
In addition, by considering x& = (0,-++,0) in (10) and apply-
ing again Lemma 3, we have

Z f(x’f, 267K 4 tx;’"k>
te{-1,1}"*
n—k n—k-p, (21)

_ Z Z 4n—k—P1_P224P1 (_6)p2f (xlf, '/’/V(;lfpz)) >

=0 p,=0

for all x¥ € V¥ and x7%, x17% € V"k, and thus, by Theo-
rem 2.6 in [14], f is quartic in each of the last n — k variables.
The proof of second part is similar. O

3. Characterization of Multimixed Additive-
Quartic Mappings

In this section, we introduce the multimixed additive-quartic
mappings and then characterize them as an equation. We
start this section with the definition of such mappings.

Definition 5. Let V and W be vector spaces over Q, n € N. A
mapping f: V" — W is called n -multimixed additive-
quartic or briefly multimixed additive-quartic if f satisfies
mixed additive-quartic equation (6) in each variable.

Let neN with n>2 and x! = (x;, x5, - x,) € V7,
where i€ {1,2}. For x;,x, € V" and g€ N, with 0<gq<n,
put

M= {M, = (My, -, M) | M € {x;;4+2x,;,2%,;}, j€ {1, -, n} }.

(22)
Consider the subset ./ ;‘ of M as follows:
My={M, € M| Card{M; : M;=2x,;} =q}.  (23)

Hereafter, for the multimixed additive-quartic map-
pings, we use the following notations:

f(aey)= 3 fem,), (24)

M, ey

f(/%g, z) = Y f(M,2)(zeV). (25)

M, ey

Next, we reduce the system of n equations defining the
multimixed additive-quartic mapping to obtain a single
functional equation.
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Proposition 6. If a mapping f : V" — W is multimixed
additive-quartic, it satisfies the equation

55 oy (<2) 5 (4 ),

P1=0p,=0

2 (-5)1()-

(26)

where f (M
respectively.

g) and f(NVG, ) are defined in (24) and (8),

Proof. The proof is based on induction for n. For n=1, it is
obvious that f satisfies (6). Assume that (26) holds for some
positive integer n > 1. Then

555 o (g)@

n—p;

Z Z 4MP ‘Pz

Pl =0 p,=0

)’ 2x2,n+1)

n
(pyp,) K11 T 2L%) n+1)

(
(7)ot

43 YN ey (-3)s

P1=0 p,=0 se{1,-1}

n_ "-p,
(‘/ngl P)° X1 T 5% n+1> -6 z z QPP (_6)1»7
P1=0 p,=0
24 n—-p, o
< 7) (P1P2’ 1n+1> Z 24” Py Pz
Pl_OPz:O
24 n+1 "+1_P1
< 7) P )’ x2n+1) z Z 4Py
=0 p,=0
2_4 PZ ?’H—l
7 (Pl P2)
(27)
The assertion is now proved. 0

Since the mapping f(z,,:,2,)= H;Zl(ajz}‘ +bz;) is
multimixed additive-quartic, it satisfies (26) by proposition
above, and so this equation is called multimixed additive-
quartic functional equation.

Here, we bring an elementary lemma without proof.

Lemma 7. Let n,k, p; € Ny, such that k+ Y |",p; < n, where |
€{l,---,m}. Then

"_km z=1 4D
sl |00

=1 1=1Pl (28)
()R
_ Z

b b2 P

Similar to Lemma 2.1 from [6], we need the following
lemma in obtaining our goal in this section. The proof is
similar, but we include some parts for the sake of
completeness.

Lemma 8. If a mapping f : V" — W satisfies equation (26),
then it has zero condition.

Proof. Putting x; = x, = (0,---,0) in (26), we have

n_ n-p,
p=0p =0\ —p, —p, Py

(29)

Using Lemma 7 for k = 0 and p,, p,, the right side of (29)
will be as follows:

n_ Nn-p, n )2 2 24\ P>
2"*P1*Pz4"*1’1*1’z(_6)1’1 - :|f(0, -+, 0)
|:Pzz=01’1= (”‘Pl‘PZ) ( P > < 7>
n > (_172>p2 nzpf<n _p2>4"_PI_P2(_3)Pl:|f(O) 10)
n=0\ Py

(30)

On the other hand, by a simple computation, the left side
of (29) is

<§>nf(0,---,o). (31)

It follows from relations (29), (30), and (31) that f(0,
---,0)=0. One can continue this method to show that f
has zero condition. O



Definition 9. A mapping f : V" — W is

(iii) Odd in the jth variable if

f(zl)---, jfl)_zj’zj+1)...’zn):_f(zl)...) j—l)zj’zj+l)...)zn)'
(32)

(iv) Even in the jth variable if
f(Zl’.--’ j—l’_zj’zj+1)'.')zn) :f(zl)-u-) j—l)zj’zj-}-l"'.’zn)'
(33)

Proposition 10. Suppose that a mapping f : V" — W sat-
isfies equation (26). Then, it is multimixed additive-quartic.
Moreover,

(i) If f is odd in a variable, then it is additive in the same
variable

(ii) If f is even in a variable, then it is quartic in the same
variable

Proof. Let je {1, -, n} be arbitrary and fixed. Set
f]*(z) ::f(zl""’ j—l’z’zj+1"”’zn)' (34)

Putting x,, = 0 for all k € {1,---,n} \ {j} in (26) and using
Lemma 8, we get

P [f]* (z+2w) +f]* (z-2w) - Ef;‘ (Zw)}

7
n-1 /fn—1
= LZO( , )4"‘?1(—6)%2”‘*’1*} (fierwfiE-w)

R [z ( " )4”?1(—6)%2"?1]1(}‘ ?)
p=l\py -1
s (n-1 24
np=l_g\or [ _ZE\ onmL | £ o
B, Yo (B
n-1 /n—1
:4[2"1 y ( )4"11’1(—3)1’1} (f;f(z+w) +f;(z—w))

=0 pl
n-1 /n—-1
-6 {2”‘1 D ( )4"'1"" (‘W‘}f?(z) - 2_74
=0 2
n—1 n-1
(" e
=0 pl
=4x 2 (f; @+ w) + £ (- w) ) -6 x2"f; (2)
24

- X 2”’1f;7 (w).
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The above equalities show that

f]* (z+2w) +f]* (z-2w) - gfj* (2w)
24

(36)
=4|fj e+ w) + ] (2= w)| -6} (2) - =} (w).

In other words, (6) is true for f. Since j is arbitrary, f is
a multimixed additive-quartic mapping.

(i) Repeating the proof of Lemma 2.1 (i) from [29] for
fj» we see that fi(z+w)=f;(z)+f;(w). This
means that f is additive in the jth variable

(ii) Similar to the previous part, it follows from the proof
of part (ii) of Lemma 2.1 in [29] that

fi(2z+w) +f;‘(2z—w) =4|fi(z+w) +f;‘(z—w)}
+24f 7 (z) - 6f ; (w).

(37)

Therefore, f is quartic in the jth variable. O

Corollary 11. Suppose a mapping f : V" — W satisfies
equation (26).

(i) If f is odd in each variable, then it is multiadditive.
Moreover, it satisfies (2)

(i) If f is even in each variable, then it is multiquartic.
In particular, it fulfills (11)

(iii) If f is odd in each of some k variables and is even in
each of the other variables, then it is multi-additive-
quartic. In addition, (10) is valid for f

4. Various Stability Results

In this section, we prove some Hyers-Ulam stability results
by a fixed point method in the setting of Banach spaces. In
what follows, we denote the set of all mappings from E to
F by F¥. We remember the following theorem which is an
essential result in fixed point theory ([23], Theorem 1). This
achievement is a key tool in obtaining our aim in this
section.

Theorem 12. Let the hypotheses

(A1) Y is a Banach space, E is a nonempty set, j €N,
9pngjE—Eand L, Li: E—R,

(A2) T :YE—YE is an operator satisfying the
inequality

j
[TMx) = Tu(x)|| < ;Li(X)H/‘(gi(X)) —#(g,(x))|, b pe Y x€E,

(38)



Journal of Function Spaces

(A3) A: RE— RE is an operator defined through

j
=) Li(x)8(g;(x))0 € RE, x € E, (39)

i=1

hold, and a function 0 : E— R, and a mapping ¢ : E
— Y fulfill the following two conditions:

[e9)

$(x)]| <6(x), 6% (x) = Y A'6(x) < co(x € E).

=0

|7 ¢(x) -
(40)

Then, there exists a unique fixed point v of I such
that

[¢(x) =y (x)[| < 0" (x)(x € E). (41)

Moreover, w(x) =lim,___J'¢(x) for all x €E.

For the rest of this paper and for each mapping f : V"
— W, we consider the difference operator I'jof : V" x
V" — W defined via

Fpof (x1:%2) Zn:( ) ( Z) - Zn:nil 4" PP (—6)P

q=0 P1=0p,=0

| (‘?) I

where f(.4}) and f(A7, , ) are defined in (24) and (8),

respectively. In the sequel, all mappings f : V' — W are
assumed that satisfy zero condition. With this assumption,
we have the next stability result for functional equation
(26) in the odd case.

(42)

Theorem 13. Let fe{-1,1} be fixed, V be a linear space,
and W be a Banach space. Suppose that ¢ : V' x V"' —
R, is a mapping satisfying

1 I
lim (_ﬁ> ¢(25’x1,25’x2) =0, (43)

I—00 \ 2"

for all x;,x, € V" and
O(x) = 7 ' 020: (0 2ﬁl+((ﬁ—1)/2)x> <00
12) on( ﬁ+1 12) 2n/3 ’ ’

1=0
(44)

for all x e V". Assume also f : V' — W is a mapping
fulfilling the inequality

HFAQf(xbxz)H < P(xp5x5), (45)

for all x;,x, € V". If f is odd in each variable, then there
exists a unique multiadditive mapping of : V" — W such
that

[1f(x) = o (x) | < D(x), (46)
for all x e V".

Proof. Replacing (x,,x,) by (0,x;) in (45) and using the
assumptions, we have

(220

for all x=x, € V" (here and the rest of the proof) and so

<4(0.x),  (47)

- g0 < (5) o0 (o

Set

7\" 1
- - (B-1)/2 (st
0(x) (12> SR ¢(0,2 x),andJ 0(x)

. (49)
_ Lo vn
= 2*1136(2 x) (ee w )
Then, relation (48) can be modified as
[f(x) = Tf(x)[| <O(x)(x € V7). (50)

Define An(x) = (1/2"F)n(2Px) for all n € RY". It is seen
that A has the form (A3) of Theorem 12 for which E = V",
g,(x) =2Px, and L,(x) = 1/2". Furthermore, for each A, u
e W', we get

1TAx) = T u(x)| =

AL CORTCE)] .
< L,(3) |\ (9, ) - (g, ()]

The above relation portrays that the hypothesis (A2)
holds. By induction on I, one can check that for any I € N,
we have

e (LY o(2) = (2N (LN (o pes0)
AB(x) = (27) 02 x>— 5) Grwms ¢(0.2 x).
(52)

Now, relations (44) and (52) necessitate that all assump-
tions of Theorem 12 are satisfied. Hence, there exists a
unique mapping & : V" — W such that

d(x)= lim (C”Zf)( )= Wﬂ(zﬁx) (xeV™), (53)

I—00



and (46) holds. In continuation, we prove that

HFAQ (*Gjlf) (x1>%3) H < (2_34;> l¢’ (zﬁlxl’ Zﬁlxz)’ (54)

forall x, x, € V" and I € N;. We argue by induction on /
. Clearly, inequality (54) is valid for /=0 by (45). Assume
that (54) is true for an [ € N;. Then

ITaq(77'F) (o)1

52 e £E i

(Pll’z H

.(_?>‘D (ghlf
1| ( 12) ( . e
= - 9+1f> Zﬁ%” — 4" P Pz
2nB qzz;) 7 ( q> PIZ Z‘
24\ l+1 B
(_7> (9 2 /Vzlh P2) H

- allle) ()|

1 I+1

(55)

for all x;,x, € V". Letting | — oo in (54) and applying
(43), we arrive at Iy (x,,x,) =0 for all x,x, € V". This
means that the mapping & satisfies (26), and so it is multi-
additive by Corollary 11. This finishes the proof. O

Here, in analogy with Theorem 13, we bring the next sta-
bility result for functional equation (26) in the even case.

Theorem 14. Let S € {-1,1} be fixed, V be a linear space,

and W be a Banach space. Suppose that ¢ : V' x V"' —
R, is a mapping satisfying

1 1

for all x;,x,€ V" and

7 n (e8]
— Bl+((B+1)/2)
¥ (x) = ( ) S /3+1 ) Z (24nﬁ> (2 H(B+1)12) 5. 0) < 00,

1=0
(57)

forall x e V. Assume also f : V" — W is a mapping fulfill-
ing the inequality

| Taqf (x1 )| < $(x1 x5), (58)

for all x;,x, € V". If f is even in each variable, then there
exists a unique solution @ : V" — W of (26) such that
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If (x) = @)1l < ¥ (), (59)

forall x € V". In particular, if Q is even mapping in each var-
iable, then it is multiquartic.

Proof. Replacing (x;,x,) by (0,x;) in (58) and applying the
hypotheses, we obtain

S()5en 303 o

< ¢(0,x),

(60)

where x =x, € V" (here and the rest of the proof). On the
other hand

SR =(5) ()
z<><><><>

By the relations above (60) will be

603

<40, (62)

and so

Hf f(2%)

< (%)nqb(o, x). (63)

2411
One can rewrite (63) as

1f(x) = TF ()| <O(x)(x € V), (64)

where

N1
— B-1)12
0(x) = (E) T s #(0:207%x),

TO(x) = 2%”/30<2ﬁx) (9 ew”).

(65)

Similar to the proof of Theorem 13, consider Ax(x):=
(1/2*F)n(2Px) for all neRY", and hence, A satisfies (A3)
of Theorem 12 with E=V", g,(x)=2Px, and L,(x)=1/
248 Moreover, for each A, pe WVY", we obtain

)|l = 241,15 [A(zﬁx>_“(2ﬁx)}H (66)
< Li(x0)[|A(g: (%) = (g1 (%))]]-

|TA(x)-T
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The last relation implies that the hypothesis (A2) is
true. It is easily checked by induction on [ that for any
le N, and x e V"

A6(x) = (41;;) 6(2*'x) = (372)(W)ZW (67)

. (0, 2ﬁl+<<ﬁ—1>/2>x) ,

It now follows between (57) and (67) that all assump-
tions of Theorem 12 hold, and thus, there exists a unique
mapping @ : V" — W such that

a(x)= lim (9‘7) (x) = 241n . @(2/%) (xeV"),  (68)

and (46) is valid. Similar to the proof of Theorem 13, one
can show that

By
= (24nﬁ) ‘/’(zﬁlxl’zﬂlxz)> (69)

for all x;,x, € V" and /€ N,. Letting / — oo in (69) and
applying (56), we arrive at I'yo@(x,,x,) =0 for all x,,x,
€ V", and therefore, the mapping @ satisfies (26). The last
part follows from part (ii) of Corollary 11. O

HFAQ (glf) (x1>%,)

Here and subsequently, it is assumed that V is a normed
space and W is a Banach space unless otherwise stated
explicitly. In the following corollary, we show that the multi-
additive and multiquartic mappings are stable. Since the
proof is routine, we include it without proof.

Corollary 15. Given « € R. Suppose that f : V' — W is a
mapping satisfying the inequality

Z i ”xij”a) (70)

i=1 j=1

"FAQf xp, %) |

for all x;,x,€ V"

(i) If a # n and f is odd in each variable, then there exists
a unique multiadditive mapping of : V" — W such
that

I -1l ()

1 n
> |lx,l% (71)
G

(ii) If o« +4n and f is even in each variable, then there
exists a unique solution @ : V" — W of (26) such
that

If (x) -

Q(x)l < (g) " ‘

1 3 .
o2l (2)
2-2"45

for all x=x, € V". Moreover, if @ is even mapping in each
variable, then it is multiquartic.

The upcoming corollaries are direct consequences of
Theorems 13 and 14 when the functional equation (26) is
controlled by a small positive number 6.

Corollary 16. Let 8 > 0 and f : V" — W be a mapping sat-
isfying the inequality

1T aqf (x5 %) <6, (73)

for all x;,x,€ V"

(i) If f is odd in each variable, then there exists a unique
multiadditive mapping of : V' — W such that

I () - ()l < (1_72) 2 (74)

forall xe V"

(ii) If f is even in each variable, then there exists a unique
solution @ : V" — W of (26) such that

I -aei= (3) 5 79)

21

for all x € V. Furthemore, if @ is even mapping in each var-
iable, then it is multiquartic.

Proof. Letting the constant function ¢(x,,x,) =9 for all x,,
x, € V" and using Theorem 13 and Theorem 14 in the case
B =1, one can obtain the desired result. O

Given the mapping f : V" — W, we define the opera-
tor I'f : V" x V" — W through

I'f(x),%,) = Z f(x1 + 1k, 2x0 7 4 txg’k)
te{-1,1}"*
n—k n—k-p,
- Z Z Z 4”*"*171*172241’1(_6)1’21’ (76)

p1=0 p,=0 ie{1,2}
n—k
( /VP1 P2) )

for all xf=(x;, - x;) €VF and x™F=(x;,; ,x,) €
V"* where i € {1,2} and f(/V’(’I;lkPZ)) are defined in (8).

In the next result, we show that the functional equation
(10) can be stable.
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Theorem 17. Let S € {-1,1} be fixed, V be a linear space,
and W be a Banach space. Suppose that ¢ : V' x V"' —
R, is a mapping satisfying the inequality

0 1
Z (2(4”13k)/3) (/)(2&_(‘/3_1‘/2))(1)Zﬁl—(|/3—1|/2)x2) < 00, (77)
=0

for all x;,x,€ V". Assume also f : V' — W is a mapping
satisfying the inequality

ITf (o x2) I < (x5 x5), (78)

for all x;,x,€V". Then, there exists a unique solution F
1 V' — W of (10) such that

If (x) = F(x)ll < D(x), (79)

for all x = (xF, x"%) € V", where

1 & 1!
D(x) = 2(4n—3k)(|[3+1|/2)+n—k; <2(4n3k)ﬁ> ¢

. (Zﬁl—(lﬁ—llm)x) <2ﬁl—(|ﬁ—1|/2)xk’ 0))

(80)

Proof. Putting x¥ = x& = xF and x7* = x"*, x1k =0 in (79),
we have

2" (2x) - zn: (n_k

p=0 Py

< ¢(x, (xk, 0)),

) 254K 24P 2R f ()

(81)

in which x = (xX, x"¥). A computation shows that (81) can
be rewritten as follows:

2K f (2x) — 27" f(x) H <¢ (x, (xk, 0) ) , o (82)

and so
_ 1
H f(2x) - 2% 3’<f(x)H < ng(x, (xk, o)) (83)
Set
1 X xk
§(x) = 2 (4n=3k) (|B+1]/2) +nk ¢ (2(/3—1/2) ) <2(ﬁ—1/2) > 0) > >

(84)

and TE(x) = (1/24730B)E(2Px) where & € WY". Then, rela-
tion (83) can be modified as

1f(x) = Tf(x)[| <&(x) (x € V7). (85)

Journal of Function Spaces

Define An(x):= (1/2(4”*3"):’5)17(2/%) for all n¢ IRY",x =
(x¥, x"%) € V. The rest of the proof is similar to the proof
of Theorem 13. O

Corollary 18. Let 6 > 0. If f : V" — W is a mapping satis-
fying the inequality

IS (x5 x5) 1l < 6, (86)

for all x;,x,€ V", then there exists a unique solution F
: V' — W of (10) such that

)

If (x) = F ()l < (87)

forall xe V"

Proof. Setting the constant function ¢(x;,x,) =9 for all x,,
x, € V" and applying Theorem 17 in the case f=1, the
result can be found. O

5. Conclusion

In the present paper, we introduced the multi-additive-
quartic and multimixed additive-quartic mappings. Indeed,
we characterized the mentioned mappings and then unified
the system of functional equations defining a multi-
additive-quartic or a multimixed additive-quartic mapping
to a single equation. We also showed that under which con-
ditions a multimixed additive-quartic mapping is multiaddi-
tive, multiquartic, and multi-additive-quartic. Finally, we
applied a fixed point theorem to establish the Hyers-Ulam
stability of multi-additive-quartic mappings and multimixed
additive-quartic functional equations.
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