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The purpose of this paper is to define a rational orbitally (Θ, δb)-contraction and prove some new results in the context of b-metric
spaces. Our results extend, generalize, and unify some known results in the literature. As application of our main result, we
investigate the solution of Fredholm integral inclusion. We also provide an example to substantiate the advantage and usefulness
of obtained results.

1. Introduction

The fixed point theory is a very essential tool for nonlinear
analysis of solvability of nonlinear integral equations and
others. A suitable selection of a generalized and extended
metric space allows to get nontrivial conditions guaranteeing
the existence of solutions for a considered equation. There-
fore, it is necessary to flourish the fixed point theory in vari-
ous generalization of metric spaces. One of the famous
extensions of metric space is the notion of b-metric space
which has been given by Bakhtin [1] in 1989. It was properly
defined by Czerwik [2] with the aspect of relaxing triangle
inequality in metric spaces in 1993 and proved famous
Banach Contraction Principle in this generalized metric
space. Khamsi and Hussain [3] discussed the topology of b
-metric space and established fixed point results for KKM
mappings in metric type spaces. Van An et al. [4] proved
the Stone-type theorem on b-metric spaces and obtained a
sufficient condition for a b-metric space to be metrizable.
On the other, Czerwik [5, 6] introduced set-valued mappings
in b-metric spaces and generalized Nadler’s fixed point theo-
rem. In 2012, Aydi et al. [7, 8] gave fixed point and common
fixed point theorems for set-valued quasicontraction map-
pings and set-valued weak ϕ-contraction mappings in the

setting of b-metric spaces, respectively. Many authors
followed the concept of b-metric space and established
impressive results [9–19].

In 2012, Jleli and Samet [20] introduced a new type of
contraction named as Θ-contraction and obtained a fixed
point result to generalize the celebrated Banach Contraction
Principle in Branciari metric spaces. Ali et al. [21] defined
multivalued Suzuki-type θ-contractions and obtained some
generalized fixed point results. Afterwards, Jleli et al. [22]
established a new fixed point theorem for Θ-contraction in
the setting of Branciari metric spaces and extended the main
result of Jleli and Samet [20]. Recently, Alamri et al. [23]
adapted Jleli’s approach to the b-metric space and obtained
some generalized fixed point results. For more details in the
direction of Θ-contractions, we refer the reader to [21–30].

In this paper, we define the notion of the rational
(Θ, δb)-contraction in b-metric spaces and explore the
existence of solutions for certain integral problems of
Fredholm type as applications of our main results. We
obtain our results by using fixed point theorems for multi-
valued mappings, under new contractive conditions, in the
setting of complete b-metric spaces. Evidently, the given
results generalized some notable results of the literature
to b-metric spaces.
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2. Preliminaries

In this section, we give some fundamental notations, defini-
tions, and lemmas which will be used throughout the paper.
Throughout this paper, we denote ℕ the set of positive inte-
gers and ℝ+ the set of all nonnegative real numbers.

Czerwik [2] gave the notion of the b-metric space as
follows.

Definition 1 (see [2]). LetM be a nonempty setM and s ≥ 1.
A function σb: M ×M⟶ℝ+

0 is called a b-metric if these
assertions hold: for all ρ, ϖ, ω ∈M,

(B1)σbðρ, ϖÞ = 0⇔ ρ = ϖ
(B2)σbðρ, ϖÞ = σbðϖ, ρÞ
(B3)σbðρ, ωÞ ≤ sðσbðρ, ϖÞ + σbðϖ, ωÞÞ
The triple ðM, σb, sÞ is called a b -metric space.

Now, we give an elementary example of a b-metric space,
but it is not a metric space as follows.

Example 2 (see [2]). Let M =ℝ and σb : M ×M⟶ℝ be a
mapping defined by

σb ρ, ϖð Þ = ρ − ϖj j2, ∀ρ, ϖ ∈M, s = 2: ð1Þ

Then, ðM, σb, sÞ is a b-metric space which is not a metric
space.

A brief but short history for multivalued mappings
defined in ðM, σb, sÞ is given in this way:

Let PcbðMÞ be the family of all bounded and closed sub-
sets of M: For any E1, E2, E3 ∈ PbðMÞ, we define

σb E1, E2ð Þ = inf σb ρ, ϖð Þ: ρ ∈ E1, ϖ ∈ E2f g,
δb E1, E2ð Þ = sup σb ρ, ϖð Þ: ρ ∈ E1, ϖ ∈ E2f g,

ð2Þ

with

σb ρ, E3ð Þ = σb ρf g, E3ð Þ = inf σb ρ, ωð Þ: ρ ∈ E1, ω ∈ E3f g: ð3Þ

Here, we provide some useful properties of δb and σb (see
[2, 5, 6]):

(1) If E1 = fρg and E2 = fϖg, then σbðE1, E2Þ = δbðE1,
E2Þ = σbðρ, ϖÞ

(2) σbðE1, E2Þ ≤ δbðE1, E2Þ
(3) σbðρ, E2Þ ≤ σbðρ, ϖÞ for any ϖ ∈ E2

(4) δbðE1, E3Þ ≤ s½δbðE1, E2Þ + δbðE2, E3Þ�
(5) δbðE1, E2Þ = 0⇔ E1 = E2 = fρg
Moreover, we will always suppose that

(6) the function σb is continuous in its variables

Now, we present the concepts of orbit and orbital conti-
nuity of a mapping in the setting of ðM, σb, sÞ which are gen-

eralization and extensions of the same notions for metric
spaces given in [31, 32].

Definition 3. Let J , J 1,J 2 : ðM, σb, sÞ⟶ PbðMÞ.

(1) An orbit Oðρ0, J Þ of J at ρ0 is any sequence fρng
such that ρn ∈ Jρn−1 for each n ∈ℕ

(2) If, for any ρ0 ∈M, there exists fρng in M such that
ρ2n+1 ∈ J 2ρ2n and ρ2n+2 ∈ J 1ρ2n+1 for each n ∈ℕ ∪
f0g, then Oðρ0, J 1, J 2Þ= fρng for each n ∈ℕ is said
to be an orbit of ðJ 1, J 2Þ at ρ0

(3) ðM, σb, sÞ is said to be ðJ 1, J 2Þ -orbitally complete if
any Cauchy subsequence fρnig of Oðρ0, J 1, J 2Þ
converges in M. Specifically, for J 1 = J 2 = J , M is
said to be J -orbitally complete

(4) J is said to be orbitally continuous at ρ0 ∈M if, for
any fρng ⊂Oðρ0, J Þ for each n ∈ℕ ∪ f0g and ρ∗ ∈
M,σbðρn, ρ∗Þ⟶ 0 as n⟶∞ gives that δbðJρn,
Jρ∗Þ⟶ 0 as n⟶∞

(5) A graph GðJ Þ of J is constructed as follows:

G Jð Þ = ρ, ϖð Þ: ρ ∈M, ϖ ∈ Jρf g ð4Þ

We need the following property of GðJ Þ in our proof:
(Gp) GðJ Þ is said to be J -orbitally closed if, for any

sequence fρng in M, we get ðρ∗, ρ∗Þ ∈GðJ Þ whenever ðρn,
ρn+1Þ ∈ GðJ Þ and limn⟶∞ρn = ρ∗

In 2012, Jleli and Samet [20] gave the notion of Θ-con-
tractions and proved a contemporary fixed point theorem
for these contractions in generalized metric spaces. Motivate
by Jleli and Samet [20], Alamri et al. [23] present the follow-
ing definition.

Definition 4 (see [23]). Let Ωsðs ≥ 1Þ denote the family of all
mappings Θ : ℝ+ ⟶ ð1,∞Þ which satisfy these conditions:

(Θ1)Θ is nondecreasing
(Θ2)For any fρng ⊆ℝ+, limn⟶∞ΘðρnÞ = 1⇔ limn⟶∞

ðρnÞ = 0
(Θ3)There exist h ∈ ð0, 1Þ and l ∈ ð0,∞� such that

limρ⟶0+ΘðρÞ − 1/ρh = l

(Θ4)For fρng ⊆ℝ+ such thatΘðsρnÞ ≤Θðρn−1Þ�k for each
n ∈ℕ and some 0<k < 1, then ΘðsnnρÞ ≤Θðsn−1ρn−1Þ�k for
each n ∈ℕ

They provided the following example.

Example 5. Let Θ : ℝ+ ⟶ ð1,∞Þ be a mapping given by
θðςÞ = e

ffiffiffiffi
ςeς

p
. Clearly, Θ satisfies the conditions (Θ1)-(Θ4).

Here, we show only the condition (Θ4). Suppose that, for
each n ∈ℕ and some 0 < k ∈ <1, we have θðsρnÞ ≤ θðρn−1Þ�k:
This implies that

e
ffiffiffiffiffiffiffiffiffiffi
sρne

sρn
p

≤ e
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ρn−1e

ρn−1
ph ik

, ð5Þ
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i.e.,

ffiffiffiffiffiffiffiffiffiffiffiffiffi
sρne

sρn
p

≤ k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρn−1e

ρn−1
p

: ð6Þ

This implies that

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sρne

sρn−ρn−1
p

≤ k
ffiffiffiffiffiffiffiffiffi
ρn−1

p
: ð7Þ

It follows that θðsρnÞ ≤ θðρn−1Þ�k ≤ θðρn−1Þ and θ is non-
decreasing, and so, sρn ≤ ρn−1 and sρn − ρn−1 ≤ 0 implies
es

n−1ðsρn−ρn−1Þ ≤ esρn−ρn−1 : Therefore, (7) implies that

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sρnes

n−1 sρn−ρn−1ð Þ
q

≤ k
ffiffiffiffiffiffiffiffiffi
ρn−1

p ⇒

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sρne

snρn

esn−1ρn−1

s
≤ k

ffiffiffiffiffiffiffiffiffi
ρn−1

p ⇒
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sρnes

nρn
p

≤ k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρn−1e

sn−1ρn−1

q
⇒

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
snρne

snρn
p

≤ k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sn−1ρn−1e

sn−1ρn−1

q
⇒ e

ffiffiffiffiffiffiffiffiffiffiffiffiffi
snρne

snρn
p

≤ ek
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sn−1ρn−1es

n−1ρn−1
p

⇒ θ snρnð Þ ≤ θ sn−1ρn−1
� �� �k,

ð8Þ

and hence, the condition (Θ4) holds.

3. Main Results

In this way, we define the notion of rational (Θ, δb)-contraction.

Definition 6. Let ðM, σbÞ be a b -metric space. A mapping
J : M⟶ PbðMÞ is called a rational (Θ, δb)-contraction if
∃Θ ∈Ωs, 0< k < 1 and 0 ≤ L such that

Θ sδb Jρ, Jϖð Þð Þ ≤ Θ m1 ρ, ϖð Þ + Lm2 ρ, ϖð Þð Þ½ �k, ð9Þ

∀ρ, ϖ ∈M with min fδbðJρ, JϖÞ, σbðρ, ϖÞg > 0, where

m1 ρ, ϖð Þ =max
σb ρ, ϖð Þ, σb ρ, Jρð Þ, σb ϖ, Jϖð Þ, σb ρ, Jϖð Þ + σb ϖ, Jρð Þ

2s ,

σb ϖ, Jϖð Þ 1 + σb ρ, Jρð Þ½ �
s 1 + σb ρ, ϖð Þ½ � , σb ϖ, Jρð Þ 1 + σb ρ, Jρð Þ½ �

s 1 + σb ρ, ϖð Þ½ �

8>><
>>:

9>>=
>>;,

m2 ρ, ϖð Þ =min σb ρ, Jρð Þ, σb ϖ, Jϖð Þ, σb ρ, Jϖð Þ, σb ϖ, Jρð Þf g:
ð10Þ

If (9) holds for all ρ, ϖ ∈ �Oðρ0, J Þ for some ρ0∈M, then
J is called a rational orbitally ( Θ, δb )-contraction.

Theorem 7. Let ðM, σbÞ be a b -metric space such that σb is a
continuous functional and J : M⟶ PbðMÞ be a rational
orbitally (Θ, δb)-contraction. If the following conditions hold:

(a) ðM, σb, sÞ is J -orbitally complete for some ρ0∈M

(b) Θ is continuous and Jρ is closed, ∀ρ ∈ �Oðρ0, J Þ or
the property (Gp) holds, then there exists ρ∗ ∈M such
that ρ∗ ∈ Jρ∗

Proof. For any ρ0 ∈M, we generate a sequence fρng inM as
ρn+1 ∈ Jρn for each n ≥ 0:

If there exists n0 ∈ℕ ∪ f0g for which ρn0 = ρn0+1, then ρn0
is a fixed point of J , and so, the proof is completed. Thus,
assume that, for each n ∈ℕ ∪ f0g,ρn ≠ ρn+1: So, we have σb
ðρn+1, ρn+2Þ > 0 and δbðJρn, Jρn+1Þ > 0 for each n ≥ 0:
Then, it follows from (9) with ρ = ρn and ϖ = ρn+1 that

Θ sσb ρn+1, ρn+2ð Þð Þ ≤Θ sδb Jρn, Jρn+1ð Þð Þ
≤ Θ m1 ρn, ρn+1ð Þ + Lm2 ρn, ρn+1ð Þð Þ½ �k,

ð11Þ

where

m1 ρn, ρn+1ð Þ =max
σb ρn, ρn+1ð Þ, σb ρn, Jρnð Þ, σb ρn+1, Jρn+1ð Þ, σb ρn, Jρn+1ð Þ + σb ρn+1, Jρnð Þ

2s ,

σb ρn+1, Jρn+1ð Þ 1 + σb ρn, Jρnð Þ½ �
s 1 + σb ρn, ρn+1ð Þ½ � , σb ρn+1, Jρnð Þ 1 + σb ρn, Jρnð Þ½ �

s 1 + σb ρn, ρn+1ð Þ½ �

8>>><
>>>:

9>>>=
>>>;

≤max σb ρn, ρn+1ð Þ, σb ρn, ρn+1ð Þ, σb ρn+1, ρn+2ð Þ, 1
2sσb ρn, ρn+2ð Þ, 1

s
σb ρn+1, ρn+2ð Þ

� �

=max σb ρn, ρn+1ð Þ, σb ρn+1, ρn+2ð Þ, 1
2sσb ρn, ρn+2ð Þ

� �
,

m2 ρn, ρn+1ð Þ =min σb ρn, Jρnð Þ, σb ρn+1, Jρn+1ð Þ, σb ρn, Jρn+1ð Þ, σb ρn+1, Jρnð Þf g = 0: ð12Þ
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Since

1
2sσb ρn, ρn+2ð Þ ≤max σb ρn, ρn+1ð Þ, σb ρn+1, ρn+2ð Þf g, ð13Þ

it follows from (11) that

Θ sσb ρn+1, ρn+2ð Þð Þ ≤ Θ max σb ρn, ρn+1ð Þ, σb ρn+1, ρn+2ð Þf gð Þ½ �k:
ð14Þ

Assume that σbðρn, ρn+1Þ ≤ σbðρn+1, ρn+2Þ for some n ∈ℕ.
Then, from (14), we get

Θ sσb ρn+1, ρn+2ð Þð Þ ≤ Θ σb ρn+1, ρn+2ð Þð Þ½ �k, ð15Þ

which is a contradiction with (Θ1). Hence, we have

max σb ρn, ρn+1ð Þ, σb ρn+1, ρn+2ð Þf g = σb ρn, ρn+1ð Þ, ð16Þ

and consequently,

Θ sσb ρn+1, ρn+2ð Þð Þ ≤ Θ σb ρn, ρn+1ð Þð Þ½ �k, ∀n ∈ℕ ∪ 0f g:
ð17Þ

It follows from (17) and (Θ4) that

Θ snσb ρn, ρn+1ð Þð Þ ≤ Θ sn−1σb ρn−1, ρnð Þ� �� �k, ∀n ∈ℕ ∪ 0f g:
ð18Þ

Let us represent λn = σbðρn, ρn+1Þ for n ∈ℕ ∪ f0g: Then,
λn > 0 for all n ∈ℕ ∪ f0g. Thus, we have

Θ snλnð Þ ≤ Θ sn−1λn−1
� �� �k ≤ Θ sn−2λn−2

� �� �k2
≤⋯ ≤ Θ λ0ð Þ½ �kn , ∀n ∈ℕ ∪ 0f g:

ð19Þ

Taking n⟶∞ in (19), we get

lim
n⟶∞

Θ snλnð Þ = 1, ð20Þ

which implies that

lim
n⟶∞

snλn = 0, ð21Þ

by (Θ2). By (Θ3), ∃h ∈ ð0, 1Þ and τ ∈ ð0,∞� such that

lim
n⟶∞

Θ snλnð Þ − 1
snλnð Þh

= τ: ð22Þ

Assume that τ <∞: For this case, let q2 = τ/2 > 0: So, ∃
n1 ∈ℕ such that

Θ snλnð Þ − 1
snλnð Þh

− τ

					
					 ≤ q2, ∀n > n1, ð23Þ

which implies that

Θ snλnð Þ − 1
snλnð Þh

≥ τ − q2 =
τ

2 = q2, ∀n > n1: ð24Þ

Then, we have

n snλnð Þh ≤ q1n Θ snλnð Þ − 1½ �, ∀n > n1, ð25Þ

where q1 = 1/q2:
Now, assume that τ =∞: Let q2 > 0. So, ∃n1 ∈ℕ such

that

q2 ≤
Θ snλnð Þ − 1

snλnð Þh
, ∀n > n1, ð26Þ

which implies that

n snλnð Þh ≤ q1n Θ snλnð Þ − 1½ �, ∀n > n1, ð27Þ

where q1 = 1/q2: Thus, in all cases, there exist q1 > 0 and n1
∈ℕ such that

n snλnð Þh ≤ q1n Θ snλnð Þ − 1½ �, ∀n > n1: ð28Þ

Hence, by (19) and (28), we get

n snλnð Þh ≤ q1n Θ λ0ð Þ½ �kn − 1

 �

: ð29Þ

Taking n⟶∞ in (29), we have

lim
n⟶∞

n snλnð Þh = 0, ð30Þ

and hence, limn⟶∞n1/hsnλn = 0, which yields that ∑∞
n=1s

nλn
is convergent. Thus, fρng is a Cauchy sequence in �Oðρ0, J Þ:
SinceM is J -orbitally complete, there exists ρ∗ ∈M such that

ρn ⟶ ρ∗ as n⟶∞: ð31Þ

Suppose that Jρ∗ is closed. We notice that if ∃fnkg ⊂ℕ
such that ρnk ∈ Jρ∗ for each k ∈ℕ: Since Jρ∗ is closed and
limk⟶∞ρnk = ρ∗, we conclude that ρ∗ ∈ Jρ∗, and so, the
proof is finished. Hence, we suppose that there exists n0 ∈ℕ
so that ρn∈Jρ∗ for each n ∈ℕ with n ≥ n0. This implies that
δbðJρn, Jρ∗Þ > 0 for each n ≥ n0: Then, it follows from (9)
with ρ = ρn and ϖ = ρ∗ that

Θ sσb ρn+1, Jρ∗ð Þð Þ =Θ sδb Jρn, Jρ∗ð Þð Þ
≤ Θ m1 ρn, ρ∗ð Þ + Lm2 ρn, ρ∗ð Þð Þ½ �k,

ð32Þ

where
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Using the continuity ofΘ and σb, so applying the limit of
(32) as n⟶∞, we get

Θ sσb ρ∗, Jρ∗ð Þð Þ ≤ Θ σb ρ∗, Jρ∗ð Þð½ �k, ð34Þ

which is impossible from 0 < k ∈ <1 and s ≥ 1: By the condi-
tion (Θ1), we get σbðρ∗, Jρ∗Þ = 0: Since Jρ∗ is closed, thus
we get ρ∗ ∈ Jρ∗. Assume that GðJ Þ is J -orbitally closed.
Since ðρn, ρn+1Þ ∈ GðJ Þ and limn⟶∞ρn = ρ∗∀n ∈ℕ ∪ f0g,
we get ðρ∗, ρ∗Þ ∈GðJ Þ. Hence, ρ∗ ∈ Jρ∗: This completes
the proof. ☐

IfΘðςÞ = e
ffiffi
ς

p
for any ς > 0 in Theorem 7, we get following

result.

Corollary 8. Let ðM, σbÞ be a b-metric space such that σb is a
continuous functional and J : ðM, σbÞ⟶ PbðMÞ be a
mapping satisfying the following condition: for some 0< k < 1
,ρ0 ∈M and L ≥ 0,

sδb Jρ, Jϖð Þ ≤ k m1 ρ, ϖð Þ + Lm2 ρ, ϖð Þð Þ ð35Þ

for all ρ, ϖ ∈M withmin fδbðJρ, JϖÞ, σbðρ, ϖÞg > 0, where

m1 ρ, ϖð Þ =max
σb ρ, ϖð Þ, σb ρ, Jρð Þ, σb ϖ, Jϖð Þ, σb ρ, Jϖð Þ + σb ϖ, Jρð Þ

2s
,

σb ϖ, Jϖð Þ 1 + σb ρ, Jρð Þ½ �
s 1 + σb ρ, ϖð Þ½ � , σb ϖ, Jρð Þ 1 + σb ρ, Jρð Þ½ �

s 1 + σb ρ, ϖð Þ½ �

8>><
>>:

9>>=
>>;,

m2 ρ, ϖð Þ =min σb ρ, Jρð Þ, σb ϖ, Jϖð Þ, σb ρ, Jϖð Þ, σb ϖ, Jρð Þf g
ð36Þ

for all ρ, ϖ ∈ �Oðρ0, J Þ. Assume that ðM, σb, sÞ is J -orbitally
complete for some ρ0∈M. If Jρ is closed, for all ρ ∈

�Oðρ0, J Þ or the property (Gp) holds, then ∃ρ∗ ∈M such that
ρ∗ ∈ Jρ∗.

Example 9. Let M = ½0, 1�. The b-metric is defined by

σb ρ, ϖð Þ = ρ − ϖð Þ2, ð37Þ

with coefficient s = 2: Define J : M⟶ PcbðMÞ given by

Jρ =

1
3

� �
, 0 ≤ ρ < 1,

0, 14

� 
, ρ = 1:

8>>><
>>>:

ð38Þ

If ρ, ϖ ∈ ½0, 1Þ, then δbðJρ, JϖÞ = 0: Let ρ ∈ ½0, 1Þ and
ϖ = 1: Then, Jρ = f1/3g,Jϖ = ½0, 1/4�, and δbðJρ, JϖÞ = 1
/12,

m1 ρ, ϖð Þ =max
1 − ρð Þ2, 1

3 − ρ

� �2
, 3

4

� �2
, 14 σb ρ, Jϖð Þ + 2

3

� �2
" #

,

3/4ð Þ2 1 + 1/3 − ρð Þ2� �
2 1 + 1 − ρð Þ2� � , 2/3ð Þ2 1 + 1/3 − ρð Þ2� �

2 1 + 1 − ρð Þ2� �

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

≥
9
16 ,

m2 ρ, ϖð Þ =min 1
3 − ρ

� �2
, 3

4

� �2
, σb ρ, Jϖð Þ, 2

3

� �2
( )

≥ 0:

ð39Þ

Take k = 2/9, ΘðςÞ = e
ffiffi
ς

p
and 0 ≤ L: Then,

Θ sδb Jρ, Jϖð Þð Þ =Θ 2 · 1
12

� �
= e

ffiffiffiffiffi
1/6

p
< e2/3 = e8/9·3/4

= Θ m1 ρ, ϖð Þ + Lm2 ρ, ϖð Þð Þ½ �k:
ð40Þ

Thus, all conditions of Theorem 7 are satisfied and
ρ∗ = 1/3 is the required point.

m1 ρn, ρ∗ð Þ =max
σb ρn, ρ∗ð Þ, σb ρn, Jρnð Þ, σb ρ∗, Jρ∗ð Þ, σb ρn, Jρ∗ð Þ + σb ρ∗, Jρnð Þ

2s ,

σb ρ∗, Jρ∗ð Þ 1 + σb ρn, Jρnð Þ½ �
s 1 + σb ρn, ρ∗ð Þ½ � , σb ρ∗, Jρnð Þ 1 + σb ρn, Jρnð Þ½ �

s 1 + σb ρn, ρ∗ð Þ½ �

8>>><
>>>:

9>>>=
>>>;

≤max
σb ρn, ρ∗ð Þ, σb ρn, ρn+1ð Þ, σb ρ∗, Jρ∗ð Þ, σb ρn, Jρ∗ð Þ + σb ρ∗, ρn+1ð Þ

2s ,

σb ρ∗, Jρ∗ð Þ 1 + σb ρn, ρn+1ð Þ½ �
s 1 + σb ρn, ρ∗ð Þ½ � , σb ρ∗, ρn+1ð Þ 1 + σb ρn, ρn+1ð Þ½ �

s 1 + σb ρn, ρ∗ð Þ½ �

8>>><
>>>:

9>>>=
>>>;

⟶ σb ρ∗, Jρ∗ð Þ as n⟶∞,

m2 ρn, ρ∗ð Þ =min σb ρn, Jρnð Þ, σb ρ∗, Jρ∗ð Þ, σb ρn, Jρ∗ð Þ, σb ρ∗, Jρnð Þf g
≤min σb ρn, ρn+1ð Þ, σb ρ∗, Jρ∗ð Þ, σb ρn, Jρ∗ð Þ, σb ρ∗, ρn+1ð Þf g
⟶ 0 as n⟶∞:

ð33Þ
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The family Ωs contains a wide set of functions; that is, if
we take

Θ ρð Þ = 2 − 2
π

arctan 1
ρβ

� �
, ð41Þ

where ρ > 0 and 0 < β < 1, then we can obtain the following
corollary from Theorem 7.

Corollary 10. Let ðM, σbÞ be a b-metric space such that σb is a
continuous functional. Assume that J : M⟶ PbðMÞ be a
mapping such that for some 0 < k, β < 1,ρ0 ∈M and 0 ≤ L,

2 −
2
π

arctan 1

sδb Jρ, Jϖð Þð Þβ
 !

≤ 2 −
2
π

arctan 1

m1 ρ, ϖð Þ + Lm2 ρ, ϖð Þð Þβ
 !" #k

,
ð42Þ

∀ρ, ϖ ∈M with min fδbðJρ, JϖÞ, σbðρ, ϖÞg > 0, where

m1 ρ, ϖð Þ =max
σb ρ, ϖð Þ, σb ρ, Jρð Þ, σb ϖ, Jϖð Þ, σb ρ, Jϖð Þ + σb ϖ, Jρð Þ

2s
,

σb ϖ, Jϖð Þ 1 + σb ρ, Jρð Þ½ �
s 1 + σb ρ, ϖð Þ½ � , σb ϖ, Jρð Þ 1 + σb ρ, Jρð Þ½ �

s 1 + σb ρ, ϖð Þ½ �

8>><
>>:

9>>=
>>;,

m2 ρ, ϖð Þ =min σb ρ, Jρð Þ, σb ϖ, Jϖð Þ, σb ρ, Jϖð Þ, σb ϖ, Jρð Þf g
ð43Þ

for all ρ, ϖ ∈ �Oðρ0, J Þ. Suppose that ðM, σb, sÞ is J -orbitally
complete for some ρ0∈M. If Jρ is closed for all ρ ∈ �Oðρ0, J Þ
or the property (Gp) holds, then there exists ρ∗ ∈M such that
ρ∗ ∈ Jρ∗.

If we replace self-mapping J : M⟶M on the place of
multivalued mapping in Theorem 7, we can get following
results as consequences.

Corollary 11. Let ðM, σbÞ be a b-metric space such that σb is a
continuous functional and J : M⟶M be a mapping such
thatM is J -orbitally complete at some ρ0. Assume that there
exist Θ ∈Ωs, k ∈ ð0, 1Þ and L ≥ 0 such that

Θ sσb Jρ, Jϖð Þð Þ ≤ Θ m/
1 ρ, ϖð Þ + Lm/

2 ρ, ϖð Þ� �� �k ð44Þ

for all ρ, ϖ ∈M withmin fσbðJρ, JϖÞ, σbðρ, ϖÞg > 0, where

m/
1 ρ, ϖð Þ =max

σb ρ, ϖð Þ, σb ρ, Jρð Þ, σb ϖ, Jϖð Þ, σb ρ, Jϖð Þ + σb ϖ, Jρð Þ
2s

,

σb ϖ, Jϖð Þ 1 + σb ρ, Jρð Þ½ �
s 1 + σb ρ, ϖð Þ½ � , σb ϖ, Jρð Þ 1 + σb ρ, Jρð Þ½ �

s 1 + σb ρ, ϖð Þ½ �

8>><
>>:

9>>=
>>;,

m/
2 ρ, ϖð Þ =min σb ρ, Jρð Þ, σb ϖ, Jϖð Þ, σb ρ, Jϖð Þ, σb ϖ, Jρð Þf g:

ð45Þ

If Θ is continuous, then there exists ρ∗ ∈M such that
ρ∗ = Jρ∗.

4. Applications

In this section, we solve the Fredholm integral inclusion:

ρ ςð Þ ∈ g ςð Þ +
ðb
a
K ς, ζ, ρ ζð Þð Þσζ, ∀ς ∈ a, b½ �, ð46Þ

given in the start of this paper.
Let σb on C½a, b� be given by

σb ρ, ϖð Þ = max
ς∈ a,b½ �

∣ ρ ςð Þ − ϖ ςð Þ ∣
� �p

= max
ς∈ a,b½ �

ρ ςð Þ − ϖ ςð Þj jp, with p ≥ 1:

ð47Þ

Then, ðC½a, b�, σb, 2p−1Þ is a complete b-metric space.
Assume that for ς, ζ ∈ ½a, b�, these conditions hold:

(a) ∀ρ ∈ C½a, b�,Kρðς, ζÞ = Kðς, ζ, ρðζÞÞ is continuous
(b) ∃Y : ½a, b� × ½a, b�⟶ ½0,+∞Þ such that

kφ ς, ζð Þ − kψ ς, ζð Þ		 		p ≤ Y ς, ζð Þ

�
max

σb φ ζð Þ, ψ ζð Þð Þ, σb φ ζð Þ, K ς, ζ, φ ζð Þð Þð Þ,
σb ψ ζð Þ, K ς, ζ, ψ ζð Þð Þð Þ,

σb φ ζð Þ, K ς, ζ, ψ ζð Þð Þð Þ + σb ψ ζð Þ, K ς, ζ, φ ζð Þð Þð Þ
2p ,

σb ψ ζð Þ, K ς, ζ, ψ ζð Þð Þð Þ 1 + σb φ ζð Þ, K ς, ζ, φ ζð Þð Þð Þ½ �
2p−1 1 + σb φ ζð Þ, ψ ζð Þð Þ½ � ,

σb ψ ζð Þ, K ς, ζ, φ ζð Þð Þð Þ 1 + σb φ ζð Þ, K ς, ζ, φ ζð Þð Þð Þ½ �
2p−1 1 + σb φ ζð Þ, ψ ζð Þð Þ½ �

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

+

λ min σb φ ζð Þ, K ς, ζ, φ ζð Þð Þð Þ, σb ψ ζð Þ, K ς, ζ, ψ ζð Þð Þð Þ,f
σb φ ζð Þ, K ς, ζ, ψ ζð Þð Þð Þ, σb ψ ζð Þ, K ς, ζ, φ ζð Þð Þð Þg

2
666666666666666666666664

3
777777777777777777777775
ð48Þ

∀ς, ζ ∈ ½a, b�,φ, ψ ∈ C½a, b� and kφðς, ζÞ ∈ Kφðς, ζÞ,kψðς, ζÞ ∈
Kψðς, ζÞ, where p > 1 and λ ≥ 0

(c) ∃0 < k < 1 such that

sup
ς∈ a,b½ �

ðb
a
Y ς, ζð Þσζ ≤ k

2p−1 ð49Þ

Theorem 12. Under the conditions (a)–(c), the integral inclu-
sion given in (46) has a solution in C½a, b�.

Proof. Let M = C½a, b�: Define b-metric σb as in (47) and a
multivalued mapping J : M⟶ PcbðMÞ by

Jρ = ϖ ∈M : ϖ ςð Þ ∈ g ςð Þ +
ðb
a
K ς, ζ, ρ ζð Þð Þσζ, ς ∈ a, b½ �

� �
: ð50Þ

Let ρ ∈M. For a mapping Kρðς, ζÞ: ½a, b� × ½a, b�⟶ Pcb

ðℝÞ, there exists kρðς, ζÞ: ½a, b� × ½a, b�⟶ℝ such that

kρ ς, ζð Þ ∈ Kρ ς, ζð Þ, ð51Þ
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∀ς, ζ ∈ ½a, b�: Then,

g ςð Þ +
ðb
a
kρ ς, ζð Þσζ ∈ Jρ: ð52Þ

Hence, Jρ ≠∅: Since Kρðς, ζÞ is continuous and g ∈ C
ð½a, b�Þ, the ranges of both functions are bounded. This
shows that Jρ is also bounded.

Now, we show that (9) holds for any J onM with some
0 < k < 1, 0 ≤ L and Θ ∈Ωζ, i.e.,

Θ ζδb Jρ1, Jρ2ð Þð Þ

≤ Θ

max

σb ρ1, ρ2ð Þ, σb ρ1, Jρ1ð Þ, σb ρ2, Jρ2ð Þ,
σb ρ1, Jρ2ð Þ + σb ρ2, Jρ1ð Þ

2p ,

σb ρ2, Jρ2ð Þ 1 + σb ρ1, Jρ1ð Þ½ �
2p−1 1 + σb ρ1, ρ2ð Þ½ � ,

σb ρ2, Jρ1ð Þ 1 + σb ρ1, Jρ1ð Þ½ �
2p−1 1 + σb ρ1, ρ2ð Þ½ �

8>>>>>>>>>>>><
>>>>>>>>>>>>:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

+L min σb ρ1, Jρ1ð Þ, σb ρ2, Jρ2ð Þ,f
σb ρ1, Jρ2ð Þ, σb ρ2, Jρ1ð Þg

2
66666666666666666664

3
77777777777777777775

2
66666666666666666664

3
77777777777777777775

k

ð53Þ

for all ρ1, ρ2 ∈M. Let ϖ1 ∈ Jρ1 be such that

ϖ1 ςð Þ ∈ g ςð Þ +
ðb
a
K ς, ζ, ρ1 ζð Þð Þσζ, ∀ς ∈ a, b½ �: ð54Þ

It follows that ∃kρ1ðς, ζÞ ∈ Kρ1
ðς, ζÞ = Kðς, ζ, ρ1ðζÞÞ such

that

ϖ1 ςð Þ = g ςð Þ +
ðb
a
kρ1 ς, ζð Þσζ, ∀ς, ζ ∈ a, b½ �: ð55Þ

Now, for all ρ1, ρ2 ∈M, it follows from (b) that

kρ1 ς, ζð Þ − kρ2 ς, ζð Þ
			 			p ≤ Y ς, ζð Þ

�

max

σb ρ1 ζð Þ, ρ2 ζð Þð Þ, σb ρ1 ζð Þ, K ς, ζ, ρ1 ζð Þð Þð Þ,
σb ρ2 ζð Þ, K ς, ζ, ρ2 ζð Þð Þð Þ,

σb ρ1 ζð Þ, K ς, ζ, ρ2 ζð Þð Þð Þ + σb ρ2 ζð Þ, K ς, ζ, ρ1 ζð Þð Þð Þ
2p

σb ρ2 ζð Þ, K ς, ζ, ρ2 ζð Þð Þð Þ 1 + σb ρ1 ζð Þ, K ς, ζ, ρ1 ζð Þð Þð Þ½ �
2p−1 1 + σb ρ1 ζð Þ, ρ2 ζð Þð Þ½ � ,

σb ρ2 ζð Þ, K ς, ζ, ρ1 ζð Þð Þð Þ 1 + σb ρ1 ζð Þ, K ς, ζ, ρ1 ζð Þð Þð Þ½ �
2p−1 1 + σb ρ1 ζð Þ, ρ2 ζð Þð Þ½ �

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

+L min σb ρ1 ζð Þ, K ς, ζ, ρ1 ζð Þð Þð Þ,f
σb ρ2 ζð Þ, K ς, ζ, ρ2 ζð Þð Þð Þ,
σb ρ1 ζð Þ, K ς, ζ, ρ2 ζð Þð Þð Þ,
σb ρ2 ρð Þ, K ς, ζ, ρ1 ζð Þð Þð Þg

2
6666666666666666666666666666664

3
7777777777777777777777777777775

ð56Þ

It follows that ∃ωðς, ζÞ ∈ Kρ2
ðς, ζÞ such that

kρ1 ς, ζð Þ − ω ς, ζð Þ
			 			p ≤ Y ς, ζð Þ

·

max

σb ρ1 ζð Þ, ρ2 ζð Þð Þ, σb ρ1 ζð Þ, K ς, ζ, ρ1 ζð Þð Þð Þ,
σb ρ2 ζð Þ, ω ς, ζð Þð Þ,

σb ρ1 ζð Þ, ω ς, ζð Þð Þ + σb ρ2 ζð Þ, K ς, ζ, ρ1 ζð Þð Þð Þ
2p ,

σb ρ2 ζð Þ, ω ς, ζð Þð Þ 1 + σb ρ1 ζð Þ, K ς, ζ, ρ1 ζð Þð Þð Þ½ �
2p−1 1 + σb ρ1 ζð Þ, ρ2 ζð Þð Þ½ � ,

σb ρ2 ζð Þ, K ς, ζ, ρ1 ζð Þð Þð Þ 1 + σb ρ1 ζð Þ, K ς, ζ, ρ1 ζð Þð Þð Þ½ �
2p−1 1 + σb ρ1 ζð Þ, ρ2 ζð Þð Þ½ �

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

+L min σb ρ1 ζð Þ, K ς, ζ, ρ1 ζð Þð Þð Þ, σb ρ2 ζð Þ, ω ς, ζð Þð Þf ,

σb ρ1 ζð Þ, ω ς, ζð Þð Þ, σb ρ2 ρð Þ, K ς, ζ, ρ1 ζð Þð Þð Þg

2
666666666666666666666664

3
777777777777777777777775

= R ς, ζð Þ,∀ς, ζ ∈ a, b½ �:
ð57Þ

Now, we show the function Uðς, ζÞ: ½a, b� × ½a, b�⟶
PcbðℝÞ by

U ς, ζð Þ = Kρ2
ς, ζð Þ

\
φ ∈ℝ : σb kρ1 ς, ζð Þ, φ


 �
≤ R ς, ζð Þ

n o
:

ð58Þ

Thus, by (a), U is lower semicontinuous; this implies that
there exists kρ2ðς, ζÞ: ½a, b� × ½a, b�⟶ℝ such that kρ2ðς, ζÞ
∈Uðς, ζÞ,∀ς, ζ ∈ ½a, b�: Then, ϖ2ðςÞ = gðςÞ + Ð bakρ1ðς, ζÞσζ
satisfies

ϖ1 ςð Þ ∈ g ςð Þ +
ðb
a
K ς, ζ, ρ1 ζð Þð Þσζ, ∀ς ∈ a, b½ �, ð59Þ

which implies that ϖ2 ∈ Jρ2 and

σb ϖ1, ϖ2ð Þ ≤ max
ς∈ a,b½ �

ðb
a
kρ1 ς, ζð Þ − kρ2 ς, ζð Þ
			 			pσζ ≤ max

ς∈ a,b½ �

ðb
a
Y ς, ζð Þ

�

max

σb ρ1 ζð Þ, ρ2 ζð Þð Þ, σb ρ1 ζð Þ, K ς, ζ, ρ1 ζð Þð Þð Þ,
σb ρ2 ζð Þ, K ς, ζ, ρ2 ζð Þð Þð Þ,

σb ρ1 ζð Þ, K ς, ζ, ρ2 ζð Þð Þð Þ + σb ρ2 ζð Þ, K ς, ζ, ρ1 ζð Þð Þð Þ
2p ,

σb ρ2 ζð Þ, K ς, ζ, ρ2 ζð Þð Þð Þ 1 + σb ρ1 ζð Þ, K ς, ζ, ρ1 ζð Þð Þð Þ½ �
2p−1 1 + σb ρ1 ζð Þ, ρ2 ζð Þð Þ½ � ,

σb ρ2 ζð Þ, K ς, ζ, ρ1 ζð Þð Þð Þ 1 + σb ρ1 ζð Þ, K ς, ζ, ρ1 ζð Þð Þð Þ½ �
2p−1 1 + σb ρ1 ζð Þ, ρ2 ζð Þð Þ½ �

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

+L min σb ρ1 ζð Þ, K ς, ζ, ρ1 ζð Þð Þð Þf ,

σb ρ2 ζð Þ, K ς, ζ, ρ2 ζð Þð Þð Þ,
σb ρ1 ζð Þ, K ς, ζ, ρ2 ζð Þð Þð Þ,
σb ρ2 ρð Þ, K ς, ζ, ρ1 ζð Þð Þð Þg

2
6666666666666666666666666666664

3
7777777777777777777777777777775

σζ ≤
k

2p−1

� max

σb ρ1, ρ2ð Þ, σb ρ1, Jρ1ð Þ, σb ρ2, Jρ2ð Þ, σb ρ1, Jρ2ð Þ + σb ρ2, Jρ1ð Þ
2p ,

σb ρ2, Jρ2ð Þ 1 + σb ρ1, Jρ1ð Þ½ �
ζ 1 + σb ρ1, ρ2ð Þ½ � , σb ρ2, Jρ1ð Þ 1 + σb ρ1, Jρ1ð Þ½ �

ζ 1 + σb ρ1, ρ2ð Þ½ �

8>>><
>>>:

9>>>=
>>>;

+L min σb ρ1, Jρ1ð Þ, σb ρ2, Jρ2ð Þ, σb ρ1, Jρ2ð Þ, σb ρ2Jρ1ð Þf g

2
6666664

3
7777775
,

ð60Þ
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∀ς, ζ ∈ ½a, b�: Thus, we get

δb Jρ1, Jρ2ð Þ ≤ k

2p−1

max

σb ρ1, ρ2ð Þ, σb ρ1, Jρ1ð Þ, σb ρ2, Jρ2ð Þ,
σb ρ1, Jρ2ð Þ + σb ρ2, Jρ1ð Þ

2p ,

σb ρ2, Jρ2ð Þ 1 + σb ρ1, Jρ1ð Þ½ �
2p−1 1 + σb ρ1, ρ2ð Þ½ � ,

σb ρ2, Jρ1ð Þ 1 + σb ρ1, Jρ1ð Þ½ �
2p−1 1 + σb ρ1, ρ2ð Þ½ �

8>>>>>>>>>>><
>>>>>>>>>>>:

9>>>>>>>>>>>=
>>>>>>>>>>>;

+L min σb ρ1, Jρ1ð Þ, σb ρ2, Jρ2ð Þ, σb ρ1, Jρ2ð Þf ,
σb ρ2, Jρ1ð Þg

2
666666666666666664

3
777777777777777775

,

ζδb Jρ1, Jρ2ð Þ ≤ k

max

σb ρ1, ρ2ð Þ, σb ρ1, Jρ1ð Þ, σb ρ2, Jρ2ð Þ,
σb ρ1, Jρ2ð Þ + σb ρ2, Jρ1ð Þ

2p ,

σb ρ2, Jρ2ð Þ 1 + σb ρ1, Jρ1ð Þ½ �
2p−1 1 + σb ρ1, ρ2ð Þ½ � ,

σb ρ2, Jρ1ð Þ 1 + σb ρ1, Jρ1ð Þ½ �
2p−1 1 + σb ρ1, ρ2ð Þ½ �

8>>>>>>>>>>><
>>>>>>>>>>>:

9>>>>>>>>>>>=
>>>>>>>>>>>;

+L min σb ρ1, Jρ1ð Þ, σb ρ2, Jρ2ð Þf ,
σb ρ1, Jρ2ð Þ, σb ρ2, Jρ1ð Þg

2
666666666666666664

3
777777777777777775

:

ð61Þ

Taking the exponential on both sides, we have

eζδb Jρ1,Jρ2ð Þδb Jρ1, Jρ2ð Þ

≤ ek
max

σb ρ1, ρ2ð Þ, σb ρ1, Jρ1ð Þ, σb ρ2, Jρ2ð Þ,
σb ρ1, Jρ2ð Þ + σb ρ2, Jρ1ð Þ

2p ,

σb ρ2, Jρ2ð Þ 1 + σb ρ1, Jρ1ð Þ½ �
2p−1 1 + σb ρ1, ρ2ð Þ½ � ,

σb ρ2, Jρ1ð Þ 1 + σb ρ1, Jρ1ð Þ½ �
2p−1 1 + σb ρ1, ρ2ð Þ½ �

8>>>>>>>>>>>><
>>>>>>>>>>>>:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

+L min σb ρ1, Jρ1ð Þ, σb ρ2, Jρ2ð Þ, σb ρ1, Jρ2ð Þ, σb ρ2, Jρ1ð Þf g

2
66666666666666664

3
77777777777777775

:

ð62Þ

Taking the function Θ ∈Ωs, it follows that (18) is ful-
filled. Therefore, by Theorem 7, we show that the integral
inclusion (46) has a solution. This completes the proof. ☐

5. Conclusion

In this paper, we have defined a rational (Θ, δb)-contraction
and established some fixed point results in b-metric spaces.
In this way, we generalized some known results of literature.
We also discussed the solution of Fredholm integral inclu-
sion as application of our obtained result. We expect that
the results given in this article will make new directions for
those who are working in the theory of fixed points.

In this direction, our future work will pivot on studying
the fixed points of fuzzy mappings and L-fuzzy mappings
for Θ-contractions in b-metric spaces, with fractional differ-
ential inclusion problems as applications.
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