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We study the existence of positive solutions for second-order nonlinear repulsive singular difference systems with periodic
boundary conditions. Our nonlinearity may be singular in its dependent variable. The proof of the main result relies on a fixed
point theorem in cones and a nonlinear alternative principle of Leray-Schauder; the result is applicable to the case of a weak
singularity as well as the case of a strong singularity. An example is given; some recent results in the literature are improved and

generalized.

1. Introduction

Difference systems are widely used in modeling real-life phe-
nomena [1] and references therein. In this paper, we establish
the existence positive solutions for the following nonlinear
difference systems:

—Alp(n = 1)Ax(n = 1)+ q(n)x(n) = f (1, x(n)) + e(n), (1)
with the boundary conditions:
x(0) =x(T), p(0)Ax(0) = p(T)Ax(T), (2)

where g(n) = diag (q,(1), 4(n), -+, gN(n)), p(n) = diag (p, (
n),p,(n), - pN(n)), e= (e, €5, -+ ey)T, and f = (fy, f, -
,fN)T, N > 1. By a periodic solution, we mean a function x
= (x1, Xy, -+, xy) T, solving (1) and (2) and such that x(n)
#0 for all n. We call boundary condition (2) the periodic
boundary conditions which are important representatives
of nonseparated boundary conditions. For convenience, we
denote by Z, N, and R the sets of all integer numbers, natural
numbers, and real numbers, respectively. For a,b € Z, let Z
(a)={a,a+1,---},Z[a,b]={a,a+1,---,b} when a<b. As

usual, A denotes the forward difference operator defined by
Ax(n) =x(n+1) —x(n). (3)

In particular, the nonlinearity f(x,x(n)): N x RN\ {0}
— RY may have a repulsive singularity at x =0, from the
physical explanation, which means that lim Oj .(n, %) = +00,

uniformly in n € Z[1, T],i=1,2,---,N.

Such repulsive singularity appears in many problems of
applications such as the Brillouin focusing systems and non-
linear elasticity [2].

System (1) can be viewed as a discretization of the follow-
ing more general class of the Sturm singular second-order
differential system:

—(p()y0)0+q(t)y =f(t.y) +e(t). (4)

Such systems, even in case p = 1, where they are referred
to as being of Klein-Gordon or Schrédinger type, appear in
many scientific areas including fluid mechanics, gas dynam-
ics, and quantum field theory. During the last few decades,
the study of the existence of periodic solutions for singular
differential equations has deserved the attention of many
researchers [3-11]. Tracing back to 1987, Lazer and Solimini
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[5] investigated the singular model:
ht)
!
x4 - =9(1), (5)
where A>0,h, g are T-periodic functions and the mean
value of g is negative, g < 0. One of the common conditions
to guarantee the existence of positive periodic solution is a

so-called strong force condition (corresponds to the case A
>11in (5)) [11, 12]. For example, if we consider the system:

XHVV, (6 x) = f(1), (6)

with V(t,x) = 1/|x|*; the strong force condition holds for «
>2. On the other hand, the existence of positive periodic
solutions of the singular differential equations has been
established with a weak force condition (corresponds to the
case 0 < A< 1in (5)) [13-15].

From then on, some classical tools have been used to
study singular differential equations in the literature, includ-
ing the degree theory [6, 11, 16], the method of the upper and
lower solutions [8, 17], Schauder’s fixed point theorem [14],
some fixed point theorems in cones for completely continu-
ous operators [13, 18], and a nonlinear Leray-Schauder alter-
native principle [19].

For the existence of periodic solutions of difference
equations, some results have been obtained using the var-
iational methods or the topological methods [1, 20-25].
For example, by minimax principle, Guo and Yu [23] dis-
cussed the existence of periodic solutions for difference

—Alpy(n = 1)Ax(n = 1)] +q,(n)x(n)

—Alpy(n=1)Ay(n=1)] + g, (n)y(n)

Here, we emphasize that the new results are applicable to
the case of a strong singularity as well as the case of a weak
singularity and that e does not need to be positive.

The rest of this paper is organized as follows. In Section 2,
some preliminary results will be given. In Section 3, we will
state and prove the main results. We will use the notation
RY ={xe RV :x;>0 for each i=1,2,---,N}, for x=(x,,
e Xy = (712 o0 ) We WEite X2 3, i x = = () = 0o
Xy — Yy) € RY. We say that a function ¢ : RY — R is
nondecreasing if ¢(x) > ¢(y) for x,y € RN with x> y. For a
given function p defined on Z|0, T|], we denote its maximum
and minimum by p* and p,, respectively.

2. Preliminaries

Fori=1,2,--,N, let us denote by ¢,(n) and y,(n) the solu-
tions of the corresponding homogeneous equations:

—-Alp;(n=1)Ax(n-1)] + g;(n)x(n)=0,n € Z[1, T}, (11)
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equation:
~A*x(n—1)+f(n,x(n)) =0, (7)

where the nonlinearity f is of superlinear or sublinear
growth at infinity. Based on the method of the upper
and lower solutions, Atici and Cabada [21] studied the
existence of periodic solutions for difference equation:

~A%x(n = 1) + g(n)x(n) = f(m, x(n)). (8)

In [26], Zhou and Liu investigated the following
autonomous difference equations:

A*x(n—=1) + f(x(n)) =0. 9)

By Conley index theory, the author showed that the
suitable assumptions of asymptotically linear nonlinear
are enough to guarantee the existence of periodic
solutions.

In this paper, we establish two different existence results
of positive periodic solutions for (1) and (2) and proof of
the existence of positive solutions; the first one is based on
an application of a nonlinear alternative of Leray-Schauder,
which has been used by many authors [19, 27, 28] and refer-
ences therein; the second one is based on a fixed point theo-
rem in cones. Our main motivation is to obtain new existence
results for positive periodic solutions of the system:

satistying the initial conditions:

$:(0) =¢;(1) =05 y,(0) =0, p;(0)y;(1) = L. (12)

Let

D, = p,(T) + py(T)Ay,(T) -2, (13)

Throughout this paper, we always assume that
(H) For each i=1,2,---,N, p,(n) >0, q;(n) >0,q,(-)6 £0
,neZ1,T]

Lemma 1 (see [29]). If (H) holds, then D; > 0.
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Lemma 2 (see [29]). Assume (H) holds. For the solution of the
problem:

the formula

T
{ ~Alpy(n = 1)Ax(n — 1)] + q(n)x(n) = ¢(n), n € Z[1, T], ()= 2,Gilm a9 ")
x(0) = x(T), p;(0)Ax(0) = p;(T)Ax(T),
(14) holds, where
IM%M)%(S) - M(pi(s)%(n), 0<s<n<T+1,
(D) _ T)Ag(T) f >
Gi(n,s) = D P:i(n)9;(s) D. i(myi(s) + (T)Ay,(T) -1 (T)-1
i i pi i @,(s)y;(n) - #i ) Q,(my,(s), 0<n<s<T+1,

is the Green’s function; the number D; is defined by (13).

Lemma 3 (see [29]). Under condition (H), the Green’s func-
tion G;(n,s) of the boundary value problem (14) is positive,
ie, Gi(n,s) >0 for n,s€ Z[0, T).

We denote

A;= min Gi(n,s),B; =

Gi(n,s),0=A/B;. (17
Jmin max_Gi(n,s),0=A;/B;. (17)

n,s€Z[0,T]

Obviously, B; > A; >0 and 0< 0, < 1.

Remark 4. If p,(t) =1, 4,(t) =a >0, then Green’s function
G;(n, s) of the boundary value problem (14) has the form:

ﬁn—s +ﬂs—n+N
(B=B)(B"-1)

ﬁs—n +ﬁn—s+N
(B=B)(B"-1)

, 0<s<n<T+1,
Gi(n,s) =

, 0<n<s<T+1,

(18)

where S=(a+2+ /a(a+2))/2. If n is even, a direct calcu-

lation shows that

~ ZﬁT/Z
C - (E 1)
_ 1+p8" ’
() "
~ 2ﬁT/2

0,=—-<1.
' 1+ﬁT

(16)

3. Main Results

In this section, we state and prove the new existence results
for (1). In order to prove our main results, the following non-
linear alternative of Leray-Schauder is needed, which can be
found in [30].

Lemma 5. Assume (2 is a relatively compact subset of a convex

set E in a normed space X. Let o/ : O — E be a compact map

with 0 € Q. Then, one of the following two conclusions holds:
(i) T has at least one fixed point in Q

(ii) There exist u € 0Q and 0 < A < 1 such that u=Adu

Let
X, ={x:2[0,T+ 1] — R|x(0) =x(T), p(0)Ax(0) (20)
=p(T)Ax(T)}-
Then, X, is a Banach space with the norm
= max x(n). 1)
We take
X=X, x X, X - x X, (N copies), (22)
with the norm
x| = max {{lx; | flal> -~ [l 1} (23)
Define
T
yi(n) = Y. Gi(m,s)ei(s), (24)

Il
—

§:

which corresponds to the unique solution of (14), and the



operator o : X — X by o, = (o %, 5l ,%, -+, A \x)", where

T

(x)(n) = Y Gi(ms)fi(s,x(s) +y(s)),i= 1,2, N. (25)

s=1

Now, we present the first existence result of the positive
solution to problem (1).

Theorem 6. Suppose that condition (H) holds and y,, > 0. Fur-
thermore, we assume that

(H,) For each constant L > 0, there exists a function ¢L(
n) > 0 for all n € Z[1, T| such that each component f of f sat-
isfies f,(n,x) > @ (n) for all (n,|x|) € Z[1, T] x (0, L]
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(H,) For each component f, of f, there exist nonnegative
functions g,(x), h;(x), and k;(n) such that

0< fi(n,x) <{g;(x) + hy(x) }k;(n) for all (n, x) € Z|1, T] x IRf{O},
(26)

and g,(x) > 0 is nonincreasing and h;(x)/g;(x) is nondecreas-
ingin x

(H;) There exists a positive number r such that or +y, > 0
and

r
>K}, (27)
Gi(Ver Vi O+ Yo Voo VLA (B y7 o r 7)) (gi(r 475 r +97))) )
foralli=1,2,---,N. Here, jo €{1,2,---} such that 1/J, <or+7y, and
h(r+y* r+y)) . 1
< ~ iG L gi(y*’...’y*’o'ir+y*’y*’m’y*){l+gi(r+y*,~-,r+y*)}Ki +j;<r,
i(n) = 4 i(n, $)k;(s), (31)
s=1
7= i:1r)1’21)i'1.l"N{O'i}, (28) foralli=1,2,---,N.
y* = miny(n), Fix j € J,. Consider the family of systems

Then, (1) and (2) has at least one positive periodic solu-
tion x with x(n) > y(n) forall n e Z[0, T] and 0 < |x — p| < 1.

Proof. We first show that

—Alp(n = 1)Ax(n = 1)] + q(n)x(n) = f(n, x(n) + y(n)),
(29)

together with (2) has a positive solution x satisfying x(n) +
y(n) for ne Z[0, T] and 0 < |x| < r. If this is true, it is easy
to see that u(n) =x(n) + y(n) will be a positive solution of
(1) and (2) with 0 < |u —y| < r since

-Alp(n—1)Au(n-1)] +q(n)u(n) =-Alp(n-1)A(x(n-1)
+y(n—1))] +q(n)(x(n) +y(n)) = f(n, x(n) +y(n))
+e(n) = f(n,u(n)) +e(n).

(30)

Since (H;) holds, let J, = {jy, j, + 1,-+}, we can choose

~Alp(n—1)Ax(n—1)] +q(n)x(n) = Af (n, x(n) + y(n))
+ M, neZ[1,N|,

J
(32)
where A € [0, 1] and for eachi=1,2,--,N,
1
fi(n’x)’ lfxz >
i) - ]
1 . 1
fi (n,xl, X =X+ 1 ---,xN>, ifx<-.
J J
(33)

Problem (29) and (2) are equivalent to the following fixed
point problem:

x.(n)= L ,nsjsxs s l: ]:Xn l
()= A X Gims)fi(5.x(5) + 7)) + 5 =A (k) )+ <
(34)

for eachi=1,2,---, N, here, we used the fact
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We claim that any fixed point x of (34) for any A € [0, 1]
must satisfy |x| # r. Otherwise, assume that x is a fixed point
of (34) for some A € [0, 1] such that |x| = r. Without loss of
generality, we assume that |x;| = r for some /=1,2,---,N.

Thus, we have

xy(n) - % = AZ Gy(n, s)f{(n,x(s) +y(s))ds 2 AA, Zf{(nx(s)

s=1 s=1

+y(s))ds = 0;B;A Zf{(n,x<s>

+7y(s))ds =0 max{/\ZGl n, sf](n x(s) +y(s))ds}

s=1
1
X = =l

=0
I

(36)

Hence, for all n € Z[1, T], we have

1 1 1 1
JI J J

x(n) 2 09||x; -

Therefore,

1
x(n)+y(n)zor+y, > ; (38)

Using (34), we have from condition (H,

), for all n € Z[1

T

+ -
s=1 )
T
(x(s) +v(5))
< ) Gy(n, )k (s) g (x(s) + y(s {1+ !
2. Gl ()aix() + YO+ 5 Ty
Sgl())*’""Y*’GZY+Y*’Y*""’Y*)
Gir+y7s YY) Jo
(39)
Therefore,
r=|xl|Sgl(Y*’""Y*)UI”"’Y*»Y*)""Y*)
* o * 40
et
Gi(r+y7s e +yT) Jo

This is a contradiction to the choice of j,, and the claim is
proved.

From this claim, the nonlinear alternative of Leray-
Schauder guarantees that

x(n) = (x)(n) + ;, (41)

has a fixed point, denoted by x/(n), in B, = {x € X : |x| < r},
ie.,

=Alp(n=1)Ax(n = 1)] + q(m)x(n) = f(n, x(n) + y(n)) + qT

has a periodic solution x/ with |x/| < r.

Next, we claim that these solutions x/(n) + y(n) have a
uniform positive lower bound, that is, there exists a constant
6 > 0, independent of j € ], such that

mm{xf( )+y,(n )}25, (43)

for all j € J,. To see this, we know from (H,) that there exists
a continuous function ¢, +y*(n) such that each component
fi of f satisfies f;(n,x) > ¢,, .(n) for all (n, [x|) € Z[1, T] x

(0,7 +y*]. Now, let x*?" (1) be the unique solution to

—-Alp(n—1)Ax(n—-1)] + g(n)x(n) = O(n), (44)

with (2), here @(n) =(¢,,,. (1), §,.,- (n))". Then, we
have
. T
KT (1) +y,(n) = Y Gi(11,8) By () + 7i(n) 2@, +y, >0
s=1
(45)
for eachi=1,---, N, here
T
= inf®;(n )= Y Gi(1,9),,,( (46)

—

5=

Next, we show that (43) holds for § =®, +y, > 0. To see
this, for each i=1, -+, N, since x!(n) + y,(n) <r +y* and x]
(n) +7y, = 1/j, we have

=Y Gns)

1(s,560(s) +9(5)) +v:(n)

@
—

(47)

+ -2

M=

Gi(n’ S)®r+y* +)/i(l’l) 2 (D* tY, = 0.

~. =

Il
—_

§:

The fact |x(n)| < r and (43) show that for each i=1,2,
-, N, {xf}j% is a bounded family on Z|[1, T|. Moreover,
we have

x](0) = x](T), p,(0)Ax](0) = p



which implies that

A= 2D a0y +x(m)je gy (@9)

Thus, the Arzela—Ascoli theorem guarantees that {x/}
jeJ, has a subsequence, {x{k}jk €Jp k€N converging
uniformly on Z[0, T + 1] to a function x;. Let x= (x, -+,
xy), x(n) satisfies 8 <x;(n) +y,(n) <r+y* for all neZ[1
,T] and i=1,---,N. Moreover, xf-'k satisfies the integral
equation:

xfk(") = Z G;(n,9)f; (s, K (s) + y(5)> + jik’iz 1,--,N.
(50)

Letting k — 0o, we arrive at

M~

xi(n) = 2 Gi(ms)fi(s,x(s) +y(s)),i=1,2,--» N, (51)

P
Il
—

here, we have used the fact that f(n,x) is with respect to
(n,x) with neZ[1,T] and x>0 satisfying & < |x| <r+p*.
Therefore, x is a positive periodic solution of (1) and sat-
isfies 0 < |x| <r

Corollary 7. Assume that (H) holds, a >0, 3> 0. Then, for
each e, e, with y, > 0, we have

(i) if B< 1, then (10) has at least one positive periodic
solution for each p> 0

(ii) if B> 1, then (10) has at least one positive periodic
solution for each 0 < y < p,, where p, is some positive
constant

Proof. We will apply Theorem 6. To this end, assumption
(H,) is fulfilled by @, = (v2L) . If we take

B x, _ x2 2 —tx/Z’
91(%7)=ga(%7) = (x" +y7) 2 (52)
hy(x%,9) = hy (%, ) = u (2 + )P,

and k, (n) = k,(n) = 1, then (H,) is satisfied.
Let

Gy shwy(m)= Y Gylms).  (53)

s=1

M~

w(n) =

Il
—_

§

Then, the existence condition (H;) becomes

rlor+y.) +92 " - o

2(atp)i2 (r+y* )Ot+/3

U< ,i=1,2, (54)
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for some r>0. So, (10) has at least one positive periodic
solution for

2 .
rllor+y)? +vi] " -of

0 < p < py =min sup 2("‘+ﬁ>/2(r " y*)‘”ﬁ

=12 50

(55)

Note that y, =00 if <1 and u, <oo if B>1. We
have (i) and (ii).

In more general, we can obtain the following result.

Corollary 8. Assume that (H) holds and there exist functions
a,a, b, b and o, 3> 0 such that, fori=1,2,---,N,

200 ¢ bl < f (m ) < 2L

[¢[* [¢[*

+ub(n)|xf. (56)

Then, for each e with y, > 0, we have
(i) if B <1, then (10) has at least one positive periodic
solution for each y> 0

(ii) if B> 1, then (10) has at least one positive periodic
solution for each 0 < p < u,, where y, is some positive
constant

By using a fixed point theorem for compact maps on
conical shells [31], we established the second positive peri-
odic solution for (1). Recall that a compact operator
means an operator which transforms every bounded set
into a relatively compact set and introducing the definition
of a cone.

Definition 9. Let X be a Banach space and let K be a closed,
nonempty subset of X. K is a cone if

(i) au+ pveKforallu,ve Kand alla, >0

(if) u,—u € K implies u=0

Lemma 10 (see [31]). Let X be a Banach space and K a cone
in X. Assume Q,,Q, are open subsets of X with 0€ Q,,Q,
€0, Let

®:Kn(Q,\Q2,) —K (57)
be a continuous and completely continuous operator such that
(i)

|Px|| < ||x|| for x € K N 002, (58)

(ii) There exist w € K\ {0} such that x + Ox + Ay for x
€eKNnoQ,and A>0
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Then, F has a fixed point in K N (Q,\ Q,). The same con-
clusion remains valid if (i) holds on K N 0L2,, and (ii) holds on
KnoQ,.

Define

K={x= X1, Xy ) €X : min x:(n
(31, -+ ) €X £ min 3, () 50

>0 ||x;||} foralln € Z[0, T),i=1,---,N}.

Then, one can readily verify that K is a cone in X.

oR

Theorem 11. Suppose conditions (H), (H,)-(H;) hold. Fur-
thermore, assume that the following two conditions are
satisfied:
(H,) There exist continuous, nonnegative functions g'(x),
h'(x) and k' (n) such that
)2 {g] (x) +hj(x) } k] (n

n) for all (n, x) € [0, T| x R}{0},

(60)
where g!(x) > 0 is nonincreasing and h}(x)/g!(x) is nonde-

creasing in x
(H,) There exists R > r such that

gl (R+y*, -, Ry ) {1+ ((h(0,R+7y,,

Then, problems (1) and (2) have another one positive peri-
odic solution x with r < |Xx —y| < R.

Proof. Let g/x = (ol \x, -+, o/ yx)", o/ x is given by (25), then,
it is easy to verify that &/ is well defined and maps X into K.
Moreover, & is continuous and completely continuous, and
let K be a cone in X defined by (59). Define the

={xeX:|x|<r},Q,={xeX:|x|<R}. (62)

As in the proof of Theorem 3.1, we only need to show
that (29) has a positive periodic solution u € X with u(n) +
p(n) >0 and r < |u| < R. We claim that

(i)

| /x| < |x|forx € KN oQ, (63)

(ii) There exist w € K \ {0} such that x # o/x + Ay for x
€KnoQ,and A>0

We start with (i). In fact, if x € K N 00, then |x| = and
or+y, <x;(n)+yn)<r+y* foralltel0,T]. Fixie{1,2,
-+, N}, thus, we have

T
2 s, x(s) +y(s)) < ZIGI-("’ s)ki(s)g;(x(s)
() + 7(5))|
+Y“”{1+gxd$+y@»}‘g‘“”
L Y S
+””%+au@+wm}§G()“)
SGi(Ver 5V O+ V0 Vo 5 V)
. hi(r+y*, - r+y") B
{Hgi(rw*,- Ty )}K’*< al

0,R+y,))/ (g} (01 R+y,,

<K,,. (61)

o R+7.)))}

Therefore, ||/ x|| < |x| for eachi=1,2,...,N. This implies
that (i) holds.

Next, we show that (ii) holds. Let y=(1,---,1), then
y e K\ {0}. Suppose that there exists x € KNoQ, and
A>0 such that x=/x+ Ay. Since x € KN 0Q,, then o;
R+y, <x;(n)+yn)<R+y* for all neZ0,T]. As a
result, it follows from (H,) and (H;) that, for all neZ|
0, T],

(

(

L M) +y(9)
gi(x(s) +y(s))

W R L., 0nR
+)L2gf(R+)/*»’R+Y*){1+ 1(01 +7. oN +y*)}K1*

gi(o\R+y,, - 0nR+Y,)
+A>0R+ A

(65)

Hence, min x;(n) > oR; this is a contradiction and we
0<n<T

prove the claim.
Now, Lemma 3.7 guarantees that & has at least one fixed
point x € KN (Q, \ Q) with r < |x| <R.

Let us consider again the example (10) in Corollary 7 for
the superlinear case.

Corollary 12. Assume in (10) that p,, q,(i = 1, 2) satisfy (H),
for each e, e, with y, >0, > 1. Then, for each y with 0
<u<p, where y, is given as in Corollary 7, problem
(10) has at least two different positive solutions. To verify



(H,), one may take

1 —a
gi(xy) = ghmy) = 5 (@ +y) ™,
1 (66)
hé(x,y) _ E( 2+y2)’8/2,

and k'(n), =ky(n)=1. If B> 1, then the existence condi-
tion (H;) becomes

. 2+2)2(R +y *)*0R - 2w,

yi=1,2. (67)
[(G:R+7.)* + (@R +7.Y] " a,
Since 3 > 1, the right-hand side goes to 0 as R— +
00. Thus, for any given 0<pu<ul, it is always possible
to find such R > r that (67) is satisfied. Thus, (10) has

an additional positive periodic solution Xx.

Remark 13. We emphasize that our results are applicable to
the case of a strong singularity as well as the case of a weak
singularity since we only need a > 0. Moreover, e does not
need to be positive. In fact, using the assumption that the
Green function is positive, one may readily verify that y_ >
0 is equivalent to the Zfilei(n) >0,i=1,2,---,N.

Let us consider the 2-dimensional system

~Ax(n—1)+x(n)= o(n) + yb(n)|x|ﬁ +e,(n),

[

-y n=1) ()= S+ () ),
(68)
with
e;(n)=n(d;-n),d;eR,i=1,2. (69)

Example 1. Assume that « >0, 3> 1, a(n), and b(n) are pos-
itive functions, e;(n), i =1, 2 are given by (69) with

d, +2d,>5. (70)
Then, the results in Corollary 12 hold.
Proof. We only need show y, >0, which is equivalent to
2
Zei(n) >0, (71)

i=1

Since d, + 2d, > 5, a direct computation show that

Zei(n)ZO Z =n(d;—n)>0. (72)
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4. Conclusions

In this paper, we study the periodic problem for nonlinear
difference systems with a singularity of repulsive type in the
case of y, > 0. The proofs of main results are based on a non-
linear alternative principle of Leray-Schauder and a fixed
point theorem in cones. It is interesting that the singularity
f is applicable to the case of a weak singularity as well as
the case of a strong singularity. In the next research, we will
continue to study the periodic problem to the difference sys-
tems like (10) where f may have attractive singularity at x =0
, and whether the condition y_ >0 can be removed.
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