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In this work, we consider a new full von Kármán beam model with thermal and mass diffusion effects according to the Gurtin-
Pinkin model combined with time-varying delay. Heat and mass exchange with the environment during thermodiffusion in the
von Kármán beam. We establish the well-posedness and the exponential stability of the system by the energy method under
suitable conditions.

1. Introduction and Preliminaries

In this paper, we are concerned with the following problem:

wtt − d1 ux +
1
2 wxð Þ2

� �
wx

� �
x

+ d2wxxxx + μ1wt + μ2wt x, t − τ tð Þð Þ = 0,

utt − d1 ux +
1
2 wxð Þ2

� �
x

− δ1θx − δ2Px = 0,

cθt + dPt −
ð∞
0
β1 σð Þθxx t − σð Þdσ − δ1utx = 0,

dθt + rPt −
ð∞
0
β2 σð ÞPxx t − σð Þdσ − δ2utx = 0,

8>>>>>>>>>>>>><>>>>>>>>>>>>>:
ð1Þ

where

x, σ, tð Þ ∈ 0, Lð Þ ×ℝ+ × 0,∞ð Þ: ð2Þ

Here, τðtÞ > 0 represents the time-varying delay, and d1,
d2, δ1, δ2, c, d, r, and μ1 are positive constants; μ2 is a real
number, and β1 and β2 are the relaxation functions, with
the initial data

w x, 0ð Þ =w0 xð Þ,

wt x, 0ð Þ =w1 xð Þ,

u x, 0ð Þ = u0 xð Þ,
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ut x, 0ð Þ = u1 xð Þ,

θ x, 0ð Þ = θ0 xð Þ,

P x, 0ð Þ = P0 xð Þ,

wt x, t − τ 0ð Þð Þ = f0 x, t − τ 0ð Þð Þ, ð3Þ

where

x, tð Þ ∈ 0, Lð Þ × 0, τ 0ð Þð Þ, ð4Þ

and Neumann-Dirichlet boundary conditions

w x, tð Þ = u x, tð Þ = P x, tð Þ = 0, x = 0, L,∀t ≥ 0,

wx x, tð Þ = θ x, tð Þ = 0, x = 0, L,∀t ≥ 0:
ð5Þ

The case of time-varying delay in the wave equation has
been studied recently by Nicaise et al. [1]; they proved the
exponential stability under the condition

μ2 <
ffiffiffiffiffiffiffiffiffiffi
1 − d

p
μ1, ð6Þ

where d is a constant that satisfies

τ′ tð Þ ≤ d < 1, ∀t > 0: ð7Þ

For the wave equation with a time-varying delay, in [1],
the authors consider the system

utt − Δu = 0,
u x, tð Þ = 0,
du
dv

x, tð Þ = μ1ut x, tð Þ + μ2ut x, t − τ tð Þð Þ,

8>>><>>>: ð8Þ

where the time-varying delay τðtÞ > 0 satisfies

0 ≤ τ tð Þ ≤ �τ, ∀t > 0, ð9Þ

τ′ tð Þ ≤ 1, ∀t > 0, ð10Þ

τ tð Þ ∈W2,∞ 0, T½ �ð Þ, ∀T > 0: ð11Þ
They proved the exponential stability under suitable

conditions.
The purpose of this work is to study problem (1)–(5),

with a delay term appearing in the control term at the
first equation, introducing the time-varying delay term
β2wtðx, t − τðtÞÞ; thermal and mass diffusion effects make
the problem different from those considered in the literature
(see [2–30]).

This paper is organized as follows: in the rest of this sec-
tion, we put the preliminaries necessary for problem (1); in
Section 2, we establish the well-posedness. As for Section 3,
we prove the exponential stability result by the energy
method and Lyapunov function.

In order to prove the existence of a unique solution of
problem (1)–(5), we introduce the new variable

z x, ρ, tð Þ =wt x, t − τ tð Þρð Þ: ð12Þ

Then, we obtain

τ tð Þzt x, ρ, tð Þ + 1 − τ′ tð Þρ
� �

zρ x, ρ, tð Þ = 0,

z x, 0, tð Þ =wt x, tð Þ:

8<: ð13Þ

And it is more convenient to work in the history space
setting by introducing the so-called summed past history of
θ and P defined by (see [31–36])

ηt σð Þ =
ðσ
0
θ t − ζð Þdζ,

νt σð Þ =
ðσ
0
P t − ζð Þdζ,  t, σð Þ ∈ 0,∞½ Þ ×ℝ+:

8>>><>>>: ð14Þ

Differentiating (14)1 and (14)2, we get

ηtt σð Þ + ηtσ σð Þ = θ tð Þ,
νtt σð Þ + νtσ σð Þ = P tð Þ,

(
ð15Þ

with the boundary and initial conditions

ηt 0ð Þ = νt 0ð Þ = 0, t ≥ 0,

η0 σð Þ = η0 σð Þ, ν0 σð Þ = ν0 σð Þ, σ ≥ 0:
ð16Þ

We set

η0 σð Þ =
ðσ
0
�θ0 τð Þdτ,

ν0 σð Þ =
ðσ
0
�P0 τð Þdτ, σ ∈ℝ+:

8>>><>>>: ð17Þ

Concerning the memory kernels β1 and β2, we set

β σð Þ = −β1 ′ σð Þ,
λ σð Þ = −β2 ′ σð Þ:

ð18Þ

Assuming β1ð∞Þ = β2ð∞Þ = 0, then from (14), we infer

ð∞
0
β1 σð Þθ t − σð Þdσ = −

ð∞
0
β1 ′ σð Þηt σð Þdσ,ð∞

0
β2 σð ÞP t − σð Þdσ = −

ð∞
0
β2 ′ σð Þνt σð Þdσ,

8>>><>>>: ð19Þ

2 Journal of Function Spaces



and therefore,

ð∞
0
β1 σð Þθxx t − σð Þdσ =

ð∞
0
β σð Þηtxx σð Þdσ,ð∞

0
β2 σð ÞPxx t − σð Þdσ =

ð∞
0
λ σð Þνt σð Þdσ:

8>>><>>>: ð20Þ

Consequently, the problem is equivalent to

wtt − d1 ux +
1
2 wxð Þ2

� �
wx

� �
x

+ d2wxxxx + μ1wt + μ2z x, 1, tð Þ = 0,

utt − d1 ux +
1
2 wxð Þ2

� �
x

− δ1θx − δ2Px = 0,

cθt + dPt −
ð∞
0
β σð Þηtxx σð Þdσ − δ1utx = 0,

dθt + rPt −
ð∞
0
λ σð Þνtxx σð Þdσ − δ2utx = 0,

ηtt + ηtσ = θ,
νtt + νtσ = P,

τ tð Þzt x, ρ, tð Þ + 1 − τ′ tð Þρ
� �

zρ x, ρ, tð Þ = 0,

8>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>:
ð21Þ

where

x, σ, ρ, tð Þ ∈ 0, Lð Þ ×ℝ+ × 0, 1ð Þ × 0,∞ð Þ, ð22Þ

with the initial and boundary conditions

w x, tð Þ =wx x, tð Þ = u x, tð Þ = P x, tð Þ = θ x, tð Þ = 0, x = 0, L,
w x, 0ð Þ =w0 xð Þ,wt x, 0ð Þ =w1 xð Þ,
u x, 0ð Þ = u0 xð Þ, ut x, 0ð Þ = u1 xð Þ,
θ x, 0ð Þ = θ0 xð Þ, P x, 0ð Þ = P0 xð Þ,
z x, ρ, 0ð Þ = f0 x,−ρτ 0ð Þð Þ,
η0 x, σð Þ = η0 x, σð Þ, ν0 x, σð Þ = ν0 x, σð Þ,  x, σð Þ ∈ 0, 1ð Þ ×ℝ+,

8>>>>>>>>>>><>>>>>>>>>>>:
ð23Þ

∀ x, ρ, σ, tð Þ ∈ 0, Lð Þ × 0, 1ð Þ × 0,∞ð Þ × 0,∞ð Þ, ð24Þ

where the function τðtÞ satisfies (7), (11), and the condition

0 < τ0 < τ tð Þ < �τ, ∀t > 0: ð25Þ

In this paper, we establish the well-posedness and prove
the exponential stability by using the variable of Kato under
some restrictions and assumptions:

(H1).

μ2j j ≤
ffiffiffiffiffiffiffiffiffiffi
1 − d

p
μ1: ð26Þ

(H2). The symmetric matrix Λ is positive definite, where

Λ =
c d

d r

 !
: ð27Þ

That is, ∣Λ ∣ = cr − d2 > 0 implies that

c
ðL
0
θ2dx + 2d

ðL
0
θPdx + r

ðL
0
P2dx > 0: ð28Þ

Condition (28) is needed to stabilize the system when dif-
fusion effects are added to thermal effects (see, e.g., [31–38]
for more information on this). By virtue of cr > d2, we deduce
that d/c < r/d. Let, then, ζ be a number chosen in such a way
that

d
c
< ζ < r

d
: ð29Þ

Thus, Young’s inequality leads to

2d
ðL
0
θPdx ≤

d
ζ

ðL
0
θ2dx + dζ

ðL
0
P2dx: ð30Þ

(H3). We assume the following set of hypotheses on μ and λ:

β, λ ∈ C1 ℝ+ð Þ ∩ L1 ℝ+ð Þ,

β σð Þ, λ σð Þ ≥ 0, β′ σð Þ, λ′ σð Þ ≤ 0, ∀σ ∈ℝ+,

β′ σð Þ + α1β σð Þ ≤ 0, λ′ σð Þ + α2λ σð Þ ≤ 0, for some α1, α2 > 0,∀σ ∈ℝ+,

ð31Þ

β 0ð Þ =
ð∞
0
β σð Þdσ≔ β0 > 0,

λ 0ð Þ =
ð∞
0
λ σð Þdσ≔ λ0 > 0:

8>>><>>>: ð32Þ

Let f be a memory kernel satisfying the assumptions (31)
and (32).

Now, we consider the weighted Hilbert spaces

Mf = L2 ℝ+,H1
0 0, Lð Þ	 


= Φ : ℝ+ →H1
0 0, Lð Þ/

ðL
0

ð∞
0
f σð ÞΦ2

x σð Þdσdx<∞
� �

,

ð33Þ

equipped with the inner product

<Φ,Ψ>M f
=
ðL
0

ð∞
0
f σð ÞΦx σð ÞΨx σð Þdσdx, ð34Þ
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and the norm

∥Φ∥2M f
= <Φ,Φ>M f

=
ðL
0

ð∞
0
f σð ÞΦ2

x σð Þdσdx: ð35Þ

We also introduce the linear operator T onMf defined by

TΦ = −Φσ, Φ ∈D Tð Þ, ð36Þ

with

D Tð Þ = Φ ∈Mf /Φσ ∈Mf ,Φ 0ð Þ = 0
 �

, ð37Þ

where Φσ is the distributional derivative of Φ with respect to
the internal variable σ, and then, the operator T is the infini-
tesimal generator of a C0-semigroup of contractions. Follow-
ing Ref. [39], there holds

<TΦ,Φ>M f
= <−Φσ,Φ>M f

= −
1
2

ð∞
0
f σð Þ d

dσ

ðL
0
Φ2

x σð Þdxdσ, ∀Φ ∈D Tð Þ:

ð38Þ

Integration by parts yieldsð∞
0
f σð Þ d

dσ

ðL
0
Φ2

x σð Þdxdσ

= f σð Þ
ðL
0
Φ2

x σð Þdx
����∞
0
−
ð∞
0
f ′ σð Þ

ðL
0
Φ2

x σð Þdxdσ:
ð39Þ

Hence, from (31), we obtain

<TΦ,Φ>M f
= 1
2

ð∞
0
f ′ σð Þ

ðL
0
Φ2

x σð Þdxdσ ≤ 0: ð40Þ

As a direct consequence, we deduce from (32) and (40)
that

<Tη, η>Mβ
= 1
2

ð∞
0
β′ σð Þ

ðL
0
η2x σð Þdxdσ

≤ −
α1
2

ð∞
0
β σð Þ

ðL
0
η2x σð Þdxdσ = −

α1
2 ∥ηx∥

2
Mβ

,

<Tν, ν>Mλ
= 1
2

ð∞
0
λ′ σð Þ

ðL
0
ν2x σð Þdxdσ

≤ −
α2
2

ð∞
0
λ σð Þ

ðL
0
ν2x σð Þdxdσ = −

α2
2 ∥νx∥

2
Mλ

,

ð41Þ

for all η, ν ∈DðTÞ. Finally, we define the operator Lf :

DðLf Þ→ L2ð0, LÞ by

LfΦ =
ð∞
0
f σð ÞΦxx σð Þdσ, ð42Þ

with the domain

D Lf

	 

= Φ ∈Mf /

ð∞
0
f σð ÞΦxx σð Þdσ ∈ L2 0, Lð Þ,Φ 0ð Þ = 0

� �
:

ð43Þ

2. Well-Posedness

In this section, we give sufficient conditions that guarantee
the well-posedness of this problem. Let

U = w,wt , u, ut , θ, ηt , P, νt , z
	 
T

: ð44Þ

For the sake of simplicity, we write η = ηtðσÞ and ν =
νtðσÞ and the new dependent variables φ = ωt and ψ = ut ;
then, (21)–(23) can be written as

U ′ =A tð ÞU +F Uð Þ,
U 0ð Þ = w0,w1, u0, u1, θ0, η0, P0, ν0,f0 :,−ρτ 0ð Þð Þð ÞT ,

(
ð45Þ

with the linear problem

U ′ =A tð ÞU ,

U 0ð Þ = w0,w1, u0, u1, θ0, η0, P0, ν0,f0 :,−ρτ 0ð Þð Þð ÞT ,

(
ð46Þ

where the time-varying operator A is defined by

A tð Þ

w

φ

u

ψ

θ

η

P

ν

z

0BBBBBBBBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCCCCCCCA

=

φ

−d2wxxxx − μ1φ − μ2z x, 1, tð Þ
ψ

d1uxx + δ1θx + δ2Px

−
1
α1

dδ2 − rδ1ð Þψx − rLβη + dLλν
� �

θ + Tη

−
1
α2

dδ1 − cδ2ð Þψx + dLβη − cLλν
� �

P + Tν

τ′ tð Þρ − 1
� �

τ tð Þ zρ

0BBBBBBBBBBBBBBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCCCCCCCCCCCCCA

,

ð47Þ
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F Uð Þ =

0

d1 ux +
1
2 wxð Þ2

� �
x

0
d1
2 wxð Þ2

0
0
0
0
0

0BBBBBBBBBBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCCCCCCCCCA

: ð48Þ

The energy space H is defined as

H = H4 0, Lð Þ ∩H2
0 0, Lð Þ� �

×H1
0 0, Lð Þ

× H2 0, Lð Þ ∩H2
0 0, Lð Þ� �

×H1
0 0, Lð Þ × L2 0, Lð Þ

×Mβ × L2 0, Lð Þ ×Mλ × L2 0, Lð Þ, 0, 1ð Þð Þ,
ð49Þ

and the domain of A is

D A tð Þð Þ = U ∈H /φ = z :,0ð Þ, θ, P ∈H1
0 0, Lð Þ, Lβη, Lλν


∈ L2 0, Lð Þ, η, ν ∈D Tð Þ�:

ð50Þ

We equip H with the inner product

<U , �U>H =
ðL
0
φ�φ + d1ux�ux + ψ�ψ + d2wxx �wxxf gdx

+
ðL
0

ð1
0
z x, ρ, tð Þ�z x, ρ, tð Þdρdx

+ <Λ θ, Pð ÞT , �θ, �P
	 
T > + < η, �η>Mβ

+ < ν, �ν>Mλ
,

ð51Þ

with the existence and the uniqueness in the following
result.

Theorem 1. Let (7), (11), and (25) be satisfied and assume
that (26)–(31) hold. Then, for all U0 ∈DðAð0ÞÞ, there exists
a unique solution U of problem (21)–(23) satisfying

U ∈ C 0½ ,+∞ð Þ,D A 0ð Þð Þ ∩ C1 0½ ,+∞ð Þ,HÞ: ð52Þ

In order to prove Theorem 1, we will use the variable
norm technique developed by Kato in [40]. The following
theorem is proved in [40].

Theorem 2. Assume that

(1) DðAð0ÞÞ is a dense subset of H

(2) DðAðtÞÞ =DðAð0ÞÞ, ∀t > 0

(3) For all t ∈ ½0, T�, AðtÞ generates a strongly continuous
semigroup onH and the family A = fAðtÞ: t ∈ ½0, T�g
is stable with stability constants C and m independent
of t; i.e., the semigroup ðStðsÞÞs≥0 generated by AðtÞ
satisfies

∥St sð Þ uð Þ∥H ≤ Cems∥u∥H , ∀u ∈H , s ≥ 0: ð53Þ

(4) dtAðtÞ ∈ L∞∗ ð½0, T�, BðDðAð0ÞÞ,HÞÞ, where L∞∗ ð½0,
T�, BðDðAð0ÞÞ,HÞÞ is the space of equivalent classes
of essentially bounded, strongly measurable functions
from ½0, T� into the set BðDðAð0ÞÞ,HÞ of bounded
operators from DðAð0ÞÞ into H

Then, problem (46) has a unique solution

U ∈ C 0, T½ �,D A 0ð Þð Þð Þ ∩ C1 0, T½ �,Hð Þ, ð54Þ

for any initial datum in DðAð0ÞÞ.

Proof. To prove Theorem 1, we use the method in [1] with
the necessary modification.

(1) First, we show that DðAð0ÞÞ is dense in H

Let F = ð f1, f2, f3, f4, f5, f6, f7, f8, f9Þ ∈H be orthogonal
to all elements of DðAð0ÞÞ with respect to the inner product
h:, :iH :

0 = <U , F>H =
ðL
0
φf2 + ψf4 + d2wxx f1xx + d1ux f3xf gdx

+
ðL
0

ð1
0
z x, ρ, tð Þf9dρdx+ <Λ θ, Pð ÞT , f5, f7ð ÞT >

+ <η, f6>Mβ
+ < ν, f8>Mλ

:

ð55Þ

For all U = ðw, φ, u, ψ, θ, η, P, ν, zÞT ∈DðAð0ÞÞ, our
goal is to prove that f i = 0, ∀i = 1,⋯, 9. Let us first take
z ∈Dðð0, LÞ × ð0, 1ÞÞ and w = φ = ψ = u = θ = q = ϕ = 0, so
the vector U = ð0, 0, 0, 0, 0, 0, 0, 0, zÞT ∈DðAð0ÞÞ, and there-
fore, from (55), we deduce that

ðL
0

ð1
0
z x, ρð Þf7dρdx = 0: ð56Þ

Since Dðð0, LÞ × ð0, 1ÞÞ is dense in L2ðð0, LÞ × ð0, 1ÞÞ, it
follows then that f9 = 0.

Similarly, let φ ∈H1
0ð0, LÞ; then, U = ð0, φ, 0, 0, 0, 0, 0,

0, 0ÞT ∈DðAð0ÞÞ, which implies from (55) that

ðL
0
φf2dx = 0: ð57Þ

So, as above, f2 = 0.
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And let U = ðw, 0, 0, 0, 0, 0, 0, 0, 0ÞT ; then, we obtain
from (55) that

ðL
0
wxx f1xxdx = 0: ð58Þ

It is obvious that U = ðw, 0, 0, 0, 0, 0, 0, 0, 0ÞT ∈DðAð0ÞÞ
only if w ∈H4ð0, LÞ ∩H2

0ð0, LÞ is dense in H2
0ð0, LÞ, with

respect to the inner product

<g, h>H2
0 0,Lð Þ

ðL
0
gxxhxxdx: ð59Þ

We get f1 = 0. By the same ideas as above, we can also
show that f3 = 0.

For u ∈DðAðtÞÞ, we get from (55) that

ðL
0
ux f3xdx = 0, ð60Þ

and by the density of DðAðtÞÞ in H1
0ð0, LÞ, we obtain f3 = 0.

For ψ ∈DðAðtÞÞ, we get from (55) that

ðL
0
ψf4dx = 0, ð61Þ

and by the density of DðAðtÞÞ in H1ð0, LÞ, we obtain f4 = 0.
Next, let U = ð0, 0, 0, 0, θ, 0, 0, 0, 0ÞT ; then, we obtain

from (55) that

ðL
0
θf5dx = 0: ð62Þ

It is obvious that U = ð0, 0, 0, 0, θ, 0, 0, 0, 0ÞT ∈DðAð0ÞÞ
only if θ ∈ L2ð0, LÞ is dense in L2ð0, LÞ; we get f5 = 0; for
η ∈Mβ, we get from (55) that

ðL
0

ð∞
0
β σð Þηx f6xdσdx = 0, ð63Þ

which gives f6 = 0. Similarly, for P and ν. This completes
the proof of (1).

(2) With our choice,DðAðtÞÞ is independent of t; conse-
quently,

D A tð Þð Þ =D A 0ð Þð Þ, ∀t > 0: ð64Þ

(3) Now, we show that the operator AðtÞ generates a
C0-semigroup in H for a fixed t. We define the
time-dependent inner product on H :

<U , �U>t =
ðL
0
φ�φ + d1ux�ux + ψ�ψ + d2wxx �wxxf gdx

+ ξτ tð Þ
ðL
0

ð1
0
z x, ρ, tð Þ�z x, ρ, tð Þdρdx

+ <Λ θ, Pð ÞT , �θ, �P
	 
T > + < η, �η>Mβ

+ < ν, �ν>Mλ
,

ð65Þ

where ξ satisfies

∣μ2 ∣ffiffiffiffiffiffiffiffiffiffi
1 − d

p ≤ ξ ≤ 2μ1 −
∣μ2 ∣ffiffiffiffiffiffiffiffiffiffi
1 − d

p
� �

, ð66Þ

thanks to hypothesis (26).
Let us set

κ tð Þ =
τ′ tð Þ2 + 1
� �1/2

2τ tð Þ : ð67Þ

In this step, we prove the dissipativity of the operator
�AðtÞ =AðtÞ − τðtÞI.

For a fixed t andU = ðw, φ, u, ψ, θ, η, P, ν, zÞT ∈DðAðtÞÞ,
we have

<A tð ÞU ,U>t = −μ1

ðL
0
φ2dx − μ2

ðL
0
φz x, 1, tð Þdx

+ < Tη, η>Mβ
+ <Tν, η>Mλ

− ξ
ðL
0

ð1
0
1 − τ′ tð Þρ
� �

z x, ρ, tð Þzρ x, ρ, tð Þdρdx:

ð68Þ

Observe that

ðL
0

ð1
0
1 − τ′ tð Þρ
� �

z x, ρ, tð Þzρ x, ρ, tð Þdρdx

= 1
2

ðL
0

ð1
0
1 − τ′ tð Þρ
� � d

dρ
z2dρdx

= τ′ tð Þ
2

ðL
0

ð1
0
z2 x, ρ, tð Þdρdx

+ 1
2

ðL
0

z2 x, 1, tð Þ 1 − τ′ tð Þ
� �

− z2 x, 0, tð Þ
n o

dρdx,

<Tη, η>Mβ
+ < Tν, η>Mλ

= + 12

ð∞
0
β′ σð Þ

ðL
0
η2x σð Þdxdσ + 1

2

ð∞
0
λ′ σð Þ

ðL
0
ν2x σð Þdxdσ

≤ −
α1
2 ∥η σð Þ∥2Mβ

−
α2
2 ∥ν σð Þ∥2Mλ

,

ð69Þ
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whereupon

<A tð ÞU ,U>t = −μ1

ðL
0
φ2dx − μ2

ðL
0
φz x, 1, tð Þdx

−
α1
2 ∥η σð Þ∥2Mβ

−
α2
2 ∥ν σð Þ∥2Mλ

−
ξτ′ tð Þ
2

ðL
0

ð1
0
z2 x, ρ, tð Þdρdx

−
ξ

2

ðL
0
z2 x, 1, tð Þ 1 − τ′ tð Þ

� �
dx + ξ

2

ðL
0
φ2dx:

ð70Þ

By using Young’s inequality and (7), we get

<A tð ÞU ,U>t ≤ −μ1 +
∣μ2 ∣

2
ffiffiffiffiffiffiffiffiffiffi
1 − d

p + ξ

2

� �ðL
0
φ2dx

+ ∣μ2 ∣
ffiffiffiffiffiffiffiffiffiffi
1 − d

p

2 − ξ
1 − dð Þ
2

 !ðL
0
z2 x, 1, tð Þdx

−
α1
2 ∥η σð Þ∥2Mβ

−
α2
2 ∥ν σð Þ∥2Mλ

+ κ tð Þ <U ,U>t ,

ð71Þ

under condition (66) which allows to write

−μ1 +
μ2j j

2
ffiffiffiffiffiffiffiffiffiffi
1 − d

p + ξ

2 ≤ 0,

μ2j j
ffiffiffiffiffiffiffiffiffiffi
1 − d

p

2 − ξ
1 − dð Þ
2 ≤ 0:

ð72Þ

Consequently, the operator �AðtÞ =AðtÞ − κðtÞI is
dissipative.

Now, we prove the subjectivity of the operator I −AðtÞ
for fixed t > 0.

Let ð f1, f2, f3, f4, f5, f6, f7, f8, f9ÞT ∈H ; we seek U =
ðw, φ, u, ψ, θ, η, P, ν, zÞT ∈DðAðtÞÞ solution of the following
system:

w − φ = f1,
φ + d2wxxxx + μ1φ+μ2z :,1, tð Þ = f2,
u − ψ = f3,
ψ − d1uxx − δ1θx − δ2Px = f4,
α1θ + dδ2 − rδ1ð Þψx − rLβη + dLλν = α1 f5,
η − θ − Tη = f6,
α2P + dδ1 − cδ2ð Þψx + dLβη+−cLλν = α2 f7,
ν − P − Tν = f8,

z −
τ′ tð Þρ − 1
� �

τ tð Þ zρ = f9:

8>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>:

ð73Þ

Suppose that we have found w and u. Then,

w − φ = f1,
u − ψ = f3:

(
ð74Þ

Furthermore, by (73), we can find z as

z x, 0ð Þ = φ xð Þ, x ∈ 0, Lð Þ: ð75Þ

Following the same approach as in [1], we obtain, by
using the last equation in (73),

where ηyðtÞ = ðτðtÞ/τ′ðtÞÞ ln ð1 − τ′ðtÞρÞ. Whereupon, from
(74), we obtain

z x, ρð Þ = φ xð Þe−ρτ tð Þ + τ tð Þe−ρτ tð Þ
ð1
0
f9 x, yð Þeyτ tð Þdy, if τ′ tð Þ = 0,

z x, ρð Þ = φ xð Þeηρ tð Þ + eηρ tð Þ
ð1
0

τ tð Þ
1 − τ′ tð Þy

f9 x, yð Þe−ηy tð Þdy, if τ′ tð Þ ≠ 0,

8>>><>>>: ð76Þ

z x, ρð Þ = φ xð Þe−ρτ tð Þ − f1e
−ρτ tð Þ + τ tð Þe−ρτ tð Þ

ð1
0
f9 x, yð Þeyτ tð Þdy, if τ′ tð Þ = 0,

z x, ρð Þ = φ xð Þeηρ tð Þ − f1e
ηρ tð Þ + eηρ tð Þ

ð1
0

τ tð Þ
1 − τ′ tð Þy

f9 x, yð Þe−ηy tð Þdy, if τ′ tð Þ ≠ 0:

8>>><>>>: ð77Þ
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Integrating (73)6 and (73)8 with ηð0Þ = νð0Þ = 0, we have

η σð Þ = 1 − e−σð Þθ +
ðσ
0
es−σ f6 sð Þds,

ν σð Þ = 1 − e−σð ÞP +
ðσ
0
es−σ f8 sð Þds:

8>>><>>>: ð78Þ

Substituting (73)1,3,6,8,9 into the others, we obtain the
following system. Now, we have to find w, u, θ, and P as
solutions of the equations:

w + d2wxxxx + μ1φ+μ2z :,1, tð Þ = f2 + f1 + β1 f1,
u − d1uxx − δ1θx − δ2Px = f4 + f3,
α1θ − rCβθxx + dCλPxx + dδ2 − rδ1ð Þux = h3,
α2P + dCβθxx − cCλPxx + dδ1 − cδ1ð Þux = h4:

8>>>>><>>>>>:
ð79Þ

Solving (79), we get

μ3w + d2wxxxx = h1,
u − d1uxx − δ1θx − δ2Px = h2,
α1θ − rCβθxx + dCλPxx + dδ2 − rδ1ð Þux = h3,
α2P + dCβθxx − cCλPxx + dδ1 − cδ1ð Þux = h4,

8>>>>><>>>>>:
ð80Þ

where

From (77), we have

z x, 1ð Þ =
w xð Þe−τ tð Þ + z0 xð Þ,  if τ′ tð Þ = 0,

w xð Þeηρ tð Þ + z0 xð Þ,  if τ′ tð Þ ≠ 0,

(
ð82Þ

where x ∈ ð0, LÞ and

z0 xð Þ =
−f1e

−ρτ tð Þ + τ tð Þe−ρτ tð Þ
ð1
0
f9 x, yð Þeyτ tð Þdy,  if τ′ tð Þ = 0,

−f1e
ηρ tð Þ + eηρ tð Þ

ð1
0

τ tð Þ
1 − τ′ tð Þy

f9 x, yð Þe−ηy tð Þdy,  if τ′ tð Þ ≠ 0:

8>>><>>>:
ð83Þ

It is clear from the above formula that z0 depends only on
f1, f9. Consequently, problem (80) is equivalent to

ζ w, u, θ, Pð Þ, ŵ, û, bθ , P̂� �� �
= Γ ŵ, û, bθ , P̂� �

, ð84Þ

where the bilinear form ζ : ½H2
0ð0, LÞ ×H1

0ð0, LÞ × L2ð0, LÞ ×
L2ð0, LÞ�2 →ℝ and the linear form Γ : ½H2

0ð0, LÞ ×H1
0ð0, LÞ

× L2ð0, LÞ × L2ð0, LÞ�→ℝ are defined by

ζ w, u, θ, Pð Þ, ŵ, û, bθ , P̂� �� �
=
ðL
0
μ3wŵ + d2wxxŵxx + uû + d1uxûxð Þdx + α1

ðL
0
θbθdx

+ α2

ðL
0
PP̂dx + rCβ

ðL
0
θx
bθxdx + cCλ

ðL
0
PxP̂xdx

− dCβ

ðL
0
θxP̂xdx − dCλ

ðL
0
Px
bθxdx

+ dδ2 − rδ1ð Þ
ðL
0
uxbθdx + dδ1 − cδ2ð Þ

ðL
0
uxP̂dx

+
ðL
0
δ1θ + δ2Pð Þûxdx,

Γ ŵ, û, bθ , P̂� �
=
ðL
0
h1ŵdx +

ðL
0
h2ûdx +

ðL
0
h3bθdx + ðL

0
h4P̂dx:

ð85Þ

μ3 = 1 + μ1 + e−τ tð Þ,
h1 = f2 + 1 + μ1ð Þf2 − μ2z0,
h2 = f4 + f3,

h3 = α1 f5 + dδ2 − rδ1ð Þf3x + r
ð∞
0
β σð Þ

ðσ
0
es−σ f6xx sð Þdsdσ − d

ð∞
0
λ σð Þ

ðσ
0
es−σ f8xx sð Þdsdσ,

h4 = α2 f7 + dδ1 − cδ2ð Þf5x − d
ð∞
0
β σð Þ

ðσ
0
es−σ f6xx sð Þdsdσ + c

ð∞
0
λ σð Þ

ðσ
0
es−σ f8xx sð Þdsdσ:

8>>>>>>>>>>>><>>>>>>>>>>>>:
ð81Þ
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Now, for H 1 =H2
0ð0, LÞ ×H1

0ð0, LÞ × L2ð0, LÞ × L2ð0, LÞ,
equipped with the norm

∥ w, u, θ, Pð Þ∥2H1
= ∥w∥22+∥wxx∥

2
2+∥u∥22+∥ux∥22+∥θ∥22

+∥θx∥22+∥Px∥
2
2+∥P∥22,

ð86Þ

then, we have

B w, u, θ, Pð Þ, w, u, θ, Pð Þð Þ

= μ3

ðL
0
w2dx + d2

ðL
0
w2

xxdx +
ðL
0
u2dx + d1

ðL
0
u2xdx

+ α1

ðL
0
θ2dx + α2

ðL
0
P2dx + rCβ

ðL
0
θ2xdx + cCλ

ðL
0
P2
xdx

− dCβ + dCλ

	 
ðL
0
Pxθxdx + dδ2 − rδ1ð Þ

ðL
0
uxθdx

+ dδ1 − cδ2ð Þ
ðL
0
uxPdx +

ðL
0
δ1θ + δ2Pð Þuxdx:

ð87Þ

Then, for some M0 > 0,

B w, u, θ, Pð Þ, w, u, θ, Pð Þð Þ ≥M0∥ w, u, θ, Pð Þ∥2H1
: ð88Þ

Thus, B is coercive.
By Cauchy-Schwarz’s and Poincaré’s inequalities, we

obtain

B w, u, θ, Pð Þ, ŵ, û, bθ , P̂� �� �
≤M1∥ w, u, θ, Pð Þ∥2H 1

∥ ŵ, û, bθ , P̂� �
∥2H1

:
ð89Þ

Similarly, we get

Γ ŵ, û, bθ , P̂� �
≤M2∥ ŵ, û, bθ , P̂� �

∥2H1
: ð90Þ

Consequently, applying the Lax-Milgram theorem, prob-
lem (84) admits a unique solution ðw, u, θ, PÞ ∈H 1, for all

ðŵ, û, bθ , P̂Þ ∈H 1. Applying the classical elliptic regularity,
it follows from (80) that ðw, u, θ, PÞ ∈H1.

Therefore, the operator I −AðtÞ is surjective for any fixed
t > 0. Since κðtÞ > 0 and

I − �A tð Þ = 1 + κ tð Þð ÞI −A tð Þ, ð91Þ

we deduce that the operator I − �AðtÞ is also surjective for any
t > 0.

To complete the proof of (3), it suffices to show that

∥U∥t
∥U∥s

≤ e c/2τ0ð Þ t−sj j, ∀t, s ∈ 0, T½ �, ð92Þ

where U = ðw, φ, u, ψ, θ, η, P, ν, zÞT and k:kt is the norm
associated with the inner product (56).

For t, s ∈ ½0, T�, we have from (56) that

∥U∥2t−∥U∥2s e
c/τ0ð Þ∣t−s∣

= 1 − e c/τ0ð Þ∣t−s∣
� �ðL

0
φ2 + d2w

2
xx + d1u

2
x + ψ2 �

dx

+ 1 − e c/τ0ð Þ∣t−s∣
� �

<Λ θ, Pð ÞT , θ, Pð ÞT >

+ 1 − e c/τ0ð Þ∣t−s∣
� �

∥η∥2Mβ
+∥ν∥2Mλ

n o
+ ξ τ tð Þ − τ sð Þe c/τ0ð Þ∣t−s∣
� �ðL

0

ð1
0
z2 x, ρ, tð Þdρdx:

ð93Þ

It is clear that ð1 − eðc/τ0Þ∣t−s∣Þ ≤ 0. Now, we will prove that
ðτðtÞ − τðsÞeðc/τ0Þ∣t−s∣Þ ≤ 0 for c > 0. To do this, we have

τ tð Þ = τ sð Þ + τ′ að Þ t − sð Þ, ð94Þ

where a ∈ ðs, tÞ, which implies

τ tð Þ
τ sð Þ ≤ 1 + τ að Þj j

τ sð Þ t − sj j: ð95Þ

By using (11), we deduce that

τ tð Þ
τ sð Þ ≤ 1 + c

τ0
t − sj j ≤ e c/τ0ð Þ t−sj j, ð96Þ

which proves (92); therefore, this completes the proof of (3).

(4) It is clear that

d
dt

A tð ÞU =

0
0
0
0
0
0
0
0

τ′′ tð Þτ′ tð Þρ − τ′ tð Þ τ′ tð Þρ − 1
� �� �

τ2 tð Þ zρ

0BBBBBBBBBBBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCCCCCCCCCCA

:

ð97Þ

Then, by (11) and (25), (4) holds exactly as in [1]. Conse-
quently, from the above analysis, we deduce that the problem

�Ut = �A tð Þ�Ut ,
�Ut 0ð Þ =U0,

8>><>>: ð98Þ
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has a solution �U ∈ Cð½0,∞Þ,HÞ, and if U0 ∈DðAð0ÞÞ, then

�U ∈ C 0½ ,∞Þ,D A 0ð Þð Þð Þ ∩ C1 0½ ,∞Þ,Hð Þ: ð99Þ

Now, let

U tð Þ = eϑ tð Þ �U tð Þ, ð100Þ

with ϑðtÞ = Ð t0κðsÞds; then, by using (98), we have
Ut tð Þ = κ tð Þeϑ tð Þ �U tð Þ + eϑ tð Þ �Ut tð Þ

= κ tð Þeϑ tð Þ �U tð Þ + eϑ tð Þ �A tð Þ�U tð Þ
= eϑ tð Þ κ tð Þ�U tð Þ + �A tð Þ�U tð Þ	 

= eϑ tð Þ A tð Þ�U tð Þ	 


=A tð ÞU tð ÞÞ:

ð101Þ

Consequently, UðtÞ is the unique solution of (46).
It remains to prove that the operator F defined in (48) is

locally Lipschitz in H .
LetU1 = ðw1, φ1, u1, ψ1, θ1, η1, P1, ν1, z1ÞT ∈H andU2 =

ðw2, φ2, u2, ψ2, θ2, η2, P2, ν2, z2ÞT ∈H . Then, we have

∥F U1ð Þ −F U2ð Þ∥ = d1 Rj j2 + Kj j2	 

, ð102Þ

where

R = u1x +
1
2w

2
1x

� �
w1x − u2x +

1
2w

2
2x

� �
w2x

� �
,

K = 1
2 w2

1x −w2
2x

	 

:

ð103Þ

Adding and subtracting the term ðu1x + ð1/2Þw2
1xÞw2x

inside the norm ∣R ∣ , we find

∣R∣ ≤ ∥w1x −w2x∥L∞ 0,Lð Þ∣u1x +
1
2w

2
1x∣+∥w2x∥L∞∣u1x − u2x∣

+ 1
2 ∥w2x∥L∞∣w1x +w2x∣ w1x −w2xk kL∞ 0,Lð Þ:

ð104Þ

Using the embedding of H1ð0, LÞ into L∞ð0, LÞ, from
(104), one has

∣R∣ ≤ k1 ∥U1∥H ,∥U2∥Hð Þ∥U1 −U2∥: ð105Þ

Using once again the embedding ofH1ð0, LÞ into L∞ð0, LÞ,
one also sees that

∣K∣ ≤ k2 ∥U1∥H ,∥U2∥Hð Þ∥U1 −U2∥: ð106Þ

Combining (102), (105), and (106), consequently,FðUÞ
is locally Lipschitz continuous in H . This ends the proof of
Theorem 1.

3. General Decay

In this section, we state and prove the stability of system
(21)–(23) using the multiplier technique under the assump-
tions (26)–(31).

We define the energy functional E by

E tð Þ = 1
2

ðL
0

w2
t + u2t + d2w

2
xx + d1 ux +

1
2w

2
x

� �2
+ cθ2 + rP2

( )
dx

+ d < θ, P > + 12 ∥η∥
2
Mβ

+ 1
2 ∥ν∥

2
Mλ

+ ξ

2

ðL
0

ð1
0
τ tð Þz2 x, ρ, tð Þdρdx,

ð107Þ

where

∣μ2 ∣ffiffiffiffiffiffiffiffiffiffi
1 − d

p ≤ ξ ≤ 2μ1 −
μ2j jffiffiffiffiffiffiffiffiffiffi
1 − d

p
� �

: ð108Þ

The following lemma shows that the energy is decreasing.

Lemma 3. Assume that (26)–(31) hold and the hypotheses (7),
(11), and (25) are satisfied. Then, for ∀C ≥ 0,

E′ tð Þ ≤ −C
ðL
0
w2

t dx +
ðL
0
z2 x, 1, tð Þdx

� �
−
α1
4
∥η∥2Mβ

+ 1
4

ð∞
0
β′ σð Þ∥ηx σð Þ∥2dσ −

α2
4
∥ν∥2Mλ

+ 1
4

ð∞
0
λ′ σð Þ∥νx σð Þ∥2dσ ≤ 0:

ð109Þ

Proof. Multiplying the equations of (21) by wt , ut , θ, η, P, ν,
and ξz, respectively, then by integration by parts, we get

1
2
d
dt

ðL
0

w2
t + u2t + d2w

2
xx + d1 ux +

1
2w

2
x

� �2
+ cθ2 + rP2

( )
dx

+ d
dt

d < θ, P > + 1
2 ∥η∥

2
Mβ

+ 1
2 ∥ν∥

2
Mλ

� �
+ ξ

2
d
dt

ðL
0

ð1
0
τ tð Þz2 x, ρ, tð Þdρdx

= −μ1
ð1
0
ω2
t dx − μ2

ðL
0
wtz x, 1, tð Þdx

+ 1
2

ð∞
0
β′ σð Þ∥ηx σð Þ∥2dσ + 1

2

ð∞
0
λ′ σð Þ∥νx σð Þ∥2dσ

+ ξ

2

ðL
0

ð1
0
τ′ tð Þz2 x, ρ, tð Þdρdx

− ξ
ðL
0

ð1
0
1 − τ′ tð Þρ
� �

z x, ρ, tð Þzρ x, ρ, tð Þdρdx

≤ −μ1

ð1
0
ω2
t dx − μ2

ðL
0
wtz x, 1, tð Þdx − α1

4 ∥η∥2Mβ
−
α2
4 ∥ν∥2Mλ
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+ 1
4

ð∞
0
β′ σð Þ∥ηx σð Þ∥2dσ + 1

4

ð∞
0
λ′ σð Þ∥νx σð Þ∥2dσ

−
ξ

2

ðL
0

ð1
0

d
dρ

1 − τ′ tð Þρ
� �

z2 x, ρ, tð Þ
� �

dρdx

= −μ1

ð1
0
ω2
t dx − μ2

ðL
0
wtz x, 1, tð Þdx − α1

4 ∥η∥2Mβ
−
α2
4 ∥ν∥2Mλ

+ 1
4

ð∞
0
β′ σð Þ∥ηx σð Þ∥2dσ + 1

4

ð∞
0
λ′ σð Þ∥νx σð Þ∥2dσ

+ ξ

2

ðL
0
z2 x, 0, tð Þ − z2 x, 1, tð Þ	 


dx

+ ξτ′ tð Þ
2

ðL
0
z2 x, 1, tð ÞÞdx: ð110Þ

From (110), we find

E′ tð Þ ≤ − μ1 −
ξ

2

� �ðL
0
w2

t dx +
ξτ′ tð Þ
2 −

ξ

2

 !ðL
0
z2 x, 1, tð Þdx

− μ2

ðL
0
wtz x, 1, tð Þdx − α1

4 ∥η∥2Mβ
−
α2
4 ∥ν∥2Mλ

+ 1
4

ð∞
0
β′ σð Þ∥ηx σð Þ∥2dσ + 1

4

ð∞
0
λ′ σð Þ∥νx σð Þ∥2dσ:

ð111Þ

Using Young’s inequality, we have

−μ2

ðL
0
wtz x, 1, tð Þdx ≤ ∣μ2 ∣

2
ffiffiffiffiffiffiffiffiffiffi
1 − d

p
ðL
0
w2

t dx

+ ∣μ2 ∣
ffiffiffiffiffiffiffiffiffiffi
1 − d

p

2

ðL
0
z2 x, 1, tð Þdx:

ð112Þ

Inserting (112) into (111), we get

E′ tð Þ ≤ − μ1 −
ξ

2 −
μ2j j

2
ffiffiffiffiffiffiffiffiffiffi
1 − d

p
� �ðL

0
w2

t dx

+ ξ

2 τ′ tð Þ − 1
� �

+ μ2j j
ffiffiffiffiffiffiffiffiffiffi
1 − d

p

2

 !ðL
0
z2 x, 1, tð Þdx

−
α1
4 ∥η∥2Mβ

+ 1
4

ð∞
0
β′ σð Þ∥ηx σð Þ∥2dσ −

α2
4 ∥ν∥2Mλ

+ 1
4

ð∞
0
λ′ σð Þ∥νx σð Þ∥2dσ:

ð113Þ

Then, by using (7), (28)–(31), and (108), we obtain (109).

In the following, we state and prove our stability result;
we introduce and prove several lemmas.

Lemma 4. The functional

F1 tð Þ≔
ðL
0

utu +
1
2
wtw + β1

4
w2

� �
dx, ð114Þ

satisfies, for any ε1 > 0,

F1′ tð Þ ≤ −d1
ðL
0

ux +
1
2
w2

x

� �2

dx −
d2
4

ðL
0
w2

xxdx +
ðL
0
u2t dx

+ 1
2

ðL
0
w2

t dx + 2ε1

ðL
0
u2xdx +

δ21
4ε1

ðL
0
θ2 + δ22

4ε1

ðL
0
P2

+ c
ðL
0
z2 x, 1, tð Þdx:

ð115Þ

Proof. By differentiating F1, then by integration by parts, we
obtain

F1′ tð Þ =
ðL
0
u2t dx +

1
2

ðL
0
w2

t dx −
1
2 d1

ðL
0

ux +
1
2w

2
x

� �
w2

xdx

− d1

ðL
0
ux ux +

1
2w

2
x

� �
dx −

μ2
2

ðL
0
wz x, 1, tð Þdx

−
d2
2

ðL
0
w2

xxdx + δ1

ðL
0
θuxdx + δ2

ðL
0
Puxdx:

ð116Þ

In what follows, using Young’s and Poincaré’s inequal-
ities, we obtain (115).

Then, we have the following lemma.

Lemma 5. The functional

F2 tð Þ≔
ðL
0
utΦdx, ð117Þ

where −δ1Φx = cθ + dP, with Φð0Þ =ΦðLÞ = 0, satisfies

F2′ tð Þ ≤ −
ðL
0
u2t dx + ε2

ðL
0

ux +
1
2
w2

x

� �2

dx + c∥η∥2Mμ

+ c 1 + 1
ε2

� �ðL
0
θ2dx + c 1 + 1

ε2

� �ðL
0
P2dx:

ð118Þ

Proof. For direct computations, we have

F2′ tð Þ =
ðL
0
uttΦdx|fflfflfflfflffl{zfflfflfflfflffl}

f

1 tð Þ +
ðL
0
utΦtdx|fflfflfflfflffl{zfflfflfflfflffl}
f2 tð Þ

: ð119Þ
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Using Young’s inequality and integrating by parts, we
obtain

f1 tð Þ ≤ ε2

ðL
0

ux +
1
2w

2
x

� �2
dx + c 1 + 1

ε2

� �ðL
0
θ2dx

+ c 1 + 1
ε2

� �ðL
0
P2dx,

ð120Þ

f2 tð Þ = −
1
δ1

ðL
0
ut∂

−1
x

ð∞
0
β σð Þηxx σð Þdσ + δ1utx

� �
dx

= −
1
δ1

ðL
0
ut

ð∞
0
β σð Þηx σð Þdσ + δ1ut

� �
dx

≤ −
ðL
0
u2t dx + c∥η∥2Mβ

:

ð121Þ

From (120) and (121), we obtain (118).

Lemma 6. Assuming that assumptions (31) and (32) hold, the
functional

F3 tð Þ≔ −
ð∞
0
β σð Þ

ðL
0
cθ + dPð Þηdxdσ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
G1

−
ð∞
0
λ σð Þ

ðL
0
dθ + rPð Þνdxdσ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
G2

,

ð122Þ

satisfies

F3′ tð Þ ≤ −ĉ
ðL
0
θ2dx − r̂

ðL
0
P2dx + β0∥η∥

2
Mβ

+ λ0∥ν∥
2
Mλ

+ c
ε3

ðL
0
u2t dx − Cβ0

ð∞
0
β′ σð Þ∥ηx σð Þ∥2 σð Þdσ

− Cλ0

ð∞
0
λ′ σð Þ∥νx σð Þ∥2 σð Þdσ,

ð123Þ

where

ĉ = 1
2

β0c − β0 + λ0ð Þ d
ζ

� �
,

r̂ = 1
2

λ0r − μ0 + λ0ð Þdζð Þ,
ð124Þ

and ζ > 0 satisfies (29).

Proof. We take the derivative of F3 =G1 +G2, which gives

G1′ tð Þ = −
ð∞
0
β σð Þ

ðL
0
cθ + dPð Þtηdxdσ

−
ð∞
0
β σð Þ

ðL
0
cθ + dPð Þηtdxdσ

= −
ð∞
0
β σð Þ

ðL
0
cθt + dPtð Þηdxdσ + c

ð∞
0
β σð Þ

ðL
0
θησdxdσ

+ d
ð∞
0
β σð Þ

ðL
0
Pησdxdσ − cβ0

ðL
0
θ2dx − d

ð∞
0
β σð Þ

ðL
0
Pθdxdσ:

ð125Þ

The first term on the right-hand side of (125) is

−
ð∞
0
β σð Þ

ðL
0
cθ + dPð Þtηdxdσ

= −δ1
ð∞
0
β σð Þ

ðL
0
utxηdxdσ

−
ðL
0

ð∞
0
β σð Þηxxdσ

� � ð∞
0
β σð Þηdσ

� �
dx,

ð126Þ

and can be controlled in the following way:

−δ1
ð∞
0
β σð Þ

ðL
0
utxηdxdσ

���� ���� ≤ C ε3ð Þ∥η∥2Mβ
+ c
ε3

ðL
0
u2t dx,

ð127Þ

−
ðL
0

ð∞
0
β σð Þηxxdσ

� � ð∞
0
β σð Þηdσ

� �
dx ≤ β0∥η∥

2
Mβ

:

ð128Þ
Moreover, by integration by parts, we get

c
ð∞
0
β σð Þ

ðL
0
θησdxdσ

���� ���� = c −
ð∞
0
β′ σð Þ

ðL
0
θηdxdσ

���� ����
≤
cμ0
4

ðL
0
θ2dx − Cβ0

ð∞
0
β′ σð Þ∥ηx σð Þ∥2dσ,

ð129Þ

where Cβ0
> 0. Similarly, we obtain

d
ð∞
0
β σð Þ

ðL
0
Pησdxdσ

���� ���� = c −
ð∞
0
β′ σð Þ

ðL
0
Pηdxdσ

���� ����
≤
rλ0
4

ðL
0
P2dx − Cβ0

′
ð∞
0
β′ σð Þ∥ηx σð Þ∥2dσ,

ð130Þ

where C′β0
> 0. Using (29), we get

−d
ð∞
0
β σð Þ

ðL
0
θPdx

� �
dσ ≤ β0

d
2ζ

ðL
0
θ2dx + β0

dζ
2

ðL
0
P2dx:

ð131Þ

Then, we obtain

G1′ tð Þ ≤
β0
2

d
ζ
−
3c
2

� �ðL
0
θ2dx + 1

2 β0dζ +
rλ0
2

� �ðL
0
P2dx

+ c
ε3

ðL
0
u2t dx −Cβ0

ð∞
0
β′ σð Þ∥ηx σð Þ∥2dσ

+ β0 + C ε3ð Þð ∥η∥2Mβ
,

ð132Þ
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where Cβ0
= Cβ0

+ C′β0
. Then, using the same arguments, we

find

G2′ tð Þ ≤
1
2 λ0

d
ζ
+ β0c

2

� �ðL
0
θ2dx + λ0

2 dζ −
3r
2

� �ðL
0
P2dx

+ c
ε3

ðL
0
u2t dx −Cλ0

ð∞
0
λ′ σð Þ∥νx σð Þ∥2dσ

+ λ0 + C ε3ð Þð ∥ν∥2Mλ
:

ð133Þ

Adding (127) and (133), we obtain (123).
We choose ζ in such a way that

ĉ = 1
2 β0c − β0 + λ0ð Þ d

ζ

� �
> 0,

r̂ = 1
2 λ0r − β0 + λ0ð Þdζð Þ > 0,

ð134Þ

which implies

d
c
< β0 + λ0

β0

d
c
< ζ < λ0

β0 + λ0

r
d
< r
d
: ð135Þ

Then, ζ satisfies (29).

Now, let us introduce the following functional.

Lemma 7. The functional

F4 tð Þ≔ ξτ tð Þ
ðL
0

ð1
0
e−2τ tð Þρz2 x, ρ, tð Þdρdx, ð136Þ

satisfies

F4′ tð Þ ≤ −2F4 tð Þ − η1

ðL
0
z2 x, 1, tð Þdx + ξ

ðL
0
w2

t dx, ð137Þ

where η1 is a positive constant.

Proof. By differentiating F4, with respect to t, we have

F4′ tð Þ = ξτ′ tð Þ
ðL
0

ð1
0
e−2τ tð Þρz2 x, ρ, tð Þdρdx

+ ξτ tð Þ
ðL
0

ð1
0

−2τ′ tð Þρe−2τ tð Þρz2 + e−2τ tð Þρztz
n o

dρdx:

ð138Þ

By using the last equation of (21), we have

τ tð Þ
ðL
0

ð1
0
e−2τ tð Þρztzdρdx

=
ðL
0

ð1
0
τ′ tð Þρ − 1
� �

e−2τ tð Þρzρzdρdx

= 1
2

ðL
0

ð1
0

d
dρ

τ′ tð Þρ − 1
� �

e−2τ tð Þρz2
n o

dρdx

+ τ tð Þ
ðL
0

ð1
0
τ′ tð Þρ − 1
� �

e−2τ tð Þρz2dρdx

−
τ′ tð Þ
2

ðL
0

ð1
0
e−2τ tð Þρz2dx:

ð139Þ

Using (137)–(139), we get

F4′ tð Þ = −2ξτ tð Þ
ðL
0

ð1
0
e−2τ tð Þρz2 x, ρ, tð Þdρdx + ξ

ðL
0
z2 x, 0, tð Þdx

− ξ 1 − τ′ tð Þ
� �

e−2τ tð Þ
ðL
0
z2 x, 1, tð Þdx:

ð140Þ

Then, by using (7), (25), and the fact that zðx, 0, tÞ =
wtðx, tÞ and setting η1 = ξð1 − dÞe−2�τ, we obtain (137).

We are now ready to prove the following result.

Theorem 8. Assume (26)–(31) hold; there exist positive con-
stants C1 and C2 such that the energy functional given by
(107) satisfies

E tð Þ ≤ C2e
−C1t , ∀t ≥ 0: ð141Þ

Proof. We define a Lyapunov functional

L tð Þ≔NE tð Þ + 〠
i=3

i=1
NiFi tð Þ + F4 tð Þ, ð142Þ

where N and Ni, i = 1, 2, 3, are positive constants to be
selected later.

By differentiating (142) and using (109), (115), (118),
(123), and (137), including the relation

ðL
0
u2xdx =

ðL
0

u2x +
1
2w

2
x −

1
2w

2
x

� �
dx

≤ 2
ðL
0

ux +
1
2w

2
x

� �2
dx −

1
2

ðL
0
w4

xdx

≤ 2
ðL
0

ux +
1
2w

2
x

� �2
dx −

L
4

ðL
0
w2

xxdx,

ð143Þ
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we get

L ′ tð Þ ≤ − d1 − 2ε1ð ÞN1 − ε2N2½ �
ðL
0

ux +
1
2w

2
x

� �2
dx

− N2 −N1 −
c
ε3
N3

� �ðL
0
u2t dx

−
d2
4 −

L
2 ε1

� �
N1

� �ðL
0
w2

xxdx

− CN −
1
2N1 − ξ

� �ðL
0
ω2
t dx

− ĉN3 −
δ21
4ε1

N1 − c 1 + 1
ε2

� �
N2

" #ðL
0
θ2dx

− r̂N3 −
δ22
4ε1

N1 − c 1 + 1
ε2

� �
N2

" #ðL
0
P2dx

− CN − cN1 + η1½ �
ðL
0
z2 x, 1, tð Þdx − 2F4 tð Þ

−
α1
4 N − cN2 − μ0N3
h i

∥η∥2Mβ

−
α2
4 N − λ0N3
h i

∥ν∥2Mλ

+ 1
4N − Cμ0

N3

� �ð∞
0
β′ σð Þ∥ηx σð Þ∥2dσ

+ 1
4N − Cλ0

N3

� �ð∞
0
λ′ σð Þ∥νx σð Þ∥2dσ:

ð144Þ

First, we choose ε1 small enough such that

d1 − 2ε1 > 0,

d2
4 −

L
2 ε1 > 0:

ð145Þ

By setting

ε2 =
d1 − 2ε1ð ÞN1

2N2
,

ε3 =
2cN3
N2

,
ð146Þ

we obtain

L ′ tð Þ ≤ −
1
2 d1 − 2ε1ð ÞN1

� �ðL
0

ux +
1
2w

2
x

� �2
dx

−
1
2N2 −N1

� �ðL
0
u2t dx −

d2
4 −

L
2 ε1

� �
N1

� �ðL
0
w2

xxdx

− CN −
1
2N1 − ξ

� �ðL
0
ω2
t dx

− ĉN3 −
δ21
4ε1

N1 − c 1 + N2
N1

� �
N2

" #ðL
0
θ2d

− r̂N3 −
δ22
4ε1

N1 − c 1 + N2
N1

� �
N2

" #ðL
0
P2dx

− CN − cN1 + η1½ �
ðL
0
z2 x, 1, tð Þdx − 2F4 tð Þ

−
α1
4 N − cN2 − μ0N3
h i

∥η∥2Mβ

−
α2
4 N − λ0N3
h i

∥ν∥2Mλ

+ 1
4N − Cμ0

N3

� �ð∞
0
β′ σð Þ∥ηx σð Þ∥2dσ

+ 1
4N − Cλ0

N3

� �ð∞
0
λ′ σð Þ∥νx σð Þ∥2dσ: ð147Þ

Next, we carefully choose our constants so that the terms
inside the brackets are positive.

We choose N2 large enough such that

k1 =
1
2N2 −N1 > 0: ð148Þ

Then, we choose N3 large enough such that

k2 = r̂N3 −
δ22
4ε1

N1 − c 1 + N2
N1

� �
N2 > 0,

k3 = r̂N3 −
δ22
4ε1

N1 − c 1 + N2
N1

� �
N2 > 0:

ð149Þ

Thus, we arrive at

L ′ tð Þ ≤ −k0
ðL
0

ux +
1
2w

2
x

� �2
dx − k1

ðL
0
u2t dx − k4

ðL
0
w2

xxdx

− CN − cð Þ
ðL
0
ω2
t dx − k2

ðL
0
θ2dx − k3

ðL
0
P2dx

− CN − cð Þ
ðL
0
z2 x, 1, tð Þdx − 2F4 tð Þ

−
α1
4 N − c

� �
∥η∥2Mβ

−
α2
4 N − c

� �
∥ν∥2Mλ

+ 1
4N − c
� �ð∞

0
β′ σð Þ∥ηx σð Þ∥2dσ

+ 1
4N − c
� �ð∞

0
λ′ σð Þ∥νx σð Þ∥2dσ,

ð150Þ

where k0 = ð1/2Þðd1 − 2ε1ÞN1 and k4 = ððd2/4Þ − ðL/2Þε1ÞN1.
On the other hand, we let

T tð Þ = 〠
i=3

i=1
NiFi tð Þ + F4 tð Þ: ð151Þ
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Exploiting Young’s, Cauchy-Schwarz’s, and Poincaré’s
inequalities, we get

T tð Þj j ≤ c
ðL
0

ω2
t + u2t + ux +

1
2w

2
x

� �2
+ ω2

xx + θ2 + P2
 !

dx

+ c∥η∥2Mβ
+ c∥ν∥2Mλ

+ c
ðL
0

ð1
0
z2 x, ρ, tð Þdρdx:

ð152Þ

Then,

T tð Þj j ≤ cE tð Þ: ð153Þ

Consequently, we obtain

T tð Þj j = L tð Þ −NE tð Þj j ≤ cE tð Þ, ð154Þ

that is,

N − cð ÞE tð Þ ≤L tð Þ ≤ N + cð ÞE tð Þ: ð155Þ

Now, we choose N large enough such that

N − c > 0,
α1
4 N − c > 0,

α2
4 N − c > 0,

1
4N − c > 0 > 0,

 CN − c > 0:

ð156Þ

Exploiting (107), estimates (150) and (155), respectively,
give

L ′ tð Þ ≤ −a1E tð Þ, ð157Þ

for some a1 > 0, and

c1E tð Þ ≤L tð Þ ≤ c2E tð Þ, ∀t ≥ 0, ð158Þ

for some c1, c2 > 0; we have

L tð Þ ~ E tð Þ: ð159Þ

A combination with (157) and (158) gives

L ′ tð Þ ≤ −C1L tð Þ, ∀t ≥ 0, ð160Þ

where C1 = a1/c2.
Finally, by simple integration of (159) and (160), we

obtain the result (141).
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