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In this article, we consider an extensive class of monotone nonexpansive mappings. We use S-iteration to approximate the fixed
point for monotone total asymptotically nonexpansive mappings in the settings of modular function space.

1. Introduction

In 1965, the existence results for nonexpansive mapping were
initiated by Browder [1], Kirk [2], and Göhde [3] indepen-
dently. The idea about asymptotically nonexpansive map-
pings was introduced by Goebel and Kirk [4] in 1972. Fixed
point results of nonexpansive mapping were extended for
monotone case by Bachar and Khamsi [5] in 2015. Alfurai-
dan and Khamsi [6] extended the concept of asymptotically
nonexpansive for the case of monotone in 2018. Alber et al.
[7] introduced the concept of total asymptotically nonexpan-
sive mappings that generalizes family of mapping that are the
extension of asymptotically nonexpansive mappings in 2006.
Example 2 of [8] and Example 3.1 of [9] show that total
asymptotically nonexpansive mappings properly contain
the asymptotically nonexpansive mappings.

The notation for modular function (MF) space was initi-
ated in 1950 by Nakano [10], which was further generalized
by Musielak and Orlicz [11] in 1959. In 1990, Khamsi et al.
[12] were the first who initiated fixed point theory in MF

space. Alfuraidan, Bachar, and Khamsi [13] in 2017 extended
results of Goebel and Kirk [4] for monotone asymptotically
nonexpansive mappings in MF spaces using Mann iteration
process.

In this article, we extend the notion of monotone total
asymptotically nonexpansive mappings in MF space and
generalize the results of Alfuraidan and Khamsi presented
in [6, 13]. We use S-iteration process to approximate the
fixed point, which is fastly convergent than the classic Picard
[14], Mann [15], and Ishikawa [16] iterative processes.

2. Preliminaries

Firstly, we have the definitions of δ-ring and σ-algebra with
examples.

Definition 1. Suppose Σ ≠∅, and R be a nonempty family of
subsets of Σ, then R is called ring of sets if A, B ∈ R, satisfies

(i) A ∪ B ∈ R
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(ii) A \ B ∈ R

A ring of sets R is called δ -ring of sets if for any sequence
of sets fAng ∈ R implies ∪∞

n=1An ∈ R:

Example 2. Let R be the collection of all finite subsets of ℕ,
and then R is a ring, but not δ-ring.

Definition 3. Assume that Σ ≠∅, a collection A of subsets of
Σ is called algebra of sets if A, B ∈A , satisfies

(i) A ∪ B ∈A

(ii) A′ ∈A , whenever A is in A

An algebra of setsA is called σ -algebra of sets if for every
sequence of sets fAng ∈A implies ∪∞

n=1An ∈A :

Example 4. For any set Σ, PðΣÞ and fϕ, Σg are σ-algebras.

In the following, we list some basic concepts of the MF
space presented by Kozlowski [12].

Definition 5. Suppose that Σ be a vector space,

(a) A functional μ : Σ⟶ ½0,∞� is known as modular if
for u, τ ∈ Σ, μ, satisfies

(i) μðuÞ = 0 if and only if u = 0
(ii) μðγuÞ = μðuÞ with jγj = 1
(iii) μðγu + ντÞ ≤ μðuÞ + μðτÞ, if γ + ν = 1 and γ ≥ 0

, ν ≥ 0

(b) If condition (iii) is replaced by

(i) μðγu + ντÞ ≤ γμðuÞ + νμðτÞ, if γ + ν = 1 and γ ≥
0, ν ≥ 0, then μ is known as convex modular

(c) A modular μ defines a respective MF space, that is,
the vector space Σμ given by

Σμ = u ∈ Σ ; μ λuð Þ⟶ 0asλ⟶ 0f g ð1Þ

Definition 6. A subset A ∈A is said to be μ-null if μðν1AÞ = 0
(the notation 1A represents the characteristic of A), for any
ν ∈ Σ, and a property μðwÞ holds μ-almost everywhere ðμ −
a:e:Þ if the set fw ∈ Σ ; μðwÞ does not holdg is μ-null.

A property is considered to hold almost everywhere (a.e)
if there is a set of points where this property fails to hold has
measure zero.

Definition 7. LetM∞ stands for the class of all extended func-
tions which are also measurable. A convex and even function
μ : M∞ ⟶ ½0,∞� is said to be regular modular if

(1) μðuÞ = 0⇒ u = 0μ-almost everywhere

(2) juðtÞj′jτðtÞj for all t ∈Ω⇒ μðuÞ′μðτÞ, where u, τ ∈
M∞μ is monotone

(3) junðtÞj↑juðtÞj for all t ∈Ω⇒ μðunÞ↑μðuÞ, where u, ∈
M∞μ has Fatou property

Consider

M = u ∈M∞ ; u tð Þj j<∞μ − almost everywheref g: ð2Þ

The MF space Lμ is defined as

Lμ = u ∈M ; μ λuð Þ⟶ 0asλ⟶ 0f g: ð3Þ

Following few useful definitions are taken from [17, 18].
From onwards, we assume μ as a convex regular modular.

Definition 8.

(i) fτng is termed as μ-convergent to τ if

lim
n⟶∞

μ τn − τð Þ = 0: ð4Þ

(ii) A sequence fτng is termed as μ -Cauchy if

lim
m,n⟶∞

μ τn − τmð Þ = 0: ð5Þ

(iii) Let K ⊂ Lμ be μ-closed if for any sequence fτng ∈ K ,
μ-converge to τ⇒ τ ∈ K

(iv) Let K ⊂ Lμ be μ-bounded if its μ-diameter sup fμðτ
− hÞ ; h ∈ Kg <∞

Definition 9. Suppose that Σ be a vector space, μ is said to sat-
isfy the Δ2-condition, if sup

n≥1
μð2un,DkÞ⟶ 0 as k⟶∞

whenever fDkg decreases to ϕ and sup
n≥1

μðun,DkÞ⟶ 0 as k

⟶∞:

Remark 10. Consider μ-convergence implies μ-Cauchy if and
only if it satisfies the Δ2-condition.

Definition 11. Let r > 0 and ε > 0. Define

δμ r, εð Þ = inf 1 − 1
r
μ

u + τ

2
� �

; u, τð Þ ∈D r, εð Þ
� �

, ð6Þ

where

D r, εð Þ = u, τð Þ ; u, τ ∈ Lμ, μ uð Þ ≤ r, μ τð Þ ≤ r, μ u − τð Þ ≥ rε
� �

:

ð7Þ

(a) μ is said to satisfy condition ðUCÞ if whenever R > 0
and ε > 0, we have δpðR, εÞ > 0
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(b) μ is considered to satisfy condition ðUUCÞ if when-
ever s > 0 and ε > 0, ηðs, εÞ > 0 exists such that

δμ R, εð Þ > η s, εð Þ > 0, f orR > s: ð8Þ

(c) μ is considered to satisfy condition ðSCÞ if whenever
any τ, h ∈ Lμ with μðτÞ = μðhÞ and

μ γτ + 1 − γð Þhð Þ = γμ τð Þ + 1 − γð Þμ hð Þ, forsomeγ ∈ 0, 1ð Þ,
ð9Þ

where u = τ.

Following definition of μ-type function will be used in the
main result taken from [18].

Definition 12. Let K ⊂ Lμ, and a mapping τ : K ⟶ ½0,∞� is
said to be μ-type if a sequence fτmg ∈ Lμ exists such that

τ uð Þ = lim sup
n⟶∞

μ τm − uð Þ, ð10Þ

for any u ∈ K . Any sequence fung in K is said to be a mini-
mizing sequence of τ if

lim
n⟶∞

τ unð Þ = inf τ uð Þ ; u ∈ Kf g: ð11Þ

Following are the definitions of monotone andmonotone
asymptotically nonexpansive mapping in modular space, and
useful remark about property ðRÞ, given in [13].

Definition 13. A mapping Γ : K ⟶ K , where K be a non-
empty subset of Lμ, is said to be

(i) Monotone if

Γ uð Þ′Γ τð Þμ − a:e:whenever u′τμ − a:e:,for u, τ ∈ K:
ð12Þ

(ii) Monotone asymptotically nonexpansive if Γ is
monotone, and there exists fLng ⊂ ½1,+∞Þ such that
limn⟶∞Ln = 1, and

μ Γnτ − Γnhð Þ ≤ Lnμ τ − hð Þ, for u, τ ∈ K , ð13Þ

such that τ′hμ-a.e. and n ≥ 1. Also τ is said to be fixed
point if Γτ = τ.

Remark 14. Let K ≠ ϕ be a μ-bounded, convex, and μ-closed
subset of Lμ where μ is a convex regular modular. Let fung be
a monotonically increasing sequence in K (due to the con-
vexity and μ-closedness of order intervals in Lμ), then prop-

erty ðRÞ will imply that

∩ n≥1 u ∈ K ; un ′uμ − a:e
n o

≠ ϕ: ð14Þ

The following Lemmas taken from [19] will be used in
main result.

Lemma 15. Let K ≠ ϕ be a μ-bounded, convex, and μ-closed
subset of Lμ where μ is a convex regular modular satisfying
condition ðUUCÞ. Then, every μ-type minimizing sequence
defined on K will be μ-convergent, and the limit will not
depend upon the minimizing sequence.

Lemma 16. Let μ be a convex regular modular satisfying con-
dition ðUUCÞ. If there exists R > 0 and γ ∈ ð0, 1Þ with

lim sup
n⟶∞

μ unð Þ ≤ R, lim sup
n⟶∞

μ τnð Þ ≤ Rand lim
n⟶∞

μ γun + 1 − γð Þτnð Þ = R,

ð15Þ

then we have

lim
n⟶∞

μ un − τnð Þ = 0: ð16Þ

The μ-distance from u ∈ Lμ to K ⊂ Lμ is given as

distμ u, Kð Þ = inf μ u − hð Þ: h ∈ Kf g: ð17Þ

Following Lemma taken from [9] will be used in the exis-
tence result.

Lemma 17. Suppose flng, fmng and fδng be sequences of
nonnegative satisfying

ln+1 ≤ 1 + δnð Þln +mn∀n ≥ 1: ð18Þ

If Σδn <∞ and Σmn <∞, then lim
n⟶∞

ln+1 exists.

Following is the definition of condition ðIÞ taken from
[20].

Definition 18. Let K ≠ ϕ be a subset of Lμ, and a mapping Γ

: K ⟶ K is assumed to fulfill the condition ðIÞ if a nonde-
creasing function

l : 0,∞½ Þ⟶ 0,∞½ Þwith l 0ð Þ = 0 and l rð Þ > 0, ð19Þ

exists for all r ∈ ð0,∞Þ, such that

μ u − Γuð Þ ≥ l distμ u, Fμ Γð Þ� 	� 	
, ð20Þ

for all u ∈ K .
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3. Fixed Point Results for Monotone Total
Asymptotically Nonexpansive Mapping

Now, we will define monotone total asymptotically nonex-
pansive mapping in modular space.

Definition 19. Let K ≠ ϕ be a subset of Lμ where μ is a convex
regular modular. A self map Γ of K is said to be monotone
total asymptotically nonexpansive mapping if there exists
nonnegative sequences fζng and fξng with ζn ⟶ 0, ξn
⟶ 0, as n⟶∞, and a strictly increasing continuous func-
tion

ϕ : 0,∞½ Þ⟶ 0,∞½ Þwith ϕ 0ð Þ = 0, ð21Þ

such that

μ Γnτ − Γnhð Þ ≤ μ τ − hð Þ + ζnϕ μ τ − hð Þð Þ + ξnforalln ≥ 1:
ð22Þ

There exists a constant M∗ > 0 such that ϕðλÞ ≤M∗λ for
λ > 0, then

μ Γnτ − Γnhð Þ ≤ 1 +M∗ζnð Þμ τ − hð Þ + ξn, ð23Þ

for every τ, h ∈ K such that τ and h are comparable μ-a.e.

Theorem 20. Let K ≠ ϕ be a μ-bounded and μ-closed subset of
Lμ where μ is a convex regular modular satisfying condition
ðUUCÞ. Let a self map Γ of K be a μ-continuous monotone
total asymptotically nonexpansive mapping. Assume that
there exists u0 ∈ K , such that u0 ′Γðu0Þ or ðΓðu0Þ′u0Þμ -a.e.
Then, Γ has a fixed point u such that u0 ′u or ðu′u0Þμ-a.e.

Proof. Assume that u0 ′Γðu0Þμ-a.e. Since Γ is monotone, then
we have

Γnu0 ′Γn+1u0, ð24Þ

for every n ∈ℕ, and the sequence fΓnu0g is monotone
increasing. From the above Remark,

K∞ = ∩ n≥1 u ∈ K ; un ′uμ − a:e
n o

≠ ϕ: ð25Þ

Consider the μ-type function τ : K∞ ⟶ ½0,+∞Þ define
by

τ hð Þ = lim sup
n⟶∞

μ Γnu0 − hð Þ, for any h ∈ K∞, ð26Þ

τ0 = inf τ hð Þ ; h ∈ K∞f g: ð27Þ

Let fτng be a minimizing sequence of τ, from the Lemma
fτngμ-converges to τ ∈ K∞. We have to show that τ is the
fixed point of Γ. Since h ∈ K∞, we have ΓmðhÞ ∈ K∞, for

every m ∈ℕ, which implies

τ Γm hð Þð Þ = lim sup
n⟶∞

μ Γnu0 − Γmhð Þ
≤ lim sup

n⟶∞
μ Γnu0 − hð Þ + μmϕ μ Γnu0 − hð Þð Þ + ξm½ �

= τ hð Þ + μmlim sup
n⟶∞

ϕ μ Γnu0 − hð Þð Þð Þ + ξm:

ð28Þ

In particular, we have

τ Γm τnð Þð Þ = lim sup
n⟶∞

μ Γnx0 − Γmτnð Þ
≤ τ τnð Þ + μmlim sup

n⟶∞
ϕ μ Γnx0 − hð Þð Þð Þ + ξm,

ð29Þ

for n,m ∈ℕ. As Γ is total asymptotically nonexpansive, so
μm ⟶ 0, ξm ⟶ 0, when m⟶∞: Hence,

lim
m⟶∞

τ Γm τnð Þð Þ = τ τnð Þ: ð30Þ

The sequence fΓn+pðτnÞg is a minimizing sequence in
K∞, for any p ∈ℕ: By Lemma 15, fΓn+pðτnÞg is μ-converge
to τ, for any p ∈ℕ: Since Γ is μ-continuous and fΓnðτnÞg
is μ-convergent to τ, then fΓn+1ðτnÞg is μ-convergent to Γτ
and τ: Since μ-limit of any μ-convergent is unique, we have
Γτ = τ; also, τ ∈ K∞, we have u0 ′τ, hence proved. ☐

Example 21. Let f be an extended real valued function
defined on a measureable set D, such that f ðxÞ = c for all x
∈D. The function f is measureable if the set

x ∈D : f xð Þ > αf g =
D if α < c

ϕ if α ≥ c

(
∣ ð31Þ

is measureable. And the measureability of above set follows
directly from the measureability of D and ϕ: So, a constant
function is a measureable function. Now, we define a set of
extended real valued functions as

M∞ = f : f : D⟶ �ℝwithf xð Þ = c
� �

: ð32Þ

Define a function μ : M∞ ⟶ ½0,∞Þ by μð f Þ = f ðxÞ for
all f ∈M∞, which clearly it is well defined.

Firstly, we need to show that μ is a convex function. For
this, we show M∞ that is a convex set. Consider

λf + 1 − λð Þgð Þ xð Þ = λfð Þ xð Þ + 1 − λð Þgð Þ xð Þ, Point wise addition
= λ:f xð Þ + 1 − λð Þ:g xð Þ, Scalermultiplication
= λc1 + 1 − λð Þc2, As f , g ∈M∞, λ ∈ 0, 1ð Þ = c3,

ð33Þ

which implies λf + ð1 − λÞg ∈M∞: Hence, M∞ is a convex
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set. Now, for every f , g ∈M∞, it is easy to prove that

μ λf + 1 − λð Þgð Þ = λ:μ fð Þ + 1 − λð Þ:μ gð Þ, ð34Þ

which further implies that μ is a convex function. Now, we
check the properties of regular modular.

(1) If μð f Þ = 0⇒f ðxÞ = 0⇒ c = 0, which further implies
f = 0

(2) If

f tð Þ ≤ g tð Þ, for all t ∈D
c1 ≤ c2,

ð35Þ

as μð f Þ = f ðtÞ = c1 and μðgÞ = gðtÞ = c2: So, μð f Þ ≤ μ
ðgÞ: Thus, μ is monotone.

(3) Clearly, μ is strongly convergent which implies weak
convergence

Hence, μ is convex regular modular. Define

M = f ∈M∞ : ∣f xð Þ∣<∞f g, and Lμ =
f ∈M : μ λfð Þ xð Þ = λfð Þ xð Þ

= λ:f xð Þ = λ:c⟶ 0, asλ⟶ 0

( )
,

ð36Þ

and a subset

K = f ∈M : f xð Þ = c ∈ 0, 2½ �withμ λfð Þ⟶ 0 as λ⟶ 0f g
ð37Þ

of Lμ. Clearly, K is μ-bounded and μ-closed. Let a mapping
Γ : K ⟶ K be defined by Γð f Þ = αf , where α ∈ ð0, 1Þ: Let
ðξnÞn∈ℕ = 1/2n, ðηnÞn∈ℕ = 2/3n2 be any positive sequences
and ξn, ηn ⟶ 0 as n⟶∞. Define a strictly increasing
function φ : ½0,∞Þ⟶ ½0,∞Þ by φðxÞ = x/2, with φð0Þ = 0.
Consider

μ Γn τð Þ − Γn hð Þð Þ = μ αnτ − αnhð Þ = αnτ − αnhð Þ xð Þ = αn c1 − c2ð Þ,

μ τ − hð Þ + ηnφ μ τ − hð Þð Þ + ξn = τ − hð Þ xð Þ + 2
3n2

μ τ − hð Þ
2 + 1

2n
= 1 + 1

3n2

 �

τ xð Þ − h xð Þð Þ + 1
2n

= 1 + 1
3n2


 �
c1 − c2ð Þ + 1

2n :

ð38Þ

Clearly,

μ Γn τð Þ − Γn hð Þð Þ ≤ μ τ − hð Þ + ηnφ μ τ − hð Þð Þ + ξn: ð39Þ

Also, there exists a constant M∗ = 1, φðλÞ = λ/2 < 1:λ,
and

μ Γn τð Þ − Γn hð Þð Þ ≤ 1 +M∗ηnð Þμ τ − hð Þ + ξn: ð40Þ

So, Γ is monotone asymptotically nonexpansive map-
ping. Since all conditions of theorem are satisfied; thus, Γ
has a fixed point, since Γð f Þ = αf implies ð1 − αÞf = 0. Thus,
f = 0. Hence, the 0 function is a fixed point of Γ.

4. Convergence Analysis

Let K ≠ ϕ be a convex subset of Lμ where μ is a convex regular
modular:We modify S-iteration in MF space is defined as

u1 ∈ K
yl = νlΓ

lul + 1 − νlð Þul,
ul+1 = γlΓ

lyl + 1 − γlð ÞΓlul,

8>><
>>: ð41Þ

for l ∈ℕ, where fγlg and fνlg are sequences in ð0, 1Þ:

Theorem 22. Let K ≠ ϕ be a μ-bounded subset of Lμ where μ is
a convex regular modular satisfying condition ðUUCÞ. Let a
self map Γ of K be a monotone total asymptotically nonexpan-
sive mapping with uðΓÞ ≠ ϕ. Assume that there exists u0 ∈ K ,
such that u0 ′Γðu0Þ or ðΓðu0Þ′u0Þμ -a.e. If the sequence fulg
is defined by (41) where 0 < a′γl, νl ′b < 1, then Γ has a fixed
point u such that u0 ′u or ðu′u0Þμ -a.e. Then, the following
holds

(a) lim
l⟶∞

μðul − uÞ exist for u ∈ uðΓÞ:

(b) lim
l⟶∞

μðΓlul − ulÞ = 0:

Proof. Let u ∈ uðΓÞ, and assume that u0 ′Γðu0Þμ-a.e. Using
(41)

μ yl − uð Þ = μ νlΓ
lul + 1 − νlð Þul

� �
− u

� �
≤ νlμ Γlul − u

� �
+ 1 − νlð Þμ ul − uð Þ,

ð42Þ

using (22), we have

μ yl − uð Þ ≤ νl μ ul − uð Þ + ζlϕ μ ul − uð Þð Þ + ξl½ � + 1 − νlð Þμ ul − uð Þ
= νlμ ul − uð Þ + νlζlϕ μ ul − uð Þð Þ + νlξl + μ ul − uð Þ − νlμ ul − uð Þ
= νlζlϕ μ ul − uð Þð Þ + νlξl + μ ul − uð Þ,

ð43Þ

upon using (23), and we get

μ yl − uð Þ ≤ 1 + νlζlM
∗ð Þμ ul − uð Þ + νlξl: ð44Þ

Now,

μ ul+1 − uð Þ = μ γlΓ
lyl + 1 − γlð ÞΓlul

� �
− u

� �
≤ γlμ Γlyl − u

� �
+ 1 − γlð Þμ Γlul − u

� �
,

ð45Þ
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using (22), and we have

μ ul+1 − uð Þ ≤ γl μ yl − uð Þ + ζlϕ μ yl − uð Þð Þ + ξl½ � + 1 − γlð Þ
� μ ul − uð Þ + ζlϕ μ ul − uð Þð Þ + ξl½ �,

ð46Þ

upon using (23), and we get

μ ul+1 − uð Þ ≤ 1 + δlð Þμ ul − uð Þ + blξl: ð47Þ

where

δl = γlνl + γlνlM
∗ζl + 1ð ÞM∗ζl,

bl = γlνl + γlνlM
∗ζl + 1ð Þ:

ð48Þ

Using Lemma 17, lim
l⟶∞

μðul − uÞ exists for u ∈ uðΓÞ: For
part (b), we have to show that

lim
l⟶∞

μ Γlul − u
� �

= 0: ð49Þ

Assume that

lim
l⟶∞

μ ul − uð Þ = c ≥ 0: ð50Þ

Case 1. If c = 0, then the conclusion is trivial.
Case 2. For c > 0, we know that

μ yl − uð Þ = 1 +M∗νlζlð Þμ ul − uð Þ + νlξl: ð51Þ

Taking lim sup on both sides of (50),

lim sup
l⟶∞

μ yl − uð Þ ≤ c: ð52Þ

Also,

μ Γlul − u
� �

= μ Γlul − Γlu
� �

≤ μ ul − uð Þ + ζlϕ μ ul − uð Þð Þ + ξl

ð53Þ

applies lim sup
l⟶∞

on both sides:

lim sup
l⟶∞

μ Γlul − u
� �

≤ c: ð54Þ

Also,

μ Γlyl − u
� �

≤ μ yl − uð Þ + ζlϕ μ yl − uð Þð Þ + ξl: ð55Þ

Taking lim sup on both sides,

lim sup
l⟶∞

μ Γlyl − u
� �

≤ c: ð56Þ

Now,

lim
l⟶∞

μ xl+1 − uð Þ = lim
l⟶∞

μ W Γlul, Γlyl, γl
� �

− u
� �

= c: ð57Þ

By using Lemma 16 and from (54) and (56), we have

lim
l⟶∞

μ Γlul − Γlyl
� �

= 0: ð58Þ

From (41) and (58),

μ xl+1, Γlul
� �

= μ W Γlul, Γlyl, γl
� �

− Γlul
� �

≤ 1 − γlð Þμ Γlul − Γlul
� �

+ γlμ Γlul − Γlyl
� �

,

ð59Þ

taking lim
l⟶∞

, and we have

lim
l⟶∞

μ xl+1 − Γlul
� �

= 0: ð60Þ

Similarly,

lim
l⟶∞

μ xl+1 − Γlyl
� �

= 0: ð61Þ

Next,

μ xl+1 − uð Þ ≤ μ xl+1 − Γlyl
� �

+ μ Γlyl − u
� �

≤ μ xl+1 − Γlyl
� �

+ μ yl − uð Þ + ζlϕ μ yl − uð Þð Þ + ξl,

ð62Þ

taking liminf
l⟶∞

, and we get

c ≤ liminf
l⟶∞

μ yl − uð Þ: ð63Þ

From (52) and (63), we get

c = lim
l⟶∞

μ yl − uð Þ = lim
l⟶∞

μ W xl, Γlxl, νl
� �

− u
� �

: ð64Þ

By using Lemma 16, we have

lim
l⟶∞

μ Γlul − ul
� �

= 0, ð65Þ

hence proved. ☐

Data Availability

There is no any data available.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

6 Journal of Function Spaces



Acknowledgments

This study was supported by the National Natural Science
Foundation of China (No. 71601072), Key Scientific
Research Project of Higher Education Institutions in Henan
Province of China (No. 20B110006), and the Fundamental
Research Funds for the Universities of Henan Province.

References

[1] F. E. Browder, “Nonexpansive nonlinear operators in a Banach
space,” Proceedings of the National Academy of Sciences of the
United States of America, vol. 54, no. 4, pp. 1041–1044, 1965.

[2] W. A. Kirk, “A fixed point theorem for mappings which do not
increase distances,” The American Mathematical Monthly,
vol. 72, no. 9, pp. 1004–1006, 1965.

[3] D. Göhde, “Zum prinzip der kontraktiven abbildung,”Mathe-
matische Nachrichten, vol. 30, no. 3-4, pp. 251–258, 1965.

[4] K. Goebel and W. A. Kirk, “A fixed point theorem for asymp-
totically nonexpansive mappings,” Proceedings of the Ameri-
can Mathematical Society, vol. 35, no. 1, pp. 171–174, 1972.

[5] M. Bachar and M. A. Khamsi, “Fixed points of monotone
mappings and application to integral equations,” Fixed Point
Theory and Applications, vol. 2015, no. 1, 2015.

[6] M. Alfuraidan and M. Khamsi, “A fixed point theorem for
monotone asymptotically nonexpansive mappings,” Proceed-
ings of the American Mathematical Society, vol. 146, no. 6,
pp. 2451–2456, 2018.

[7] Y. Alber, C. E. Chidume, and H. Zegeye, “Approximating fixed
points of total asymptotically nonexpansive mappings,” Fixed
Point Theory and Applications, vol. 2006, Article ID 10673,
2006.

[8] E. U. Ofoedu and A. C. Nnubia, “Approximation of
minimum-norm fixed point of total asymptotically nonexpan-
sive mapping,” Afrika Matematika, vol. 26, no. 5-6, pp. 699–
715, 2015.

[9] A. Pansuwan and W. Sintunavarat, “A new iterative scheme
for numerical reckoning fixed points of total asymptotically
nonexpansive mappings,” Fixed Point Theory and Applica-
tions, vol. 2016, no. 1, 2016.

[10] H. Nakano, Modulared Semi-Ordered Linear Spaces, Maruzen
Company, 1950.

[11] J. Musielak andW. Orlicz, “Onmodular spaces,” Studia Math-
ematica, vol. 18, no. 1, pp. 49–65, 1959.

[12] M. A. Khamsi, W. M. Kozlowski, and S. Reich, “Fixed point
theory in modular function spaces,” Nonlinear Analysis,
vol. 14, no. 11, pp. 935–953, 1990.

[13] M. R. Alfuraidan, M. Bachar, and M. A. Khamsi, “Fixed points
of monotone asymptotically nonexpansive mappings in MF
spaces,” Journal of Nonlinear and Convex Analysis. An Inter-
national Journal, vol. 18, no. 4, pp. 565–573, 2017.

[14] S. Banach, “Sur les opérations dans les ensembles abstraits et
leur application aux équations intégrales,” Fundamenta Math-
ematicae, vol. 3, no. 1, pp. 133–181, 1922.

[15] W. R. Mann, “Mean value methods in iteration,” Proceedings
of the American Mathematical Society, vol. 4, no. 3, pp. 506–
510, 1953.

[16] S. Ishikawa, “Fixed points by a new iteration method,” Pro-
ceedings of the American Mathematical Society, vol. 44, no. 1,
pp. 147–150, 1974.

[17] W. M. Kozlowski, Modular function spaces, Dekker, 1988.

[18] M. A. Khamsi, W. M. Kozlowski, and C. Shutao, “Some geo-
metrical properties and fixed point theorems in Orlicz spaces,”
Journal of Mathematical Analysis and Applications, vol. 155,
no. 2, pp. 393–412, 1991.

[19] M. A. Khamsi and W. M. Kozlowski, “On asymptotic point-
wise nonexpansive mappings in modular function spaces,”
Journal of Mathematical Analysis and Applications, vol. 380,
no. 2, pp. 697–708, 2011.

[20] H. F. Senter andW. G. Dotson, “Approximating fixed points of
nonexpansive mappings,” Proceedings of the American Mathe-
matical Society, vol. 44, no. 2, pp. 375–380, 1974.

7Journal of Function Spaces


	Convergence Results for Total Asymptotically Nonexpansive Monotone Mappings in Modular Function Spaces
	1. Introduction
	2. Preliminaries
	3. Fixed Point Results for Monotone Total Asymptotically Nonexpansive Mapping
	4. Convergence Analysis
	Data Availability
	Conflicts of Interest
	Acknowledgments

