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In the present manuscript, we develop and extend a qualitative analysis for two classes of boundary value problems for nonlinear
hybrid fractional differential equations with hybrid boundary conditions involving a y-Hilfer fractional order derivative
introduced by Sousa and de Oliveira (2018). First, we derive the equivalent fractional integral equations to the proposed
problems from some properties of the y-fractional calculus. Next, we establish the existence theorems in the weighted spaces
via equivalent fractional integral equations with the help of Dhage’s fixed-point theorem (2004). Besides, for an adequate
choice of the kernel y, we recover most of all the preceding results on fractional hybrid equations. Finally, two examples are

constructed to make our main findings effective.

1. Introduction

Recently, a lot of keen interest in the topic of fractional calcu-
lus (FC) has been shown by many researchers and investiga-
tors in view of its theoretical development and extensive
applications in the applied and natural sciences. Different
types of differential and integral operators of arbitrary orders
have been introduced by Kilbas et al. [1]. In the same regard,
Atangana and Baleanu [2] proposed a new fractional deriva-
tive (FD) based on a nonsingular and nonlocal kernel. On the
advanced improvement of the FC without a singular kernel

of the sinc function, the Yang-Gao-Machado-Baleanu FD
was introduced in [3]. Some properties of the FD without a
singular kernel were introduced by Lozada and Nieto [4].
Hilfer in [5] proposed a generalization of the Riemann-
Liouville fractional derivative (RLFD) and Caputo fractional
derivative (CFD) when the author deliberated fractional
time evolution in physical phenomena. The author named
it a generalized FD, whereas more recently, it was named
the Hilfer fractional derivative (HFD). This operator carries
two parameters («, ) that may be decreased to the RLFD
and CFD definitions if § =0 and 8 = 1, respectively. So, such
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a derivative incorporates between the RLFD and CFD. Some
important laws and applications of this operator are
obtained in [6, 7] and the references therein.

Initial value problems (IVPs) involving the HFD were
investigated by many authors, like Furati et al. [8], Gu and
Trujillo [9], and Wang and Zhang [10]. Some existence
and uniqueness results of IVPs for y-Hilfer-type coupled
hybrid equations were obtained in [11]. Boundary value
problems (BVPs) with the nonlocal conditions and the
HFD were studied in [12]. The authors in [13] investigated
the existence and stability of the solution of BVPs for y-Hil-
fer-type fractional integrodifferential equations with bound-
ary conditions (BCs).

y-Fractional derivatives (y-FDs) have been considered
in [1] to be a generalization of RLFD. Some properties of
these operators have been given by Agrawal in [14]. These
operators are different from the other classical operators
because the kernel is shown to be linked to another function
y. For instance, Almeida [15] gave a new generalization of
CFD with some interesting properties. In addition, the
authors in [16] introduced a generalized type of the Laplace
transform of generalized fractional operators in the frame of
both RLFD and CFD.

The new version of the HFD with respect to another
function ¥ has been introduced by Sousa and de Oliveira
[17]. Recently, the investigation of diverse qualitative
properties of solutions to several fractional differential
equations (FDEs) involving generalized FDs has become
the key theme of applied mathematics research. Many
interesting results concerning the existence and stability
of solutions by using various kinds of fixed-point tech-
niques were formulated; e.g., Abdo et al. [18, 19] investi-
gated various types of the Ulam-Hyers stability for y-
Hilfer fractional problems with infinite delay and without
infinite delay, respectively. The Ulam-Hyers-Rassias stabil-
ity for FDEs using the y-Hilfer operator was discussed by
Sousa and de Oliveira [20].

On the other hand, hybrid-type FDEs have attained a
considerable saucepan of interest and investigations of sev-
eral researchers. This category of hybrid FDEs comprises
the perturbations of primitive differential equations in vari-
ous manners. For instance, Dhage and Lakshmikantham
[21] considered the following IVPs for hybrid DEs:

d ( #(9)
a5\ a8, x(9))

“(9)|9:90 =x €R,

) =p(8,%(9)),a.e.9€ V= [0,b],
1)

where pe C(OxR,R) and qeC(OxR,R\{0}). Zhao
et al. [22] studied the following hybrid FDEs with RLFD:

RLen01 n(9) _ % ae
D (4q(9’%(9))) p(9,%x(9)),a.e9€0,

#(9)]g-g, = %o € R,

(2)

where p € C(Ux R, R) and q € C(Ux R, R\ {0}).
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On the other hand, Benchohra et al. [23] considered the
following BVP for the Caputo-type FDE:

Canth _
{ D1 x(9) = p(9, %(9)), 9€ U, 6)

c1(9) g0 + %(9) g, = ds

where 0< 0, < 1,¢,¢,,d € R with ¢; + ¢, #0, and p € C(Ux
R, R).

Hilal and Kajouni [24] considered the BVP for Caputo-
type hybrid FDEs with BC:

ca\d %(9) _ %
By (m) =p(%#(9)),9€0,

LX)
'qO (9o A H(9)

where 0< 60, <1,,¢,,deR with ¢; +¢,#0, pe C(UXR,
R), and q € C(Ux R, R\ {0}).

However, as far as we could possibly know, no one con-
sidered the existence of solution for the hybrid-type BVPs
involving HED with respect to y. Here, we discuss the exis-
tence theorems of BVPs for Hilfer-type FDE with respect to
y and BCs:

(4)

Do (9) = p(9, %(9)), 9 € (a, b, 6
165
Sy V(9) gy + c226(9) g, = d-
Also, we consider the Hilfer-type hybrid FDE with
respect to y and hybrid BCs:

o (LI = 0,000, 9 ¢ (o),

o (KO - 2@\ | (KO -2OxO)\|  _

e ( a(8.(9)) )9w+2< a(8.(9)) )SQ &
(6)

where 0<0,<1 and 0<0,<1,

0=0,+6,(1-06,),c;,¢,,deR, 23‘2592””, and 3;9;“] are the
HFD and RLFD with respect to vy, respectively, p,z € C(I
xR, R),qe CIxR, R\ {0}), and I = [a, b).

Observe that the considered problems (5) and (6) are the
first investigations of hybrid FDEs with hybrid BCs involving
y-HFD. Moreover, we have chosen this operator, besides the
fact that it is a global operator and it generalizes more than
twenty the freedom of choice of the ordinary differential oper-
ator; some of its advantages have been explained in Remark 3.
So, we are sure that the obtained results will be a beneficial
contribution and an extension of the current results in the lit-
erature. We will also refer here to some recent results related to
the subject of our study (see [25-31]).

The rest of the work is displayed as follows. In Section 2,
we give some advantageous preliminaries related to our
work. In Section 3, we derive the equivalent solutions to lin-
ear problems corresponding to the proposed problems.
Then, we prove the existence of solutions to given problems
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via Dhage’s fixed-point theorem. Finally, two examples to
justify reported results are offered in Section 4.

2. Preliminaries

Let us initially present some imperative definitions and
primer ideas related to our work.

Let =0, +0,(1-0,) where, 0<0, <1 and 0<6,<1,
and let I=[a, b],I' = (a, b]. Consider the functional spaces
C(L,R) and CY 4(I, R) as follows:

C(I,LR)={¢ :I— R : ¢iscontinuous},
Lol R) = {p: I — R (y(9) - (@) P9(9) e CLR) .

(7)

equipped with the norms

Igllc = max {|g(9)}: 9€ 1},
lollcy, = | w(®) - v(@) *9(9)]| -

c
Obviously, (CY (I, R), ||-||Cwe) is the Banach space.
In the next expressions, we will consider y to be an
increasing function such that y'(9) #0 for all 9 ¢ I.

Definition 1 (see [1]). Let 0, >0 (0, e R),p € L'(I, R), and
y € C'(I,R). Then, w-RL fractional integral of ¢ is defined
by

&0
3. 9(9) =

Definition 2 (see [17]). Let n—1<0, <neN,0<0,<1,and
Y, ¢ € C*(I, R). Then, the y-HFD of ¢ is defined by

0,,0,; 0,(n-0,); 1 d ’ 1-0,)(n-0,);
D p(9) = 3, W(m@) g I g(9).

Specifically, if 0 < 8, < 1, we have

0,.0,; 0,(1-6,); 1 d\ (1-6,)01-6,)
D (9) = 5. >‘”<w,(9@>~s; I(9).

(11)

Remark 3. The operator Q)Zi’gz"" is an interpolator of the fol-
lowing FDs:

(i) Classical HFD (for w(9) — 9, see [5]), Hilfer-
Hadamard FD (for y(9) — log 9, see [32]), and
Hilfer-Katugampola FD (for y(9) — 9,p>0,
see [33])

(i) Standard RLFD (for y(9) — 9,0, — 0, see [1])
and standard CFD (for y(9) — 9,6, — 1, see [1])

(iii) Generalized RLFD (for 8, — 0, see [1]) and gener-
alized CFD (for 6, — 1, see [15])

(iv) Generalized Liouville (for 8, — 0, a =0, see [1]) and
generalized Weyl (for 8, — 0, a = —00, see [34])

Lemma 4 (see [1, 17]). Let 6;,6,> 07> 0, and K, (9, a) =
[y (9) = y(a)]. Then,

o [y (9.0)| =0,

SQ,;V/SQZ;W?(S) — 861+92;W(P(9)’f0rq) € C(I, IR)

a* a* at

Lemma 5 (see [17]). Let 0<0, <1 and 0<0,< 1, where 0
=0,+0,(1-6,). If S (9) € C(I, R), then

51 -Oy

S 2 (4(9) - (@),

&0 0,0,
‘Sa* vj@a* V/(P(S) = (P(S) - F(Q)

0,05 &0
Dy 9 (9) = 9(9).

at

(13)

Lemma 6 (see [17]). Let n—1<60<n and @€ Cy(I,R).
Then, Ss’if‘” is bounded in Cy(I, R). Moreover, we have

Si¥p(a) = lim SoYp(9)=0n-1<6<6,  (14)

Theorem 7 [35]. Let K be a nonempty, convex, closed subset
of the Banach algebra & . Let the operators B, B, : & — %,
and B; : K— & such that (i) B, and B, are Lipschitzian,
with Lipschitz constants k,; and «,, respectively; (ii) B; is con-
tinuous and compact; (iii) w = B;®,B;®, + B,@d, e K= @, €
K for each @, € K; and (iv) k,M + k, < 1, where M = ||B;(K
)||. Then, there exists w € K such that B;wB;w + B,w = w.

3. Main Results

In this section, we pay attention to deriving equivalent solu-
tions to linear problems associated with problems (5) and
(6); then, we prove the existence of solution to problems
(5) and (6) using Dhage’s fixed-point technique.

3.1. Fractional Integral Equations (FIEs). The forthcoming
results give the equivalent of solution formulas for the pro-
posed problems. For brevity, we set the following symbols:

Ty (9 a) = ((9) - (@) Fy(8,5) =y () (v(9) — ()",
(15)



) Ja ).
_ (O -v(@)” _ Hy(S.a)
F(@l + l) F(Gl i 1) N
(16)
9
F(zl) LF YOIy (5 a)ds
9
- F(IOI) LV/’(S)(‘I/(S) — ()7 (w(s) —w(a)® ds
=S4 -1 T(G) +0-1
=S () -y(a) ' = F(0+61)[ (9) - y(a))®*?
I6) oo
raroy T (54
(17)

Lemma 8. Let 0<0,<1,0<0,<1, where 0=0,+0,-0,0,,
and H:1' — R is continuous. Then, the function x e
Ci_oy(L, R) is a solution of the linear fractional BVP:

%Yy (9) = H(9), 9T, "
&S (9 ga + ()5 =
if and only if x satisfies the FIE:
x(9) = 7y (o) |d- (S0 HE) (0)]
11, e (19)

+ (sﬁf‘”H(s)) (9),9¢€r,

where IT), = c,I'(0) + cz%z’l(b, a) # 0.

Proof. Let x € C,_g,, (I, R) be a solution of (18). We need to
prove that  is also a solution of (19). By the definition of
Ci_gy (I, R) and Lemma 6, we have 8';:9“”%(9) € C(I,R).

Now, by applying SZLW to the first equation in (18) and
using Lemma 5, we can write

0'1—9;1/’% at . )
)= 52 2 () -y (S HE) )
(20)
Set Yy == S5 *3(a"). Then,
YO -1 U5
A(9) = gy (WO —wla) '+ (SVHE) ). @)

Taking the limit 9 — b, we get

H(6) = gy (W0~ v(@) "+ (SUTHE) ). (22)
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From the mixed boundary conditions ¢, Y, + ¢,%(b) =d,
we get

d ¢
Y0=———2
G O

i (V0w (S ) 8,

(23)
which implies

I (0)

Y, = d
©oI(0) + X5 (ba) {

¢ (SZS‘VH(S)) (b)} . (24)

Then, (21) becomes

- IOy (atm) )] (S 0

(25)

#(9)

which shows that formula (19) is satisfied, where

(S2H©) (1= 75 | ¥ w0 - v HEds

a

(26)

Conversely, let x € C,_g,, (I, R) satisfy (19) which can be
written as (25). In (19), taking the limit as 9 — a and 9
— b and then using Lemma 6, we get

al'(0)
I,

ST (b))

vey(FVH(9) () = (CIF(Q) Loy O a)>d

1-6;
8, w%(9)|9:u +0u(9) gy =

[d —q (sZL“’H(s)) (b)}

Hb Hh
_ a6l'(0)
o L(6) + %y (b,a)
%971 b, )
+ (Cz - W) (sng(s)) (b) =d.

I,

(S0 @)

(27)

In another direction, by applying @Ziﬂz;w on (19) and
using Lemmas 4 and 5, we obtain

@Gl,ﬂz;w%(g) _ @Ziﬂz;wzil(& a) [d ¢ (SZL;WH(S)) (b)}
b

2 (317 HE) 9

= (DS H() ) (9) = H(9).
(28)

This finishes the proof. O
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Lemma 9. Let 0<0,<1,0<0,<1, where 0=0,+0,-0,0,,
and let H,Z € C(I',R) and W € C(I', R\ {0}). Then, the
function x € C,_g, (I, R) is a solution of the following linear
fractional hybird BVP:

w (1(9)-Z(9 !
@Ziﬂz"/’ <%) :H(S),se[ >

e = U) [NELEELY

+ = d,
3, W)
if and only if u satisfies the FIE:

9=b

(29)

#(9) = W(9) (Lal;(j’ il 4= (SUVHE) ) (0)] + (SIVH()) (9))

+Z(9),
(30)

where IT,, is defined as in Lemma 8.

Proof. Let % € Cy_g,, (I, R) be a solution of (29). We need to
prove that s is also a solution of (30). By the definition of
Cy_gy(I,R) and Lemma 6, we have S55(9) € C(IL R).

Now, by applying SZ?W on the first equation of (29) and
using Lemma 5, we can write

#(9) - Z(9)
w(9)

_ ) -y(@)™! ey (4a) - Z(a)
re ( )

+ (SHVH(S)) (9).
(31)
Set Y, = 3;?6;1”((%(01) - Z(a))/W(a)); it follows that

(9) = W0O) (s (V) - vl + (SIVH()) ) +209).

(32)
Taking the limit  — b, we get

Y,

() = W(b) (s (V0= v+ (SVH(9)) ) +2(8),
(33)

which implies

= s W) ~y(@)* + (SEVH() ) b).
(34)

To determine the constant Y, we use the BC of (29). It

was followed by

= S v+ () 6],

G a
(35)
which implies

() {d
o T(6) +c, %5 " (b a)

Y, = ¢, (SZi;WH(S)> (b)} . (36)

Then, (32) becomes

‘%971 9’
%(9)=W(9)< *”H(b i

+Z(9),

4= (SIVH) ) ()] + (Se7HE)) (9))

(37)

which shows that formula (30) is satisfied.
Conversely, let x € Cy_g , (I, R) satisfy (29) which can be

written as (37). In (30), taking the limit as 9 — a and 9
— b and then using Lemma 6, we get

gt (MO -Z@) [, (HO-ZON| _,
( W) )Jz( W) >9_b
(38)
In the same context, we have from (30) that
x(9) ~2(9) _ Hy' (%.0) e
wE) T, |- (S0 HE ) 0) (39)

+ (sZr‘”H(s)) (9).

Operate @ZL’GN on both sides of (39); then, use Lemmas
4 and 5 to get

i (M0 20

@ W(o)
0,,0,; L g
_ (@ W‘%’sz & ))(9) [d—cz (SZLWH(S))(Z))}
+ (DUPVSETH() ) (9) = (DR SEVH(S) ) (9)

= H(9).

(40)

This finishes the proof. O

3.2. Existence Theorems. In this portion, we prove the exis-
tence theorems to problems (5) and (6) in the weighted
space by means of Dhage’s fixed-point technique.

By a solution of (6), we mean a function x € C,_g,, (I, R)

such that



(1) the function (%(9) - z(9, %(9)))/q(9, #(9)) € C,_g,(

R) if [y(9) - y(a)]~*(((9) - (9, (9)))/q(9, (9
))) € C(I,R)
(2) usatisfies the equations in (6)

Before pursuing the main findings, we state the following
assumptions:

(A) Let : I'xR— R\ {0},z:I'xR— R, and p
: I' x R — R be continuous functions such that q(-, »(-)),
2(1()), p(- #(-)) € C¥ »(I R), for each x € CV (I, R).

(A,) There exist two positive functions p, u, € C(I, R)
such that

19(9, %) = q(9, )| < pg | — ),

’ (41)
12(9%) = 2(9, %) <, | =],

for each 9€ I’ and %, € R.
(A;) There exist p, 0 € C(I, R) such that

[p(9; )| < p(9) + G(S)HMHCQ’ foreach (9, %) e I' x R. (42)

(A,) There exists a constant y >0 such that

qoR + 7z,

1= (|| R+ lclic)

H 1 (b,a F (b, a c, 0,
R=< ¢ U+( W;J||H>%yigﬂmcﬂakw>

(44)

| Relalic<t (a3

q = maxg|(y(9) - W(a))l_nga 0)] and

maxge|(¥(9) - y(a))'z(9,0)|.

As a result of Lemma 8, we present the next lemma.

where z, =

Lemma 10. Let 0< 0, < 1,0<0,< I, where 0=0,+0,-0,0,
and p:I' xR— R are continuous. Then, the nonlinear
fractional BVP

s)ei,ez;w%(g) =p(9,x(9)),9¢€ I, (45)
CISI 614/ (‘9)|9:a + 62%(9)|92b =

is equivalent to

(%3—1 (9, Cl) (d G

I, CH)

1 9 '
+ mj Fﬁ; (9,5)p(s, u(s))ds, Vel

EF%(b, e )k

(46)

As a result of Lemma 9, we present the next lemma.
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Lemma 11. Let 0<0, <1, 0<0,<1, where 0=0,+0,-0,
6, and p : I' x R — R are continuous. Then, the nonlinear
fractional hybrid BVP

N <M) —p(9,x(9)), €1,

(O:x(9))
o (KO 2O | (9) - 2Ox(9)) | _
e ( a(.(9)) >sm+2( a(0.(9)) >&bd
(47)

is equivalent to

=2(9,%(9)) +q(9 x(9))
%9—1 9) a c b
5302 e fmomenn)

#(9)

a

9

+

(48)

Theorem 12. Suppose that (A;)-(A,) hold. Then, problem (6)
has at least one solution in CY (I, R).

Proof. Set
B, = {xeClyLR) [xlcr, <u}.  (49)

Obviously, B, is a convex, closed, bounded subset of

Cy_gy(I,R). By Lemma 11, problem (6) is equivalent to

#(9) =2(9, %(9)) +q(9, (9))

%9—1 9’ b
. [ wn(b ) (d— F(Cél)J F (b, 5)p(s k(S))dS)

9
+F(;1)J Fil (9, 9)p(s, u(s))ds} ,9¢rI’.

(50)

Define the operators A,B: lefe
and C: B, — CY ,(I,R) by

(ILR) — C! (L R)

Ax(9) = q(9,%(9)), 9,
( )=2(9,%(9)),9¢€l’,
Cn(9) d- F9 L(b, s)p(s, (s))ds>

+ Fo (9,5 ds,9€l’.
F(QI)L (9, 9)p(s x(5))

(51)
Then, we can express equation (50) as follows:

#(9) = Bu(9) + Cx(9) - Ax(9), 9. (52)
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Now, we will show that A, B, and C meet all the require-
ments for Theorem 7. This will be accomplished in a series
of next steps.

Step 1. A,B: CV
on C! ,(LR).

Let %, w € C‘{:@(I, R) and ¢ I'. Then, by (4,), we have

(ILLR) — CY (I, R) are Lipschitzian

A~ Ay, = max]|[w(9) ~ y(@)] ™ (Ax(9) - Aw(9))

= max([y(9) - y(a)]'|q(%,%(9)) - q(%, w(9))|
< max[y(9) = y(a)]' sy (9)]x(9) - w(9)|

< |tg| Il - @l
(53)

Therefore, A is Lipschitzian on C! ,(I,R) with the
Lipschitz constant [¢g] .

Similarly, we conclude that B is Lipschitzian on C! (I,
R) with the Lipschitz constant ||u, ]|, i.e.,

1Bx-Bollr <t licle-eller - (54)

Step 2. C: B, — Clllie
First, we show that C: B, — CY 4(I,R) is continuous.
Let {,} be a sequence such that », — » in B,,. Then,

(I, R) is completely continuous.

= (@) (Co,(9) - Cx(9))

b
- meén J Fy (bys) lim_[p(s.%,(5)) = p(s:%(5))|ds

H0(9,a) (0
" % Lan (9,5) lim_[p(s,5,(5)) ~ p(s,(s))|ds
1 ¢
Hbr(e )JuFe (b S) W (S’a)
x lim .70 (s,a)|p(s %,(s)) = p(s,#(s))|ds

H19(9,a) (9
+ %LF& (9,95 (s, a)
X nh;nm%;_e(s, a)|p(s; 2,(s)) — p(s, x#(s))|ds.

(55)

Since p(-,x#(+)) is a continuous function with p(-, %(-))
€ CY ,(I, R), we have

Jim [ [(9) = (@) 0(Cx, (9) - Cx(9))

< 1 (C;) F"l(b S)zg,*l(s,a)nlLInOOHP(',%n(-))—p(-,u(-))”clwigds
%1_ 9,a)
Iy JFH (8,595 (5,) 1im_[p(-%,()) = (> x()) s ds:

(56)

Since y is increasing and using (17), we obtain

tim|[y(9) - (@)]'*(Cx, (9) - Cx(9))

n—~oo

- ()
_<E+% e(ba)) 0+6
x lim Ip(-2,(-)) = p( %(

n—oo

)%9 1 +0-1 (b ﬂ)

1
Dller, — 0asn— co.

(57)

This shows that C : B, — CY 4(I, R) is continuous on B,.
Next, we show that C(B,) is uniformly bounded in B,
Indeed, for any x € BM, we have

[Cxle, = max|119) - w(a) "Cx(9)| < 7

6| 1 0,
2 ) 09 maipts o

%1—9 9,a 9

d

=1,

[ 1 b 9,
T s | F ) ma (o9 + o) el ) s

%1—6 9a 9
%[ Fo(9,5) max (P(s) + G(S)”%HCY,9>d5
I, F(g(+1; <HP||C+”0”C”%HC¥CS>

H (b, a) d
v _
r6 1) UPlle *Iolelidey, ) < 77
Cz

s Ipllc+ llollct)
I,

; (
(b a) + (b, )} T@ +1)
By (44), then ||C%||Clw76 <R for each x € B,,.
Now, we prove that C(B
CY (L R)
Let x€ B, and 9,9, € 1" with 9, <9,. Then,

d

(58)

14) is an equicontinuous set in

|1(92) = y(@)]Cx(9,) = [y(9,) — (@) " Cx(9))|
| 085a)

Fo (9, 5)p(s, #(s))ds

ey .
- % [9 FL (90, 9p (s, x()ds
‘%:(f))[ B (90,900 5,0 [(5) ~ ()] p () [ds
- %f F 9097 (5.0) [9(9) - (@] p(s ()]s
(59)
Since p(-x(-)) € CY 4(I,R) for any x € C! o(I,R) and



[w(-) - lp(a)]lfep(-, %(-)) € C(I, R), there exist £ € R such that
[w(s) - y(a)] p(s, x(s))| < Eforall9el’.  (60)
Hence,

(%) - v(@)]' " Cx(8,) - [y(9)) - w(a)]Cx(®,)

H (9 a) JSZ 0

: 0-
6 S (9,,5). %

1(s, a)ds

a

K09, a)
Ty I 0, 0-1
71"(91) EJ Fy (91’5)‘%1// (s,a)ds

a

The continuity of ¥ shows that |[y/(9,) — v(a)]"?Cn(9,)
-0

=~ [w(9) — y(a)] " Cx(9,)| — 0 as [9, - 9,| —0.

This confirms that C(B,) is an equicontinuous set in
CY o(IR). As a result of the Arzela-Ascoli theorem, C is
completely continuous.

Step 3. AxCw + Bx € B, for x € C! y(ILR)and w e B,.

Let x€ C ,(ILR),and w € B, such that » = AxCw + Bx.
Then,

pe(9)] < |Ax(9)]|Cao(9)| + [Br(9)] < (|a(5 %(9)) — a(¥, 0)[ +q(¥. 0)])

K919, a HE(9,a o [°
( g g [ F s ol

9
+ Fi‘ ®, s)\p(s,w(s))|du> +1z(9, %(9)) — z(9, 0)|

1
ol
+12(9,0)| < (g(9)pe(9)] + [a(9,0)1)

y Ko (9,a) . Ky (9,a)
11, I,

el (32 (p() + 0(5) [l ) ) (0)
(S0 (p) +ollwler, ) ) (9) + e () (9)] + [2(9, )]

<ot i )

L (T, T 00 6| Ty (b.a)
1, 1, I, +1)

(lellc + ol cllwlley, )

Hy (9.0)
+ (el lollloler, ) 75 1)

+ 5 0,0) (Il clixl ey, + 2o)-
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Therefore,
oy, = (] Mooy, + @0) R+ Nisclclieley, + 2o
(63)
which implies
qyR +z,

L= (g | R+ )

Step 4. Condition (iv) in Theorem 7 holds. That is, «,
M+x, <1
From Step 2 and (44), we have

<u. (64)

<
s, <

M= le(w,)||=sup {swlcxo1}

HO 1 (b,a FHO1(b, a)|c K a0 a
< < wn(h )d+< v E_[b ez +1> F(‘gl(il)) (plc+|‘7c#)>

(65)

Hence,

[l 2+ sl < [lng]| R+ Il <1 (66)

where x; = [|pg|[ . and x, =|p, [ . Thus, all the assumptions
of Theorem 7 are fulfilled, so the equation »x = AxCx + Bx
has a solution in B,. Asa result, problem (6) has a solution
on [. O

Theorem 13. Suppose that (A;)-(A,) hold. Then, the y-Hil-
fer problem (5) has at least one solution on I.

Proof. The proof of this theorem is quite similar to that of
Theorem 12 with consideration that z(9, #(9)) =0 and q(9
,#©(9)) =1 in problem (6). Thus, we omit the details. O

Remark 14.

(1) The conditions (A,) and (A;) are also correct if we
replace the functions p,o, oty € C(ILR) with
constants

(2) Problem (6) reduces to problem (5) when z(9, %(9)
)=0 and q(9, #(9)) = 1. Consequently, Theorem 12
is applied to problem (5)

(3) Problem (5) reduces to problem (3) when y(9) =9,
a=0,and 0, =1 (see [23])

(4) Problem (6) reduces to problem (4) when y(9) =9,
a=0,60,=1, and z(9, »(9)) =0 (see [24])

(5) In particular, if w(9) =9, then the obtained results
correspond to Caputo-type FDE and RL-type FDE,
for 6, =1 and 0, =0, respectively
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(6) The corresponding fractional problems involving the
Hilfer-Katugampola type and Hilfer-Hadamard type
appear as a special case of our proposed problems for
y(9) =9, p>0, and y(9) =log I, respectively

4. Examples

In this part, we construct two examples to explain the main
results.

Example 15. Consider the w-Hilfer hybrid FDE with hybrid
BC:

6,6,y (#(9) — z(9, %(9))

® ( a0 ()

o (19)~29,1(9)
( a(® () )

) = p(9, %(9)), 9 (0,1],
o (O - zOXONN | _
S:u+ 2( ) 9=b
(67)

q(9:%(9))

Define z:(0,1]xR— R, q: (0,1]xR— R\ {0},
and p: (0,1] x R— R by

2(9, %(9)) = % cos (2) (1 f(j()s)) + e—‘“’),

a9 = (14 T00)). (68
_¥®)-p(0) ( A®)

It is easy to show that for any », w € R, we have

2(0,9) - 2(2.(9) < 5 cos () b(9) (9,

in 9
[9(9.%(9)) — (%, @(9))] < 2= (9) — w(9)]
(69)
and for each x € C} ([0, 1], R), we have
(@ x(9)) < LEVO 9 YO VO -
7
- 100 -0y 50

Hence, the hypotheses (A;)-(4;) hold with yq(S) =

sin 9/12,u,(9) = (1/2) cos (9/3),p(9) = [w(9) - w(0)]°/100,
and o(9) = (y(9) —y(0))/50. Then, |lugll.=1/12, [l

=172, gy = maxgeg, | (y(9) - (0))' ),
(w(9) —(0)) cos (9/3)e™®|. Taking 6,=1/2, 6,=0,
0=1/2, ¢,=1/3, ¢,=1/3, d=1, and y(9) =9, we get
lplle=1/100, |jo||c = 1/50, g, =1, and z, = (1/e) cos (1/3)
. From the condition (4,), ||yq\|CR+ llt,l| o <1 when R<
6, and p>1/(1-((1/12)R+ (172)))(R + (1/e) cos (1/3)).

and z; = maxge)|

Also, IT,#0; it follows from (44) that R=(3/(1++/7))
+((1/(1+ /7)) + 1)((1/50y/7) + (1/25+/m)u) < 6. Hence,
(< (2 - 149y/7 — 3007)/(—4 — 24/7). Using the MATLAB
program, p satisfies the inequality 64.17 <y < 159.65.
Hence, all assumptions of Theorem 12 are satisfied, so
problem (67) has at least one solution on (0, 1].

Example 16. As a special case when z(9, #(9)) =0 and g(9,
#(9)) =1, we consider the y-Hilfer FDE with BC:

1/2,9 %(9) 1
+ ’ 19 = TAn? ‘9 0! 1 >
Do) = 1 P 0070 ¢ U

(71)

1-6;
100 [«‘?m Y(9)] g + ”(‘9)|9:1} =1L

Comparing problem (71) with problem (5), we obtain

1
9 =—
173

0,=1,
¢, = ¢, =100,
d=1,
y(9) =9,

P(®, (%)) = 1-}:(5()9) ' ﬁ

>

(72)

It is obvious that 0 =1, and in this case, the space lefe
([0,1],R) is reduced to the space of continuous functions
C([0,1], R). Hence, (A;) holds. It is easy to show that for
each » € R, we have

P %(9))] < (V)| (73)

1
< + —.
H%HC 100

1
+ —
100
Thus, the hypothesis (A;) holds with p(9) =1/100, and
o(9)=1. Then, [jugll. =1 [lu,llc=0, gy=1, and z,=0.
So, we get ||p||o=1/100, ||o||; = 1. From the condition (A,
), we have y>R/(1 - R). Finally, we need to show that R <
1. Indeed, from (44), we have R = (1/200) + (3/100/7) + (3
/v/m)u. It follows that there exists p > 0 with p < 1/600(199
\/7T—6) such that R < 1. Therefore, problem (71) can be
applied to Theorem 12.

5. Concluding Remarks

We have acquired further existence results for the solution of
BVPs for the y-Hilfer problem (6), and the y-Hilfer hybrid
problem (5) relies on the reduction of proposed problems to
FIEs. Dhage’s hybrid fixed-point theorem in the Banach
algebra has been applied. The reported results in the current
paper are also valid for the hybrid FDEs involving RLFD and
CFD, and they are also true for special cases of the function
. We confirm that the obtained results of this work are
recent and generalize some of the previous results in the lit-
erature. More precisely, when taking different values of
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function y and parameter 0,, the studied problems cover
several problems involving classical fractional operators
such as RLFD, CFD, HFD, Hilfer-Katugampola FD, and
Hilfer-Hadamard FD, as mentioned in Remark 14, which
have been incorporated into the operators used in our inves-
tigation. Using these investigations, other qualitative analy-
ses of the solution such as stability and continuous
dependence results can be discussed, and this is what we
desire to think about in a future paper.
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