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In the present paper, we investigate and introduce several properties of certain families of analytic functions in the open unit disc,
which are defined by q-analogue of Mittag-Leffler function associated with conic domain. A number of coefficient estimates of the
functions in these classes have been obtained. Sufficient conditions for the functions belong to these classes are also considered.

1. Introduction

Denoted by A, the class of all analytic functions in D = fζ
∈ℂ : jζj < 1g has the following form:

g ζð Þ = ζ + 〠
∞

m=2
bmζ

m: ð1Þ

For two functions g1ðζÞ and g2ðζÞ, analytic in D, we say
that the function g1ðζÞ is subordinate to g2ðζÞ, written as g1
ðζÞ ≺ g2ðζÞ, if there exists a Schwarz function wðζÞ, which is
analytic in D with wð0Þ = 0 and jwðζÞj < 1 such that g1ðζÞ =
g2ðwðζÞÞ. Furthermore, if the function g2ðζÞ is univalent in
D, then we have the following equivalence:

g1 zð Þ ≺ g2 zð Þ⟺ g1 0ð Þ = g2 0ð Þ,
g1 Dð Þ ⊂ g2 Dð Þ:

ð2Þ

Let S be the subclass of A consisting of univalent func-
tions. Also, let S∗ðηÞ andCðηÞ denote the subclasses of univa-
lent starlike and convex functions of order η (0 ≤ η < 1). A
function g ∈ S is said to be k-starlike function, written as g
∈ ST ðkÞ, if

R
ζg′ ζð Þ
g ζð Þ

( )
> k

ζg′ ζð Þ
g ζð Þ − 1
�����

����� 0 ≤ k<∞;ζ ∈Dð Þ: ð3Þ

A function g ∈ S is said to be k-convex function, written as
g ∈UCV ðkÞ, if

R
ζg ζð Þð Þ′
g′ ζð Þ

( )
> k

ζg ζð Þð Þ′
g′ ζð Þ

− 1
�����

����� 0 ≤ k<∞;ζ ∈Dð Þ: ð4Þ

The classes k − ST and k −UCV were introduced and
studied by Kanas and Wiśniowska [1, 2] (see also, [3–8]). In
particular, when k = 1, we get ST ð1Þ ≡ ST and UCV ð1Þ ≡
UCV , where ST and UCV are the familiar classes of uni-
formly starlike functions and uniformly convex functions in
D, respectively (see [9]). A function g ∈A is said to be in the
class ST ðk, ηÞ that are k-starlike functions of order η with 0
≤ η < 1 if

R
ζg′ ζð Þ
g ζð Þ − η

( )
> k

ζg′ ζð Þ
g ζð Þ − 1
�����

����� 0 ≤ k<∞;ζ ∈Dð Þ: ð5Þ

A function g ∈A is said to be in the classUCV ðk, ηÞ that
are k-convex functions of order η with 0 ≤ η < 1 if
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R
ζg ζð Þð Þ′
g′ ζð Þ

− η

( )
> k

ζg ζð Þð Þ′
g′ ζð Þ

− 1
�����

����� 0 ≤ k<∞;ζ ∈Dð Þ: ð6Þ

The classes ST ðk, ηÞ and UCV ðk, ηÞ have been studied
by Kanas and Răducanu [10]. We note that ST ðk, 0Þ = k − S

T and UCV ðk, 0Þ = k −UCV . The classes ST ð1, ηÞ ≡ ST

ðηÞ andUCV ð1, ηÞ ≡UCV ðηÞ were investigated in [11–13].
The study of quantum calculus (or q-calculus) attracted

the researches due to its applications in various branches of
mathematics and physics, for example, in the areas of special
functions, q-difference, ordinary fractional calculus, q-inte-
gral equations, and in q-transform analysis (see [14–23]).

For 0 < q < 1 and g ∈A given by (1), the q-derivative of g
is defined by (see [24–29]):

Dqg ζð Þ =
g′ 0ð Þ if ζ = 0,
g ζð Þ − g qζð Þ
1 − qð Þζ if ζ ≠ 0,

8><
>: ð7Þ

provided that g′ð0Þ exists. From (1) and (7), we have

Dqg ζð Þ = 1 + 〠
∞

m=2
m½ �qbmζm−1  ζ ≠ 0ð Þ, ð8Þ

where ½m�q is q-integer number m defined by

m½ �q =
1 − qm

1 − q
= 1 + q + q2+⋯+qm−1  0 < q < 1ð Þ: ð9Þ

We note that

lim
q⟶1−

Dqg ζð Þ = lim
q⟶1−

g ζð Þ − g qζð Þ
1 − qð Þζ = g′ ζð Þ, ð10Þ

for a function g which is differentiable in D. Making use of
the q-derivative operator Dq given by (7), we introduce the
subclasses ST qðk, ηÞ and UCV qðk, ηÞ in D as follows.

Definition 1. For 0 < q < 1, 0 ≤ η < 1, 0 ≤ k <∞, and ζ ∈D, let
ST qðk, ηÞ andUCV qðk, ηÞ be the subclasses of A consisting
of functions g of the form (1) and satisfy the analytic criterion:

R
ζDqg ζð Þ
g ζð Þ − η

� �
> k

ζDqg ζð Þ
g ζð Þ − 1

����
����, ð11Þ

R
Dq ζDqg ζð Þ� �

Dqg ζð Þ − η

( )
> k

Dq ζDqg ζð Þ� �
Dqg ζð Þ − 1

�����
�����: ð12Þ

From (11) and (12), it follows that

g ∈UCV q k, ηð Þ⟺ ζDqg ∈ ST q k, ηð Þ: ð13Þ

The q-shifted factorials, for any complex number α, are
defined by

α ; qð Þn =
1 n = 0ð Þ,
Yn−1
k=0

1 − αqk
� �

n ∈ℕ≪ 1, 2, 3,⋯f gð Þ:

8>><
>>:

ð14Þ

The definition (14) remains meaningful for n =∞ as a
convergent infinite product

α ; qð Þ∞ =
Y∞
j=0

1 − αqj
� �

for qj j < 1: ð15Þ

Furthermore, in terms of the q-gamma function ΓqðζÞ
defined by

Γq ζð Þ≔ q ; qð Þ∞ 1 − qð Þ1−ζ
qζ ; q
� �

∞

0 < q < 1 ; ζ ∈ℂð Þ, ð16Þ

so that

lim
q⟶1−

Γq ζð Þ	 

= Γ ζð Þ, ð17Þ

for the familiar gamma function ΓðζÞ, we find from (14) that

qα ; qð Þn =
Γq α + nð Þ
Γq αð Þ 1 − qð Þn n ∈ℕ ; α ∈ℂð Þ: ð18Þ

We note that

lim
q⟶1−

qα ; qð Þn
1 − qð Þn = αð Þn, ð19Þ

where

αð Þn =
Γ α + nð Þ
Γ αð Þ =

1 n = 0ð Þ,
α α + 1ð Þ⋯ α + n − 1ð Þ n ∈ℕð Þ:

(

ð20Þ

For 0 < q < 1, α, β, γ ∈ℂ, RðαÞ > 0, RðβÞ > 0, and RðγÞ
> 0, consider the q-analogue of Mittag-Leffler defined by
Sharma and Jain [30], for generalized Mittag-Leffler function
(see, e.g., [31–33])

Eγ
α,β ζ ; qð Þ = 〠

∞

m=0

qγ ; qð Þm
q ; qð Þm

ζm

Γq αm + βð Þ : ð21Þ

As q⟶ 1−, the operator Eγ
α,βðζ ; qÞ reduces to Eγ

α,βðζÞ
introduced by Prabhakar [34]. Now, let us define
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E
γ
α,β ζ ; qð Þ≔ ζΓq βð ÞEγ

α,β ζ ; qð Þ

= ζ + 〠
∞

m=2

qγ ; qð Þm−1
q ; qð Þm−1

Γq βð Þ
Γq α m − 1ð Þ + βð Þ ζ

m:
ð22Þ

We remark that:

(i) E1
1,1ðζ ; qÞ = ζeqðζÞ

(ii) E1
1,2ðζ ; qÞ = eqðζÞ − 1

where eqðζÞ is one of the q-analogues of the exponential

function eζ given by

eq ζð Þ = 〠
∞

m=0

ζm

Γq m + 1ð Þ = 〠
∞

m=0

1 − qð Þmζm
q ; qð Þm

= 1
ζ ; qð Þ∞

: ð23Þ

Using the Hadamard product (or convolution), we
define the linear operator Hγ

q,α,β : A⟶A by

H
γ
q,α,βg ζð Þ = E

γ
α,β ζ ; qð Þ ∗ g ζð Þ

= ζ + 〠
∞

m=2

qγ ; qð Þm−1
q ; qð Þm−1

Γq βð Þ
Γq α m − 1ð Þ + βð Þ bmζ

m ζ ∈Dð Þ:

ð24Þ

We note that (see [35, 36])

lim
q⟶1−

H
γ
q,α,βg ζð Þ =H

γ
α,βg ζð Þ

= ζ + 〠
∞

m=2

γð Þm−1 Γ βð Þ
Γ α m − 1ð Þ + βð Þ m − 1ð Þ! bmζ

m ζ ∈Dð Þ:

ð25Þ

Motivated by the works of Kanas and Yaguchi [37] and
Kanas and Răducanu [10], we define the following classes
of functions with the theory of q-calculus.

Definition 2. For 0 < q < 1, α, β, γ ∈ℂ, RðαÞ > 0, RðβÞ > 0,
RðγÞ > 0, 0 ≤ k <∞, and 0 ≤ η < 1, let

ST
γ
q,α,β k, ηð Þ = g ∈A : H

γ
q,α,βg ∈ ST q k, ηð Þ

n o
,

UCV
γ
q,α,β k, ηð Þ = g ∈A : H

γ
q,α,βg ∈UCV q k, ηð Þ

n o
:

ð26Þ

It is easy to check that

g ∈UCV
γ
q,α,β k, ηð Þ⟺ ζDqg ∈ ST γ

q,α,β k, ηð Þ: ð27Þ

Taking q⟶ 1− in Definition 2, we obtain

lim
q⟶1−

ST
γ
q,α,β k, ηð Þ = ST

γ
α,β k, ηð Þ

= g ∈A : R
ζ H

γ
α,βg ζð Þ

� �
′

H
γ
α,βg ζð Þ − η

8<
:

9=
;

8<
:

> k
ζ H

γ
α,βg ζð Þ

� �
′

H
γ
α,βg ζð Þ − 1

������
������
9=
;,

ST 1
q,0,β k, ηð Þ = ST q k, ηð Þ, lim

q⟶1−
ST 1

q,0,β k, ηð Þ = ST k, ηð Þ,
ð28Þ

lim
q⟶1−

UCV
γ
q,α,β k, ηð Þ =UCV

γ
α,β k, ηð Þ

= g ∈A : R
ζ H

γ
α,βg ζð Þ

� �
′

� �
′

H
γ
α,βg ζð Þ

� �
′

− η

8<
:

9=
;

8<
:

> k
ζ H

γ
α,βg ζð Þ

� �
′

� �
′

H
γ
α,βg ζð Þ

� �
′

− 1

������
������
9=
;,

UCV 1
q,0,β k, ηð Þ =UCV q k, ηð Þ, lim

q⟶1−
UCV 1

q,0,β k, ηð Þ =UCV k, ηð Þ:

ð29Þ
Motivated by the works mentioned above, in this paper,

we will investigate some important properties, coefficient
estimates, and the familiar Fekete–Szegö type inequalities
for the subclasses ST γ

q,α,βðk, ηÞ and UCV
γ
q,α,βðk, ηÞ.

2. Some Results of Functions in ST
γ
q,α,βðk, ηÞ

and UCV
γ
q,α,βðk, ηÞ

Unless otherwisementioned, we assume throughout this paper
that 0 < q < 1, α, β, γ > 0, 0 ≤ k <∞, 0 ≤ η < 1, and ζ ∈D.

Let g ∈ ST γ
q,α,βðk, ηÞ, we have

R
ζDq H

γ
q,α,βg ζð Þ

� �
H

γ
q,α,βg ζð Þ − η

8<
:

9=
; > k

ζDq H
γ
q,α,βg ζð Þ

� �
H

γ
q,α,βg ζð Þ − 1

������
������ ζ ∈Dð Þ:

ð30Þ

Consider

ψ ζð Þ =
ζDq H

γ
q,α,βg ζð Þ

� �
H

γ
q,α,βg ζð Þ ζ ∈Dð Þ: ð31Þ

The condition (30) may be rewritten into the form

R ψ ζð Þ − ηf g > k ψ ζð Þ − 1j j ζ ∈Dð Þ: ð32Þ
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It follows that the range of the expression ψðζÞ, ζ ∈D, is
a conical domain

Λk,η = w ∈ℂ : R w − ηf g > k w − 1j jf g, ð33Þ

or

Λk,η = w = u + iv ∈ℂ : u − η > k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u − 1ð Þ2 + v2

q� �
, ð34Þ

where 0 ≤ k <∞ and 0 ≤ η < 1. Note that Λk,η is such that
1 ∈Λk,η and ∂Λk,η is a curve defined by

∂Λk,η = w = u + iv ∈ℂ : u − ηð Þ2 = k2 u − 1ð Þ2 + k2v2
	 


:

ð35Þ

Any w = u + iv in ∂Λk,η is a quadratic equation in two
variables u and v that have no uv term; it is well known that
it is a symmetrical conic section about the real axis (for more
details, see [1]). It follows that the domain Λk,η is bounded
by an ellipse for k > 1, by a parabola for k = 1 and by a hyper-
bola if 0 < k < 1.

Finally, for k = 0, Λk,η is the right half plane Rfwg > η.
From (30), we obtain that g ∈Λk,η if and only if, for ζ ∈D,

ζDq H
γ
q,α,βg ζð Þ

� �
H

γ
q,α,βg ζð Þ ∈Λk,η ζ ∈Dð Þ: ð36Þ

Making use of the properties of the domain Λk,η and
(36), it follows that if g ∈Λk,η, then

R
ζDq H

γ
q,α,βg ζð Þ

� �
H

γ
q,α,βg ζð Þ

8<
:

9=
; > k + η

k + 1 ζ ∈Dð Þ,

arg
ζDq H

γ
q,α,βg ζð Þ

� �
H

γ
q,α,βg ζð Þ

������
������ ≤

arctan 1 − ηffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − η2
�� ��q k > 0ð Þ,

π

2 k = 0ð Þ:

8>>><
>>>:

ð37Þ

Denote by P the class of analytic and normalized
Carathéodory functions and by ψk,η ∈P , the function such
that ψk,η =Λk,η. Following the notation applied by Ma and
Minda [38], for 0 ≤ k <∞ and 0 ≤ η < 1, let P ðψk,ηÞ denote
the following class of functions:

P ψk,η

� �
= ψ ∈P : ψ Dð Þ ⊂Λk,η
	 


= ψ ∈P : ψ ≺ ψk,η inD
n o

:

ð38Þ

The functions which play the role of extremal functions
for the class P ðψk,ηÞ, see [10] (see also [8, 39]) and are
defined by

ψk,η ζð Þ =

1 + 1 − 2ηð Þζ
1 − ζ

k = 0ð Þ,

1 + 2 1 − ηð Þ
π2 log 1 +

ffiffiffi
ζ

p
1 −

ffiffiffi
ζ

p
 !2

k = 1ð Þ,

1 − η

1 − k2
cos A kð Þi log 1 +

ffiffiffi
ζ

p
1 −

ffiffiffi
ζ

p
 !

−
k2 − η

1 − k2
0 < k < 1ð Þ,

1 − η

k2 − 1
sin π

2κ tð Þ
ðu ζð Þ/ ffiffitp

0

dxffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − t2x2

p
 !

+ k2 − η

k2 − 1
k > 1ð Þ,

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

ð39Þ

with AðkÞ = ð2/πÞ arccos ðkÞ, uðζÞ = ððζ − ffiffi
t

p Þ/ð1 −
ffiffiffiffi
tζ

p
ÞÞð0

< t < 1, ζ ∈DÞ, where t is so such that t = cosh ðπκ′ðtÞ/4κðtÞÞ
and κðtÞ is Legendre’s complete elliptic integral of the first kind
and κ′ðtÞ the complementary integral of κðtÞ.

Obviously, if k = 0, then

ψ0,η ζð Þ = 1 + 2 1 − ηð Þζ + 2 1 − ηð Þζ2+⋯ : ð40Þ

For k = 1, we have (see [40, 41])

ψ1,η ζð Þ = 1 + 8
π2 1 − ηð Þζ + 16

3π2 1 − ηð Þζ2+⋯ : ð41Þ

Using the Taylor series in [1, 4], for 0 < k < 1, we have

ψk,η ζð Þ = 1 + 1 − η

1 − k2
〠
∞

m=1
〠
2m

l=1
2l

A kð Þ
l

 !
2m − 1
2m − l

 !" #
ζm:

ð42Þ

Finally, when k > 1

ψk,η ζð Þ = 1 + π2 1 − ηð Þ
4
ffiffi
t

p
k2 − 1
� �

κ2 tð Þ 1 + tð Þ
ζ + 4κ2 tð Þ t2 + 6t + 1

� �
− π2

24
ffiffi
t

p
κ2 tð Þ 1 + tð Þ

ζ2+⋯
( )

,

ð43Þ

so that, denoting

ψk,η ζð Þ = 1 + L1ζ + L2ζ
2+⋯  Lj = Lj k, ηð Þ ; j = 1, 2,⋯

� �
,

ð44Þ

we get

L1 =

8 1 − ηð Þ arccos kð Þ2
π2 1 − k2
� � 0 ≤ k < 1ð Þ,

8
π2 1 − ηð Þ k = 1ð Þ,

π2 1 − ηð Þ
4
ffiffi
t

p
k2 − 1
� �

κ2 tð Þ 1 + tð Þ k > 1ð Þ:

8>>>>>>>>><
>>>>>>>>>:

ð45Þ

Let gk,ηðζÞ = ζ + B2ζ
2 + B3ζ

3 +⋯ be the extremal function

in the class ST
γ
q,α,βðk, ηÞ. Then, the relation between the
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extremal functions in the classes P ðψk,ηÞ and ST
γ
q,α,βðk, ηÞ is

given by

ψk,η ζð Þ =
ζDq H

γ
q,α,βgk,η ζð Þ

� �
H

γ
q,α,βgk,η ζð Þ ζ ∈Dð Þ: ð46Þ

Making use of (24), (30), and (46), we obtain the following
coefficient relation for ψk,ηðζÞ:

m½ �q − 1
� �

qγ ; qð Þm−1

q ; qð Þm−1 Γq α m − 1ð Þ + βð ÞBm = 〠
m−1

i=1

qγ ; qð Þi−1
q ; qð Þi−1 Γq α i − 1ð Þ + βð ÞBiLm−i, B1 = 1:

ð47Þ

In particular, by a direct computation, we have

B2 =
Γq α + βð Þ
q γ½ �qΓq βð Þ L1, ð48Þ

B3 =
Γq 2α + βð Þ

q2 γ½ �q γ + 1½ �qΓq βð Þ qL2 + L21
� �

: ð49Þ

Since α, β, γ > 0, 0 < q < 1 and the Ln′s are nonnegative, it
follows that the Bn′s are nonnegative.

Theorem 3. If g given by (1) belongs to ST
γ
q,α,βðk, ηÞ, then

b2j j ≤ B2,
b3j j ≤ B3:

ð50Þ

Proof. Let

ψ ζð Þ =
ζDq H

γ
q,α,βg ζð Þ

� �
H

γ
q,α,βg ζð Þ ζ ∈Dð Þ: ð51Þ

Using the relation (24) for ψðζÞ = 1 + ρ1ζ + ρ2ζ
2 +⋯, we

have

m½ �q − 1
� �

qγ ; qð Þm−1

q ; qð Þm−1 Γq α m − 1ð Þ + βð Þ bm = 〠
m−1

i=1

qγ ; qð Þi−1
q ; qð Þi−1 Γq α i − 1ð Þ + βð Þ biρm−i, b1 = 1:

ð52Þ

Since ψk,η is univalent in D, the function

p ζð Þ = 1 + ψ−1
k,η ψ ζð Þð Þ

1 − ψ−1
k,η ψ ζð Þð Þ = 1 + c1ζ + c2ζ

2+⋯, ð53Þ

is analytic in D and RfqðζÞg > 0. From

ψ ζð Þ = ψk,η
p ζð Þ − 1
p ζð Þ + 1

� 
= 1 + 1

2 c1L1ζ +
1
2 c2L1 +

1
4 c

2
1 L2 − L1ð Þ

� 
ζ2+⋯,

ð54Þ

we have

b2j j = Γq α + βð Þ
q γ½ �qΓq βð Þ ρ1j j = Γq α + βð Þ

2q γ½ �qΓq βð Þ c1L1j j ≤ Γq α + βð Þ
q γ½ �qΓq βð Þ L1 = B2,

ð55Þ

where we used the inequality jcnj ≤ 2 and equation (48). From
this relation jρ1j2 + jρ2j ≤ L21 + L2 (see [4]) and equation (49),
we have

b3j j = Γq 2α + βð Þ qρ2 + ρ21
�� ��

q2 γ½ �q γ + 1½ �qΓq βð Þ

≤
Γq 2α + βð Þ q ρ2j j + ρ1j j2� �

+ 1 − qð Þ ρ1j j2� �
q2 γ½ �q γ + 1½ �qΓq βð Þ

≤
Γq 2α + βð Þ q L2 + L21

� �
+ 1 − qð ÞL21

� �
q2 γ½ �q γ + 1½ �qΓq βð Þ

=
Γq 2α + βð Þ qL2 + L21

� �
q2 γ½ �q γ + 1½ �qΓq βð Þ = A3:

ð56Þ

So, Theorem 3 has been proven.

Theorem 4. If g given by (1) belongs to ST
γ
q,α,βðk, ηÞ, then

bmj j ≤
Qm−2

j=0 L1 + q j½ �q
� �� �

Γq m − 1ð Þα + βð Þ
qm−1 Qm−2

j=0 γ + j½ �q
� �

Γq βð Þ
m ≥ 2ð Þ: ð57Þ

Proof. The result is clearly true form = 2. Let m be an integer
with m ≥ 2, and assume that the inequality is true for all i
≤m − 1. Making use of (47), we have

bmj j = q ; qð Þm−1Γq α m − 1ð Þ + βð Þ
m½ �q − 1

� �
qγ ; qð Þm−1Γq βð Þ

ϱm−1 + 〠
m−1

i=2

qγ ; qð Þi−1Γq βð Þ
q ; qð Þi−1Γq α i − 1ð Þ + βð Þ biϱm−i

�����
�����

≤
Γq α m − 1ð Þ + βð Þ m − 2½ �q!
qΓq βð Þ Qm−2

j=0 γ + j½ �q
� � L1 + 〠

m−1

i=2

Qi−2
j=0 γ + j½ �q

� �
Γq βð Þ

i − 1½ �q!Γq α i − 1ð Þ + βð Þ bij jL1

2
4

3
5

≤
Γq α m − 1ð Þ + βð Þ m − 2½ �q!
qΓq βð Þ Qm−2

j=0 γ + j½ �q
� � L1

� 1 + 〠
m−1

i=2

Qi−2
j=0 γ + j½ �q

� �
Γq βð Þ

i − 1½ �q!Γq α i − 1ð Þ + βð Þ

Qi−2
j=0 L1 + q j½ �q
� �� �

Γq i − 1ð Þα + βð Þ
qi−1

Qi−2
j=0 γ + j½ �q

� �
Γq βð Þ

2
4

3
5,

ð58Þ

where we applied the induction hypothesis to jbmj and the
Rogosinski result jϱ2j ≤ L1 (see [42]). Therefore,

bmj j ≤
Γq α m − 1ð Þ + βð Þ m − 2½ �q!

qΓq βð ÞQm−2
j=0 γ + j½ �q

L1 1 + 〠
m−1

i=2

Qi−2
j=0 L1 + q j½ �q
� �� �

qi−1 i − 1½ �q!

2
4

3
5:

ð59Þ
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Applying the principle of mathematical induction, we
find that

1 + 〠
m−1

i=2

Qi−2
j=0 L1 + q j½ �q
� �� �

qi−1 i − 1½ �q!
=
Qm−2

j=1 L1 + q j½ �q
� �

qm−2 m − 2½ �q!
, ð60Þ

from which the inequality (57) follows.

Similarly, we can prove the following.

Theorem 5. If g of the form (1) belongs to the class UC

V
γ
q,α,βðk, ηÞ, then

b2j j ≤ B2

2½ �q
,

b3j j ≤ B3

2½ �q
:

ð61Þ

Theorem 6. If g of the form (1) belongs to the class UC

V
γ
q,α,βðk, ηÞ, then

bmj j ≤
Qm−2

j=0 L1 + q j½ �q
� �� �

Γq m − 1ð Þα + βð Þ
qm−1 m½ �q

Qm−2
j=0 γ + j½ �q

� �
Γq βð Þ

m ≥ 2ð Þ: ð62Þ

Theorem 7. Let g ∈A be given by (1). If the inequality

〠
∞

m=2
k + 1ð Þ m½ �q − k − η

h i qγ ; qð Þm−1Γq βð Þ
q ; qð Þm−1Γq α m − 1ð Þ + βð Þ bmj j < 1 − η,

ð63Þ

holds true, then g ∈ ST γ
q,α,βðk, ηÞ.

Proof. Making use of the definition (30) it suffices to prove
that

k
ζDq H

γ
q,α,βg ζð Þ

� �
H

γ
q,α,βg ζð Þ − 1

������
������ −R

ζDq H
γ
q,α,βg ζð Þ

� �
H

γ
q,α,βg ζð Þ − 1

8<
:

9=
; < 1 − η:

ð64Þ

Observe that

The last expression is bounded by 1 − η if inequality
(63) holds.

Similarly, we can prove the following.

Theorem 8. Let g ∈A be given by (1). If the inequality

〠
∞

m=2
m½ �q k + 1ð Þ m½ �q − k − η
h i qγ ; qð Þm−1 Γq βð Þ

q ; qð Þm−1 Γq α m − 1ð Þ + βð Þ bmj j < 1 − η,

ð66Þ

holds true, then g ∈UCV
γ
q,α,βðk, ηÞ.

Now, we need the following lemmas.

Lemma 9 (see [38]). If φðζÞ = 1 + ϰ1ζ + ϰ2ζ
2 +⋯ is a func-

tion with positive real part in D and ν is a complex
number, then

ϰ2 − νϰ21
�� �� ≤ 2max 1, 2ν − 1j jf g: ð67Þ

The result is sharp for the functions given by φðζÞ
= ð1 + ζ2Þ/ð1 − ζ2Þ or φðζÞ = ð1 + ζÞ/ð1 − ζÞ.

k
ζDq H

γ
q,α,βg ζð Þ

� �
H

γ
q,α,βg ζð Þ − 1

������
������ −R

ζDq H
γ
q,α,βg ζð Þ

� �
H

γ
q,α,βg ζð Þ − 1

8<
:

9=
; < k + 1ð Þ

ζDq H
γ
q,α,βg ζð Þ

� �
H

γ
q,α,βg ζð Þ − 1

������
������

= k + 1ð Þ
∑∞

m=2 m½ �q − 1
� �

qγ ; qð Þm−1Γq βð Þ/ q ; qð Þm−1Γq α m − 1ð Þ + βð Þ� �
bmζ

m−1

1 +∑∞
m=2 qγ ; qð Þm−1Γq βð Þ/ q ; qð Þm−1Γq α m − 1ð Þ + βð Þ� �

bmζ
m−1

������
������

≤ k + 1ð Þ
∑∞

m=2 m½ �q − 1
� �

qγ ; qð Þm−1Γq βð Þ/ q ; qð Þm−1Γq α m − 1ð Þ + βð Þ� �
bmj j

1 −∑∞
m=2 qγ ; qð Þm−1Γq βð Þ/ q ; qð Þm−1Γq α m − 1ð Þ + βð Þ� �

bmj j :

ð65Þ
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Lemma 10 (see [38]). If φðζÞ = 1 + ϰ1ζ + ϰ2ζ
2 +⋯ is an ana-

lytic function with a positive real part in D, then

ϰ2 − νϰ21
�� �� ≤

−4ν + 2 if ν ≤ 0,
2 if 0 ≤ ν ≤ 1,
4ν − 2 if ν ≥ 1,

8>><
>>: ð68Þ

when υ < 0 or ν > 1, the equality holds if and only if φðζÞ =
ð1 + ζÞ/ð1 − ζÞ or one of its rotations. If 0 < ν < 1, then the
equality holds if and only if φðζÞ = ð1 + ζ2Þ/ð1 − ζ2Þ or one
of its rotations. If ν = 0, the equality holds if and only if

φ ζð Þ = 1 + λ

2

� 
1 + ζ

1 − ζ
+ 1 − λ

2

� 
1 − ζ

1 + ζ
0 ≤ λ ≤ 1ð Þ, ð69Þ

or one of its rotations. If ν = 1, the equality holds if and only if
φ is the reciprocal of one of the functions such that equality
holds in the case of ν = 0.

Also, the above upper bound is sharp, and it can be
improved as follows when 0 < ν < 1:

ϰ2 − νϰ21
�� �� + ν ϰ1j j2 ≤ 2 0 ≤ ν ≤

1
2

� 
,

ϰ2 − νϰ21
�� �� + 1 − νð Þ ϰ1j j2 ≤ 2 1

2 ≤ ν ≤ 1
� 

:

ð70Þ

Theorem 11. If g given by (1) belongs to ST
γ
q,α,βðk, ηÞ, then

b3 − μb22
�� �� ≤ Γq 2α + βð ÞL1

q γ½ �q γ + 1½ �qΓq βð Þ max

� 1 ; L2
L1

+ L1
q

1 −
γ + 1½ �qΓ2

q α + βð Þμ
γ½ �qΓq βð ÞΓq 2α + βð Þ

 !�����
�����

( )
:

ð71Þ

Proof. If f ∈ ST γ
q,α,βðk, ηÞ, we have

ζDq H
γ
q,α,βg ζð Þ

� �
H

γ
q,α,βg ζð Þ ≺ ψk,η ζð Þ, ð72Þ

where ψk,qðzÞ is given by (39). From the definition of
subordination, we have

ζDq H
γ
q,α,βg ζð Þ

� �
H

γ
q,α,βg ζð Þ = ψk,η w ζð Þð Þ z ∈Dð Þ, ð73Þ

where wðζÞ is a Schwarz function with wð0Þ = 0 and jw
ðζÞj < 1. Let hðζÞ be a function with positive real part
in D defined by

h zð Þ = 1 +w ζð Þ
1 −w ζð Þ = 1 + ϰ1ζ + ϰ2ζ

2+⋯ ζ ∈Dð Þ: ð74Þ

This gives

w ζð Þ = 1
2 ϰ1ζ +

1
2 ϰ2 −

ϰ21
2

� 
ζ2+⋯, ð75Þ

ψk,η w ζð Þð Þ = 1 + 1
2 ϰ1L1ζ +

1
2 ϰ2L1 +

1
4 ϰ

2
1 L2 − L1ð Þ

� 
ζ2+⋯:

ð76Þ

Using (76) in (73), we obtain

b2 =
Γq α + βð Þ
2q γ½ �qΓq βð Þ ϰ1L1,

b3 =
Γq 2α + βð Þ

2q γ½ �q γ + 1½ �qΓq βð Þ ϰ2L1 +
ϰ21 L2 − L1ð Þ

2 + ϰ21L
2
1

2q

� �
:

ð77Þ

For any complex number μ, we have

b3 − μb22 =
Γq 2α + βð ÞL1

2q γ½ �q γ + 1½ �qΓq βð Þ ϰ2 − vc21
	 


, ð78Þ

where

ν = 1
2 1 − L2

L1
−
L1
q

1 − μ
γ + 1½ �qΓ2

q α + βð Þ
γ½ �qΓq βð ÞΓq 2α + βð Þ

 !" #
: ð79Þ

Our result now follows by an application of Lemma 9. This
completes the proof of Theorem 11.

Example 1. Taking q⟶ 1−, α = k = 0, and γ = 1 in Theorem
11, we obtain the following result:

If g given by (1) satisfies the following inequality

R
ζg′ ζð Þ
g ζð Þ

( )
> η, ð80Þ

then

b3 − μb22
�� �� ≤ 1 − ηð Þ max 1 ; 1 + 2 1 − ηð Þ 1 − 2μð Þj jf g: ð81Þ

Similarly, we can prove the following theorem for the
subclass UCV

γ
q,α,βðk, ηÞ:
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Theorem 12. If g given by (1) belongs to UCV
γ
q,α,βðk, ηÞ,

then

b3 − μb22
�� �� ≤ Γq 2α + βð ÞL1

q 3½ �q γ½ �q γ + 1½ �qΓq βð Þ max

� 1 ; L2
L1

+ L1
q

1 −
3½ �q γ + 1½ �qΓ2

q α + βð Þμ
2½ �q

� �2
γ½ �qΓq βð ÞΓq 2α + βð Þ

0
B@

1
CA

�������
�������

8><
>:

9>=
>;:

ð82Þ

Example 2. Taking q⟶ 1−, α = k = 0, and γ = 1 in Theorem
12, we get the following result:

If g given by (1) satisfies the following inequality

R 1 + ζg′′ ζð Þ
g′ ζð Þ

( )
> η, ð83Þ

then

b3 − μb22
�� �� ≤ 1 − ηð Þ

3 max 1 ; 1 + 2 1 − ηð Þ 1 − 3
2 μ

� ����
����

� �
:

ð84Þ

Theorem 13. Let

σ1 =
γ½ �qΓq βð ÞΓq 2α + βð Þ L21 + q L2 − L1ð Þ� �

γ + 1½ �qΓ2
q α + βð ÞL21

,

σ2 =
γ½ �qΓq βð ÞΓq 2α + βð Þ L21 + q L2 + L1ð Þ� �

γ + 1½ �qΓ2
q α + βð ÞL21

,

σ3 =
γ½ �q Γq βð ÞΓq 2α + βð Þ L21 + qL2

� �
γ + 1½ �qΓ2

q α + βð ÞL21
:

ð85Þ

If g given by (1) belongs to the class ST γ
q,α,βðk, ηÞ, then

Further, if σ1 ≤ μ ≤ σ3, then

b3 − μb22
�� �� + q γ½ �qΓq βð ÞΓq 2α + βð Þ

γ + 1½ �qΓ2
q α + βð ÞL21

· L1 − L2 −
L21
q

1 −
γ + 1½ �qΓ2

q α + βð Þμ
γ½ �qΓq βð ÞΓq 2α + βð Þ

 !" #
b2j j2

≤
Γq 2α + βð ÞL1

q γ½ �q γ + 1½ �qΓq βð Þ :

ð87Þ

If σ3 ≤ μ ≤ σ2, then

b3 − μb22
�� �� + q γ½ �qΓq βð ÞΓq 2α + βð Þ

γ + 1½ �qΓ2
q α + βð ÞL21

· L1 + L2 +
L21
q

1 −
γ + 1½ �qΓ2

q α + βð Þμ
γ½ �qΓq βð ÞΓq 2α + βð Þ

 !" #
b2j j2

≤
Γq 2α + βð ÞL1

q γ½ �q γ + 1½ �qΓq βð Þ :

ð88Þ

Proof. Applying Lemma 10 to (78) and (79), we can obtain
our results asserted by Theorem 13.

Similarly, we can prove the following theorem for the
class UCV

γ
q,α,βðk, ηÞ:

Theorem 14. Let

σ4 =
2½ �q

� �2
γ½ �qΓq βð ÞΓq 2α + βð Þ L21 + q L2 − L1ð Þ� �

3½ �q γ + 1½ �qΓ2
q α + βð ÞL21

,

σ5 =
2½ �q

� �2
γ½ �qΓq βð ÞΓq 2α + βð Þ L21 + q L2 + L1ð Þ� �

3½ �q γ + 1½ �qΓ2
q α + βð ÞL21

,

σ6 =
2½ �q

� �2
γ½ �qΓq βð ÞΓq 2α + βð Þ L21 + qL2

� �
3½ �q γ + 1½ �qΓ2

q α + βð ÞL21
:

ð89Þ

If g given by (1) belongs to the class UCV
γ
q,α,βðk, ηÞ, then

b3 − μb22
�� �� ≤

Γq 2α + βð Þ
q γ½ �q γ + 1½ �qΓq βð Þ L2 +

L21
q

1 −
γ + 1½ �qΓ2

q α + βð Þμ
γ½ �qΓq βð ÞΓq 2α + βð Þ

 !" #
μ ≤ σ1ð Þ,

Γq 2α + βð ÞL1
q γ½ �q γ + 1½ �qΓq βð Þ σ1 ≤ μ ≤ σ2ð Þ,

Γq 2α + βð Þ
q γ½ �q γ + 1½ �qΓq βð Þ L2 +

L21
q

1 −
3½ �q γ + 1½ �qΓ2

q α + βð Þμ
γ½ �qΓq βð ÞΓq 2α + βð Þ

 !" #
μ ≥ σ2ð Þ:

8>>>>>>>>>>><
>>>>>>>>>>>:

ð86Þ
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Further, if σ4 ≤ μ ≤ σ6 , then

b3 − μb22
�� �� + q 2½ �q

� �2
γ½ �qΓq βð ÞΓq 2α + βð Þ

3½ �q γ + 1½ �qΓ2
q α + βð ÞL21

· L1 − L2 −
L21
q

1 −
3½ �q γ + 1½ �qΓ2

q α + βð Þμ
2½ �q

� �2
γ½ �qΓq βð ÞΓq 2α + βð Þ

0
B@

1
CA

2
64

3
75 b2j j2

≤
Γq 2α + βð ÞL1

q 3½ �q γ½ �q γ + 1½ �qΓq βð Þ :

ð91Þ

If σ6 ≤ μ ≤ σ5, then

b3 − μb22
�� �� + q 2½ �q

� �2
γ½ �qΓq βð ÞΓq 2α + βð Þ

3½ �q γ + 1½ �qΓ2
q α + βð ÞL21

· L1 + L2 +
L21
q

1 −
3½ �q γ + 1½ �qΓ2

q α + βð Þ μ
2½ �q

� �2
γ½ �qΓq βð ÞΓq 2α + βð Þ

0
B@

1
CA

2
64

3
75 b2j j2

≤
Γq 2α + βð ÞL1

q 3½ �q γ½ �q γ + 1½ �qΓq βð Þ :

ð92Þ

Remark 15. Putting q⟶ 1− in the above results, we obtain
the corresponding results for the classes ST

γ
α,βðk, ηÞ and

UCV
γ
α,βðk, ηÞ.

3. Conclusion

By using the concept of the basic (or q-) calculus, we have
introduced two subclasses ST γ

q,α,βðk, ηÞ and UCV
γ
q,α,βðk, ηÞ

of normalized univalent functions which map the open unit
disk D = fζ ∈ℂ : jζj < 1g onto the generalized conic domain.
We have obtained a number of important properties includ-
ing the coefficient estimates, sufficient conditions, and the
Fekete-Szegö inequalities for each of these classes. Our results
are connected with those in earlier works which are related to
the field of geometric function theory.
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