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We apply the continuation theorem of Mawhin to ensure that a fourth-order nonlinear difference equation of the form A*u(k
-2) —a(k)u*(k) + b(k)uf (k) = 0 with periodic boundary conditions possesses at least one nontrivial positive solution, where A
u(k) =u(k +1) — u(k) is the forward difference operator, a >0, >0 and « # 3, a(k), b(k) are T-periodic functions and a(k)b(k
) > 0. As applications, we give some examples to illustrate the application of these theorems.

1. Introduction

In recent years, the theory of nonlinear difference equations
has been widely used in the study of discrete models in the
fields of economics, neural networks, ecology, etc. For the
general background of difference equations, in particular,
there are many authors who have discussed the existence
and multiplicity of periodic solutions for discrete boundary
value problems by exploiting various methods, including
the method of upper and lower solutions, Leray-Schauder
degree, fixed point theory, critical theory, and variational
methods; see Bereanu and Mawhin [1], Cabada and Dimi-
trov [2], Graef et al. [3, 4], and Cai et al. [5-10] and the ref-
erences therein.

Let N*, Z, and R denote the sets of all positive integers,
integers, and real numbers, respectively. This paper con-
siders the following fourth-order nonlinear difference equa-
tion:

Atu(k - 2) - a(k)u® (k) + b(k)uP (k) = 0, (1)

where a> 0, >0 and a # 3, a(k), b(k) are T-periodic func-
tions and Au(k) =u(k+1) —u(k) is the forward difference
operator.

Equation (1) can be considered as a discrete analogue of
a special case of the following fourth-order nonlinear differ-

ential equation:
ul/l/_a(t)uvt+b<t)u/3=0,tER, (2)

which has been studied in [11, 12] when a =1, $=3.1In [13],
Yang and Han proved the existence of a periodic solution to
equation (2) when a=n,3=n+2, where n is a positive
integer.

When a(k) =0, =1, Peterson and Ridenhour [14] con-
sidered the disconjugacy of the following equation:

A'u(k-2) + b(k)u(k) =0,k € Z. (3)

In 2005, Cai et al. [5] studied the fourth-order nonlinear
difference equation

Au(k-2)+f(ku(k)=0,keZ. (4)

By applying the linking theorem, they obtained some cri-
teria for the existence and multiplicity of periodic solutions
of equation (4).

In fact, there is a big difference between the continuous
case and the discrete case. For example, the basic ideas of
calculus are not always applicable when studying difference
equations, such as the embedding theorem. Therefore, we
need to consider other methods to deal with the difference
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problem. The main tool used is the continuation theorem of
Mawhin (see [15]).

Motivated by the above works, the main aim of this
paper is to investigate the existence of at least one positive
T-periodic solution of (1). In order to obtain the main
results of (1), we assume that the coefficient functions a(k)
and b(k) satisfy the following condition:

F,: Suppose a(k), b(k) are T — periodic functions and a
(k)b(k) > 0 for all k € Z. Furthermore, we assume that there
exist positive constants a, A, b, B such that

= i k ,
a=min|a(k)|

A= ,
max|a(k)|

b:rlzlelzn|b(k)|,

Bzriléazx|b(k)|.

Let X be all real T-periodic sequences of the form u=
{u(k)}cz- Then, X is a Banach space under the norm |[ul|
= max_|u(k)|.

ke[z,Tﬁ]J Ql

The main results in this paper are stated next: Theorems

1 and 2.

Theorem 1. Let F, hold, if « < 8 and the period T satisfies

8

AR + BR)

(6)

where R, = (Alb)""F~) 4 p and p > 0 small enough such that

(a/B)"'P~ _ 5> 0; then, equation (1) admits at least one
positive T-periodic solution.

Theorem 2. Let F, hold, if a > 3 and the period T satisfies

8

AQY +BQ,

(7)

where Q; = (B/a)”(“*ﬁ) + 7 and T > 0 small enough such that

(b/A)”(“’ﬁ) — 1> 0; then, equation (1) admits at least one
positive T-periodic solution.

Theorem 3. Suppose a(k)b(k)<0 and a(k),b(k) are not
identical to zero for all k € Z; then, equation (1) has no posi-
tive solution.

This paper is organized as follows: in Section 2, we give
some lemmas needed to prove the main results. Section 3
contains the proof of Theorem 1. Section 4 contains the
proof of Theorem 2. Section 5 contains the proof of Theo-
rem 3.

Journal of Function Spaces

2. Preliminary Results

In this section, we introduce some notations and well-
known results which will be used in the subsequent sections.

Definition 4 (see [7], p. 12, B.1). Let X,Y be real Banach
spaces, L : DomL ¢ X — Y be a linear mapping. The map-
ping L is said to be a Fredholm mapping of index zero if

(a) Im L is closed in Y

(b) dim Ker L =codim Im L < +o00

If L is a Fredholm mapping of index zero, then there
exist continuous projectors P: X — X and Q: Y —Y
such that

Im P=Ker L,

(8)
Ker Q=Im L=Im (I - Q).

It follows that the restriction
LDoer‘]Ker p: (I _P)X —>Im L (9)

has an inverse which is denoted by K.

Definition 5 (see [7], pp. 12-13,B.1,B.2). Let N : X — Y be
a continuous mapping. If 2 is a bounded open subset of X,
N is called L - compact on Q if QN(Q) is bounded and
Kp(I-Q)N : Q— X is compact. Since Im Q is isomor-
phic to Ker L, there exists an isomorphism J: Im Q —
Ker L.

Lemma 6 (Mawhin’s continuation theorem, see [7], Theo-
rem IV.1). Let L be a Fredholm mapping of index zero, Q C
X is an open bounded set, and let N be L — compact on Q.
Suppose

(1) for each A€ (0,1), Lu# ANu for all ue 0Q N Dom L
(2) QNu#0, forallue oQnKer L

(3) deg (JON,QnKer L,0)#0, where ]J:Im Q—
Ker L is an isomorphism

Then, the equation Lu= Nu has at least one solution in
OQNnDomlL.

Define the operator L : X — X by setting
Lu=A*u(k-2),ueX. (10)

Direct calculation shows that

Ker L=Rand Im L= {v

iv(i)=0}. (11)

i=2

Indeed, if v={v(k)},., €Im L, then there is u=
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{u(k)} e, € X such that

v(k) = A*u(k-2),keZ. (12)
Thus,

T+1 T+1

Z v(i) = Z Atu(i-2). (13)

Note that {u(k)},., € X, it follows that
{Au(k)}, , €X. (14)

Furthermore, direct calculation shows that

; Atu(i-2) = [Au(1) - A’u(0)]

+ [Au(2) = Au(1)]++[Au(T) - Au(T - 1)]
=Au(T) - A’u(0) = Au(0) - A*u(0) =0.

(15)
By virtue of the above facts, we have
T+1 T+1
Y v(i)= ) Atu(i-2)=0. (16)
i=2 i=2

Since dim X =T and L is a linear mapping, by the
knowledge of linear algebra, we know that dim Ker L&
dim Im L =dim X. It is easy to see that dim Ker L = codim
Im L=1 and dimIm L=T-1. It follows that Im L is
closed in X. Therefore, the operator L is a Fredholm opera-
tor with index zero.

Let us define N : X — X by

(Nu) (k) = a(k)u®(k) - b(k)uﬁ(k). (17)

We define P: X — Ker L and Q : X — X as follows:

(Pu) (K) = (Qu) (k) = 72 Y. (i) (13)

The operators P and Q are projections. Hence,
Im P=Ker L,Ker Q=Im L. (19)

It follows that L|p, . ;oker p : (I —P)X —> Im L has an
inverse which is denoted by K.
In view of (17) and (18), for any u € X, we can see that

T

(@) (k) = 7. 3. [alu (i) - b ()], (20)

i

+
—

Il
S}

1 T+1

(1~ QNw)(k) = (™ (k) = bllu ()~ 7. 3 ) () = b ().
(21)

Since the Banach space X is finite dimensional, K is lin-
ear. By virtue of the relations (20) and (21), we see that QN
and K,(I — Q)N are continuous on X. Hence, we know that
if O is an open and bounded subset of X, then QN(Q) is
bounded. It follows that

Kp(I-QN:Q—X (22)

~ is compact. Therefore, the mapping N is L-compact on
Q with any open and bounded subset Q2 C X.

Lemma 7 (see [16], Lemma 2.3). Let {u(k)},., be a real T
-periodic sequence; then,

T3 T+1
max|u(i) - u(j)| < < Y |Atu(k-2)|.  (23)
k=2

2<ij<T+1

3. Proof of Theorem 1

Proof. The content of Theorem 1 is as follows: let F; hold, if
a < 3 and the period T satisfies

8

AR 4 BRY

(24)

where R, = (A/b)*% 4 p and p > 0 small enough such that

(a/B)"'P ) _ p>0; then, equation (1) admits at least one
positive T-periodic solution. Now, we prove that the conclu-
sion holds. We assume that « < 8. From condition F,, we
know that a(k)b(k) >0, which include both positive and
negative cases. So we need to classify the cases where both
a(k) and b(k) are positive and both negative. O

Case 1. If coefficient functions a(k) and b(k) are positive T
-periodic functions, in view of F,, we have that 0 <a < a(k)

<Aand 0<b<b(k)<B.
Let

Q,={ueX|H, <u(k)<R;}, (25)

which is an open set in X, where

A 1/(B-«a)

R,=R+p,R= (Z) , (26)
ay V(F-)

H =H-pH-= (E) , (27)

where p>0 small enough such that (a/B)”(ﬁ_'X> -p>0.
Obviously, H, and R, are well defined.



4
By
a<fB,0<a<alk)<A,
po<asak o)
0<b<bk)<
we obtain
a k 1/(ﬁ,“)
0<H1<Hs<%k;> <R<R,, (29)

uniformly for k € Z.
Furthermore, it follows from (26), (27), and (29) that

a(k) - b(k)HY > a-BHY * >0, 0)
a(k) - b(k)RE* < A-bRE® <.

Therefore,

b HP
a(k) - b(k)H, ™ > 0, 61)
a(k) - b(k)RE ™ <0.

We prove that condition (1) of Lemma 6 holds. Let 0
<A <1 and u be such that

fu(k -2) - Aa(k)u®(k) + Ab(k)uP (k) =0.  (32)

Summing from 2 to T + 1, we can see that
T+1

y [A‘*u(i- 2)

i=2

—Aa(i)yu®(i) + Ab(i)uP(i)| =0.  (33)

Firstly, we claim that for each A € (0,1) and ue 0Q; n
Dom L, Lu # ANu. In fact, in view of (25), if u € 0Q,, then
|lu|| = H, or ||u]| =R,. We only prove the case of ||u]| = H
similar to the proof of ||ul| =R

u(j)l <

When ||u|| = H}, we can get that max |u(]) -
2<1,j<T+1

u(j)| = H,/2 holds. If max |u(l) -

2<1,j<T+1

H,/2 or max |u(l)-
2<1,j<T+1

u(j)| < H,/2, thus H,/2 <u<H,. According to the above
facts, we have

iz[w by )]
=/\‘: u“(i)[a(l) by~ (i)| (34)

> /\(a - BH/f’“) Y u(i) > 0.

i=2

This is a contradiction.
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If max |u(l) = u(j)| = H,/2, we see from Lemma 7 that
2<Lj<T+1

T+1
0= ; {A‘*u(i —-2) = Aa(i)u” (i) + /\b(i)uﬁ(,-)] ‘
T+1 T+1
> ;’A‘*u(z— Z‘/\a (i) + Ab(i)u ()‘
> ;|A4u(i—2)\ - ;‘a(i)ua(i) + b(i)uﬁ(i))

16
> — max |u(l)-

. — -1
7 [u(h) —u(j)| = T(AH{™ + BHY ) u]

o -1
> ol - 7 (AHT B

8
T

>0.

- T(aH; +BHf1)} u]

(35)

This is a contradiction.
When ||lul| =R,, we can get that

max |u(l) —u(j)| <

2<1,j<T+1

R, /2 orzrlna%(l| u(l) —u(j)| = R,/2 holds. If ,nax lu(l) -
<bLj<I'+ 2<

Lj<T+1

(j)| < R,/2, thus R,/2 < u < Ry; further, we have

||

[ o—|
~
Q
=
\/
/—\
=
~
S
~—~
=
—~
S~—

| I

8]

i=

< /\(A - be‘“) Y u(i) <o.

i=2

This is a contradiction.
If max |u(l)-u(j)|=R,/2, from Lemma 7, we have

2<1,j<T+1
that
T+1
0= Zz [A“u(i— 2) - Aa(iyu® (i) + Ab(i)uﬂ<i)] '

T+1 T+1

> ;|A4u(1’—2)|— Z‘/\a (i) + Ab(i)u ()’

> latu(i=2)| = 3 [au() + b))
16 (37)

> o, max [u(h) —u(j)| = T(ARS™ + BR{™ ) u

o -1
sl - 7 (AR5 4 BRE) u]

8 _
[—3 - T(ARS™ + BR] ‘)} Ju]



Journal of Function Spaces

but this is a contradiction. Hence, for u € 00, and A € (
0,1), we have
Yu(k - 2) = Aa(k)u®(k) + Ab(k)uP (k) #0.  (38)
Therefore, we verify that condition (1) of Lemma 6 holds
for Q.
IfuedQ, NKer L, thenu={H,},., oru={R,},,. By

virtue of (31), we conclude that

T+1

(QNu) (k) = :lr Z u® (i) [a(i) - b(z’)uﬁ""(i)] #0. (39

Hence, QNu # 0 for each u € 0Q, NKer L.

Next let us consider (H, + R, )/2, the arithmetic mean of
H, and R,. We define G : X xR — X as follows, for all y
€[0,1],

6w =-(1- ) (u- ") ek 30 at) - b0

Clearly, we find that
G(u, ) #0,Yu € 0Q, NKer L. (41)

By using the homotopy invariance theorem, it is easy to
see that

deg (QN, Q, NKer L,0) = deg (G(u,
=deg (G(u,
=—1#0.

1),0Q, nKer L,0)
0), 0, nKer L,0)

(42)
Therefore, conditions (1)-(3) of Lemma 6 hold for ;.
Furthermore, according to the above reasoning, we
deduce that (1) has at least one positive solution in €2;.
Case 2. If the coefficient functions a(k), b(k) are negative T
-periodic functions, in view of F,, we have that —A < a(k)
<-a<0and -B<b(k)<-b<0.
Let a(k) = —a(k), b(k) = —b(k); then, we see that
O<a<a(k)<A,
0<b<b(k)<B
It is obvious that (1) is equivalent to the equation
fu(k - 2) + a(k)u®(k) - b(k)uP (k) = 0. (44)
Let 0 <A <1 and u be such that
4u(k -2) + Aa(k)u” (k) -

Ab(k)uP (k)=0.  (45)

Summing from 2 to T + 1, we can see that

T+1

y [A‘*u(i -

i=2

2) + Aa(iyu®(i) - Ab(iyuP (i) =0.  (46)

Firstly, we claim that for each A € (0,1) and ue 0Q, n
Dom L, Lu # ANu. In fact, in view of (25), if u € 0Q,, then
|lu|| = H, or ||u]| =R,. We only prove the case of ||u]| =H
similar to the proof of ||u|| =

When ||u|| = H,, we can get that

N Hy
max Ju() - u()| < =} (47)
or
N Hy
max [u() ~u(j)| = ! (48)
holds.
If max |u(l)—u(j)| < H,/2, thus
2<1,j<T+1
H
71 <u<H,. (49)

Further, we have
=1 u"‘(i) [Zz(i) - b(i)uﬁ*“(i)} (50)

> /\(a - BH’f’“) Y ut(i) > 0.

i=2

l_|

~ Ab(i)u (i)

This is a contradiction.
If max |u(l) - u(j)| = H,/2, we see from Lemma 7 that

2<L,j<T+1
T+1 _
0= Zz [A“u(i— 2) - Aa(iyu® (i) + Ab(i)uﬁ(i)} ‘
T+1 T+1
> ;ymu(z’—z)\— Z‘/\a (i) + Ab(i)u ()(
T_+1 T+1 B
> ;yA‘*u(i—z)\ - ;‘Zz(i)ua(i) + b))

16 - -1
> i) - T(AHS BH‘B)
T2<gl<aTxH|u<> u(j)| - T(AH" + BH) ™ ) Ju]

o -1
> - (AR + BEE) u)

3
8 a1 B-1

= |— - T(AH*" + BH [u]| >0,
T3 1 1



but this is a contradiction. Hence, for all ue dQ, and A
€ (0,1), we have

Au(k - 2) + Aa(k)u®(k) - Ab(k)uP (k) #0.  (52)

Therefore, we verify that condition (1) of Lemma 6 holds
for Q.

The remaining proof is similar to the proof of Case 1,
and so we omit it. Furthermore, according to the above rea-
soning, we deduce that (44) has at least one positive solution
in Q,.

4. Proof of Theorem 2

Proof. The content of Theorem 2 is as follows: let F, hold, if
a > f3 and the period T satisfies

8

AQI + BQ)

(53)

where Q, = (B/a)""*® + 7 and 7 > 0 small enough such that
(b/A)”(“_’B ) _ 1> 0; then, equation (1) admits at least one
positive T-periodic solution.Now, we prove that the conclu-
sion holds. Similarly, in the case of a > 3, we need to discuss
the case where the coefficient functions a(k) and b(k) are
both positive and negative, respectively.

Case 1. If coefficient functions a(k) and b(k) are positive T
-periodic functions, we have that 0 <a<a(k)<A and 0< b
<b(k)<B.
Let
Q,={ueX|P, <u(k)<Q}, (54)

which is an open set in X, where

B\ Y(@h)
a=0+mo=(7) (55)
b\ V(e=B)
pP,=P-1,P= <A> , (56)

where 7 > 0 small enough such that (b/A)" @B 150,
Obviously, P, and Q, are well defined.

By a>f, O<a<a(k)<A, and 0<b<b(k)<B, we
obtain

1/(a=p)
0<P1<Ps(%> <Q<Qy, (57)

uniformly for k € Z.
By virtue of (55) and (56), we obtain

a(k)PF —b(k) < APSF b <0,
a(k)Q P —b(k) = aQ}F - B>0.
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Therefore,

a(k)P;F —b(k) <0,
a(k)Q{F —b(k) >0,

uniformly for k € Z.

The remaining proof is similar to the proof of Theorem
1, and so we omit it. Furthermore, we deduce that (1) has at
least one positive T-periodic solution in 0, .

Case 2. If the coefficient functions a(k), b(k) are negative T
-periodic functions, we have that —A <a(k) <—-a<0 and —
B<b(k)<-b<0.

Let a(k) = —a(k), b(k) = —b(k). Then, we can see that

O<ac<a(k)<A,
- (60)
0<bs<b(k)<B
It is obvious that
—a(k)P P+ b(k) >0,
()P} + bk o

~a(k)QF + b(k) <0,

uniformly for k € Z.

The remaining proof is similar to the proof of Theorem
1, and so we omit it. Furthermore, we conclude that (1) has
at least one positive T-periodic solution in ,.

5. Proof of Theorem 3

Proof. The content of Theorem 3 is as follows: suppose a(k
)b(k) <0 and a(k), b(k) are not identical to zero for all k €
Z; then, equation (1) has no positive solution.

Summing equation (1) from 2 to T + 1, we obtain that

T+1
; [A4u(i —2) — a(i)u®(i) + b(i)uﬁ(i)} =0. (62)

In view of

DomL= {u‘u € X, Au(k+ T) = Au(k), Au(k + T)

(63)
= Au(k), Au(k+ T) = Au(k)}.
Hence,
T+1
y [—a(i)u“(i) + b(i)uﬁ(i)} =0, (64)

i=2

If a(k) > 0 and b(k) < 0, it follows from (64) that (1) does
not have any positive solution. Other cases are similar. [
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6. Example

Example 1. The difference equation

Au(k-2) - (Ti() sin (2"7”> + 5_10>u(k)

1 2kn 1\ ,
+ (2—00 cos (T) + m)u (k)=0,

is one of the form (1), where a =1/100, A =3/100, b=1
/100, B =3/200, a =1, and 3 = 3. Let p = \/6/6, we obtain

(65)

3200

l6<Ti<s 777 .
31+6v2

(66)

Therefore, we can prove that (65) has at least one posi-
tive T-periodic solution in ,, where

le{ueX\?<u(k)<6\/§6+\/g}. (67)
Example 2. The difference equation

4 1 2km 1 5
Atu(k-2)+ <5000 cos (T + 3500 ) ¢ (k)
1 [2kn 1
B (2000 . (T) ! %)”@ =0

is one of the form (1), where —a =-1/5000, —A = -3/
5000, —b = -3/2000, —B =-1/400, « = 3, and [)’ =1. Let 7=
v/10/4, we obtain

(68)

64000

l6<Ti<s 777 .
83 +12¢/5

(69)

Therefore, we can proveﬁthat (68) has at least one posi-
tive T-periodic solution in (2,, where

10 11410
o= <20

- < u(k) < (70)
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