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The fractional problem for partial differential equation has many applications in science and technology. The main objective of the
paper is to investigate the convergence of the mild solution of the diffusion equation with time and space fractional. We consider
the problem in two cases which are forward problem and inverse problem. We use new techniques to overcome some of the

complex assessments.

1. Introduction

Fractional calculation has been shown to provide many
important applications in natural sciences, such as in biolog-
ical systems, signal processing, fluid mechanics, electrical
networks, optical, and viscosity [1-8]. With the development
of mathematics, there are now many different definitions
of fractional derivatives, for example, Riemann-Liouville,
Caputo, Hadamard, and Riesz. Let us refer many various
papers on fractional differential equation, for example,
Manimaran et al, Tuan et al, Long et al, Long L.D.
et al, and Ngoc et al. [9-14]; Adiguzel et al, Li et al,
Afshari et al., Algahtani et al, Karapmar et al, Salim
et al, Karapinar et al, and Abdeljawad et al. [15-22];
and Bachir et al, Salim et al, and Baitichea et al.
[23-25]. Although most of them have been extensively
studied, most mathematicians are interested and studied
two derivatives which are Caputo and Riemann-Liouville
derivatives.

In this paper, for a, § € (0, 1), we are interested to study
the following problem:

%, t) € (0,71) x (0, T),

%u(x, t) + (~A)Pu(x, t) = H(x, t),
te(0,T),

(u(0,t) = u(m, t) =0,

(1)

with the initial condition

u(x,0) = uy(x),0<x <m, (2)

or the terminal condition
u(x, T) =f(x),0<x <. (3)

There are many results related to the Problem (1) in both
aspects: theoretical analysis and numerical analysis. The
existence and well-posedness of Problems (1)-(2) and
(1)-(3) has been studied in [26]. Jin et al. [27] applied two
semidiscrete schemes of Galerkin FEM method in order to
approximate the solution of Problems (1) and (2). In [28],
the authors investigated a reaction-diffusion equation with
a Caputo fractional derivative in time. In [29], the authors
established the existence and uniqueness of the weak solu-
tion and the regularity of the solution for coupled fractional
diffusion system. Mu et al. [30] investigated some initial-
boundary value problems for time-fractional diffusion equa-
tions. Let us now mention some previous works on terminal
value problem Problems (1)-(3). The main current applica-
tions of the terminal value problem are hydrodynamic
inversion and spoil the image. In [31], the authors used var-
iable total variation to approximate the backward problem
for a time-space fractional diffusion equation. Under the
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interesting paper [32], Ngoc et al. considered the terminal
value problem for nonlinear model.
Dg.u —u,, = F(u). (4)

Our main purpose of this paper is to study the conver-
gence of Problem (1) when —— 17. This result gives us
the relationship between the solutions of the two Problem
(1) with the case 0<fB<1 and B=1. To the best of our
knowledge, the research direction on this convergence topic
is still limited. The main techniques to solve the our problem
is to use Mittag-Leftler evaluations with the combination of
the Wright function.

This paper is organized as follows. In Section 2, we focus
premilinaries with some background on the definition and
evaluations of Mittag-Leffler functions.

2. Premilinaries

Let us consider the Mittag-Leffler function, which is
defined by

Zi’l

ZZ(:)F(mx+ﬁ)' (%)

(zeC), for a>0 and B e R. When f3=1, it is abbrevi-
ated as E,(z) =E,,(z).

Lemma 2.1. The following equality holds (See [33]):

E i (-2)= Jm%(e)e—zede, forzeC, (6)

0
where the Wright function ®,(0) is defined by

——, O<a<l. (7)
j:OﬂF(—oc] +1-a)

In addition, ®,(0) is a probability density function,
that is,

D,(0)>0, for0>and JOO(D“(O) =1. (8)

Lemma 2.2. For a € (0,1) and b > -1, the following proper-
ties hold (See [33]):

r(b+1)

J:OG"CDDC(G)dG = Toar 1) (9)

Let a given positive number o >0. Let us also define
the Hilbert scale space as follows:

™z

I
—

H(Q) = {1// eL*(Q): j2‘7<1//, (pj>2<+oo}, (10)

J

with the following norm ||y/||y ( (1/2)

o) (Z;}Ol]za (v §0j>2)
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Here we give the following lemma, which will help our
proofs later:

Lemma 2.3. Let &,&’ > 0. Then we get the following:

E,, (_jZﬁttx> ~E,, (_]-Zt(x) <C, (cx’ e)totS(] _ lj)ss’stJrss’.

(11)

- Ea,a (_jzta) < CZ(OC, 8)ta£(1 - ﬁ)ss,jk-*-ss"
(12)

Proof Let us now to study the difference |E, (—*Ft%) -
E,, (—j°t*)| for 0<B<1. Since the definition of Wright
function as in Lemma 2.1, we get that

Bur (57767) ~Eur(707) = |

- J:O%(@) exp (~1°0)do.
(13)

Eo(571%)

@, (6) exp (— jzﬁtae) do

Since j>1 and 0< <1, we know easily that exp
(=7Pt*0) > exp (—j*t*0). Hence, we find that

exp (—jzl3 t"‘@) —exp (-j1°6)
= exp (—jzﬁt‘xﬁ) (1 — exp (— (jz —jzﬁ) t“G)).

<C,z* for any £>0, we

(14)

Using the inequality 1—e™*
find that

exp (—jzﬁt"‘e) —exp (—°1°6) <C, (ﬁ - jzﬁ)gtmee. (15)
Combining Problems (13) and (15), we derive that

E,, (—jzﬁt“) g, (-1 <C, (j2 - jzﬁ)gt"‘e (J?e@a(e)de)

F(£ + 1) 2 -Zﬁ €
=C - .
ae+1 (J ] )

&€

(16)

Forany e’ >0 and noting that log (j) < j forany j > 1, it is
obvious to see that

PF-iP=j <1—exp< (2-2B) log (j)))
< (2 2B)" [log (j)|° (17)
( ﬁ)s 2+s

N

This implies that

(7= 7) = (1= By (18)
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From some above observations, we get that

Eg(-71%)

-E,, (‘jzt“) <Ci(a, &)t™(1 - ﬁ)es’jz.s+sg"
(19)

By a similar argument as above, we also obtain the
desired result, Problem (12). O

3. Initial Value Problem

In this section, we focus the following initial value problem
under the linear case:

0% =—(-APv(x,t) + H(x, 1), (x,t)€(0,7)x (0, T),
v(0,t) =v(m, t) =0, te(0,T),
v(x,0) = vy(x), € (0, ),

(20)

where v, and source function H are defined later.

Theorem 3.1. Let v, € H?(Q) and H € L™(0, T ; H (Q)) for
any p > 0. Then we get

[|[va(t)=v* (1) 1)

—s/2
< (=B [Wallewio) * 1H o oo |

(21)

for any 0 <s<p.

Proof. The mild solution to Problem (20) with 0< <1 is
defined by

vp(x, 1) = 251 (—jzﬁttx) (J:vo (x)p j(x)dx> 9;(x)
Sl

) 1E, ( ]5(t_r)“)Hj(f)dT]<Pj(x)>

(22)

and the mild solution to Problem (20) with =1 is
defined by

By subtracting both sides of the two expressions above,
we get the following difference:

V) =" (51)
- Z[ o (7)o ()] ([ 10,0 ) 0

+ f“ =) (B (<75 =1)7)

Bl 1)%) 0] )
=M\ (x,t) + My(x,1).
(24)

Let us first consider the term .#,. By applying Parse-
val’s equality and Lemma 2.3, we find that

o= 27 [pua (0 -

. (JZVO (x)(pj(x)dx)2

2ed N 2s+4e+2e0
-

[ (.

By (-71)]

<[Ci(o 8 0) (1
j=1

(25)
where any delta > 0. Hence, we know that the upper bound
[y (-5t) s ) S

&b
(1-B) [[Vo | gsv2eres ) - (26)

Let us now treat the second term .#,. By using Parseval’s
equality, we get that

(|45t

-E,, ( —f(t-r) )) |H yzdr}
(27)

In view of the second estimate of Lemma 2.3, we derive
that

(Bua(<7(6=1)%) = Euu(-7( - r)“))2

2 , . (28)
< ’CZ (a) €,£I>‘ (t- r)ZocS(l _ ‘8>2££j<4£+2££ )



Combining Problems (27) and (28), we derive that

2
) By <[ o (@) (1= j (=)t
o) !
. (2]‘2&4&285 |Hj(r)|2> dr
=
=1C,y(a e € 21— 2ee'
=|Cwee )| (1)
t
. J ( r)otflJerxEHH(r” ]Hsuﬁes'(g)dr
<[ca(wee) 0 -p1
(x 1+2ae
([e=n dr) I e )
(29)
It is obvious to see that the integral term
Jolt r)@142%) g is convergent. Hence, we obtain that the

followmg estimate:

(8 ) = |Co (@ er")

(1 - ﬁ)se ||H||Loo (O)T;Hﬁzﬁec'(Q)) .
(30)
Combining Problems (24), (25), and (30), we find that

||v/;(.,t)—v* (.5)

E(Q)
<[ (o) sy 22 (D) s )
) g€’
< (1= B)%|vol per2ered () F (1-p)* 1H| (O’T;Hs+25+es/(0))'
(31)
Since p > s, we can choose
:?,628':2. (32)

This implies that

[|[vg(t)=v" (1) Q) S (1-pyr" [HVOHHF(Q) + HHHL‘”(O,T;]HP(Q)):|'
(33)
U

4. Terminal Value Problem

Theorem 4.1. Let f € H’(Q) and HeL®(0, T;H(Q)).
Then we get
Huﬁ("t)_u*("t)||L"“(0,T;IHS(Q))
b—s—2f—
<(1-p)rF Z/Z(HfH]Hb(Q) + HH”LOO(O,T;]Hb(Q))) (34)

b—
+(1-P) S+2/3+2/2”H”L"O(O,T;IHb(Q))’

for 1<m<1/aand b>s+2B+2.
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Proof. The mild solution to terminal value Problem (1) for
0< <1 is given by

.
Il
—_

(35)

where

H(r) = rH(x, r)p;(x)dx. (36)

0

The mild solution to terminal value Problem (1) for
B=1is given by

et = 3 ([l oo
Sz (Lo

Taking the difference of Problems (35) and (37) on
both sides, we get the following bound:

S (Ea) (PO ([
= Z<E(x,1 (—jz'BT“) B Eo, (—1°T%) (Jof(x)(Pj(x)dx)%(x)
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(38)

|
(es]

wa (=11 ) ()] )
=T (% t) + Jo(x, t) + J3(x, £) + J4(x, ).
Step 1. Estimation of the Term J,.

In order to evaluate J,, we need to control the compo-
nent

(39)

It is obvious to compute the above term as follows:

E, (‘jzﬁta) —Eq (_jzta)
E(X 1 (_jZﬁTa)

. (40)

B le( JZﬁT ) <_]2Ta).

Ea,l (‘jzﬁTa)Ea,l (_jz Ta)
Since the fact that
C, C
E ZﬁTa) o < o , 41
ol ( K 1+ 7PT" <j2f5(T“+1) (41)
we know that
Erx,l (_jzﬁta) - Eoc,l (_jztu)
Eq (°PT%) (42)
104
< Cl(‘x’ 8)(T + 1) tas(l _ ﬁ)ss’j2£+££'+2[3.

C

24
By a similar explanation as above, we find that

E, (- 7P T%) -E

a1 (_j2 Ta) e e’ Devee'+2+2
< T*(1- , (43
Elx,l (_]'ZﬁT(x) < ( ﬁ) ] ( )

Eoc,l (_jz Ta)

where the hidden constant depends on «, T, ¢, ¢’. From two
above observation, we find that

ﬁ)ss'j2£+ss'+2ﬁ+2)

o, = Ea CF7F) 5 ) -

E
Ea,l (_jZﬁTa) a,l (_joa)
(44)

where the hidden constant depends on «, T, e. Hence, we

obtain that
E, —fﬂtvf Bt (7))
E(x,l (_J ? Ta)

] 2s 25
| 1||IH ]:z1] E,, 2"3T“

(jf)())

S (1 e Y e (j:f<x>soj<x>dx)2.

=1
(45)
It implies that the following bound
1] Q) S (=B ISl Hs#2eree s 262 () - (46)

Step 2. Estimation of the Term J.
By using Parseval’s equality and noting that Problem
(44), we find that

E. (-/Ft*) E
E

5 0 e ol (_thtx) >2
||]3||IHS ;] (E ZﬁTa) al (_joa)

T 2
. <J (T-r""E,, (—jz(T - r)“)Hj(r)dr)

0

_ ﬁ)Zss’ §j25+48+2€8,+4ﬁ+4 (JT(T _ r)ocldr>

j=1 0

([r-rrmors)

where we have used the fact that E, (—j*(T-r)")<C
Hence, we find that

(47)

a

T* ee’ ’ a—
N O N sl LU —
< (1- By | H?

Lo (O)T;HS+Z£+¢E’+2[3+Z (,Q)) °

(48)

Step 3. Estimation of the Term J,.
By using Parseval’s equality, we derive that

2
00 ' E (_jZ,Btot) T 3
] 25 _ JZS a,1 . (J T_ral
H ZH]I—I () = Ea,l (_]zﬁTa) 0 ( )

. <Em (-jzﬁ(T - r)“) ~ B, (-A(T~ r)"’))Hj(r)dr) Z.



It is easy to verify that

E(X,l (_jZ'Bt‘X)
E

1+ T%%F
al (_jZ'BTa) -

< T 50
1+ 92 (50)

Using Holder’s inequality, we derive that

([T<T -t (Em (—fﬁ(T - r)"‘) ~Eqo((T - r)“))H,-(r)dr)z

Jo

(51)

By a similar explanation, we can get that the following
bound:

Ea,a (_jZﬁta> - Ea

o (_jztw) <Cy(a, & p)t™(1 - IB)SY]'ZWY)
(52)

for any y > 0. This implies that
2

(Bea(FHT =) = BaaF(T=0))

< (T _ r)Zas(l _ ﬁ)Zsyj4£+25y'

Hence, we get that the following bound:

jT<T 1) (B (75T -

) r)"‘)—Ea,a(—jz(T—r ) ‘H yzdr

T
< (1 _ ﬁ)zw[ (T _ r)a+2as_1j4£+2£y}Hj(1’)|2d1’.
JO

(54)

Combining Problems (49), (50), and (54), we derive that

T
HIZ‘ ﬁ{S(Q) < t*th(l — ﬁ)ZsyJ (T— r)oc+2as—1
0
. (Zj2$+4s+2£y’Hj(T)}2> dr
j=1
T
= t-2a(1 _[;)ZSyJ (T~ r)‘x+20cs 1||H( | ]Hﬁzmy(Q)dr
0
T
< t_zoc(l — ﬁ)Zsy <J (T _ r)oc+21xsldr)
0

2
. ||H‘|Loo(0’T;Hs+25+sy<Q>) .
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It is obvious to see that

T To+2ae
J (T — )" gy = . (56)
0 a+2ae
So, we obtain that the following confirmation
”]2”]1—[5(9) <(1- ﬁ)syt_a||H||L°°(0,T;H5+2“€V(Q))' (57)

Step 4. Estimation of the Term ] ,.
By using Parseval’s equality and Holder’s inequality, we
get that

it = 37+ -9 (P57 r)

< (Jt(t— r)“_ldr> i 7 (58)

By a similar techniques as in Probelem (54), we derive
that

J;(t =) (B (<= 1)) = B (P (= 1)) ) [y ()
< (1 _ ‘B)ZSVJ;(t _ T’)a+2a8_1j4€+2£y|Hj(r)|2d1’.
(59)

By review two latter observations, we can deduce that

1741

t S
e a+2oe— 2s+4e+2e 2
by S (1-B)° YJO(f-f) " 1<;JZ R H ()| )dr

t

—(1- ﬁ)ZWJ (= ) H() R

0

t
< (1 _ ﬁ)z.sy (Jo(t _ r)(x+2as—ldr) HHHEW(O,T;H“ZEHY(Q)) .
(60)

The above inequality implies that the following estimate:

[174]

t
ey 5 (=B (] (6= ) | )
(61)

By similar computation as above, we deduce that

[174]

H*(Q) < (1 - ﬁ)‘gy||H||L00(0’T;H5+2£+Ly<ﬂ))~ (62)
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Combining four steps as above, we deduce that

(|up(st) =, (1) H]HS(Q)
S

w1l + sl + Vallpo)
< (1 _ lg)sé‘ <|f||Hs+25+s£'+ZB+Z(Q) + HH||L°° (O)T;Hﬁzﬁss'ﬂﬁﬂ(g)))

+ (1= BT (" + D[ HI| o (0,020 1))

(63)
Let us choose
_b-s-2-2 , _  b-s+2p+2
s—#,s —2,y—2m. (64)

Then from some above observations, we deduce that the
following estimate:

||uﬁ(.,t)—u*(.,t)||H(Q)
(=B (Il + IHllo (orarian)) (65)
(1= )R (e ) ”HHL‘X’(O,T;]H”(Q))'

This estimate implies that the desired result, Problem (34).
O

5. Conclusion

In this work, we consider the fractional problem for partial
differential equation. We investigate the convergence of
the mild solution of the diffusion equation with time and
space fractional. Moreover, we consider the problem in
two cases which are forward problem and inverse problem
by using new techniques to overcome some of the com-
plex assessments.
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