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The goal of this paper is to extend the concept of complex-valued fuzzy metric space to complex-valued fuzzy b-metric spaces and
to discuss various existence results for fixed points to ensure their existence and uniqueness. To demonstrate the viability of the
proposed strategies, a nontrivial example is used. Finally, applications to integral equations and initial value problems in
mechanical engineering are discussed to demonstrate the superiority of the obtained results.

1. Introduction and Preliminaries

Fixed point theory combines topology, geometry, and analy-
sis in an amazing way. Fixed point theory has emerged as a
powerful tool in the study of nonlinear analysis in recent
years. In fixed point theory and many other mathematical
subjects, multiple separate objects are considered. As a
result, mathematics is not only about numbers and shapes
but also about prepositions, fluid flows, vector connections,
and chemical interactions, among other things. Many
researchers investigated the significance of various features
of symmetry and demonstrated how they might be applied
to many types of mathematical problems [1, 2]. There are
several generalizations of the concept of metric spaces in
the literature. Azam et al. developed the idea of complex-
valued metric space and discovered that the Banach contrac-
tion principle may be applied to complex-valued metric
spaces [3]. They studied its applications to complex integral
equations. After that, fixed point theorems have been stud-
ied by many authors in complex-valued metric spaces [4-8].

The concept of b-metric spaces has been introduced by
Bakhtin and Czerwik [9, 10]. Later on, many authors studied
fixed point theorems for single and multivalued mappings in
b-metric spaces for instance [11, 12]. In [13], the author gen-
eralized the concept of b-metric spaces by introducing the
setting of complex-valued b-metric spaces. Many other

researchers worked on complex-valued b-metric, and they
extended generalized fixed point theorems in the sense of
complex-valued b-metric spaces (see [14, 15] and the refer-
ences therein).

The concept of fuzzy sets was given by Zadeh [2] and
opened the door of new direction in mathematical research.
Pao-Ming and Ying-Ming established the notion of fuzzy
metric spaces [16]. Afterwards, George and Veeramani
improved the settings of fuzzy metric spaces [17]. Heilpern
introduced the concept of fuzzy mapping and obtained fixed
point results for fuzzy mappings [18]. Heilpern’s work was
further extended by many authors, for instance, see
[19-21]. Shukla et al. worked on the neighborhood structure
of fuzzy fixed point [22]. Several other researchers worked
on fuzzy metric spaces and obtained the generalizations of
related results [23, 24].

George and Veeramani generalized the concept of fuzzy
metric to the context of complex-valued fuzzy metric and
obtained the complex-valued fuzzy version of Banach con-
traction mapping result in different forms [17]. Also, they
obtain some related fixed point results with valid examples.

In this paper, we introduce the setting of complex-valued
fuzzy b-metric spaces to generalize the setting of complex-
valued b-metric space and establish the complex-valued
tuzzy version of the Banach contraction principle. We also
provide examples to back up our findings. The paper
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concludes with an application to integral and differential
equation.

All over the manuscript we have symbolized the set of
complex numbers by C. We mark some shortcut representa-
tion used in this manuscript, as t.-norm for a complex-
valued continuous triangular norm, CF b-metric for
complex-valued fuzzy b-metric, and s.t. for such that.

Let 2={(& p): 0<&<00,0 < p<oo} c C. The elements
(0,0),(1,1) € & are denoted by 9 and ¢, respectively. The
set Pg={(&, p): 0 <£<00,0 < p<co}. Clearly for ¢, e C,¢
<@ iff £ —p € Py. Let the unit closed complex interval be
symbolized by F={(§p):0<&<1,0<p<1} and the
open unit complex interval by %, ={(§,p): 0<&<1,0<p
<1}

Definition 1 (see [17]). Define an ordered relation < on C by
616, if and only if ¢, — ¢; € S. The relations ¢;<¢, and ¢,
< ¢, indicate that Re (¢;) <Re (¢,),Im (¢;) <Im (,) and
Re (¢;) <Re (g,),Im (¢;) <Im (g,), respectively.

Let B C C. If there exists inf B such that it i the lower
bound of B, that is, inf B<aVa € B and v<inf B for every

lower bound v of B, then inf B is called the greatest lower
bound of B.

Definition 2 (see [25]). Let X be a nonempty set. A complex
fuzzy set M is characterized by a mapping such that domain
is X and the range in the closed unit complex interval .7.

Definition 3 (see [17]). A binary equation x : ¥ x . — .F
is said to be complex-valued ¢-norm if the following condi-
tions hold:

(1) & x8, =§,%&;

(2) & x&,=xE,+E, whenever & <&,,&,<E,
(3) &1%(8,%&5) = (§,%8,)x&5

(4) Ex9= 0, Exl=¢

forall £,¢,,&,,85,8, € 7.

Some fundamental examples of a f.-norm are as follows:

(1) &x,8,=1{ejer, e3¢}, for all & =(e),e5),8, = ey,
e,) €5

(2) & %3&, ={min {e,, e,}, min {e;,¢,}}, for all & =
(e1,e3),8,=(er,04) €F

(3) &,*.&, = {max {e; + ¢, — 1,0}, max {e; +e,—1,0}},
forall & = (e}, e5),&, = (ey,€4) €F

Definition 4 (see [17]). Let (2, M,x) be a complex-valued
fuzzy metric space. A sequence {goq} in X is known as a

Cauchy sequence if

lim infM((pq,god,t) = eVt € Py. (1)

q—00 d>q
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The complex-valued fuzzy metric space (2, M,x) is
complete if every Cauchy sequence is convergent in 2.

Definition 5 (see [17]). A sequence is monotonic with respect
to < if either ¢,<g;,, or ¢,,;%¢,Vb € N.

Lemma 6 (see [17]). Let (X, M,*) be a complex-valued fuzzy
metric space. If t,t' € P9 and t<t', then M(@, u, t)<M(¢, u
gt Wo,ued.

Lemma 7 (see [17]). Let (X, M,x) be complex-valued fuzzy
metric space. A sequence {q)q} in X converges to ve I iff

lim M(goq, v, t) = ¢ holds V't € Py.

q—00
Remark 8 (see [17]). Let @, € PYn € N then:

(a) If the sequence {¢ q} is monotonic with respect to <
and there exist y,7 €% with y°¢,<n,Vq €N, then
there exists ¢ € & such that lim;__ ¢, =¢

(b) Although the partial ordering < is not a linear order
on C, the pair (C, <) is a lattice

(¢) If & c C and there exists y, 17 € C with y<sxnqVs € X,
then inf 2 and sup & both exist

Remark 9 (see [17]). Let ¢, @', & € P,¥q € N, then

(a) If (pqﬁ(p'q5€Vq€N and lim then

hmb%oo(plq =t

q—>ooq)q = E’

(b) If ¢, <€Vq € N and lim,__ ¢, = ¢, then ¢=§

(c) If E<¢,¥q € N and lim,__,,¢, = ¢, then §<¢

Definition 10 (see [15]). Let X be a nonempty set and let b
>1 be a given real number. A function @ : X' x X — C
is called a complex-valued b-metric on X if, for all &, ¢,v
€ C, the following conditions are satisfied:

(i) D(§ ¢) =0
(ii) D(& ¢) =
(iii) D&, ¢) =D(9, &)

(iv) b[D(&,v) + D(v 9)] = D(&, )

The pair (Z,D) is called a complex-valued b-metric
space.

0ifand only if E=¢

Example 1 (see [15]). Let 2 = C. Define the mapping D : C
x C— C by D(&,¢) = |& - |* +i|E - ¢|* for all &, ¢, v e C.
Then, (C, ) is complex-valued b-metric space with b= 2.

Definition 11 (see [17]). Let 2 be a nonempty set, * a con-
tinuous complex-valued ¢.-norm, and M a complex fuzzy
set on X x X' x Py — F satisfying conditions:
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(1) 0=M(§, 9, 1)

(2) M(&, @, t) =2 for every t € Py if and only if £ = ¢
(3) M(&, ¢, 1) = M(9, &, 1)

(4) M(E . t)xM(p, p,t')M(E prt +1')

(5) M(&, @, *): 9{9 —> .7 is continuous for all &, ¢, p€

X and t,t' € P,

Then, the triplet (2, M,*) is said to be a complex-valued
fuzzy metric space, and M is called a complex-valued fuzzy
metric on 2. The functions M (&, ¢, t) denote the degree of
nearness and the degree of nonnearness between & and ¢
with respect to the complex parameter ¢, respectively.

Example 2 (see [17]). Let & = N. Define * by ¢'*¢'" = (s's’
Lu'u'') forallg' = (s",u'),¢" = (s"",u'") € 7. Define com-
plex fuzzy set M as

éeifE <o,
MEgn={ * (2)

Q.
“Rif <&,
3 ¢

for each &, ¢ € ', ¢ € Py. Then, (X, M,*) is complex-valued
fuzzy metric spaces.

2. Fixed Point Results in Complex-Valued
Fuzzy b-Metric Spaces

We start this section with the following definition.

Definition 12. (2, M,*,b) is said a complex-valued fuzzy b
-metric space if 2 is an arbitrary set, x is a t,-norm, and
M is a fuzzy set on &' x & — P meeting the points below
for all £, ¢ € 2, t,5> 9 and provided a number b + I:

(1) 0=M(&, ¢, 1)

(2) M(&, @, t) =2 for every t € Py if and only if E=¢

(3) M(&, 9. 1) = M(9.8,1)

(4) M(E, ¢, t/b)xM(g, p,t' Ib)<M(E, p, (t+1"))

(5) M(&, @,*): Py— F is continuous for all &, ¢, pe
Z and t,t' € Py

Then, the triplet (X, M,*) is said to be a complex-valued
fuzzy metric space, and M is called a complex-valued fuzzy
metric on &

Example 3. Let M(&, ¢, t) be a complex-valued fuzzy metric
defined by e(—|p — &|'/£)€ such that ¢ > 1 be a real number.
Then, M is CF b-matric space with b=2""1.

Proof. (1), (2), (3), and (5) are obvious. Here, we prove (4).
For an arbitrary integer b, we have

b(t+t’) b(t+t’) €
- P
- ﬁ - + -
E-plr— Kool =l —pl )
b b E—9l  lop—pl
5;|5 §0|+?|§0 Jls b T

Since ¢® is an increasing function for &, one can write

e\E—p\/t+t’5e|E—(p|/t/b 4 elo-plit'tb. (4)
Thus, we have

—[E—pl/t+t’ —|E~|/tIb | ~|p—plit'Ib
e Eplltet o o polE-glitlb 4 p~lo=plit /by

M(ﬁ, P> (t+ t/)) 2M<E, o, é) *M ((p, P %) ©)
O

Remark 13. CF b -metric is the generalization of complex-
valued fuzzy metric space. It is obvious from example that
is every CF b -metric is complex-valued fuzzy metric for b
=1. Similarly, some important results like Lemmas 6 and
7 and definitions of convergence and Cauchy presented in
Section 1 can also be defined in the same manner in CF b
-metric space as mentioned in complex-valued fuzzy metric
space.

Theorem 14. Let (X, M,*,b) be a complete CF b -metric

space and let ¢ : &' — X be mapping enjoying the following
condition:

I} 4
e ey Y ©

forall&, pe X and q€|0,1). Then, ¢ has a unique fixed point
T, for all T € Py

Proof. Let ¢, € X Define a sequence {¢,} in X by
¢, =¢p,  forallre N. (7)

If ¢, =¢,_, for some r € N. Then clearly, ¢ has a fixed
point. Suppose ¢,=¢, ; for all r € N. To show that {¢@,} is
a Cauchy sequence, let define

Br:{M(goi,(pj, t):j>i}cf. (8)

Since 9<M(¢;, ¢;»t), by Remark 8, the inf B, =p,
exists. For j,7 €N, using (6), we get



4
v,
M(S"m’ Pir1> t)
= ¢ —-€=q ¢ -¢ (9)
M (csop 5P t) M (% ?p t)
L
ﬁM(?’v P t) o
which implies
¢ £

M(‘Pm’ Pir1> t) ) M((Pi’ P t) . 1o

Therefore, by definition, we get
€<f,2B,,,=29, forallr e N. (11)

Thus, {¢,} is monotonic in . Using Remark 8 and
from (11), there exists £* € 9, with

limB, = ¢*. (12)
roo
From inequality (9), we have

¢ <1 La-qe (13)

M(§0i+1’ P> t) M((Pi’ r t>

for all i,j and so €/f,,,%q€/B;+ (1—-g)¢ for every i€N,
which yields from (12)

(1- )e=(1 - q)ext’. (14)

Since q€[0,1) and applying Remark 9, we must
obtained € =¢*. Thus,

lim ﬁr =¢. (15)
r—00
Hence,

lim inf M(goi, ? t) = ¢, forallt € 2. (16)

r—00 j>i

Therefore, from (16), we have that {¢,} is a Cauchy
sequence. From the completeness of 2" and Lemma 7, we
get that there exists 7 € 2 such that

lim M(¢,,7,t) =2, forallt € . (17)

Now for t € Py and r € R, it yields from (6) that

4

Micppert) 0 {M (po7t) e] W
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that is

M(co,,cT, 1) = ! (19)

C r)c > -~ N

(@/M(@,> 7> 1)) + (1 - q)
Now, for any t € Py,

t t

M(t,¢t, ) = M| 7,0, = | *M| @,.1, 6P, —

™ 2b r T 2b
(20)

t t
=M <T’ Pri1> 2b> *M (qq)r’ P> 217) .

Taking r — co and using (17), (19), and Remark 9, we
get that M(z, g7, t) = € for all ¢ € Py; that is, ¢t =.

Now, we have to show the uniqueness of fixed point 7 of
6. On contrary, suppose v be another fixed point of ¢. Then,
there exists t € Py such that M(z, v, t) < £, than from (6) we
have

¢ ¢
= =g |———— 0], (2]
M(1,v,t) M(¢T,6v,t) q|:M(T, v, t) } (21)

which is a contradiction. Therefore, we must obtain M(z, v
,t) =2 for all t € Py. Hence, T =v. O

Corollary 15. Let (2, M,x,b) be a complete CF b -metric
space and let ¢ : &' — I be mapping enjoying the following
condition:

¢
— g -t 22
MEcpt) [M(E, p:1) ] -
forall&, pe XL and q €0, 1). Then, ¢ has a unique fixed point
T, for all t € Py.

Proof. By the use of Theorem 14, ¢" has a fixed point 7 as ¢"
observes all conditions. But ¢"¢7 = ¢¢"7¢7, implies that ¢t is
another fixed point of ¢". By uniqueness of fixed point, we
have ¢t = 7.As fixed point of ¢ is also a fixed point of¢. Thus,
¢ has a unique fixed point. O

Corollary 16. Let (X, M,x,b) be a complete CF b-metric
space and let ¢ : &' — I be mapping enjoying the following
condition:

¢

L
MEEp ) - £xq(t) [7 - l’,] , (23)

M(& p, t)

forall&,pe X and q: Py —> [0, 1). Then, ¢ has a unique
fixed point T, for all t € Py.

Example 4. Let 2 =[0,00) and ¢-norm be defined by ¢, *c,
=¢q, forall ¢, = (a;,a,),¢, = (a;,a,) € 7. Define M as

2 -1
M@, p,t)= {exp“’f’) /t} Cforallé, pe X, te Py. (24)
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Then, (2, M,*) is a CF b-metric space. Define ¢: 2
— X as

0,if E =m,

§ .
C(E) — Z, lff € (0, m), (25)

g,iff € (m,00).

Then, we have the following cases.
Case 1. If &, p=m, then ¢&,¢p=0.
Case 2. If £ =m and p € (0, m), then ¢§ =0 and ¢p = p/4.
Case 3. If £ =m and p € (m,00), then ¢ =0 and ¢p = p/8.

Case 4. If £ €[0,m) and p € (m,00), then ¢€ =&/4 and ¢p =
p/8.

Case 5. If £ € [0,m) and p € [0,m), then ¢€ =&/4 and ¢p=p
/4.

Case 6. If £ € [0,m) and p=m, then ¢§ =&/4 and ¢p=0.
Case 7. If £ € (m,00) and p = m, then ¢ =&/8 and ¢p =0.

Case 8. If & € (m,00) and p € (m,00), then ¢ =&/8 and ¢p
=pl8.

The above-mentioned cases observe all conditions of
Theorem 14 with g€ [1/2,1). Thus, the fuzzy contractive
mapping ¢ has a unique fixed point, which is (0, 0).

Theorem 17. Let (2, M,x,b) be a complete CF b -metric
space with t<txt for te Fy. Let ¢: X' — X be mapping
enjoying the following conditions:

(i) There exists ¢, € X and €€ Fg such that £ —-e<M
(9y 6Py t) for all te Py

(ii) There exists q € [0, 1) such that for all &, p € B¢,
&,

L 4
wEen Sless Y

Then, ¢ has a unique fixed point in B[, €, t].

Proof. It is enough to proof that B[g,, ¢, t] is complete and
cp € Bl & t] for all g € Blg,, ¢, t]. Let {¢,} be a Cauchy
sequence in R, &, t]. Since X is complete thus by the
use of Lemma 7, there exists u € 2 such that

lim M(¢,, u,t) =4, (27)

r—00

for all t € Py. Now for all i,r € N,

t t t
M<<p0, ut+ ;) z M(cpo, (o3 E) *M ((po, LO38 E) . (28)

Since ¢, € By, & t] for every reN, also lim,
M(¢p,,u,t)=¢. By using the properties of t-norm and
Remark 9, we obtain

t
M((po, u,t+ —,) > (8—r)xt=2€—r,foreverieN.  (29)
i

Taking lim;__,, and using Remark 9, we get M(¢p,
,u,t) £ £ —r. Therefore, ue By, ¢, 1.

For every ¢ € B[g,, &, t], it yields from (26)

£
S S— | —— ) (30)
M9y, 55 £) q{M(%,fp,t) }
that is
M(opp 9. 1) = : (31)
P00 @M (g )+ (1-q)°
Thus, for all i € N, we get
t t
M <p0>C§0,l‘+; £ M| @ps 6P ib
S R —
Sy )= (a/M(9y, 9, 16)) + (1 - q)
1
>(L—¢e)x >(L—-e)x(L—¢).
-0 [Gemayrimg) = €9
(32)
Taking lim,;__,, and using Remark 9, we have
M(@y, 69, ) = (£~ ¢). (33)
Therefore, ¢p € B[@,, &, t]. O

Theorem 18. Let (X, M,x,b) be a complete CF b -metric
space such that for any sequence {t,} € Py with lim,____{t,
} =00, we get lim,_, inf o M( p,{t,})=2 for all §€
. Let ¢ : X — X be a mapping observing that

M(c8, cp, 6t) = M(S, p, 1), (34)

for all t € Py, where 0< 8 < 1. Then, ¢ has a unique fixed
point in .

Proof. Let ¢, € X Define a sequence {¢,} in & by
¢, =¢p,  forallr e N. (35)

If 9, =¢, ,& for some r € N. Then clearly, ¢ has a fixed
point. Suppose ¢, # for all € N. To show that {¢,} is a



Cauchy sequence, let define
B, ={M(¢,, ¢,t): s>r} C.I. (36)

Since 9<M(¢,,¢,t), by Remark 8, the inf B, =p,
exists. For s,7 € N, by the use of (??) and Lemma 6, we get

M(@,,15 P> 1) = M(@,,1> 9,15 61) = M(5,, 6o, 61)

(37)
= M(c9,, 6P, 1),
which yields
M(6@, 6P 1)ZM (1> Py 1) fOr s > 7. (38)
Therefore, by definition, we obtain
9<B,=B,,,=¢ forallr e N. (39)

Hence, {f,} is monotonic in &, and by the use of
Remark 8 and (39), there exists €* such that

lim B, =¢*. (40)

r—00

For t € 2y, once again from (34), we have
. . t
ﬁHl :H;fr M((Pr+1’(PS+1’ t) lel;lfM P Py S

=inf M ! >inf M !
- 15r>1r RN 5 = 11;1>r Pr1>Sr-1> ?

. t . t
=inf M (C(Pr—Z’ CPs_2> ?) >inf M (c(Pr—Z’ SPr2> _3)

s>r s>r )

) t
> ZISI;IfM<(PO’(Ps—r’ W)

(41)

for all r € N and t € 2y, we have

$>r >r

IBH—I =inf M((PHI’ Psi1> t) zinf M <(P0’ Ps—r> F)
¢ (42)
> ISI>1f M ((po, ps F) .

As lim,__ _t/8"™" = 0o, using (40) and assumption, we
get
¢+ lim inf M(g,,¢,t)> =¢. (43)
r—00 pel’

From (40) and (43)

lim B, =¢. (44)

r—00
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Thus, {¢,} is a Cauchy sequence in 2. Since 2 is com-
plete, by Lemma 7, there exists u € & such that

lim M(g,,u,t)=2¢. (45)

r—00

For t € 9P, (34) yields that

t t
M(u,qu, t) = M(u, ®ri1s %) *M ((pm, G, 2_b>

t t
=M <u Prev> @) *M («PH G, 2—b> (46)

t t
M<u’ Prin> Z_b) *M (‘Pw U, %)

Taking lim,__,, and by (45) and Remark 9, we have M
(u, gu, t) = & that is, qu = u.

Now to investigate the uniqueness of fixed point, let on
contrary that v € 2 be any other fixed point of ¢. So there
exist t € Py with M(u, v, t)=¢; then, (34) yields

Y

t
M(u, v, t) = M(Gu,Gv, t) = M<u, v, S) : (47)
Continuing this way, we obtain
M H=M AR f M ! (48)
(u, v, t) = WY, < _}1)20r WY, <)

Using lim,_, #/0" = oo, it follows that M(u,v,t) = ¢,
which is contradiction. Thus, M(u, v,t) =2; that is, u=v.
O
Example 5. Let 2 =10,1] and t-norm be defined by ¢, *c,
=¢, forall ¢, = (a;,a,), ¢, =(a,,a,) € 7. Define M as

M@, p,t) = exp"s_"‘”?, forallé, pe X, t € 2. (49)

Then, (2, M,x) is a CF b-metric space. Define ¢: &
— X as

. Y
s(§) = e [O’ 2> (50)

%,if&e (;1}

For lim,  M(& p,t)=lim,  exp *Ple=¢, we
obtain that for all values of 2" we have M(cE, ¢p, 8t) + M(g
&,6p,t), and for only 0, we have lim,_,, inf,.oM(E, p, )
= exp’€ = £. Thus, all conditions of Theorem 18 are satisfied
s0, (0,0) is a unique fixed point of ¢.

Example 6. Let ' =€([1,3],R), A> 0 and for every &, pe I
let

M(E, p, t) = exp SPIltg. (51)
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Let define ¢ : & — 2 by

T

s(&(1)) =4+J &(v) +p(v))ev’1dv,t€ [1,3]. (52)

1

For every &, pe X

- [ max|e(r)-cp(r) |1t
M(c€, ¢p,t) = exp [SE=PONtp = exp T TE(L3]

- [ max|ct(v)-cp(v)let

zexp = I e>2°M(E, p,t).
(53)
Similarly
27
M(SE¢pot) = — e M(E, p 1). (54)
Note that
537.9ifr=3,
2r 5,873.7if r=5,
le _' — (55)
r 1.31if r=37,
0.202if r = 39.

Thus, all conditions of Corollary 15 are satisfied for g
=0.202 and r = 39, so ¢ has a fixed point which is a solution
of the integral equation

T

E(r)=4+ J (E(v) + p(v))ev_ldv, te[l,3], (56)

1

or the differential equation
g(r)=(E+7")e T e(1,3],E(1) = 4. (57)

3. Application

Integral equations have plenty applications in many scien-
tific fields. It is a ripely rising field in abstract theory. One
of its significant approach in the study of integral equations
is to apply fixed point results to the function defined by the
right-hand side of the equation or to develop homotopy
methods, which are highly considered in fixed point theory
to find the approximate solution. In this section, firstly, we
study application of our main Theorem 14 the existence of
unique solution to Fredholm integral equation.

Theorem 19. Let £ = ([0, m], R) be the spaces of continuous
real valued functions defined on interval [0, m|, where m > 0.
The Fredholm integral equation is

2(t) = Jm%(t, 8, 2(8))dd. (58)

0

Let E=€[0,m,R] and M : ExEx S —> F bea CF b
-metric defined as follows:

M(y,z,c)= ————¢0,y,z€2,c>0. (59)
ctly-z|
If there exists q € (0, 1) with
1
O 2)(1) = EA(’V’ 2)(t), (60)
where
c
O 2)(t) = —— . "
c+ | [ H (L6, y(8))dd - [ FH(t, 8, 2(5))dd|
c
PN [() Ep———
c+y(t) - 2(t))’
(61)
holds. Then, (58) has a unique solution in X
Proof. Let I' : 5 — E define as
Ia(t) = J T (1,8, 2(8))dd. (62)
0
Then
m m 2
|y —Iz|* = J K (t,0,y(8))dd - J K (t,0,2(8))dd| .
0 0
(63)
For all y,z € X, we have
14 qt
< , (64)
O 2)(t) ~ Al 2)(t)

SO,

R A
60 0 A eﬁq(/u,z)(t) ﬁ)’ (63)

which implies that

¢
cle+ | [T (t,8,y(8))8 - [ (1,8, 2(8))dd|* -t

¢
O S —
q<c/c+y(t)—z(t)|2 )

Therefore,

(66)

4
W -2zq (W - f) . (67)



Since all conditions of Theorem 14 are satisfied, thus
(58) has a unique solution in X O

Next, we study the application of Theorem 18, in
mechanical engineering, since the system of auto mobile sus-
pension is an achievable application for the system of spring
mass in the field of engineering. We are going to study the
motion of an auto mobile spring when its motion is upon
a craggy and cleft road, where the forcing term is the craggy
road and bumps noticed provide the absorbing. Tension,
gravity, and earth quick are the possible external forces act-
ing on the system. We express spring mass by x and the
external force acting on it by ®. Then the following initial
value problem represents the damped motion of the spring
mass system under the action of external force ®.

(68)

where 7 >0 express the damping constant and © : [0, ¢] x

R"— R is a continuous mapping. Clearly, the problem
(68) is equivalent to the following integral equation

y(t) = FA(t, 0)0(6,y(8))ds, with t, 5 € [0, ¢], (69)

0

where A(t,8) represents the corresponding Green’s
function and defined as

1 — eP(t=9)
 for0<d<t<¢,

A(t,6) = (70)

0for0<t<§,
where p=r/x is a constant ratio. Consider the set of real

valued functions Y =%([0,¢],R). For b>1, consider CF
b-mertic space defined by

- sup [j()-z(0)re
M(y,z,c)=e ne01] , (71)

for all y,z€ Y. WE have to show that problem (68) has a
solution iff there exists y* in Y, a solution of the integral
equation (69).

Theorem 20. Consider problem (68), suppose the following
conditions are satisfied:

(i) 16(8,7(9)) - ©(8,2(8))[" < [7(6), 2(8)
(ii) [CA(1,0) <1

Then, the integral equation (69) has a unique solution
inY.
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Proof. Let define an operator ' : Y — Y

I'y(t) = J¢A(t, 0)O(d, y(8))ds, with t, § € [0, ¢]. (72)
Now,

- sup [Iy(H)-rz(nP/Ac - sup | :A(t,a)\@(8,}7(8)—@(8,}/(6))\zdé)//\c

e nef0,1] >e nel0,1]
- SUp [©(8,7(8)-6(8,(0))[*dd)/Ac
>e nel0,1]
- Sup 5(8)2(8)[*/Ac
>e nel0,1]
(73)
this yields that
- Sup |Iy(t)-Iz(t)*/Ac - Sup [y(8).2(8)[*/Ac
e "<l01] 2> e "0l L. (74)
Consequently, we get
M(T'y, I'z, Ac) = M(3, 2, ¢). (75)

Thus, by Theorem 18, we obtained the existence of
unique solution to integral equation (69). O

4. Conclusion

In this article, we presented the generalization of CF b
-metric space and successfully obtained the generalization
of Banach contraction principle to the new established set-
ting herein. In support of our obtained results, we have con-
structed some examples, and with the help of derived result,
we guaranteed the existence of unique solution to integral
equation, which makes it possible for more integral equa-
tions to be verified in such conditions.
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