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We introduce an additive ðs, tÞ-functional inequality where s and t are nonzero complex numbers with
ffiffiffi
2

p jsj + jtj < 1: Using the
direct method and the fixed point method, we give the Hyers–Ulam stability of such functional inequality in Banach spaces.

1. Introduction and Preliminaries

A problem regarding the stability of homomorphisms was
mentioned by Ulam [1] in 1940. The first answer was then
found by Hyers in [2] which motivating the study of the sta-
bility problems of functional equations. We may roughly say
that a given functional equation is stable on a class of func-
tions A when any function in A approximately satisfies such
equation. One of the well-known functional equations is the
(additive) Cauchy functional equation f ða + bÞ = f ðaÞ + f ðbÞ
which is a useful tool in natural and social sciences. The sta-
bility of functional equations has been widely acknowledged
as Hyers–Ulam stability. It was notably weakened by Rassias
in [3] by making use of a direct method. The result was later
extended in [4] which uses a general control function instead
of the unbounded Cauchy difference. The concept of stability
has been also developed for functional inequalities. Recently,
Park introduced additive ρ-functional inequalities (s-type
functional inequalities) and investigated the Hyers–Ulam
stability in [5, 6]. Over the last decades, stability of functional
equations and functional inequalities have been extensively
studied, see [7–13], for example.

Not only the direct method, the fixed point method is
also one of the most popular methods of proving the stability
of functional equations and functional inequalities. Applica-

tions of stability of functional equations in a fixed point the-
ory and in nonlinear analysis were introduced in [14]. It was
known that Hyers–Ulam stability results can be derived
using fixed point theorems while the latter can often be
obtained from the former, see [15–20] and there references.

The Hyers–Ulam stability concept is very useful in many
applications (i.e., optimization, numerical analysis, biology,
and economics), since it can be very difficult to find the exact
solutions for those physical problems. It is remarkably used
in the field of differential equations. For some recent works,
see [21–23] (and references therein) where the Hyers–Ulam
stability results concerning (fractional) stochastic functional
differential equations were given.

We denote ℂ,ℕ, and ℝ+ the set of complex numbers, the
set of positive integers and the set of positive real numbers,
respectively, and let ℕ0 =ℕ ∪ f0g and ℝ+

0 =ℝ+ ∪ f0g:
Now, let s, t ∈ℂ \ f0g such that

ffiffiffi
2

p jsj + jtj < 1: Yun
and Shin [24] investigated the additive ðs, tÞ-functional
inequality:

2f a + b
2

� �
− f að Þ − f bð Þ

����
����

≤ s f a + bð Þ + f a − bð Þ − 2f að Þð Þk k
+ t f a + bð Þ − f að Þ − f bð Þð Þk k,

ð1Þ
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while Park [25] proposed the additive ðs, tÞ-functional
inequality:

f a + bð Þ − f að Þ − f bð Þk k
≤ s f a + bð Þ + f a − bð Þ − 2f að Þð Þk k

+ t 2f a + b
2

� �
− f að Þ − f bð Þ

� �����
����,

ð2Þ

and provided the Hyers–Ulam stability results in a Banach
space.

In this article, motivated by those ðs, tÞ-type inequalities
mentioned above, we introduce the additive ðs, tÞ-functional
inequality:

2f a + b
2

� �
+ f a − bð Þ − 2f að Þ

����
����

≤ s f a + bð Þ + f a − bð Þ − 2f að Þð Þk k
+ t f a + bð Þ − f að Þ − f bð Þð Þk k:

ð3Þ

We first investigate the Hyers–Ulam stability of such
functional inequality using the direct method in Section 2.
Then, in Section 3, we use the fixed point method to prove
the Hyers–Ulam stability of such inequality. We also include
some example and remarks in the last section. Note that,
since ðs, tÞ-type functional inequalities generalize s-type
functional inequalities, our results simply extend existing
Hyers–Ulam stability results for functional inequalities of s
-type in the literature. These results span alongside those
regarding other ðs, tÞ-type functional inequalities.

Throughout this article, let X and B be a normed space
and a Banach space, respectively, and let s, t ∈ℂ \ f0g such
that

ffiffiffi
2

p jsj + jtj < 1: For convenience, we also require the fol-
lowing classes of mappings:

F0 X, Bð Þ≔ g : X ⟶ B : g 0ð Þ = 0f g,
A X, Bð Þ≔ g : X⟶ B : g satisfies 1:1ð Þf g,

A0 X, Bð Þ≔F0 X, Bð Þ ∩A X, Bð Þ:
ð4Þ

2. Stability Results: Direct Method

In this section, the stability results of the additive ðs, tÞ
-functional inequality (3) are proposed by using the direct
method. We begin with the lemma showing that any map
g in AðX, BÞ is additive.

Lemma 1. If g ∈AðX, BÞ, then g is additive.

Proof. Taking a = b = 0 into (3), we obtain that ð1 − jtjÞkg
ð0Þk ≤ 0: However, jtj < 1 implies that gð0Þ = 0. Also, if we
let b = 0 in (3), then

g að Þ = 2g a
2

� �
, ð5Þ

for all a ∈ X: From (3) and (5),

1 − sj jð Þ g a + bð Þ + g a − bð Þ − 2g að Þk k
≤ tj j g a + bð Þ − g að Þ − g bð Þk k, ð6Þ

for all a, b ∈ X. Next, taking c = a + b and d = a − b in (3), we
have that

1 − sj jð Þ g cð Þ + g dð Þ − 2g c + d
2

� �����
����

≤ tj j g cð Þ − g
c + d
2

� �
− g

c − d
2

� �����
����:

ð7Þ

Then, from (5),

1 − sj jð Þ g c + dð Þ − g cð Þ − f dð Þk k
≤

tj j
2 g c + dð Þ + g c − dð Þ − 2g cð Þk k,

ð8Þ

for all c, d ∈ X. Applying (6) and (8),

1 − sj jð Þ2 g a + bð Þ − g að Þ − g bð Þk k

≤
tj j
2
2
g a + bð Þ − g að Þ − g bð Þk k,

ð9Þ

for all a, b ∈ X. Finally, since
ffiffiffi
2

p jsj + jtj < 1, we obtain that g
is additive.

We are now ready to present the main result.

Theorem 2. Let φ : X × X⟶ℝ+
0 be a map such that

Φ a, bð Þ≔ 〠
∞

j=0
2jφ 2−ja, 2−jb

� 	
<∞, ð10Þ

for all a, b ∈ X: For any f ∈F0ðX, BÞ satisfying

2f
a + b
2

� �
+ f a − bð Þ − 2f að Þ

����
����

≤ s f a + bð Þ + f a − bð Þ − 2f að Þð Þk k
+ t f a + bð Þ − f að Þ − f bð Þð Þk k + φ a, bð Þ,

ð11Þ

for all a, b ∈ X, there exists a unique F ∈A0ðX, BÞ such that

f að Þ − F að Þk k ≤Φ a, 0ð Þ, ð12Þ

for all a ∈ X.

Proof. We first let b = 0 in (11). This implies that

2f a
2

� �
− f að Þ

���
��� ≤ φ a, 0ð Þ, ð13Þ
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for all a ∈ X. It follows that for any m, l ∈ℕ0 with m > l,

2l f 2−la
� �

− 2mf 2−mað Þ
���

���

≤ 〠
m−1

j=l
2j f 2−ja

� 	
− 2j+1 f 2− j+1ð Þa

� ����
���

≤ 〠
m−1

j=l
2jφ 2−ja, 0

� 	
,

ð14Þ

for all a ∈ X: The completeness of B confirms that the Cau-
chy sequence f2k f ð2−kaÞg is convergent for any a ∈ X:
Define F : X⟶ B by

F að Þ = lim
k⟶∞

2k f 2−ka
� �

, ð15Þ

for all a ∈ X. Clearly, F ∈F0ðX, BÞ: Next, choosing l = 0 and
letting m⟶∞ in (14), we have that F satisfies (12). Then,
from (10) and (11),

2F a + b
2

� �
+ F a − bð Þ − 2F að Þ

����
����

= lim
n⟶∞

2n 2f 2− n+1ð Þ a + bð Þ
� �

+ f 2−n a − bð Þð Þ − 2f 2−nað Þ
���

���
≤ sj j lim

n⟶∞
2n f 2−n a + bð Þð Þ + f 2−n a − bð Þð Þ − 2f 2−nað Þk k

+ tj j lim
n⟶∞

2n f 2−n a + bð Þð Þ − f 2−nað Þ − f 2−nbð Þk k
+ lim

n⟶∞
2nφ 2−na, 2−nbð Þ = s F a + bð Þ + F a − bð Þ − 2F að Þð Þk k

+ t F a + bð Þ − F að Þ − F bð Þð Þk k,
ð16Þ

for all a, b ∈ X. By Lemma 1, F ∈A0ðX, BÞ: Finally, let G be
another map in A0ðX, BÞ satisfying (12). Then, for any a ∈
X,

F að Þ − G að Þk k = 2pF 2−pað Þ − 2pG 2−pað Þk k
≤ 2pF 2−pað Þ − 2p f 2−pað Þk k

+ 2pG 2−pað Þ − 2p f 2−pað Þk k
≤ 2p+1Φ 2−pa, 0ð Þ:

ð17Þ

Therefore, kFðaÞ − GðaÞk⟶ 0 as p⟶∞: The
uniqueness of F follows.

Corollary 3. For r, ϑ ∈ℝ+
0 with r > 1, if f ∈F0ðX, BÞ satisfy-

ing

2f
a + b
2

� �
+ f a − bð Þ − 2f að Þ

����
����

≤ s f a + bð Þ + f a − bð Þ − 2f að Þð Þk k
+ t f a + bð Þ − f að Þ − f bð Þð Þk k + ϑ ak kr + bk krð Þ,

ð18Þ

for all a, b ∈ X, then there exists a unique F ∈A0ðX, BÞ such
that

f að Þ − F að Þk k ≤ 2rϑ
2r − 2

ak kr , ð19Þ

for all a ∈ X.

Proof. Let φða, bÞ = ϑðkakr + kbkrÞ for all a, b ∈ X in Theo-
rem 2. The result immediately follows.

Theorem 4. Let φ : X × X⟶ℝ+
0 be a map satisfying

Ψ a, bð Þ≔ 〠
∞

j=1
2−jφ 2ja, 2jb

� 	
<∞, ð20Þ

for all a, b ∈ X, and let f ∈F0ðX, BÞ satisfy (11). Then,
there exists a unique F ∈A0ðX, BÞ such that

f að Þ − F að Þk k ≤Ψ a, 0ð Þ, ð21Þ

for all a ∈ X.

Proof. It follows from (13) that k f ðaÞ − ð1/2Þf ð2aÞk ≤ ð1/2Þ
φð2a, 0Þ for all a ∈ X. Then, for m, l ∈ℕ0 with m > l,

2−l f 2la
� �

− 2−mf 2mað Þ
���

���

≤ 〠
m−1

j=l
2−j f 2ja

� 	
− 2− j+1ð Þ f 2j+1a

� 	���
���

≤ 〠
m

j=l+1
2−jφ 2ja, 0

� 	
,

ð22Þ

for all a ∈ X. Now, let a ∈ X: It follows from the complete-
ness of B that f2−n f ð2naÞg is convergent in X. Next, define
a map F : X⟶ B by

F að Þ = lim
n⟶∞

2−n f 2nað Þ, ð23Þ

for all a ∈ X. Choosing l = 0 and taking m⟶∞ in (22), we
have that F satisfies (21). The rest is similar to the Proof of
Theorem 2.

Let φða, bÞ = ϑðkakr + kbkrÞ for all a, b ∈ X: The follow-
ing result is straightforward.

Corollary 5. Let r, ϑ ∈ℝ+
0 with r < 1: If f ∈F0ðX, BÞ satisfies

(18), then there exists a unique F ∈A0ðX, BÞ such that

f að Þ − F að Þk k ≤ 2rϑ
2 − 2r

ak kr , ð24Þ

for all a ∈ X.

3. Stability Results: Fixed Point Method

In this section, we apply the fixed point method to present
the Hyers–Ulam stability of the functional inequality (3).
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We first state a useful tool in the field of fixed point
theory.

Proposition 6. [26, 27]. Let ðX, dÞ be a complete generalized
metric space, and let L : X ⟶ X be a strict Lipschitz con-
traction with the Lipschitz constant α < 1: Then, for a ∈ X,
either

(a) dðLna,Ln+1aÞ =∞ for all n ∈ℕ0 or

(b) dðLna,Ln+1aÞ <∞ for all n ≥ n0 for some n0 ∈ℕ;
Lna⟶ b∗ where b∗ is a unique fixed point of L
in X0 ≔ fb ∈ X ∣ dðLn0a, bÞ<∞g and dðb, b∗Þ ≤ ð1/ð
1 − αÞÞdðb,LbÞ for all b ∈ X0

Theorem 7. Let φ : X × X ⟶ℝ+
0 be a function such that

φ
a
2
, b
2

� �
≤
L
2
φ a, bð Þ, ð25Þ

for all a, b ∈ X for some L ∈ℝ+
0 with L < 1: Then, for f ∈F0

ðX, BÞ satisfying (11), there exists a unique F ∈A0ðX, BÞ such
that

f að Þ − F að Þk k ≤ 1
1 − L

φ a, 0ð Þ, ð26Þ

for all a ∈ X.

Proof. Firstly, let us equip F0ðX, BÞ with the generalized
metric d defined by

d g, hð Þ = inf μ ∈ℝ+ : g að Þ − h að Þk k ≤ μφ a, 0ð Þ, for all a ∈ Xf g:
ð27Þ

Then, from [28], ðF0ðX, BÞ, dÞ is complete. Next, define
a map J : F0ðX, BÞ⟶F0ðX, BÞ by

Jg að Þ = 2g a
2

� �
, ð28Þ

for all a ∈ X. Let g, h ∈F0ðX, BÞ where dðg, hÞ = ε. Then,

g að Þ − h að Þk k ≤ εφ a, 0ð Þ, ð29Þ

for all a ∈ X. Consequently,

Jg að Þ − Jh að Þk k = 2g a
2

� �
− 2h a

2
� ����

��� ≤ 2εφ a
2 , 0

� �

≤ 2ε L2 φ a, 0ð Þ = Lεφ a, 0ð Þ,
ð30Þ

for all a ∈ X: Then, dðJg, JhÞ ≤ Lε which means that

d Jg, Jhð Þ ≤ Ld g, hð Þ, ð31Þ

for all g, h ∈F0ðX, BÞ: By (13), we have that dð f , J f Þ ≤ 1:

Now, let a ∈ X: From Proposition 6, there exists F : X
⟶ B satisfying the following:

(i) F is a unique fixed point of J , i.e., FðaÞ = 2Fða/2Þ
for all a ∈ X

(ii) dðJ l f , FÞ⟶ 0 as l⟶∞

d f , Fð Þ ≤ 1
1 − L

d f , J fð Þ: ð32Þ

It follows that

f að Þ − F að Þk k ≤ μφ a, 0ð Þ ð33Þ

(a) liml⟶∞2l f ð2−laÞ = FðaÞ and

f að Þ − F að Þk k ≤ 1
1 − L

φ a, 0ð Þ ð34Þ

Using the same method as in the proof of Theorem 2, we
can prove that F ∈A0ðX, BÞ:

Corollary 8. Let r, ϑ ∈ℝ+
0 with r > 1: If f ∈F0ðX, BÞ satisfies

(18), then there exists a unique F ∈A0ðX, BÞ such that

f að Þ − F að Þk k ≤ 2rϑ
2r − 2

ak kr , ð35Þ

for all a ∈ X.

Proof. By taking L = 21−r and φða, bÞ = ϑðkakr + kbkrÞ for all
a, b ∈ X in Theorem 7, the result follows.

Theorem 9. Let φ : X × X⟶ℝ+
0 be a map such that

φ a, bð Þ ≤ 2Lφ
a
2
, b
2

� �
, ð36Þ

for all a, b ∈ X, for some L ∈ℝ+
0 with L < 1: Then, for any f

∈F0ðX, BÞ satisfying (11), there exists a unique F ∈A0ðX,
BÞ such that

f að Þ − F að Þk k ≤ L
1 − L

φ a, 0ð Þ, ð37Þ

for all a ∈ X.

Proof. We first consider the complete metric space ðF0ðX,
BÞ, dÞ given as in the proof of Theorem 7. Define a mapping
J : F0ðX, BÞ⟶F0ðX, BÞ by

Jg að Þ = 1
2g 2að Þ, ð38Þ
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for all a ∈ X. It follows from (13) and (36) that

f að Þ − 1
2 f 2að Þ

����
���� ≤

1
2φ 2a, 0ð Þ ≤ Lφ a, 0ð Þ, ð39Þ

for all a ∈ X. As in the proof of Theorem 2 and Theorem 7,
there exists a unique F ∈A0ðX, BÞ satisfying (37).

Corollary 10. Let r, ϑ ∈ℝ+
0 with r < 1, and let f ∈F0ðX, BÞ be

a map satisfying (18). Then, there exists a unique F ∈A0ðX
, BÞ such that

f að Þ − F að Þk k ≤ 2rϑ
2 − 2r

ak kr , ð40Þ

for all a ∈ X.

Proof. Taking L = 2r−1 and φða, bÞ = ϑðkakr + kbkrÞ for all a
, b ∈ X in Theorem 9, the result follows.

4. Conclusions and Final Remarks

We have obtained several Hyers–Ulam stability results for
the functional inequality (3) using the direct method and
the fixed point method. We now discuss some example for
Theorem 2 (via Corollary 3). Consider the sequence space
l2 equipped with the 2-norm. Define f : l2 ⟶ l2 by

f að Þ = a1 + a2, a1 − a2, 2a3, 0, 0, 0,⋯ð Þ, ð41Þ

for all a = ða1, a2, a3,⋯Þ ∈ l2. Let ϑ = r = 2. Then, f ∈F0ðX,
BÞ satisfies (18). By Corollary 3, there exists a unique F ∈
A0ðX, BÞ such that k f ðaÞ − FðaÞk2 ≤ 4kak22 for all a ∈ l2.
This example is also valid for the other corollaries in the
paper.

There could also be other ðs, tÞ-type functional inequal-
ities to be investigated, and thus, of course, their stability
results to be examined. Moreover, these functional inequal-
ities can still be possibly generalized in several ways.
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