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In this manuscript, a new family of contractions called Jaggi-type hybrid ðG − ϕÞ-contraction is introduced and some fixed point
results in generalized metric space that are not deducible from their akin in metric space are obtained. The preeminence of this
class of contractions is that its contractive inequality can be extended in a variety of manners, depending on the given
parameters. Consequently, several corollaries that reduce our result to other well-known results in the literature are highlighted
and analyzed. Substantial examples are constructed to validate the assumptions of our obtained theorems and to show their
distinction from corresponding results. Additionally, one of our obtained corollaries is applied to set up unprecedented
existence conditions for the solution of a family of integral equations.

1. Introduction

The prominent Banach contraction in metric space has laid
a solid foundation for fixed point theory in metric space. The
applications of fixed point range across inequalities, approx-
imation theory, optimization, and so on. Researchers in this
area have introduced several new concepts in metric space
and obtained a great deal of fixed point results for linear
and nonlinear contractions. Recently, Karapınar and Fulga
[1] introduced a new notion of hybrid contraction which is
a unification of some existing linear and nonlinear contrac-
tions in metric space.

On the other hand, Mustafa [2] pioneered an extension
of a metric space by the name, generalized metric space (or
more precisely, G-metric space), and proved some fixed
point results for Banach-type contraction mappings. This
new generalization was brought to spotlight by Mustafa
and Sims [3]. Subsequently, Mustafa et al. [4] obtained some

engrossing fixed point results for Lipschitzian-type map-
pings on G-metric space. However, Jleli and Samet [5] as
well as Samet et al. [6] noted that most of the fixed point
results in G-metric space are direct consequences of exis-
tence results in corresponding metric space. Jleli and Samet
[5] further observed that if a G-metric is consolidated into
a quasimetric, then the resultant fixed point results become
the known fixed point results in the setting of quasimetric
space. Motivated by the latter observation, many investiga-
tors (see for instance, [7, 8]) have established techniques of
obtaining fixed point results in G-metric space that are not
deducible from their ditto ones in metric space or quasi-
metric space.

Following the existing literature, we realize that hybrid
fixed point results in G-metric space are not adequately
investigated. Hence, motivated by the ideas in [1, 7, 8], we
introduce a new concept of Jaggi-type hybrid ðG − ϕÞ-con-
traction in G-metric space and prove some related fixed

Hindawi
Journal of Function Spaces
Volume 2022, Article ID 2205423, 9 pages
https://doi.org/10.1155/2022/2205423

https://orcid.org/0000-0002-0700-0340
https://orcid.org/0000-0002-6777-3943
https://orcid.org/0000-0001-6632-8365
https://orcid.org/0000-0001-6709-8012
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2022/2205423


point theorems. An example is constructed to demonstrate
that our result is valid, an improvement of existing results
and the main ideas obtained herein do not reduce to any
existence result in metric space. Some corollaries are pre-
sented to show that the concept proposed herein is a gener-
alization and improvement of well-known fixed point results
in G-metric space. Finally, one of our obtained corollaries is
applied to establish novel existence conditions for solution
of a class of integral equations.

2. Preliminaries

In this section, we will present some fundamental notations
and results that will be deployed subsequently.

Throughout, every set Φ is considered nonempty, ℕ is
the set of natural numbers, and ℝ represents the set of real
numbers and ℝ+ the set of nonnegative real numbers.

Definition 1 (see [3]). Let Φ be a nonempty set and let G
: Φ ×Φ ×Φ⟶ℝ+ be a function satisfying

(G1) Gðr, s, tÞ = 0 if r = s = t
(G2) 0 <Gðr, r, sÞ for all r, s ∈Φ with r ≠ s
(G3) Gðr, r, sÞ ≤ Gðr, s, tÞ, for all r, s, t ∈Φ with t ≠ s
(G4) Gðr, s, tÞ = Gðr, t, sÞ =Gðs, r, tÞ =⋯ (symmetry in

all variables)
(G5) Gðr, s, tÞ ≤Gðr, u, uÞ +Gðu, s, tÞ, for all r, s, t, u ∈Φ

(rectangle inequality)

Then, the function G is called a generalized metric or,
more precisely, a G-metric on Φ, and the pair ðΦ,GÞ is
called a G-metric space.

Example 2 (see [4]). Let ðΦ, dÞ be a usual metric space; then,
ðΦ,GkÞ and ðΦ,GmÞ are G-metric spaces, where

Gk r, s, tð Þ = d r, sð Þ + d s, tð Þ + d r, tð Þ∀r, s, t ∈Φ,
Gm r, s, tð Þ =max d r, sð Þ, d s, tð Þ, d r, tð Þf g∀r, s, t ∈Φ:

ð1Þ

Definition 3 (see [4]). Let ðΦ,GÞ be a G-metric space and let
frng be a sequence of points of Φ. Then, frng is said to be G
-convergent to r if limn,m⟶∞Gðr, rn, rmÞ = 0; that is, for any
ε > 0, there exists n0 ∈ℕ such that Gðr, rn, rmÞ < ε, ∀n,m ≥
n0. We refer to r as the limit of the sequence frng.

Proposition 4 (see [4]). Let ðΦ,GÞ be a G-metric space.
Then, the following are equivalent:

(i) frng is G-convergent to r

(ii) Gðr, rn, rmÞ⟶ 0, as n⟶∞

(iii) Gðrn, r, rÞ⟶ 0, as n⟶∞

(iv) Gðrn, rn, rÞ⟶ 0, as n⟶∞

Definition 5 (see [4]). Let ðΦ,GÞ be a G-metric space. A
sequence frng is called G-Cauchy if for any ε > 0, we can
find n0 ∈ℕ such that Gðrn, rm, rlÞ < ε, ∀n,m, l ≥ n0, that is,
Gðrn, rm, rlÞ⟶ 0, as n,m, l⟶∞.

Proposition 6 (see [4]). If ðΦ,GÞ is a G-metric space, the fol-
lowing statements are equivalent:

(i) The sequence frng is G-Cauchy

(ii) For every ε > 0, there exists n0 ∈ℕ such that Gðrn,
rm, rmÞ < ε, ∀n,m ≥ n0

Definition 7 (see [4]). Let ðΦ,GÞ and ðΦ′,G′Þ be G-metric
spaces and f : ðΦ,GÞ⟶ ðΦ′,G′Þ be a function. Then, f
is G-continuous at a point u ∈Φ if and only if for any ε > 0
, there exists δ > 0 such that r, s ∈Φ; and Gðu, r, sÞ < δ
implies G′ð f ðuÞ, f ðrÞ, f ðsÞÞ < ε. A function f is G-continu-
ous on Φ if and only if it is G-continuous at all u ∈Φ.

Proposition 8 (see [4]). Let ðΦ,GÞ and ðΦ′,G′Þ be G-metric
spaces. Then, a function f : ðΦ,GÞ⟶ ðΦ′,G′Þ is said to be
G-continuous at a point r ∈Φ if and only if it is G-sequen-
tially continuous at r; that is, whenever frng is G-conver-
gent to r, f f rng is G-convergent to f r.

Definition 9 (see [4]). A G-metric space ðΦ,GÞ is called sym-
metric G-metric space if

G r, r, sð Þ =G s, r, rð Þ∀r, s ∈Φ: ð2Þ

Proposition 10 (see [4]). Let ðΦ,GÞ be a G-metric space.
Then, the function Gðr, s, tÞ is jointly continuous in all
variables.

Proposition 11 (see [4]). Every G-metric space ðΦ,GÞ defines
a metric space ðΦ, dGÞ by

dG r, sð Þ = G r, s, sð Þ +G s, r, rð Þ∀r, s ∈Φ: ð3Þ

Note that for a symmetric G-metric space ðΦ,GÞ,

Φ, dGð Þ = 2G r, s, sð Þ∀r, s ∈Φ: ð4Þ

On the other hand, if ðΦ,GÞ is not symmetric, then by the
G-metric properties,

3
2
G r, s, sð Þ ≤ dG r, sð Þ ≤ 3G r, s, sð Þ∀r, s ∈Φ, ð5Þ

and that in general, these inequalities are sharp.

Definition 12 (see [4]). A G-metric space ðΦ,GÞ is referred to
as G-complete (or complete G-metric) if every G-Cauchy
sequence in ðΦ,GÞ is G-convergent in ðΦ,GÞ.

Proposition 13 (see [4]). A G-metric space ðΦ,GÞ is G
-complete if and only if ðΦ, dGÞ is a complete metric space.

Mustafa [2] proved the following result in the framework
of G-metric space.

Theorem 14 (see [2]). Let ðΦ,GÞ be a complete G-metric
space, and let Γ : Φ⟶Φ be a mapping satisfying the
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following condition:

G Γr, Γs, Γtð Þ ≤ kG r, s, tð Þ, ð6Þ

for all r, s, t ∈Φ where 0 ≤ k < 1; then, Γ has a unique
fixed point (say u, i.e., Γu = u), and Γ is G-continuous at u.

Definition 15 (see [9]). Let Ψ be the set of all functions ϕ
: ℝ+ ⟶ℝ+ satisfying

(i) ϕ is monotone increasing, that is, t1 ≤ t2 implies
ϕðt1Þ ≤ ϕðt2Þ

(ii) the series ∑∞
n=0ϕ

nðtÞ is convergent for all t > 0

Then, ϕ is called a ðcÞ-comparison function.

Remark 16. If ϕ ∈Ψ, then ϕðtÞ < t for any t > 0, ϕð0Þ = 0, and
ϕ is continuous at 0.

Karapınar and Fulga [1] gave the following definition of
Jaggi-type hybrid contraction in metric space.

Definition 17 (see [1]). Let ðΦ, dÞ be a complete metric space.
A self-mapping Γ : Φ⟶Φ is called a Jaggi-type hybrid
contraction; if there exists ϕ ∈Φ such that

d Γr, Γsð Þ ≤ ϕ M r, sð Þð Þ, ð7Þ

for all distinct r, s ∈Φ, where

M r, sð Þ =
λ1

d r, Γrð Þ · d s, Γsð Þ
d r, sð Þ

� �q

+ λ2d r, sð Þq
� �1/q

, for q > 0, r, s ∈Φ, r ≠ s,

d r, Γrð Þλ1 · d s, Γsð Þλ2 , for q = 0, r, s ∈Φ \ Fix Γð Þ:

8><
>:

ð8Þ

λ1, λ2 ≥ 0 with λ1 + λ2 = 1 and FixðΓÞ = fr ∈Φ : Γr = rg.

3. Main Results

We begin this section by defining the notion of Jaggi-type
hybrid ðG − ϕÞ-contraction in G-metric space.

Definition 18. Let ðΦ,GÞ be a G-metric space. A self-
mapping Γ : Φ⟶Φ is called a Jaggi-type hybrid ðG − ϕÞ
-contraction, if there exists ϕ ∈Φ such that

G Γr, Γs, Γ2s
� �

≤ ϕ M r, s, Γsð Þð Þ, ð9Þ

for all r, s ∈Φ \ FixðΓÞ, where

M r, s, Γsð Þ =
λ1

G r, Γr, Γ2r
� �

·G s, Γs, Γ2s
� �

G r, s, Γsð Þ
� �q

+ λ2G r, s, Γsð Þq
" #1/q

, for q > 0,

G r, Γr, Γ2r
� �λ1 ·G s, Γs, Γ2s

� �λ2 , for q = 0:

8>>><
>>>:

ð10Þ

λ1, λ2 ≥ 0 with λ1 + λ2 = 1 and FixðΓÞ = fr ∈Φ : Γr = rg.

We now present the following results.

Theorem 19. Let ðΦ,GÞ be a complete G-metric space and let
Γ : Φ⟶Φ be a continuous Jaggi-type hybrid ðG − ϕÞ-con-
traction on ðΦ,GÞ. Then, Γ has a fixed point in Φ (say c),
and for any c0 ∈Φ, the sequence fΓnc0gn∈ℕ converges to c.

Proof. Let r0 ∈Φ be an arbitrary point and define a sequence
frngn∈ℕ in Φ by rn = Γnr0. If there exists some n ∈ℕ such
that Γrn = rn+1 = rn, then rn is a fixed point of Γ, and so
the proof is complete. Assume now that rn ≠ rn−1 for any n
∈ℕ. Since Γ is a Jaggi-type hybrid ðG − ϕÞ-contraction,
then we have from (9) that

G rn, rn+1, rn+2ð Þ =G Γrn−1, Γrn, Γ2rn
� �

≤ ϕ M rn−1, rn, Γrnð Þð Þ:
ð11Þ

We then consider the given cases of (10).

Case 1. For q > 0, we have

M rn−1, rn, Γrnð Þ = λ1
G rn−1, Γrn−1, Γ2rn−1
� �

G rn, Γrn, Γ2rn
� �

G rn−1, rn, Γrnð Þ
� �q

+ λ2G rn−1, rn, Γrnð Þq
" #1/q

= λ1
G rn−1, rn, rn+1ð ÞG rn, rn+1, rn+2ð Þ

G rn−1, rn, rn+1ð Þ
� �q

+ λ2G rn−1, rn, rn+1ð Þq
� �1/q

= λ1G rn, rn+1, rn+2ð Þq + λ2G rn−1, rn, rn+1ð Þq½ �1/q:

ð12Þ
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Since ϕ is nondecreasing, if we assume that

G rn−1, rn, rn+1ð Þ ≤G rn, rn+1, rn+2ð Þ, ð13Þ

then (11) becomes

G rn, rn+1, rn+2ð Þ ≤ ϕ λ1G rn, rn+1, rn+2ð Þq + λ2G rn−1, rn, rn+1ð Þq½ �1/q
� 	

≤ ϕ λ1G rn, rn+1, rn+2ð Þq + λ2G rn, rn+1, rn+2ð Þq½ �1/q
� 	

= ϕ λ1 + λ2ð Þ1/qG rn, rn+1, rn+2ð Þ
� 	

= ϕ G rn, rn+1, rn+2ð Þð Þ <G rn, rn+1, rn+2ð Þ,
ð14Þ

which is a contradiction. Therefore, for every n ∈ℕ, we have

G rn, rn+1, rn+2ð Þ <G rn−1, rn, rn+1ð Þ, ð15Þ

so that (11) becomes

G rn, rn+1, rn+2ð Þ ≤ ϕ λ1G rn, rn+1, rn+2ð Þq + λ2G rn−1, rn, rn+1ð Þq½ �1/q
� 	

≤ ϕ λ1 + λ2ð Þ1/qG rn−1, rn, rn+1ð Þ� �
≤ ϕ G rn−1, rn, rn+1ð Þð Þ:

ð16Þ

Continuing inductively, we have

G rn, rn+1, rn+2ð Þ ≤ ϕn G r0, r1, r2ð Þð Þ: ð17Þ

Now, since

G rn, rn, rn+1ð Þ ≤ G rn, rn+1, rn+2ð Þ ≤ ϕn G r0, r1, r2ð Þð Þ, ð18Þ

for all n ∈ℕ with rn+1 ≠ rn+2, then for any n,m ∈ℕ with n
<m and by rectangle inequality, we have

G rn, rn, rmð Þ ≤G rn, rn, rn+1ð Þ +G rn+1, rn+1, rn+2ð Þ
+⋯+G rm−1, rm−1, rmð Þ

≤ ϕn + ϕn+1 + ϕn+2+⋯+ϕm−1� �
G r0, r1, r2ð Þ

= 〠
m−1

i=n
ϕi G r0, r1, r2ð Þð Þ ≤ 〠

∞

i=n
ϕi G r0, r1, r2ð Þð Þ:

ð19Þ

Since ϕ is a ðcÞ-comparison function, then the series
∑∞

i=0ϕ
iðGðr0, r1, r2ÞÞ is convergent, and so denoting by

Sp =∑∞
i=0ϕ

iðGðr0, r1, r2ÞÞ, we have

G rn, rn, rmð Þ ≤ Sm−1 − Sn−1: ð20Þ

Hence, as n,m⟶∞, we see that

G rn, rn, rmð Þ⟶ 0: ð21Þ

Thus, frng is a G-Cauchy sequence in ðΦ,GÞ and so
by the completeness of ðΦ,GÞ, there exists c ∈Φ such

that frng is G-convergent to c, that is,

lim
n⟶∞

G rn, rn, cð Þ = 0: ð22Þ

We will now show that c is a fixed point of Γ. By
the assumption that Γ is continuous, we have

lim
n⟶∞

G c, c, Γcð Þ = lim
n⟶∞

G rn+1, rn+1, Γcð Þ
= lim

n⟶∞
G Γrn, Γrn, Γcð Þ

= lim
n⟶∞

G Γrn, Γrn, Γrnð Þ = 0,
ð23Þ

so we get Γc = c, that is, c is a fixed point of Γ.

Case 2. For q = 0, we have

M rn−1, rn, Γrnð Þ =G rn−1, Γrn−1, Γ2rn−1
� �λ1 ·G rn, Γrn, Γ2rn

� �λ2
=G rn−1, rn, rn+1ð Þλ1 ·G rn, rn+1, rn+2ð Þλ2 :

ð24Þ

Now, if Gðrn−1, rn, rn+1Þ ≤Gðrn, rn+1, rn+2Þ, then (11)
becomes

G rn, rn+1, rn+2ð Þ <G rn, rn+1, rn+2ð Þ, ð25Þ

which is a contradiction. Therefore,

G rn, rn+1, rn+2ð Þ < G rn−1, rn, rn+1ð Þ: ð26Þ

Hence, by (11) we have

G rn, rn+1, rn+2ð Þ < ϕ G rn−1, rn, rn+1ð Þð Þ < ϕ2 G rn−1, rn, rn+1ð Þð Þ
<⋯ < ϕn G r0, r1, r2ð Þð Þ:

ð27Þ

By similar argument as the case of q > 0, we can show
that there exists a G-Cauchy sequence frng in ðΦ,GÞ and a
point c in Φ such that limn⟶∞rn = c. Similarly, under the
assumption that Γ is continuous and by the uniqueness of
limit, we have that Γc = c, that is, c is a fixed point of Γ.

In the next result, we examine the existence of unique
fixed point of Γ under the restriction of continuity of some
iterates of Γ.

Theorem 20. Let ðΦ,GÞ be a complete G-metric space and let
Γ : Φ⟶Φ be a Jaggi-type hybrid ðG − ϕÞ-contraction. If for
some integer i > 2, we have that Γi is continuous, then Γ has a
unique fixed point in Φ.

Proof. In Theorem 19, we have established that there exists a
G-Cauchy sequence frngn∈ℕ in ðΦ,GÞ with rn = Γrn−1 such
that rn ⟶ c for some c in Φ. Let frnlg be a subsequence
of frngn∈ℕ where nl = l · i for all l ∈ℕ, i > 2 fixed. Notice that
Γ0 is an identity self-mapping on Φ so that rnl = Γirnl−i.
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Hence, by the continuity of Γi, we have

G c, Γic, Γi+1c
� �

= lim
l⟶∞

G c, Γirnl−i, Γ
i+1rnl− i+1ð Þ

� 	
= lim

l⟶∞
G c, rnl , rnl
� �

=G c, c, cð Þ = 0,
ð28Þ

that is, c is a fixed point of Γi.

To see that c is a fixed point of Γ, assume contrary that
Γz ≠ z. Then in that case, Γi−j−1z ≠ Γi−jz for any j = 0, 1,⋯

, i − 1. Hence, by (9), we have

G Γi−jc, Γi−j+1c, Γi−j+2c
� �

≤ ϕ M Γi−j−1c, Γi−jc, Γi−j+1c
� �� �

<M Γi−j−1c, Γi−jc, Γi−j+1c
� �

:

ð29Þ

Considering Case 1, we obtain

so that (29) becomes

G Γi−jc, Γi−j+1c, Γi−j+2c
� �q 1 − λ1ð Þ < λ2G Γi−j−1c, Γi−jc, Γi−j+1c

� �q
:

ð31Þ

Since λ1 + λ2 = 1, then for every j = 0, 1,⋯, i − 1, we
have

G Γi−jc, Γi−j+1c, Γi−j+2c
� �

< G Γi−j−1c, Γi−jc, Γi−j+1c
� �

: ð32Þ

This clearly implies that for every l = j, j + 1,⋯, i − 1,

G Γi−jc, Γi−j+1c, Γi−j+2c
� �

<G Γi−j−l−1c, Γi−j−lc, Γi−j−l+1c
� 	

:

ð33Þ

In particular, letting j = 0 and l = i − 1, the above
inequality becomes

G c, Γic, Γi+1c
� �

= G Γic, Γi+1c, Γi+2c
� �

< G c, Γc, Γ2c
� �

, ð34Þ

which is a contradiction. Hence, Γc = c.
For Case 2, we have

M Γi−j−1c, Γi−jc, Γi−j+1c
� �

= G Γi−j−1c, Γ Γi−j−1c
� �

, Γ2 Γi−j−1c
� �� �λ1

· G Γi−jc, Γ Γi−jc
� �

, Γ2 Γi−jc
� �� �λ2

= G Γi−j−1c, Γi−jc, Γi−j+1c
� �λ1
· G Γi−jc, Γi−j+1c, Γi−j+2c
� �λ2 ,

ð35Þ

so that (29) becomes

G Γi−jc, Γi−j+1c, Γi−j+2c
� � 1−λ2ð Þ < G Γi−j−1c, Γi−jc, Γi−j+1c

� �λ1 ,
ð36Þ

implying that

G Γi−jc, Γi−j+1c, Γi−j+2c
� �

<G Γi−j−1c, Γi−jc, Γi−j+1c
� �

: ð37Þ

By similar argument as in Case 1, we obtain a contradic-
tion. Hence, Γc = c.

Example 21. Let Φ = ½−1, 1� and let Γ : Φ⟶Φ be a self-
mapping on Φ defined by

Γr =

r
5 , if r ∈ −1, 1f g,
1
5 , if r ∈ −1, 1ð Þ,

8><
>: ð38Þ

for all r ∈Φ. Define G : Φ ×Φ ×Φ⟶ℝ+ by

G r, s, Γsð Þ = r − sj j + r − Γsj j + s − Γsj j∀r, s ∈Φ: ð39Þ

Then, ðΦ,GÞ is a complete G-metric space and Γ is con-
tinuous for all r ∈Φ. Define ϕ ∈Ψ by ϕðxÞ = x/2 for all x ≥ 0.

To see that Γ is a Jaggi-type hybrid ðG − ϕÞ-contraction,
notice that GðΓr, Γs, Γ2sÞ = 0 for all r, s ∈ ð−1, 1Þ. Hence,
inequality (9) holds for all r, s ∈ ð−1, 1Þ.

M Γi−j−1c, Γi−jc, Γi−j+1c
� �

= λ1
G Γi−j−1c, Γ Γi−j−1c

� �
, Γ2 Γi−j−1c
� �� �

G Γi− jc, Γ Γi−jc
� �

, Γ2 Γi−jc
� �� �

G Γi−j−1c, Γi− jc, Γ Γi−jc
� �� �

 !q

+ λ2G Γi−j−1c, Γi−jc, Γ Γi−jc
� �� �q" #1/q

= λ1
G Γi−j−1c, Γi−jc, Γi−j+1c
� �

G Γi− jc, Γi− j+1c, Γi− j+2c
� �

G Γi−j−1c, Γi−jc, Γi−j+1c
� �

 !q

+ λ2G Γi−j−1c, Γi− jc, Γi− j+1c
� �q" #1/q

= λ1G Γi− jc, Γi− j+1c, Γi− j+2c
� �q + λ2G Γi−j−1c, Γi−jc, Γi−j+1c

� �qh i1/q
,

ð30Þ

5Journal of Function Spaces



Now, for r, s ∈ f−1, 1g, if r = s = 1, then GðΓr, Γs, Γ2sÞ
= 0 for all q ≥ 0. If r = s = −1, then letting λ1 = λ2 = 1/2
and q = 1, we obtain

G Γr, Γs, Γ2s
� �

=G
−1
5 , −15 , 15

� �
= 4
5 < 13

10 = 1
2

13
5

� �

= 1
2 M −1,−1, −15

� �� �
= ϕ M r, s, Γsð Þð Þ:

ð40Þ

Also, for q = 0, we have

G Γr, Γs, Γ2s
� �

= 4
5 < 1

2
12
5

� �
= ϕ M r, s, Γsð Þð Þ: ð41Þ

If r ≠ s, then letting λ1 = 2/10, λ2 = 4/5, and q = 3, we obtain

G Γr, Γs, Γ2s
� �

= G
−1
5 , 15 ,

1
5

� �
=G

1
5 ,

−1
5 , 15

� �

= 4
5 < 8

5 = 1
2

16
5

� �
= 1
2 M −1, 1, 15

� �� �

= 1
2 M 1,−1, −15

� �� �
= ϕ M r, s, Γsð Þð Þ:

ð42Þ

Also, for q = 0, we take λ1 = λ2 = 1/2. Then,

G Γr, Γs, Γ2s
� �

=G
−1
5 , 15 ,

1
5

� �
=G

1
5 ,

−1
5 , 15

� �

= 4
5 < 49

50 = 1
2

98
50

� �
= 1
2 M −1, 1, 15

� �� �

= 1
2 M 1,−1, −15

� �� �
= ϕ M r, s, Γsð Þð Þ:

ð43Þ

Hence, inequality (9) is satisfied for all r, s ∈Φ. Therefore, Γ
is a Jaggi-type hybrid ðG − ϕÞ-contraction. Consequently, all the
assumptions of Theorem 19 are satisfied, and r = 1/5 is the fixed
point of Γ.

We now demonstrate that our result is independent of
the result of Karapınar and Fulga [1]. Let d : Φ ×Φ⟶ℝ+
be defined by

d r, sð Þ = r − sj j∀r, s ∈Φ: ð44Þ

Consider r, s ∈ f−1, 1g and take for Case 1, r ≠ s, λ1 = 3/4,

λ2 = 1/4, and q = 1. Then, inequality (9) becomes

G Γr, Γs, Γ2s
� �

=G
−1
5 , 15 ,

1
5

� �
=G

1
5 ,

−1
5 , 15

� �
= 4
5 < 43

50

= 1
2

43
25

� �
= 1
2 M −1, 1, 15

� �� �

= 1
2 M 1,−1, −15

� �� �
= ϕ M r, s, Γsð Þð Þ,

ð45Þ

while inequality (7) due to Karapınar and Fulga [1] yields

d Γr, Γsð Þ = d
−1
5 , 15

� �
= d

1
5 ,

−1
5

� �
= 2
5 > 37

100 = 1
2

37
50

� �

= 1
2 M −1, 1ð Þð Þ = 1

2 M 1,−1ð Þð Þ = ϕ M r, sð Þð Þ:
ð46Þ

Also, Karapınar and Fulga [1] declared in Definition (17)
that r and s are distinct, since Mðr, sÞ is undefined for Case 1
if r = s. However, our result is valid for all r, s ∈Φ \ FixðΓÞ.

The above comparison is illustrated graphically for all r
, s ∈ f−1, 1g, using the following Figures 1 and 2.

Therefore, Jaggi-type hybrid ðG − ϕÞ-contraction is not
Jaggi-type hybrid contraction defined by Karapınar and
Fulga [1], and so Theorem 1 due to Karapınar and Fulga
[1] is not applicable to this example.

Corollary 22 (see Theorem 14). Let ðΦ,GÞ be a complete G
-metric space, and let Γ : Φ⟶Φ be a mapping satisfying
the following condition:

G Γr, Γs, Γtð Þ ≤ kG r, s, tð Þ, ð47Þ

for all r, s, t ∈Φ where 0 ≤ k < 1; then, Γ has a unique
fixed point (say u) and Γ is G-continuous at u.

Proof. Consider Definition (18) and let Γs = t, λ1 = 0, λ2 = 1,
q > 0, and ϕðpÞ = kp for all p ≥ 0 and k ∈ ½0, 1Þ. Clearly, ϕ ∈Ψ
and Γ is a Jaggi-type hybrid ðG − ϕÞ-contraction. Hence, (9)
coincides with (6) of Theorem 14 due to Mustafa [2]. There-
fore, it is easy to see that we can find a unique point u in Φ
such that Γu = u and Γ is G-continuous at u.

Corollary 23 (see [10], Theorem 3.1). Let ðΦ,GÞ be a
complete G-metric space. Suppose the mapping Γ : Φ⟶Φ
satisfies

G Γr, Γs, Γtð Þ ≤ ϕ G r, s, tð Þð Þ, ð48Þ

for all r, s, t ∈Φ. Then, Γ has a unique fixed point (say u)
and Γ is G-continuous at u.

Proof. Consider Definition 18 and let Γs = t, λ1 = 0, λ2 = 1
and q > 0. Then,

M r, s, tð Þ =G r, s, tð Þ, ð49Þ
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for all r, s, t ∈Φ. Hence, inequality (9) becomes

G Γr, Γs, Γtð Þ ≤ ϕ G r, s, tð Þð Þ, ð50Þ

for all r, s, t ∈Φ and ϕ ∈Ψ. This coincides with Theorem
3.1 due to Shatanawi [10] and so the proof follows in a sim-
ilar manner.

By specializing the parameters λiði = 1, 2Þ and q, as well
as letting ϕðpÞ = μp for all p ≥ 0 and for μ ∈ ð0, 1Þ, the follow-
ing result is also a direct consequence of Theorem 19.

Corollary 24. Let ðΦ,GÞ be a complete G-metric space. If
there exists μ ∈ ð0, 1Þ such that for all r, s ∈Φ, the mapping
Γ : Φ⟶Φ satisfies

G Γr, Γs, Γ2s
� �

≤ μG r, s, Γsð Þ, ð51Þ

then Γ has a fixed point in Φ.

4. Applications to Solution of Integral Equation

In this section, Corollary 24 is applied to examine the exis-
tence criteria for a solution to a class of integral equations.
Ideas in this section are motivated by [7, 11, 12].

Consider the integral equation

r yð Þ =
ðb
a
L y, xð Þf x, r xð Þð Þdx, y ∈ a, b½ �: ð52Þ

Let Φ = Cð½a, b�,ℝÞ be the set of all continuous real-
valued functions. Define G : Φ ×Φ ×Φ⟶ℝ+ by

G r, s, Γsð Þ = max
y∈ a,b½ �

r yð Þ − s yð Þj j + max
y∈ a,b½ �

r yð Þ − Γs yð Þj j + max
y∈ a,b½ �

s yð ÞΓs yð Þj j,

ð53Þ

∀r, s ∈Φ, y ∈ a, b½ �: ð54Þ

Then, ðΦ,GÞ is a complete G-metric space.

1

2.5

2

1.5

1

0.5

0
2 3 4

ϕ (M(r,s,Γs))

G (Γr,Γs,Γ2s)

Figure 1: Illustration of contractive inequality (9) for all r, s ∈ f−1, 1g.

ϕ (M(r,s))

d (Γr,Γs)

1

0.9

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0
2 3 4

Figure 2: Illustration of contractive inequality (7) for all r, s ∈ f−1, 1g.
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Define a function Γ : Φ⟶Φ as follows:

Γr yð Þ =
ðb
a
L y, xð Þf x, r xð Þð Þdx, y ∈ a, b½ �: ð55Þ

Then, a point u∗ is said to be a fixed point of Γ if and
only if u∗ is a solution to (52).

Now, we study existence conditions of the integral equa-
tion (52) under the following hypotheses.

Theorem 25. Assume that the following conditions are
satisfied:

(C1) L : ½a, b� × ½a, b�⟶ℝ+ and f : ½a, b� ×ℝ⟶ℝ
are continuous

(C2) For all r, s ∈Φ, x ∈ ½a, b�, we have j f ðx, rðxÞÞ − f ðx,
sðxÞÞj ≤ jrðxÞ − sðxÞj

(C3) maxy∈½a,b�
Ð b
aLðy, xÞdx ≤ μ for some μ < 1

Then, the integral equation (52) has a solution u∗ in Φ.

Proof. Observe that for any r, s ∈Φ, using (55) and the above
hypotheses, we obtain

Γr yð Þ − Γs yð Þj j =
ðb
a
L y, xð Þf x, r xð Þð Þ −L y, xð Þf x, s xð Þð Þ½ �dx












≤
ðb
a
L y, xð Þ f x, r xð Þð Þ − f x, s xð Þð Þj jdx

≤
ðb
a
L y, xð Þ r xð Þ − s xð Þj jdx

≤
ðb
a
L y, xð Þ max

x∈ a,b½ �
r xð Þ − s xð Þj jdx

≤ μ max
y∈ a,b½ �

r yð Þ − s yð Þj j:

ð56Þ

Using this in (54), we have

G Γr, Γs, Γ2s
� �

= max
y∈ a,b½ �

Γr − Γsj j + max
y∈ a,b½ �

Γr − Γ2s


 



+ max
y∈ a,b½ �

Γs − Γ2s


 

 ≤ μ max

y∈ a,b½ �
r − sj j

+ μ max
y∈ a,b½ �

r − Γsj j + μ max
y∈ a,b½ �

s − Γsj j

= μ max
y∈ a,b½ �

r − sj j + max
y∈ a,b½ �

r − Γsj j + max
y∈ a,b½ �

s − Γsj j
� �

= μG r, s, Γsð Þ:
ð57Þ

Hence, all the required hypotheses of Corollary 24 are
satisfied, implying that there exists a solution u∗ in Φ of
the integral equation (52).

Conversely, if u∗ is a solution of (52), then u∗ is also a
solution of (55) so that Γu∗ = u∗, that is, u∗ is a fixed
point of Γ.

Remark 26.

(i) We can deduce a number of corollaries by particu-
larizing some of the parameters in Definition 18

(ii) None of the results presented in this work can be
expressed in the form Gðr, s, sÞ or Gðr, r, sÞ. Hence,
they cannot be obtained from their corresponding
versions in metric space

5. Conclusion

A generalization of metric space was introduced by Mustafa
and Sims [3], namely, G-metric space and several fixed point
results were studied in that space. However, Jleli and Samet
[5] as well as Samet et al. [6] established that most fixed
point theorems obtained in G-metric space are direct conse-
quences of their analogues in metric space. Contrary to the
above observation, a new family of contractions called
Jaggi-type hybrid ðG − ϕÞ-contraction is introduced in this
manuscript and some fixed point theorems that cannot be
deduced from their corresponding ones in metric space are
proved. The main distinction of this class of contractions is
that its contractive inequality is expressible in a number of
ways with respect to multiple parameters. Consequently,
some corollaries including recently announced results in
the literature are highlighted and analyzed. Nontrivial com-
parative examples are constructed to validate the assump-
tions of our obtained theorems. Furthermore, one of our
obtained corollaries is applied to set up novel existence con-
ditions for solution of a class of integral equations.
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