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In this article, we introduce Stancu-type modification of generalized Baskakov-Szdsz operators. We obtain recurrence relations
to calculate moments for these new operators. We study several approximation properties and g-statistical approximation for

these operators.

1. Introduction

In 1912, Bernstein [1] proposed the famous polynomial
known as the Bernstein polynomial to give a simple, short,
and most elegant proof of the Weierstrass approximation the-
orem. Since then, several papers have appeared to study
approximation properties in different settings and spaces.
Many new operators were constructed, e.g., Szasz [2], Mirak-
jan [3], Kantorovic [4], Durrmeyer [5], Stancu [6], and many
more [7-9]. These operators provide the improvement of
approximating functions of different classes and give better
and better estimates. For example, the Baskakov operators
were given in [10]:

For §) € C[0,00), the space of all continuous functions on [0,
00) normed with standard sup-norm |||,

Devore and Lorentz [11] introduced a generalization of
operators (1) dependent on a constant a >0 and indepen-
dent of p as follows:

G.(p, j
we ) =i SO WSy
]‘ (1 + u>P+] j=0

and (p);=p(p+1) -+ (p+i=1),(p)y =1.
Recently, Agrawal et al. [12] studied the following oper-
ators (2):

Z j (OB (@)

Lpa(h;u) =

for € C,[0,00) = {h € C[0,00): [h(t)| < Mye", for some y
>0,My >0}, where s, ;(t) = e ((pt)1i).
Inspired by Stancu’s work [6], we have studied recently

the Stancu-type generalization in [13]. Now, we propose
the Stancu-type generalization of operators (4) as follows:
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s =p 3w s (B ) o

for any bounded and integrable function § defined on [0, co)
, where 0 <A <. For A = =0, the operators (5) reduce to
operators (4).

We establish recurrence relations to find moments and
central moments. We study some approximation properties
and the Voronovskaja-type asymptotic formula. We also
study weighted approximation.

2. Auxiliary Results

Our first result is the recurrence formula for moments.

Theorem 1. The m™ order moment for (5) is defined by

A, M) e ©
T (0) = 2 (s 0) = p 3 Wp,k@)jo S0)8

k=0 (6)
.<pt+)t) gt
p+u
m=0,1,2,--. Then, Sl())t’fo)(b) =1, and
(m+ 1)(1+D)T,00,(v)
(M) !
= (1 +1)’ [~pam(b)] H{(La)(Aepoem (o)
Am
+ 1)+ @b () = (1)

Proof. We use the identity

b(1+0)*(Wiy(v))" =[(k=pb)(1+1) —ap] Wy, (v). (8)

=p i p(1+Dp)’ (Wf,,k(b)) ’J?Sp,k(t)f’ (pt + A) Kl

k=0 pru
< ~ . ©0 pr+A\"
=p Y (tk=pr)(tm) i) [ s (B

=p(l+v) Z(k —pb)W;,k(b)rospyk(t) (‘IZTJF:) mdt

o e ()

o(1+0)* [T ()| =1 - axT (i (o), (10)
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where
B S . 0 pt+A
=p(re0) 3 k- im0 (B e
=p(1+b>§[ k—(pt+2A)+ (pt+A)-pv]
k=0
WL (o )J:osp’k(t) <1; & :) dt
~p(1+) Y [(k—pt) + (pt + A) — (A + pv),
k=0
0 A
W o (55)
S 0 pr+A\"
=p(1+v) Z JO (k- pt)s, (W) dt
p(1+v (p+[4§ bJ (k-pt)s, ()(%)m

o " °°S pt+A
dt p(1+b)(/\+pb)I;)Wp’k(b)J0 ()<p+/4) d,

(11)
I:Z+;+;,say (12)
where

Y=(emp+pT T (0), (13)

Y =—(1+0)(A+po)T(v), (14)

pr+A\"
Z: 1+nz nJ (k- pt)nk()<p+u) dt
(1+v z J pt(s,.(1))’

: ({::3) dt, (usingt(sp,k(t))' = J:O(k _Pt)sp,k(t))’
INGraR

~ (sp,k<t>)’(p t”)mdt= (0 +)(1+v)

=<p+u><1+b>§wk<v

p+u
0 . 00 , pt+A m+1
';;)WP’k(D)L (spyk(t)) <P+M) dt
- o0 ) pt+/\)
-Al+p w dt
(1+0) ), J ) (pw
=7+ 7, say
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where

:(p+‘u)(1+D)W;’k(b)J:O(spk(t)) (Zf:) dt

=—(1+v)(m+ 1)p}§) w;’k(n)J:osp,k(t) (1;::) dt
—(1+v)(m+ 1)(5&{2(”)’

~ S 00 ) (pE+ A"
jz_—A(1+n);)Wp,k(b)J0 (5,4(t)) <p+#) dt

o) S (2)

-mA A,
- () w0

(16)

Therefore,

Y= (S20) 0wzt o) - (1w s T 0)

1 tu
(17)
Substituting (17), (14), and (13) in (12), we get
="y B) T (0) - (1+0)(po+ A
ptu ” (18)

+m+ et (0) + (14 0)(p + )Tt (0).

Further, substituting (18) in (10), we get the result. [
Corollary 2. From the above theorem, we get
(i) Lt (1:0)= 1
(i) Rt (50) = 1/(p+ ) (po + (av/(1 + ) + 1+ A)
(iii) 2;3,;”(1‘2 sv) = 1/(p+u)’[{p? +p+ (@®/(1+v)°) +

(2ap/(1+1v))}o? + {4p + (4a/(1 +v)) + 2Ap + (2aA/
(1+9))}p+{A*+ 21+ 2}]

Theorem 3. The m" order central moment is defined by

A, A m
ML (0) = Lt (£~ 0)" 5)

S (-

m=0,1,2,---. The following recurrence relation holds:

A,
n<1+n>2(m;ﬂf:3m<n>)’
I+ A = pb — b — mpd — mud — mpv’
= W( PP — b — mpv — myo — mp
— mpo?) MOE) (1) -

p.a,m—1

20
(m+mop+1+0 (20)

— 0+ A — ud? + Ab + av) M) (o)
+(140)(p+ )Myl ().

p.a,m+1

Corollary 4. From the above theorem, we get

() 8l (t-1);
+1)
(b) ) (£ -)?50) = 1(p+u)*(p + 42 + (a2(1 +v)?)

— (2ap/(1+0)))0? + (2/(p +w)*) (p— = Au+ (2 +
Na/(1+0))o+ (1/(p+u)’) (A + 21+ 2)

p)=1/(p+p)(—po + (av/(1+p)) + A

Corollary 5. We further get

(a) limp_mpi’,;,’},;”)((t —0);0)=—pu+ (av/I+0)+ A+
1
(b) lim, o pRi (1= 0)?;0) = (b +2)

3. Main Results

Peetre’s K-functional is defined as
K,(5,8) = inf {15 -gll+3lg"l : g€ CGl0.00) |, (21)

for §) € C5[0,00), 8 > 0, where Cy[0,00) :=
bounded on [0,00)} and C3[0,00):=
€ Cg[0,00)}. Note that

{9 € C5[0,00): § is

! n

{g€C5[0,00): g, g

Kz(f);(S)sMw2<I);\/5),M>O, (22)

where w,(§;9) is the second-order modulus of continuity
[11].

w,(h,8) = sup sup [h(v+2]) - §>0.

0<I<dv€0,00)

2h(o + 1) + h(v)|,

(23)

The usual modulus of continuity of ¥ e Cy[0,00) is
defined as

w, (9, 8)=sup sup [h(v+1) -

0<I<8v€0,00)

h(v)]- (24)



Theorem 6. For §j € Cy[0,00),

2 (550) =500 | < 0 (55 /) < (0
~<1+A—yb+7%%>),

p+y

(25)
where M > 0 and
(L) I 2., 2 a’ 2ap 1\
@ = Pty + - b
’ <p+m2{< (1+v)’ <1+v>>
2a(2+ M)
2p—2u -2\ — D
(-2 <1+v>>}
2
b1 DN ens2b,
(p+u)’ I+v
(26)
Proof. Put
GAw) (A o
27 (h;v) =2l n(P
pa (030) =505 ML A
1 )
+
ptul+o
QM) 1y i) oy
Note that £, (1;0)=1and £, (t;0) =b. Let € ¢

C2[0,00). Then, by using Taylor’s theorem, we may write

(1) = G(v) + (t - n>®’<x>j (t-9)6"()dy,  (28)

which gives

24(630) - € (v)
=6 (0) @0 (- b)s0) + 2

([ a=ne"0rsn)
-5 ([e=n€ o))
- g <£<t )€ )y )

1/(p+p) (1+A+po+(av/1+9)) /1 4 )
L (7

po 1 ap B <
+p+pt+p+,ul+b b)C (y)dy.

(29)
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t
<l (|[ 0-ne" 0] )
D
1/(p+p) (1+A+po+(av/(1+))) +)t pb (30)
[ (p
v Ty prp
1 abv "
+mm )’)G »)dy!-
Since | [} (t - )G (y)dy| < (t - -)*|€¢"| and
J-ll(p+;4)(1+A+pb+(ub/(1+b)))<1+A pD
b ptyu ptp
1 ap 1
_ 5 1
rFE y)C (y)dy‘ (31)
2
S<‘17+)L_ po . 1 ab) 16",
tu ptu ptul+o
we have
&bt $:p)— G(p (Au) t_bz.b 1+A_ Mb
12,7 (€0) - 6o < G (e v iw) (- T
1 ap \’
) 1€
ptul+p
(32)
Now, by Corollary 4 (b), we get
~ /\)
9 (@50) -6 )| < IS (33)
By (27), we get
125" (550) = H(v)|
~ (A,
<|& (5-:0)|+19-6)v)
+ ’Q(M) (C;p) —@(b)’ (34)
1+ 1 av
D).
‘ (Pw pru P+M1+b) i )‘
. G o
Since |2, (5;0)| < 3[IBll, we get
125" (53 0) = H(v)]
~ A)
s4||f)—(2||+’2( g @;n)—@(n)’ (35)

1+ 1 ap
’(Pw ptu p+u1+b) f)(b)"
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From (33), we get

1+ A
1204 (55 0) - h(v)| < 415 - Gll+dps () I6” [+, (f) o

ty
_pp N 1 av
p+u prul+p)’

(36)

Now, taking the infimum over all G € C3[0,00), we
obtain

(L) () 1+2A
5 - <4K 5 a D —
27 (550) 500 < 4K (53411 0) w4 (£
_pp . 1 av
p+ty prul+v )’
(37)
Hence, by using (22), we get the result. O

For our next result, we consider the functions belonging

to the Lipschitz class:
|t o]
(t+0)"* [

(38)

lip o (y) = {f) € Cyl0,00): [6(t) ~ H(w)| <.

where # >0and 0<y<1;p,t€0,00).

Theorem 7. For b € lip ,(y), we have

b

(M) y/2
201 (55 0) - h(v)| < 4@) . (39)

where (p},ﬁ;")(b) = 81(,/}‘;”)((61 - D)Z ;D).

Proof. First, we prove for y = 1. For h elip ,(y), we get

dt

| (530) ~b(v)|
<3 Wit s (51) -0
@ et N)(p ) -]
D)J (1) \/((pt+/\)/(p+y))+bdt
(40)

s./%pz w
k=0

Since Vo< \/((pt+A)/(p+p))+b, we get by the
Cauchy-Schwarz inequality:

|22 (%) - ()

M S oo pr+ A ’
< — WO (o) s, (2 —u|dt
HE W) s "
(L4
A 0w, e Ppa_(P)
_7521,)“ (e, =v)*sv) <t —

dt

(5i2) v

< 2 {W;,k(b) (J:Ospk(t) ’f) (I;t: :) ~B(v) ‘dt) W}
{ b(P”A) — B(v) 1/ydt}y.

ptru
(42)

Y

Since § € lip,,(y), we have

125" (55 ) = ()

M| 3 o0 pt+ ) ’
= W{P};) Wp,k(b)L Sp(t) | o =] dt}

M (A Y
=W 9 (le, - vlyp)Y _Ws ) ((e, —1)*; 1)
Y
A
s./%( L"‘H)(b)) .
b
(43)
Therefore, we get (39). O
Next, we obtain a Voronovskaja-type asymptotic
formula.

Theorem 8. If '/ exists at a point b € 0,00) for § € C,[0,00),

then
Jim p (2 (5=v) ~b(v))
v\, b
<1+A yb+m>f) (b)+§(2+b)f) (v).

Proof. From Taylor’s expansion of b, we may write

)*h" (b) + R(t, 0)(t — )2,
(45)

B() = B(v) + (t- )0 (0) + 5 (¢ -



where R(t, ) — 0(t — b). By operating 253‘;” ), we obtain

20 (5 =) ~ h(v) = 20 ((t ) s 0)b (v)
R (GUSDEE I

b)*;v).

By the Cauchy-Schwarz inequality, we get

+ 20 (R(t, ) (1 -

L4 (R(1,v)(1 - v)* 5 v)

1/2
< (2 (R(mw)sv)) (S ((1-0)5v))
Since 2&’”)([) ~1p) — B(b), we get

lim 531,“ (Rz(t, b);

P—)OO

b) =R*(v,0) =0,
(48)
lim p@" (R(t,0)(t - 0)*;b) = 0.

p—00

Now, combining the above equations and using Corol-
lary 5, we get

Jim p (27 (5=10) ~p(v))
O (t—p):0)) 8’
= Jim p (27" ((¢-0)39))b (v)
 tim p(2 (v 5m)) L) (49)
+ lim p (2,%’”) (R(t, ) (t - v)*; b))
<1+A o+ T”p)f;'(n)+;(2+n)f)"(n).
O
Let B,[0,00) = {5 : [0,00) — R|[h(b)| < Ho(v), >0}

, where 7y is a constant which depends only on b, and

191, = sup 12|

o o) (50)

Also, let C,[0,00) =
0,00)}, and

{h € B,[0,00): § be continuous on |

C2[0,00) = {f) € C,[0,00): Dli_r)nm%exists}, (51)

where o(b) =1 + v
The weighted modulus of continuity [14] is defined by

LCE R TO TR

QL &)=sup sup —————
) e e T + (o s 1)

0<I<8v€0,00)

Lemma 9 (see [14]). Let § € C2[0,00). Then,

Journal of Function Spaces

(i) Q(1, ) is a monotone increasing function of §
(ii) Q(,6) — 0as d —0
(iii) O(I, k&) < kQ(1, 8) for each k € N
(iv) O, ad) < (I + a)Q(1,5) for each a € R*

Theorem 10. For §j € C%[0,00), we have

125" (B30) = (o) |

su
> (1+92)"?

p€0,00)

sMQ(l, %),M 50, (53)

Proof. By Lemma 9, we have
15(t) = h(0)| < (1 + (0|t —D | )?

<2(1+0%)(1+(t-v)%) (1 + |t;b|)9(l, d).
(54)

Q(L, |t -v|)

Operating Séf\;”), we get

‘g@ﬂ) b) - f)(b)‘

<2(1+v1)Q(, 5){1 P ((E-v)50) (55

+ g (1 + (t—n)z—"’g d ;n) }

Using a second-order central moment, we get

(Lrv) (1)

A,
g (-0 (p+4) p

b) <M, , M, >0.
(56)

Applying the Cauchy-Schwarz inequality, we obtain

sj,a)(u( n)zl";t' ;u>

<= (2“”(( 13)2;13))1/2

S8 0= (5 07 )

09

>

Again, using the central moment of order 4, we get

(1+v?) B

prm b

(1+v%)

(2(”)((t—b) D))UZSMZ , M, >0.

(58)
Combining the estimates (55)-(58) and choosing M =2

(1+M, +/M, + My\/M,), § =1/,/p, we get the required
result. O
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4. g-Statistical Convergence

Defining a g-analog of the Cesaro matrix C; is not unique
(see [15, 16]). Here, we consider the g-Cesaro matrix, C,

(q) = (chi(d)); > defined by

k
q .
T ifk<n,
Cuk (qk) =| [n+1], (59)

0, otherwise,

which is regular for g>1.

Let  C N (the set of natural numbers). Then, §(%) =
lim, (1/r)#{k<r:ke X} is called the asymptotic density
of H#, where # denotes the cardinality of the enclosed set.
A sequence # = (17, is called statistically convergent to the
number 8 if §(#,) =0 for each £>0, where #,={k<r
: |y — 8l>e} (see [17]).

Recently, Aktuglu and Bekar [16] defined g-density and
g-statistical convergence. The g-density is defined by

8q(.%):6Cq(%):lim inf (Clxz),
(60)

=lim 1nfz ,qzl.
=g 1]

A sequence 7 = () is said to be g-statistically conver-
gent to the number Z if §,(K,) =0, where K, ={k<n: |
— Z|z¢} for every € > 0. That is, for each > 0,

1
lim — s gk? - =0, 1
im [n]#{kSn q In, les} 0 (61)

and we write St, —lim#y, = Z.

If () = 0 for an infinite set %, then §,(F) =
statistical convergence implies g-statistical convergence but
not conversely (c.f. [16, Example 15]). Recently in [18],
authors proved Korovkin’s type theorem via q-statistical
convergence. Using the same technique we prove the follow-
ing theorem.

0; hence,

Theorem 11. For all § € C°, we have

=0,ve[0,00). (62)

g

St —11mH2 (5 b) — B(b)

Proof. It is sufficient to show that St, —limpllﬁgf )(ei ;D) —
ell, =0, for i=0,1,2, where e,(b) =v'. It is clear that

St, - 11?"53},?;”)(% ;p) - €

= 0. (63)

By Corollary 2 (ii), we have

1 ( an
po+
p+uy 1+b

|2 5v) -

= sup
0 ue0,00) 1+ Dz

+1+A> -p|< ! |-u+1+A+al
tu
(64)
For € > 0, define the sets:
€, = {p €N : 20 (e, 30) — eyl 28},
_ (65)
‘gzzz{pe]N; M 28}.
(p+ )
Then,
!
8,(%,) —PlgnOO inf (Cl)(g >P =thmOO inf kéz o =0.
(66)
Since &, € &,, we have 6,(&,) <8,(&,). Hence,
. A
St, - ll}r)nHﬁI(,,am(e1 ;b) —e; = 0. (67)

Again, by Corollary 2 (iii), we obtain

Hg}(ﬁ;ﬂ) (t2 : b) _p?

[

1 e a? _ 2ap o2
prw’ 7T T @vwy T (e)

2 (2+A)a
p+p) (p_“_MH (1+n)>°

(M +21+2)| < 2{p+y +a’ —2ap}

< sup ——
v€0,00) 1+p

sup ——
v€0,00) 1+p?

+

2

(P+#

A Aa
P et T ET M G s

(p+u)

5 (/\ +21+2).
(68)

For ¢ > 0, define the sets:

= {p eN: ||8§,?;”> (ey50) —e,ll, = s},

D, = sP+ +a’-2a > —
A L B

b

p-p—Au+(2+A)a)=

}.

W[ M

) 2
(ptu)

(A2+2A+2)2

W[ ™

ey



30 1 1 1 1 1 1 1 1 1

O T T T T T T T T T
0 0.5 1 1.5 2 2.5 3 35 4 4.5 5
x (fora=0.8, \=3, p=4)
— Forp=10 —— For p=80
— Forp=40 Function

Ficure 1: Convergence of the operator towards the function f(x)
2
=x"+1.

Then, §,(D,) =0=35,(D;) =6,(D,). Since D, <D, U
D; UD, which implies that §,(D;) <8,(D,) +8,(D;) +
6q(@4),

Sty ~lim [ €7 (e230) - s | =0. (70)
Hence, the proof is completed. |
Example 12. Let 7= (r,) be defined by
1(2*"times)
1, = n=0,1,2, . (71)
0(2*" 'times)

That is, 1 occurs 2" times and 0 occurs 22! times (n
=0,1,2,--), respectively. Let & ={keN : 5, =1}. Then,
lim, . (Clxs)ym =0 ie, St, —limny, =0, but §(F) does

not exist, so # is not statistically convergent.

Define DQ(;’W) =(1+ np)S;,ﬁ;“ ) where it is defined by (71).
Then, obviously st — limpll.dy’”) (e;30) —ell, =0(i=0,1,2).
Applying the above theorem, we have

sty ~tim |2 (5:) -

- 0
U—Oforal]f)eCp. (72)

On the other hand, since 7= (7,) is g-statistically con-
vergent but neither convergent nor statistically convergent,

the sequence (d}f’” )) can not be convergent, while it is g
-statistically convergent.

Journal of Function Spaces

0 0.5 1 1.5 2 2.5
x (fora=3, A=2, u=5)

—— For p=15
——— For p=45

——— For p=75
~~~~~~~~ Function

Ficure 2: Convergence of the operator towards the function f(x)
= (x—(1/2))(x - (3/4)).

80 1 1 1 1 1 1 1 1 1

70

60

50 A

40

30 A

20 A

10

x (for n=30, a=3)

—— ForA=0, u=0
— ForA=0.2, u=0.4

——— ForA=1,u=2

~~~~~~~~ Function

FIGURE 3: Comparison of convergence of the operator.

5. Graphical Analysis

In this section, we will give some numerical examples with
illustrative graphics with the help of MATLAB.

Example 13. Let f(x)=x*+1, A=3,u=4,a=0.8, and p €
{10,40,80}. The convergence of the operator towards the
function f(x) is shown in Figure 1.

Example 14. Let f(x) = (x— (1/2))(x - (3/4)), A=2,u=5,a
=3, and p € {15,45,75}. The convergence of the operator
towards the function f(x) is shown in Figure 2.
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From these examples, we observe that the approximation
of function by the operators becomes better when we take
larger values of n.

Notice that for A =pu =0, the operators (5) reduce to
operators (4).

Example 15. Let f(x)=x* —4x+7. For a=3,p=30, com-
parison of convergence of the constructed operator (5)
(green and pink) with the previously defined operator (4)
(blue) is shown in Figure 3. From this figure, it is clear that
the constructed operator gives a better approximation to
f(x) than the previously defined operator.
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