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Using the Jackson q-difference operator, we present two new subclasses of biunivalent functions. Furthermore, we estimate the
initial Taylor-Maclaurin coefficients ja2j and ja3j of functions belonging to these new subclasses. Our results generalize some of
the previously related works of several authors.

1. Introduction

Let A denote the normalized analytical function family f of
the formula

f zð Þ = z + 〠
∞

k=2
akz

k, ð1Þ

in the open unit disc U = fz ∈ℂ : jzj < 1g: Further, by S we
shall denote the class of all functions in A which are univa-
lent in U . If f and g are analytic functions in U , we say that
f is subordinate to g, written f ≺ g if there exists a Schwarz
function w =∑∞

k=1wkz
k and jwðzÞj < 1 for all z ∈U , such that

f ðzÞ = gðwðzÞÞ, z ∈U : Furthermore, if the function g is uni-
valent in U , then we have the following equivalence (cf., e.g.,
[1, 2])

f ≺ g⇔ f 0ð Þ = g 0ð Þ,
f Uð Þ ⊂ g Uð Þ:

ð2Þ

q-calculus plays an important role in the theory of
hypergeometric series and quantum theory, number theory,
statistical mechanics, etc. In the early 1900s, studies on q

-difference equations were intensified by Jackson [3, 4], Car-
michael [5], Mason [6], and Trjitzinsky [7]. It was Ismail
et al. [8] who introduced geometric function theory and q
-theory together for the first time. Following the same idea,
the q-difference operator has been extensively investigated
in the field of geometric function theory by many authors;
for some recent works related to this operator on the classes
of analytic functions, we refer to [9–11]. For any nonnega-
tive integer k the q-number (or basic number) ½k�qis defined
by

k½ �q =
1 − qk

1 − q
: 0½ �q = 0: ð3Þ

For nonnegative integer k, the q-factorial is defined by

k½ �q! = 1½ �q 2½ �q 3½ �q ⋯ : k½ �q  0½ �q! = 1
� �

: ð4Þ

We note that when q⟶ 1,½k�! reduces to classical defi-
nition of factorial. Throughout in this paper, we will assume
q to be a fixed number between 0 and 1:
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For f ðzÞ ∈ A, the q-derivative operator or q-difference
operator is defined as

Dqf zð Þ =
f qzð Þ − f zð Þ
q − 1ð Þz z ≠ 0ð Þ,

f ′ zð Þ z = 0ð Þ,

8><
>: ð5Þ

and D2
qð f ðzÞÞ =DqðDqð f ðzÞÞ: From (5), we deduce that

Dqf zð Þ = 1 + 〠
∞

k=2
k½ �qakzk−1: ð6Þ

Recently, Govindaraj and Sivasubramanian [12] defined
Salagean q-derivative operator as follows:

S0q f zð Þ = f zð Þ,

S1q f zð Þ = zDqf zð Þ,

Snq f zð Þ = zDq Sn−1q f zð Þð Þ
�

:

ð7Þ

A simple calculation implies

Snq f zð Þ = f ∗Gn
q

� �
zð Þ  n ∈ℕ0 =ℕ ∪ 0f g = 0, 1,⋯f gð Þ,

ð8Þ

where

Gn
q zð Þ = z + 〠

∞

k=2
k½ �nqzk  n ∈ℕ0, z ∈Uð Þ: ð9Þ

Making use of (8) and (9), the power series of Snq f ðzÞ for
f of the form (1) is given by

Snq f zð Þ = z + 〠
∞

k=2
k½ �nqakzk, ð10Þ

and lim
q⟶1−

Snq f ðzÞ =Dnf ðzÞ = z +∑∞
k=2k

nakz
k, which is the

familiar Salagean derivative [13]. Shams et al. [14] intro-
duced and investigated the class US∗ðk ; βÞ of parabolic star-
like functions and the class UCðk ; βÞ of parabolic convex
functions of order β ð0 ≤ β < 1Þ as

US k ; βð Þ = f ∈ A : R
zf ′ zð Þ
f zð Þ − β

 !
> k

zf ′ zð Þ
f zð Þ − 1

�����
�����

( )
, k ≥ 0,

ð11Þ

UC k ; βð Þ = f ∈ A : R 1 + zf ′′ zð Þ
f ′ zð Þ

− β

 !
> k

zf ′′ zð Þ
f ′ zð Þ

�����
�����, k ≥ 0

( )
:

ð12Þ

Since Rew > αjw − 1j + γ if and only if Re fwð1 + αeiθÞ
− αeiθg > γ (see [15]), then the conditions (11) and (12)
can be written as

US k ; βð Þ = f ∈ A : R 1 + keiθ
� � zf ′ zð Þ

f zð Þ − keiθ
" #

> β

( )
, k ≥ 0,

US k ; βð Þ = f ∈ A : R 1 + keiθ
� �

1 + zf ′′ zð Þ
f ′ zð Þ

 !
− βeiθ

" #
> β

( )
, k ≥ 0:

ð13Þ

Let φ be analytic function with positive real part and
normalized by the conditions φð0Þ = 1, φ′ð0Þ > 0 and φmaps
U onto a region starlike with respect to 1 and symmetric
with respect to the real axis

φ zð Þ = 1 + B1z + B2z
2+⋯,B1 > 0: ð14Þ

Definition 1. A function f ðzÞ ∈ A is said to be in the class S
ðγ, β, λ, ϕÞ ðβ ≥ 0, 0 ≤ λ ≤ 1,−π ≤ γ < πÞ if it satisfies

1 + βeiγ
� �

1 − λð Þ zDqf zð Þ
f zð Þ + λ

Dq zDqf zð Þ� �
Dqf zð Þ

" #
− βeiγ ≺ φ zð Þ z ∈Uð Þ:

ð15Þ

Remark 2. Taking β = 0, φðzÞ = ð1 + zÞ/ð1 − zÞ, and q⟶ 1−
in the class Sðγ, β, λ, ϕÞ, we get the well-known class of λ
-convex functions which was studied by [16].

Definition 3. A function f ðzÞ ∈ A is said to be in the class B
ðn, γ, β, λ, ϕÞ ðβ ≥ 0 ; n ∈ℕ, 0 ≤ λ ≤ 1,−π ≤ γ < πÞ if it sat-
isfies

1 + βeiγ
� � 1 − λð ÞSn+1q f zð Þ + λSn+2q f zð Þ

1 − λð ÞSnq f zð Þ + λSn+1q f zð Þ − βeiγ
" #

≺ φ zð Þ  z ∈Uð Þ:

ð16Þ

In Definition 3, if we set FðzÞ≔ ð1 − λÞSnq f ðzÞ + λSn+1q f ð
zÞ, we obtain a new class USðλ, γ, φÞ given below.

Example 1. A function FðzÞ ∈ A is said to be in the class U
Sðλ, γ, φÞ ð0 ≤ λ ≤ 1,−π ≤ γ < πÞ if it satisfies

1 + βeiγ
� � zDqF zð Þ

F zð Þ − βeiγ ≺ φ zð Þ  z ∈Uð Þ: ð17Þ

Remark 4. Taking β = 0 and φðzÞ = ð1 + ð1 − 2αÞzÞ/ð1 − zÞ in
the class Bðλ, γ, φÞ, we get the class S∗q ðαÞ of q-starlike func-
tions of order αð0 ≤ α < 1Þ which was introduced by Seoudy
and Aouf [17].

The well-known Koebe one-quarter theorem [18]
ensures the range of every function of the class S contains
the disc fw : jwj < 1/4g. Thus, every univalent function f ∈
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S has an inverse f −1, which is defined by

f −1 f zð Þð Þ = z  z ∈Uð Þ,

f f −1 ωð Þ� �
= ω  ωj j < 1

4

� �
,

ð18Þ

where

f −1 wð Þ =w − a2w
2 + 2a22 − a3
� �

w3 − 5a32 − 5a2a3 + a4
� �

w4+⋯:

ð19Þ

If a function f and its inverse f −1 are both univalent in U
, then a member f of A is called biunivalent in U . We sym-
bolize by ∑ the family of biunivalent functions in U given by
(1). Lewin [19] examined the family ∑ and proved that ja2
j < 1:51 for elements of the family ∑. Later, Brannan et al.
[20] claimed that ja2j <

ffiffiffi
2

p
for f ∈ ∑. Subsequently, Tan

[21] obtained some initial coefficient estimates of functions
belonging to the class ∑. Brannan and Taha in [22] pro-
posed biconvex and bistarlike functions, which are similar
to well-known subfamilies of S. The research trend in the last
decade was the study of subfamilies of ∑. Generally, interest
was shown to obtain the initial coefficient bounds for certain
subfamilies of ∑. In 2010, Srivastava et al. [23] introduced
two interesting subfamilies of the function family and found
bounds for ja2j and ja3j of functions belonging to these sub-
families. Subsequently, other writers explored related prob-
lems in this direction (see [9, 10, 24–30]).

Definition 5. A function f ∈ ∑ given by (1) is said to be in the
class S∑ðγ, β, λ, ϕÞ if both f and its inverse map g = f −1 are
in Sðγ, β, λ, ϕÞ:

Remark 6. Note the following:

(1) If β = 0 and ϕ = ð1 + τ2z2Þ/ð1 − τz − τ2z2Þ, then the
class S∑ðγ, 0, λ, ð1 + τ2z2Þ/ð1 − τz − τ2z2ÞÞ is equiva-
lent to the class SLM∑ðq, α, 0Þ introduced by [10]

(2) If q⟶ 1−, then the class S∑ðγ, β, λ, ϕÞ is equivalent
to the class the class obtained by Attiya et al. [32]

(3) lim
q⟶1−

S∑ðγ, 1, 0, ϕÞ ≡RσðϕÞ (see Darwish et al. [33])

(4) lim
q⟶1−

S∑ðγ, 0, 0, ð1 + AzÞ/ð1 + BzÞÞ ≡ S½A, B� (see

Hamidi and Jahangiri [34])

(5) lim
q⟶1−

S∑ðγ, 0, λ, ϕÞ ≡Mq
∑ðλ, ϕÞðφðzÞ = 1Þ (see Goyal

and Kumar [35] and also Zireh et al. [36])

Definition 7. A function f ∈ ∑ given by (1) is said to be in the
class B∑ðn, γ, β, λ, ϕÞ if both f and its inverse map g = f −1

are in Bðn, γ, β, λ, ϕÞ.

In Definition 7, if we set FðzÞ≔ ð1 − λÞSnq f ðzÞ + λSn+1q f ð
zÞ and GðzÞ≔ ð1 − λÞSnqgðzÞ + λSn+1q gðzÞ, we obtain a new
class US∑ðλ, γ, φÞ given below.

Example 2. A function F ∈ ∑ given by (1) is said to be in the
class US∑ðλ, γ, φÞ if

1 + βeiγ
� � zDqF zð Þ

F zð Þ − βeiγ ≺ φ zð Þ  z ∈Uð Þ,

1 + βeiγ
� �wG′ wð Þ

G wð Þ − βeiγ = ϕ wð Þ  w ∈Uð Þ:
ð20Þ

Remark 8. Note the following:

(1) If β = 0, then the class B∑ðn, γ, 0, λ, ϕÞ is equivalent
to the class P∑k

qλ, ϕÞ introduced by Murugusundar-
amoorthy et al. [31]

(2) If q⟶ 1−, then the class B∑ð0, γ, β, λ, ϕÞ is equiva-
lent to the class introduced by Attiya et al. [32]

(3) lim
q⟶1−

B∑ð0, γ, 1, 0, ϕÞ ≡RσðϕÞ (see Darwish et al. [33])

(4) lim
q⟶1−

B∑ð0, γ, 0, 0, ð1 + AzÞ/ð1 + BzÞÞ = S½A, B� (see

Hamidi and Jahangiri [34])

(5) lim
q⟶1−

B∑ð0, γ, 0, λ, ϕÞ≡Mq
∑ðλ, ϕÞðφðzÞ = 1Þ (see

Goyal and Kumar [35] and also Zireh et al. [36])

In order to prove our main results, we will need the fol-
lowing result.

Lemma 9 (see [37]). If h ∈ P, then jckj ≤ 2 for each k, where P
is the family of all functions h analytic in U for which Re ðh
ðzÞÞ > 0, hðzÞ = 1 + c1z + c2z

2 + c3z
3 +⋯ for z ∈U .

The aim of this paper is to find bounds on first two coef-
ficients in the Taylor-Maclaurin expansion functional prob-
lem for functions belonging to the classes S∑ðγ, β, λ, ϕÞ and
B∑ðn, γ, β, λ, ϕÞ. We also indicate interesting cases of the
main results.

2. Coefficient Estimates

Unless otherwise mentioned, we shall assume throughout
the remainder of this paper that β ≥ 0, 0 ≤ λ ≤ 1, −π ≤ γ < π,
n ∈ℕ0, and z ∈U :

Theorem 10. Let the function f given by (1) be in the class
S∑ðγ, β, λ, ϕÞ: Then

a2j j ≤ B1
ffiffiffiffiffi
B1

p

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + βeiγð Þ 1 − λ + λ2�q

� �
B2
1 + 1 + βeiγð Þ 1 + λqð Þ2 B1 − B2ð Þ

n o��� ���r ,

ð21Þ
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a3j j ≤ B1

q 2½ �q 1 + βeiγj j 1 + λq 2½ �q
� � + B2

1

2q2 1 + βeiγð Þ2
��� ��� 1 + λqð Þ2

:

ð22Þ
Proof. Let f ∈ S∑ðγ, β, λ; ;ϕÞ; then f and its inverse map g

= f −1 are in the class Sðγ, β, λ, ϕÞ; there exist two analytic
functions u ; v : U ⟶U with uð0Þ = vð0Þ = 0, juðzÞj < 1
and jvðzÞj < 1, such that

1 + βeiγ
� �

1 − λð Þ zDqf zð Þ
f zð Þ + λ

Dq zDqf zð Þ� �
Dqf zð Þ

" #
− βeiγ = φ u zð Þð Þ,

ð23Þ

1 + βeiγ
� �

1 − λð ÞwDqg wð Þ
g wð Þ + λ

Dq wDqg wð Þ� �
Dqg wð Þ

" #
− βeiγ = φ v wð Þð Þ:

ð24Þ
Define the functions p and q by

p zð Þ = 1 + u zð Þ
1 − u zð Þ = 1 + p1z + p2z

2+⋯,

q wð Þ = 1 + v wð Þ
1 − v wð Þ = 1 + q1w + q2w

2+⋯,
ð25Þ

or equivalently,

u zð Þ = p zð Þ − 1
p zð Þ + 1 = 1

2 p1z + p2 −
p21
2

� �
z2+⋯

� �
, ð26Þ

v wð Þ = q wð Þ − 1
q wð Þ + 1 = 1

2 q1w + q2 −
q21
2

� �
w2+⋯

� �
: ð27Þ

We observe that p, q ∈ P, and in view of Lemma 9, we
have that jpnj ≤ 2 and jqnj ≤ 2, for n ≥ 2. Further, using (26)
and (27) together with (14), it is evident that

φ u zð Þð Þ = 1 + 1
2B1p1z +

1
2B1 p2 −

p21
2

� �
+ 1
4B2p

2
1

� �
z2+⋯,

ð28Þ

φ v wð Þð Þ = 1 + 1
2B1q1w + 1

2B1 q2 −
q21
2

� �
+ 1
4B2q

2
1

� �
w2+⋯:

ð29Þ
Therefore, in view of (23), (24), (28), and (29), we have

1 + βeiγ
� �

1 − λð Þ zDqf zð Þ
f zð Þ + λ

Dq zDqf zð Þ� �
Dqf zð Þ

" #
− βeiγ

= 1 + 1
2B1p1z +

1
2B1 p2 −

p21
2

� �
+ 1
4B2p

2
1

� �
z2+⋯,

ð30Þ

1 + βeiγ
� �

1 − λð ÞwDqg wð Þ
g wð Þ + λ

Dq wDqg wð Þ� �
Dqg wð Þ

" #
− βeiγ

= 1 + 1
2B1q1w + 1

2B1 q2 −
q21
2

� �
+ 1
4B2q

2
1

� �
w2+⋯:

ð31Þ
Since f ∈ ∑ has the Taylor series expansion (1) and g

= f −1 the series (19), we have

1 + βeiγ
� �

1 − λð Þ zDqf zð Þ
f zð Þ + λ

Dq zDqf zð Þ� �
Dqf zð Þ

" #
− βeiγ

= 1 + q 1 + βeiγ
� �

1 + λqð Þa2z + 1 + λq 2½ �q
� �

2½ �qa3
hn

− 1 + λq 2½ �q + 1
� �� �

a22
i
z2 +⋯g,

ð32Þ

1 + βeiγ
� �

1 − λð ÞwDqg wð Þ
g wð Þ + λ

Dq wDqg wð Þ� �
Dqg wð Þ

" #
− βeiγ

= 1 + q 1 + βeiγ
� �

− 1 + λqð Þa2zf + − 1 + λq 2½ �q
� �

2½ �qa3
h

+ 2 2½ �q 1 + λq 2½ �q
� �

− 1 + λq 2½ �q + 1
� �� �n o

a22
i
z2+⋯g:

ð33Þ
Comparing the corresponding coefficients of (30) and

(32) yields

q 1 + βeiγ
� �

1 + λqð Þa2 =
1
2B1p, ð34Þ

q 1 + βeiγ
� �

1 + λq 2½ �q
� �

2½ �qa3 − 1 + λq 2½ �q + 1
� �� �

a22
n o

= 1
2B1 p2 −

p21
2

� �
+ 1
4B2p

2
1:

ð35Þ
Similarly, from (31) and (33), we have

−q 1 + βeiγ
� �

1 + λqð Þa2 =
1
2B1q1, ð36Þ

q 1 + βeiγ
� �

− 1 + λq 2½ �q
� �

2½ �qa3 + 2 2½ �q 1 + λq 2½ �q
� �nh

− 1 + λq 2½ �q + 1
� �� �o

a22� =
1
2B1 q2 −

q21
2

� �
+ 1
4B2q

2
1:

ð37Þ
From (34) and (36), it follows that

p1 = −q1, ð38Þ

2q2 1 + βeiγ
� �2 1 + λqð Þ2a22 =

1
4B

2
1 p21 + q21
� �

: ð39Þ
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Adding (35) and (37) yields

2q2 1 + βeiγ
� �

1 − λ + λ2�q
h i

a22 =
1
2 B1 p2 + q2ð Þ + 1

4 B2 − B1ð Þ p21 + q21
� �

:

ð40Þ

From (39) and (40), we get

a22 =
B3
1 p2 + q2ð Þ

4q2 1 + βeiγð Þ 1 − λ + λ2�q
� �

B2
1 + 1 + βeiγð Þ 1 + λqð Þ2 B1 − B2ð Þ

n o :

ð41Þ

Applying Lemma 9 for the coefficients p2 and q2, we
immediately have

a2j j ≤ B1
ffiffiffiffiffi
B1

p

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + βeiγð Þ 1 − λ + λ2�q

� �
B2
1 + 1 + βeiγð Þ 1 + λqð Þ2 B1 − B2ð Þ

n o��� ���r :

ð42Þ

This gives the bound on ja2j as asserted in (21). Next, in
order to find the bound on ja3j, by subtracting (37) from
(35), we get

a3 = a22 +
B1 p2 − q2ð Þ

4q 2½ �q 1 + βeiγð Þ 1 + λq 2½ �q
� � : ð43Þ

Upon substituting the value of a22 from (39), we obtain

a3 =
B1 p2 − q2ð Þ

4q 2½ �q 1 + βeiγð Þ 1 + λq 2½ �q
� � + B2

1 p21 + q21
� �

8q2 1 + βeiγð Þ2 1 + λqð Þ2
:

ð44Þ

Applying Lemma 9 for the coefficients p1, p2,q1, and q2,
we get

a3j j ≤ B1

q 2½ �q 1 + βeiγj j 1 + λq 2½ �q
� � + B2

1

2q2 1 + βeiγð Þ2
��� ��� 1 + λqð Þ2

,

ð45Þ

which yield the estimate given by (22), and so the proof of
Theorem 10 is completed.

If we set

φ zð Þ = 1 + z
1 − z

� �η

= 1 + 2ζz + 2ζ2z2+⋯ 0 < ζ ≤ 1, z ∈Uð Þ,

ð46Þ

in Definition 5, of the biunivalent function class S∑ðγ, β, λ,
ϕÞ, we obtain a new class Sη∑ðγ, β, λÞ given by Definition 11.

Definition 11. For 0 < ζ ≤ 1, a function f ðzÞ ∈ A is said to be
in the class Sη∑ðγ, β, λÞ if it satisfies the following conditions:

1 + βeiγ
� �

1 − λð Þ zDqf zð Þ
f zð Þ + λ

Dq zDqf zð Þ� �
Dqf zð Þ

" #
− βeiγ ≺

1 + z
1 − z

� �η

z ∈Uð Þ,

1 + βeiγ
� �

1 − λð ÞwDqg wð Þ
g wð Þ + λ

Dq wDqg wð Þ� �
Dqg wð Þ

" #
− βeiγ ≺

1 +w
1 −w

� �η

w ∈Uð Þ,

ð47Þ

where g = f −1:

Using the parameter setting of Definition 11, in Theo-
rem 10, we get the following corollary.

Corollary 12. For 0 < ζ ≤ 1, let the function f ðzÞ ∈ A be in the
class Sη∑ðγ, β, λÞ. Then

a2j j ≤ 2ζ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + βeiγð Þ 1 − λ + λ 2½ �q

h i
2ζð Þ − 1 − ζð Þ 1 + βeiγð Þ 1 + λqð Þ2

n��� ���r ,

a3j j ≤ 2ζ

q 2½ �q 1 + βeiγj j 1 + λq 2½ �q
� � + 2ζ4

q2 1 + βeiγð Þ2
��� ��� 1 + λqð Þ2

:

ð48Þ

Let

φ zð Þ = 1 + 1 − 2ϑð Þz
1 − z

= 1 + 2 1 − ϑð Þz + 2 1 − ϑð Þz2+⋯ 0 < ϑ ≤ 1, z ∈Uð Þ,
ð49Þ

in Definition 5, of the biunivalent function class S∑ðγ, β, λ, ϕÞ
, we obtain a new class S∑ϑ ðγ, β, λÞ given by Definition 13.

Definition 13. For 0 < ϑ ≤ 1, a function f ðzÞ ∈ A is said to be

in the class S∑ϑ ðγ, β, λÞ if it satisfies the following conditions:

1 + βeiγ
� �

1 − λð Þ zDqf zð Þ
f zð Þ + λ

Dq zDqf zð Þ� �
Dqf zð Þ

" #
− βeiγ

≺
1 + 1 − 2ϑð Þz

1 − z
z ∈Uð Þ,

1 + βeiγ
� �

1 − λð ÞwDqg wð Þ
g wð Þ + λ

Dq wDqg wð Þ� �
Dqg wð Þ

" #
− βeiγ

≺
1 + 1 − 2ϑð Þw

1 −w
w ∈Uð Þ,

ð50Þ

where g = f −1:

Using the parameter setting of Definition 13 in Theorem
10, we get the following corollary.
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Corollary 14. For 0 < ϑ ≤ 1, let the function f ðzÞ ∈ A be in the

class S∑ϑ ðγ, β, λÞ. Then

a2j j ≤ 1
q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 1 − ϑð Þ

1 + βeiγj j 1 − λ + λ 2½ �q
h i ,

vuut

a3j j ≤ 2 1 − ϑð Þ
q 2½ �q 1 + βeiγj j 1 + qλ2�q


 � + 2 1 − ϑð Þ2
q2 1 + λqð Þ2 1 + βeiγð Þ2

��� ��� :
ð51Þ

Theorem 15. Let the function f given by (1) be in the class
B∑ðn, γ, β, λ, ϕÞ: Then

Proof. Let f ∈ B∑ðn, γ, β, λ, ϕÞ; there are two Schwarz func-
tions u and v defined by (26) and (27), respectively, such that

1 + βeiγ
� � 1 − λð ÞSn+1q f zð Þ + λSn+2q f zð Þ

1 − λð ÞSnq f zð Þ + λSn+1q f zð Þ

" #
− βeiγ = φ u zð Þð Þ,

1 + βeiγ
� � 1 − λð ÞSn+1q g wð Þ + λSn+2q g wð Þ

1 − λð ÞSnqg wð Þ + λSn+1q g wð Þ

" #
− βeiγ = φ v wð Þð Þ:

ð54Þ

Since

1 + βeiγ
� � 1 − λð ÞSn+1q f zð Þ + λSn+2q f zð Þ

1 − λð ÞSnq f zð Þ + λSn+1q f zð Þ

" #
− βeiγ

= 1 + q 1 + βeiγ
� �

2½ �nq 1 + λqð Þa2z
n

+ 2½ �q 3½ �nq 1 + λq 2½ �q
� �

a3 − 2½ �2nq 1 + λqð Þ2a22
h i

z2+⋯
o
,

ð55Þ

1 + βeiγ
� �

1 − λð ÞwDqg wð Þ
g wð Þ + λ

Dq wDqg wð Þ� �
Dqg wð Þ

" #
− βeiγ

= 1 + q 1 + βeiγ
� �

− 2½ �nq 1 + λqð Þa2z
n

+ 2 2½ �q 3½ �nq 1 + λq 2½ �q
� �

− 2½ �2nq 1 + λqð Þ2 Þ
h i

a22
n

− 2½ �q 3½ �nq 1 + λq 2½ �q
� �

a3
o
z2+⋯g:

ð56Þ

Now, upon equating the coefficients in (30) and (55) and
in (31) and (56), we get

q 2½ �nq 1 + βeiγ
� �

1 + λqð Þa2 =
1
2B1p1, ð57Þ

q 1 + βeiγ
� �

2½ �q 3½ �nq 1 + λq 2½ �q
� �

a3 − 2½ �2nq 1 + λqð Þ2a22
h i

= 1
2B1 p2 −

p21
2

� �
+ 1
4B2p

2
1,

ð58Þ

− 1 + βeiγ
� �

q 2½ �nq 1 + λqð Þa2 =
1
2B1q1, ð59Þ

q 1 + βeiγ
� �nh

2 2½ �q 3½ �nq 1 + λq 2½ �q
� �

− 2½ �2nq 1 + λqð Þ2
�i

a22 − 2½ �q 3½ �nq 1 + λq 2½ �q
� �

a3
o

= 1
2B1 q2 −

q21
2

� �
+ 1
4B2q

2
1:

ð60Þ

From (57) and (59), it follows that

p1 = −q1, ð61Þ

and after a few additional measurements using (58)–(60), we
find

a2j j ≤ B1
ffiffiffiffiffi
B1

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q 1 + βeiγð Þ 2½ �q 3½ �nq 1 + λq 2½ �q

� �
− 2½ �2nq 1 + λqð Þ2

h i
B2
1 + B1 − B2ð Þ 1 + βeiγð Þ2q2 2½ �2nq 1 + λqð Þ2

��� ���r , ð52Þ

a3j j ≤ B1

q 2½ �q 3½ �nq 1 + βeiγð Þ 1 + λq 2½ �q
� � + B2

1
q2 2½ �2nq 1 + βeiγð Þ2 1 + λqð Þ2

: ð53Þ
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Applying Lemma 9 is followed by the estimates in (52)
and (53).

If we set φðzÞ = ðð1 + zÞ/ð1 − zÞÞη in Definition 7, of the
biunivalent function class B∑ðn, γ, β, λ, ϕÞ, we obtain a new

class Bη
∑ðn, γ, β, λÞ given by Definition 16.

Definition 16. For 0 < ζ ≤ 1, a function f ðzÞ ∈ A is said to be in
the class Bη

∑ðn, γ, β, λÞ if it satisfies the following conditions:

1 + βeiγ
� � 1 − λð ÞSn+1q f zð Þ + λSn+2q f zð Þ

1 − λð ÞSnq f zð Þ + λSn+1q f zð Þ

" #
− βeiγ ≺

1 + z
1 − z

� �η

z ∈Uð Þ,

1 + βeiγ
� � 1 − λð ÞSn+1q g wð Þ + λSn+2q g wð Þ

1 − λð ÞSnqg wð Þ + λSn+1q g wð Þ

" #
− βeiγ ≺

1 +w
1 −w

� �η

w ∈Uð Þ,

ð63Þ

where g = f −1:

Using the parameter setting of Definition 16, in Theo-
rem 15, we get the following corollary.

Corollary 17. For 0 < η ≤ 1, let the function f ðzÞ ∈ A be in the
class Bη

∑ðn, γ, β, λÞ. Then

a2j j ≤ 2ζffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q 1 + βeiγ
� �

2½ �q 3½ �nq 1 + λq 2½ �q
� �

− 2½ �2nq 1 + λqð Þ2
h i

2ζð Þ +

q2 2½ �2nq 1 − ζð Þ 1 + βeiγ
� �2 1 + λqð Þ2

�������
�������

vuuuut
,

a3j j ≤ 2ζ

q 2½ �q 3½ �nq 1 + βeiγð Þj j 1 + λq 2½ �q
� � + 4ζ2

q2 2½ �2nq 1 + βeiγð Þ2
��� ��� 1 + λqð Þ2

:

ð64Þ

If we set φðzÞ = ð1 + ð1 − 2ϑÞzÞ/ð1 − zÞ in Definition 7, of
the biunivalent function class B∑ðn, γ, β, λ, ϕÞ, we obtain a

new class Bϑ
∑ðn, γ, β, λÞ given by Definition 18.

Definition 18. For 0 < ϑ ≤ 1, a function f ðzÞ ∈ A is said to be in
the class Bϑ

∑ðn, γ, β, λÞ if it satisfies the following conditions:

1 + βeiγ
� � 1 − λð ÞSn+1q f zð Þ + λSn+2q f zð Þ

1 − λð ÞSnq f zð Þ + λSn+1q f zð Þ

" #
− βeiγ

≺
1 + 1 − 2ϑð Þz

1 − z
z ∈Uð Þ,

1 + βeiγ
� � 1 − λð ÞSn+1q g wð Þ + λSn+2q g wð Þ

1 − λð ÞSnqg wð Þ + λSn+1q g wð Þ

" #
− βeiγ

≺
1 + 1 − 2ϑð Þw

1 −w
w ∈Uð Þ,

ð65Þ

where g = f −1:

Using the parameter setting of Definition 18 in Theorem
15, we get the following corollary.

Corollary 19. For 0 < ϑ ≤ 1, let the function f ðzÞ ∈ A be in the
class Bϑ

∑ðn, γ, β, λÞ. Then

a2j j ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 1 − ϑð Þ
q 1 + βeiγð Þ 2½ �q 3½ �nq 1 + λq 2½ �q

� �
− 2½ �2nq 1 + λqð Þ2

h i��� ��� ,
vuut

a3j j ≤ 2 1 − ϑð Þ
q 2½ �q 3½ �nq 1 + βeiγð Þj j 1 + λq 2½ �q

� � + 4 1 − ϑð Þ2
q2 2½ �2nq 1 + βeiγð Þ2

��� ��� 1 + λqð Þ2
:

ð66Þ

3. Conclusions

This study introduces two new subclasses of biunivalent
functions associated with the Jackson q-difference operator
in the open unit disc. We have determined upper bounds
for the Taylor-Maclaurin coefficients ja2j and ja3j of func-
tions belonging to these new subclasses. Our results general-
ize some of the earlier work of several authors.
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a22 =
B3
1 p2 + q2ð Þ

4 q 1 + βeiγ
� �

2½ �q 3½ �nq 1 + λq 2½ �q
� �

− 2½ �2nq 1 + λqð Þ2
h i

B2
1 + B1 − B2ð Þ 1 + βeiγ

� �2
q2 2½ �2nq 1 + λqð Þ2

n o ,

a3 =
B1 p2 − q2ð Þ

4q 2½ �q 3½ �nq 1 + βeiγð Þ 1 + λq 2½ �q
� � + B2

1 p21 + q21
� �

8q2 2½ �2nq 1 + βeiγð Þ2 1 + λqð Þ2
:

ð62Þ
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