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We mainly discuss the relevant properties of the solution of the Riccati equation in this paper. By virtue of our previous derivation,
we will give several uniqueness conclusions that the initial value problems of some kinds of the Riccati equation with variable
fractional derivative are solved under certain conditions. Additionally, we also point out an error in the work of Kashkari and
Syam and correct it.

1. Introduction

In recent years, properties of solutions for initial value prob-
lems of fractional differential equations have been widely
studied. With the emergence of the Riccati equation in more
and more scientific fields, such as atmospheric science, phys-
ics, control science, and engineering, see refs. [1–3], it is par-
ticularly urgent to study the qualitative theory of the solution
of this type of equation. As everyone knows, the form of Ric-
cati equation with constant fractional order derivative is
described as follows:

Dαw uð Þ = l uð Þw2 uð Þ +m uð Þw uð Þ + n uð Þ, ð1Þ

where α is a constant which belongs to the open interval
ð0, 1Þ and the functions lðuÞ,mðuÞ, nðuÞ ∈ C½0, 1�. Many
achievements have been made in the research on the solu-
tion of the initial value problem of this type of equation,
see refs. [4–11]. Among them, we mention that Kashkari
et al. in ref. [4] gave the uniqueness and existence conclu-
sions under the Lipschitz condition; Khader et al. in ref.
[5] used the fractional Chebyshev finite difference method
to solve the approximate solution; in 2019, Yan et al. in
ref. [6] studied the uniqueness and existence issue by apply-
ing the spectral collocation method and Banach fixed point

theorem, etc. However, so far, as we know, there are few rel-
evant study results on the cases with variable fractional
derivative, and most of them focus on the solutions of spe-
cific examples. For example, Baleanu et al. in ref. [11] used
the spectral collocation method to find the approximate
solution; Syam et al. in ref. [12] used the reproducing kernel
Hilbert space method to solve the equation and obtained the
uniform convergence and the existence of the approximate
solution. The work of Tvyordyj et al. in 2021 (see ref. [13])
is mainly to calculate the numerical solution. Therefore, we
adopt here a study method which differs from the above lit-
erature and derive the uniqueness of the solution of this
issue under some reasonable assumptions, without seeking
the exact or approximate solution. More specifically, the first
kind initial value problem, we mainly study in this paper is
stated as below:

Dα uð Þw uð Þ = l uð Þw2 uð Þ + n uð Þ, u ∈ 0, 1ð Þ
w 0ð Þ = 0,

,
(

ð2Þ

where lðuÞ and αðuÞ are the positive continuous functions
on the interval ½0, 1�, nðuÞ ∈ C½0, 1�. The following conclu-
sions will be given:
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Theorem 1. Let α = max
u∈½0,1�

αðuÞ, A = max
u∈½0,1�

lðuÞ, if α < 1 and the

function wðuÞ satisfy that

w uð Þ < 1/Γ 1 − αð Þ
2A

: ð3Þ

There is only one answer that fits the problem (1).
For another more general case,

Dα∗ uð Þw uð Þ = l∗ uð Þw2 uð Þ +m∗ uð Þw uð Þ + n∗ uð Þ, u ∈ 0, 1ð Þ
w 0ð Þ = 0,

(

ð4Þ

where α∗ðuÞ and l∗ðuÞ are the positive continuous functions
on the interval ½0, 1�, m∗ðuÞ, n∗ðuÞ ∈ C½0, 1�. We will also
give a stronger result as below:

Theorem 2. Let α∗ = max
u∈½0,1�

α∗ðuÞ, A∗ = max
u∈½0,1�

l∗ðuÞ, B∗ = max
u∈½0,1�

jm∗ðuÞj, if α∗ < 1, and the function wðuÞ satisfies that

w uð Þ < 1/Γ 1 − α∗ð Þ − B∗

2A∗ : ð5Þ

There is only one answer that fits the problem (4).
Finally, we will point out an error in the derivation of

proving the following theorem and give a correct proof pro-
cess (that is, Theorem 3 in ref. [4]):

Theorem 3. The following initial value problem.

Dαw uð Þ = −q uð Þw2 uð Þ − p uð Þw uð Þ + g uð Þ,
w 0ð Þ = θ,

(
ð6Þ

where u ∈ ð0, 1Þ, the constant α ∈ ð0, 1�, and the functions pð
uÞ, qðuÞ, gðuÞ ∈ C½0, 1�. Suppose that Mp = supu∈½0,1� ∣ pðuÞ ∣ ,
Mq = supu∈½0,1� ∣ qðuÞ ∣ , and L be the Lipschitz constant of

the function f ðwÞ =w2, then there is only one solution that
meets the problem (6) under the hypothesis 0 <Mp +MqL/α
ΓðαÞ < 1.

The basic framework of this paper would be described as
follows: the second section mainly lists the necessary prepa-
ratory knowledge; the third and fourth sections, respectively,
give the main conclusions (that is, Theorems 1 and 2) and
their proof process of this paper; the fifth section points
out the error in ref. [4] and corrects it (that is, Theorem 3
as above). The final section gives an example as an applica-
tion of our main results in this paper.

2. Preliminary Knowledge

To prove our main results Theorem 1 and Theorem 2, we
first give the following definitions about Caputo fractional
derivative.

Definition 4. (see ref. [14]). For a constant 0 < α < 1, the αth
-order Caputo fractional derivative is described as follows:

Dαw uð Þ = 1
Γ 1 − αð Þ

d
du

ðu
0

w sð Þ
u − sð Þα ds: ð7Þ

Definition 5. (see ref. [11]). For a bounded function 0 < αðu
Þ < 1, the αðuÞth -order Caputo fractional derivative is
described as follows:

Dα uð Þw uð Þ = 1
Γ 1 − α uð Þð Þ

d
du

ðu
0

w sð Þ
u − sð Þα uð Þ ds: ð8Þ

In our recent research results, see ref. [15], the following
lemma has been proved by using mathematical methods
such as Gronwall-Bellman inequality, which also an impor-
tant tool to prove the main conclusions of this paper.

Lemma 6. If the function Fðu, sÞ > 0 is smooth for any u ∈ R,
we have

ðu
0
F u, sð Þg sð Þds = 0: ð9Þ

Then, for any s ∈ R, we can get that gðsÞ = 0.

3. Proof of the First Main Result

We shall give a very detailed proof process to Theorem 1 in
this section. To do this, we suppose that the problem (2) has
two different solutions w1ðuÞ and w2ðuÞ, that is,

Dα uð Þw1 uð Þ = l uð Þw2
1 uð Þ + n uð Þ,

Dα uð Þw2 uð Þ = l uð Þw2
2 uð Þ + n uð Þ:

(
ð10Þ

By using the Definition 5, we have the equation as fol-
lows,

1
Γ 1 − α uð Þð Þ

d
du

ðu
0
u − sð Þ−α uð Þ w1 sð Þ −w2 sð Þð Þds = l uð Þ w2

1 uð Þ −w2
2 uð Þ� �

:

ð11Þ

Therefore,

d
du

ðu
0
u − sð Þ−α uð Þ w1 sð Þ −w2 sð Þð Þds = Γ 1 − α uð Þð Þl uð Þ w2

1 uð Þ −w2
2 uð Þ� �

:

ð12Þ

Integrating on both sides of the above equality, and
according to the initial value condition wð0Þ = 0, we get
ðu
0
u − sð Þ−α uð Þ w1 sð Þ −w2 sð Þð Þds =

ðu
0
Γ 1 − α sð Þð Þl sð Þ w2

1 sð Þ −w2
2 sð Þ� �

ds:

ð13Þ
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The above equality obviously implies that

ðu
0

u − sð Þ−α uð Þ − Γ 1 − α sð Þð Þl sð Þ w1 sð Þ +w2 sð Þð Þ
h i

w1 sð Þ −w2 sð Þð Þds = 0:

ð14Þ

Since 0 < α = max
u∈½0,1�

αðuÞ < 1, 0 < A = max
u∈½0,1�

lðuÞ, and

wi sð Þ <
1/Γ 1 − αð Þ

2A , i = 1, 2: ð15Þ

We have a conclusion that for any s ∈ ð0, 1Þ,

w1 sð Þ +w2 sð Þ < 1/Γ 1 − αð Þ
A

≤
1/Γ 1 − α sð Þð Þ

l sð Þ : ð16Þ

Moreover, for any 0 < s < u < 1, ðu − sÞ−αðuÞ > 1, which
means that

u − sð Þ−α uð Þ > Γ 1 − α sð Þð Þl sð Þ w1 sð Þ +w2 sð Þð Þ: ð17Þ

Therefore,

u − sð Þ−α uð Þ − Γ 1 − α sð Þð Þl sð Þ w1 sð Þ +w2 sð Þð Þ > 0: ð18Þ

This, combining with (14) and applying Lemma 6, we
have w1ðsÞ =w2ðsÞ. This contradiction completes all the
proof processes of Theorem 1.

4. Proof of the Second Main Result

We will prove Theorem 2 in this section. Similar to the pre-
vious section, we also adopt the idea of counter evidence.
Assuming w1ðuÞ and w2ðuÞ are the two solutions of the
problem (4), then

Dα∗ uð Þw1 uð Þ = l∗ uð Þw2
1 uð Þ +m∗ uð Þw1 uð Þ + n∗ uð Þ,

Dα∗ uð Þw2 uð Þ = l∗ uð Þw2
2 uð Þ +m∗ uð Þw2 uð Þ + n∗ uð Þ:

(

ð19Þ

Subtracting the above two equalities, and using Defini-
tion 5, we get

1
Γ 1 − α∗ uð Þð Þ

d
du

ðu
0
u − sð Þ−α∗ uð Þ w1 sð Þ −w2 sð Þð Þds

= l∗ uð Þ w2
1 uð Þ −w2

2 uð Þ� �
+m∗ uð Þ w1 uð Þ −w2 uð Þð Þ:

ð20Þ

That is,

d
du

ðu
0
u − sð Þ−α∗ uð Þ w1 sð Þ −w2 sð Þð Þds

= Γ 1 − α∗ uð Þð Þ l∗ uð Þ w2
1 uð Þ��

−w2
2 uð Þ� +m∗ uð Þ w1 uð Þ −w2 uð Þð Þ�:

ð21Þ

Performing the similar operation as the previous section,
we can getðu

0
u − sð Þ−α∗ uð Þ w1 sð Þ −w2 sð Þð Þds

=
ðu
0
Γ 1 − α∗ sð Þð Þ l∗ sð Þ w2

1 sð Þ −w2
2 sð Þ� ��

+m∗ sð Þ w1 sð Þ −w2 sð Þð Þ�ds:

ð22Þ

Therefore,ðu
0

u − sð Þ−α∗ uð Þ − Γ 1 − α∗ sð Þð Þl∗ sð Þ w1 sð Þ +w2 sð Þð Þ
h
− Γ 1 − α∗ sð Þð Þm∗ sð Þ� w1 sð Þ −w2 sð Þð Þds = 0:

ð23Þ

Since

wi sð Þ <
1/Γ 1 − α∗ð Þ − B∗

2A∗ , i = 1, 2, ð24Þ

we have

w1 sð Þ +w2 sð Þ < 1/Γ 1 − α∗ sð Þð Þ −m∗ sð Þ
l∗ sð Þ : ð25Þ

The fact ðu − sÞ−α∗ðuÞ > 1, 0 < s < u < 1 including that

u − sð Þ−α∗ uð Þ > 1 > Γ 1 − α∗ sð Þð Þ l∗ sð Þ w1 sð Þ +w2 sð Þð Þ +m∗ sð Þ½ �,
ð26Þ

which means that

u − sð Þ−α∗ uð Þ − Γ 1 − α∗ sð Þð Þ l∗ sð Þ w1 sð Þ +w2 sð Þð Þ +m∗ sð Þ½ � > 0:
ð27Þ

Therefore, we can deduce that w1ðsÞ =w2ðsÞ by applying
Lemma 6. This contradiction leads to the result of Theorem 2.

5. Derivation Error Correction

In this section, we mainly point out an error in the process of
proving Theorem 3 (that is, Theorem 3 in this paper) in ref.
[4](see theorem 3) and correct it. This error mainly appears
in lines 12-15 (3.9) on page 284 in ref. [4] which is described
as follows:

w1 −w2j j ≤ 1
Γ αð Þ

ðu
0

p tð Þ w2 tð Þ −w1 tð Þð Þ + q tð Þ w2
2 tð Þ −w2

1 tð Þ� ��� ��
u − tð Þ1−α dt

≤
Mp +MqL

Γ αð Þ
ðu
0

1
u − tð Þ1−α dt

����
���� w1 −w2j j

≤
Mp +MqL

Γ αð Þ
uα

α
w1 −w2j j ≤ Mp +MqL

αΓ αð Þ w1 −w2j j:

ð28Þ

This derivation process is problematic, because ∣w1 −
w2 ∣ cannot be extracted from the integral in the second
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inequality. However, the final conclusion is correct. We
hereby make the following corrections to the proof process:

Since the continuous functions w1 and w2 are the solu-
tions of the problem (6), we have the fact that max

v∈½0,1�
jw1ðvÞ

−w2ðvÞj exists, and as a result, for any u ∈ ½0, 1�,

w1 uð Þ −w2 uð Þj j ≤ 1
Γ αð Þ

ðu
0

p tð Þ w2 tð Þ −w1 tð Þð Þ + q tð Þ w2
2 tð Þ −w2

1 tð Þ� ��� ��
u − tð Þ1−α dt

≤
Mp +MqL

Γ αð Þ ·
ðu
0

1
u − tð Þ1−α dt

����
���� · max

v∈ 0,1½ �
w1 vð Þ −w2 vð Þj j

≤
Mp +MqL

Γ αð Þ · u
α

α
· max
v∈ 0,1½ �

w1 vð Þ −w2 vð Þj j

≤
Mp +MqL

αΓ αð Þ max
v∈ 0,1½ �

w1 vð Þ −w2 vð Þj j,

ð29Þ

which means that

max
v∈ 0,1½ �

w1 vð Þ −w2 vð Þj j ≤ Mp +MqL

αΓ αð Þ max
v∈ 0,1½ �

w1 vð Þ −w2 vð Þj j:

ð30Þ

Because of ξ =Mp +MqL/αΓðαÞ < 1, we get

0 ≤ max
v∈ 0,1½ �

w1 vð Þ −w2 vð Þj j 1 − ξð Þ ≤ 0: ð31Þ

So, we have max
v∈½0,1�

jw1ðvÞ −w2ðvÞj = 0, which implying the

final conclusion w1 =w2 of this theorem.

6. Example

In this section, we will give a simple application of the The-
orem 2. Considering the following initial value problem,

Dα∗ uð Þy uð Þ =
ffiffiffi
u

p
8 y2 uð Þ + 1

5 y uð Þ + c uð Þ, u ∈ 0, 1½ �
y 0ð Þ = 0:

8<
:

ð32Þ

Here,

α∗ uð Þ = u cos u,

c uð Þ = uq −
11
5 −

17
8 uq+1/2 + u−α

∗ uð ÞΓ 1 + qð Þ
Γ 1 + q − α∗ uð Þð Þ

� �
:

8><
>:

ð33Þ

This is an example which has been first appeared in [11],
and its exact solution is yðuÞ = uqðq > 0Þ.

We draw the picture of the function on the [0, 1] interval
by using MATLAB (See Figure 1) and calculate the maxi-
mum value of the function α∗ðuÞ on the [0,1] interval. The
accuracy is taken to the fourth place after the decimal point,
and the approximate value of the function α∗ðuÞ is equal to
0:5611, which is strictly less than 0:57.

We hence get the following inequality,

α∗ = max
u∈ 0,1½ �

α∗ uð Þ < 0:57: ð34Þ

According to the definition of the A∗, B∗, we can get that

A∗ = 1
8 , B

∗ = 1
5 : ð35Þ

Therefore,

1/Γ 1 − α∗ð Þ − B∗

2A∗ ≥
1/Γ 1 − 0:57ð Þ − 1/5

2 × 1/8 : ð36Þ

Calculating once again by applying MATLAB, and the
accuracy is taken to the fourth place after the decimal point.
The value on the right of the above inequality is approxi-
mately 1.1412.

Hence,

y uð Þ ≤ 1 < 1/Γ 1 − α∗ð Þ − B∗

2A∗ : ð37Þ

By Theorem 2, the problem (32) has at most one
solution.
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