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In the present paper, we defined lacunary sequence spaces of fractional difference operator of order ðα, βÞ over n-normed
spaces via Musielak-Orlicz function M = ðIkÞ. Our aim in this paper is to study some topological properties and

inclusion relation between the spaces I −Nβ
αðA,M, u, θ, ΔðγÞ, k·,⋯, · kÞ0, I −Nβ

αðA,M, u, θ, ΔðγÞ, k·,⋯, · kÞ, and I −Nβ
α

ðA,M, u, θ, ΔðγÞ, k·,⋯, · kÞ∞.

1. Introduction and Preliminaries

The concept of statistical convergence was introduced by
Fast [1] and Schoenberg [2] independently. Many authors
studied the concept of statistical convergence from the past
few years we may refer to ([3–19]) and references therein.

The sequence ξ = ðξkÞ is statistically convergent of order
α to ℓ (see Çolak) if there is a complex number ℓ such that

lim
n⟶∞

1
nα

k ≤ n : ξk − ℓj j ≥ εf gj j = 0: ð1Þ

Let 0 < α ≤ β ≤ 1. We define the ðα, βÞ-density of the
subset E of ℕ by

δβα Eð Þ = lim
n

1
nα

k ≤ n : k ∈ Ef gj jβ, ð2Þ

provided the limit exists, where jfk ≤ n : k ∈ Egjβ denotes
the βth power of number of elements of E not exceeding
n ([20–22]).

By a lacunary sequence θ = ðθrÞ, we mean a sequence
of positive integers such that θ0 = 0, 0 < θr < θr+1, and ϕr =
θr − θr−1 ⟶∞ as r⟶∞. The intervals determined by θ
will be denoted by Jr = ðθr−1, θr� and tr = θr/θr−1. Freedman
et al. [23] defined the space of lacunary strongly convergent
sequences by

Nθ = ξ ∈w : lim
r⟶∞

1
ϕr

〠
k∈Jr

ξk − lj j = 0, for some l
( )

: ð3Þ

Definition 1. Let θ = ðθrÞ be a lacunary sequence. The
sequence ξ = ðξkÞ is SβαðθÞ-statistically convergent (or lacun-
ary statistically convergent of order ðα, βÞ) (see [20]) if there
is a real number L such that

lim
r⟶∞

1
ϕαr

k ∈ Jr : ξk − Lj j ≥ εf gj jβ = 0, ð4Þ

where Jr = ðθr−1, θr� and ϕαr denotes the αth power ðϕrÞα of
ϕr , that is, ϕα = ðϕαr Þ = ðϕα1 , ϕα2 ,⋯,ϕαr ,⋯Þ. In this case, we
write SβαðθÞ − limξk = L: The set of all SβαðθÞ-statistically
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convergent sequences is denoted by SβαðθÞ. If α = β = 1 and
θ = ð2rÞ, then, we will write S instead of SβαðθÞ.

A family I ⊂ 2X of subsets of a nonempty set X is said to
be an ideal in X if

(1) ϕ ∈I

(2) A, B ∈I imply A ∪ B ∈I

(3) A ∈I , B ⊂ A imply B ∈I

while an admissible ideal I of X further satisfies fξg ∈I for
each ξ ∈ X (see [24]).

A sequence ðξnÞn∈ℕ in X is said to be I -convergent to
ξ ∈ X (see [24]), if AðεÞ = fn ∈ℕ : kξn − ξk ≥ εg ∈I , for
each ε > 0:

A sequence ðξnÞn∈ℕ in X is said to be I -bounded to
ξ ∈ X if there exists an K > 0 such that fn ∈ℕ : jξnj > Kg ∈
I . Many authors studied the topological properties and appli-
cations of ideal, we refer to ([25–37]) and references therein.

The concept of difference sequence spaces was intro-
duced in [38] and further generalized in [39].

In [40], Baliarsingh defined the fractional difference
operator as follows:

Let ξ = ðξkÞ ∈w and γ be a real number, then, the frac-
tional difference operator ΔðγÞ is defined by

Δ γð Þξk = 〠
k

i=0

−γð Þi
i!

ξk−i, ð5Þ

where ð−γÞi denotes the Pochhammer symbol defined as

The concept of difference sequences, Orlicz function,
Musielak-Orlicz function, and n-normed spaces was used
by many authors and proves some topological properties
(see [41–50]) and references therein. For details about n-
normed spaces, we refer to ([51–55]), difference sequence
spaces ([38, 39]), Orlicz function ([56–58]). Ideal conver-
gence and fractional difference operator Δα has been studied

in [59, 60]. We continue in this connection and construct
new sequence spaces as follows.

Let M = ðIkÞ be a Musielak-Orlicz function, u = ðukÞ be
a bounded sequence of positive real numbers, and 0 < α ≤
β ≤ 1. We define the following sequence spaces in the
present paper

If we take MðξÞ = ξ, the above spaces reduces to I −
Nβ

αðA, u, θ, ΔðγÞ, k·,⋯, · kÞ0, I −Nβ
αðA, u, θ, ΔðγÞ, k·,⋯, · kÞ,

and I −Nβ
αðA, u, θ, ΔðγÞ, k·,⋯, · kÞ∞.

If we take u = ðukÞ = 1, the above spaces reduces to

I −Nβ
αðA,M, θ, ΔðγÞ, k·,⋯, · kÞ0, I −Nβ

αðA,M, θ, ΔðγÞ,
k·,⋯, · kÞ, and I −Nβ

αðA,M, θ, ΔðγÞ, k·,⋯, · kÞ∞.

−γð Þi =
1, if γ = 0 or i = 0, γ γ + 1ð Þ γ + 2ð Þ⋯ γ + i − 1ð Þ, otherwise,
γ γ + 1ð Þ γ + 2ð Þ⋯ γ + i − 1ð Þ, otherwise:

(
ð6Þ

I −Nβ
α A,M, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

0
= ξ ∈w : I − lim

r

1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þξ
� �
ρ

, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk2

4
3
5
β

= 0, for some ρ > 0

8><
>:

9>=
>;,

ð7Þ

I −Nβ
α A,M, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

= ξ ∈w : I − lim
r

1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þξ
� �

− L

ρ
, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk2

4
3
5
β

= 0, for some L and ρ > 0

8><
>:

9>=
>;,

ð8Þ

I −Nβ
α A,M, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

∞
= ξ ∈w :

1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þξ
� �
ρ

, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk2

4
3
5
β

is bounded, for some ρ > 0

8><
>:

9>=
>;:

ð9Þ
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The following inequality will be used in the proceeding
results. If 0 ≤ uk ≤ sup uk =H, D =max ð1, 2H−1Þ, then

rk + skj juk ≤D rkj juk + skj jukf g, ð10Þ

for all k and rk, sk ∈ℂ. Also jrjuk ≤max ð1, jrjHÞ for all r ∈ℂ.

2. Main Results

In this section, we study topological properties and prove
some inclusion relations. In what follows, we will take M =
ðIkÞ a Musielak-Orlicz function and u = ðukÞ a bounded
sequence of positive real numbers.

Theorem 2. The spaces I −Nβ
αðA,M, u, θ, ΔðγÞ, k·,⋯, · k,

I −Nβ
αðA,M, u, θ, ΔðγÞ, k·,⋯, · kÞ, and I −Nβ

αðA,M, u, θ,
ΔðγÞ, k·,⋯, · kÞ∞ are linear spaces.

Proof. Let ξ1, ξ2 ∈I −Nβ
αðA,M, u, θ, ΔðγÞ, k·,⋯, · kÞ0 and let

μ, ν be scalars. Then, there exist two positive numbers ρ1
and ρ2 for ε > 0

D1 = r ∈ℕ :
1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þξ1
� �
ρ1

, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk2

4
3
5
β

≥
ε

2D

8><
>:

9>=
>;

∈I ,
ð11Þ

D2 = r ∈ℕ :
1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þξ2
� �
ρ2

, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk2

4
3
5
β

≥
ε

2D

8><
>:

9>=
>;

∈I :

ð12Þ
Let ρ3 = max f2jμjρ1, 2jνjρ2g and by inequality (1), we

have

1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þ μξ1 + νξ2ð Þ
� �

ρ3
, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk2

4
3
5
β

≤
1
ϕαr

〠
k∈Jr

Ik

μAk Δ γð Þξ1
� �
ρ3

, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk2

4
3
5
β

+ 1
ϕαr

〠
k∈Jr

Ik

νAk Δ γð Þξ2
� �
ρ3

, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk2

4
3
5
β

≤
1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þξ1
� �
ρ1

, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk2

4
3
5
β

+ 1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þξ2
� �
ρ2

, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk2

4
3
5
β

:

ð13Þ

Now by (11) and (12), we get

r ∈ℕ :
1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þ μξ1 + νξ2ð Þ
� �

ρ3
, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk2

4
3
5
β

> ε

8><
>:

9>=
>;

⊂D1 ∪D2:

ð14Þ

Therefore, μξ1 + νξ2 ∈I −Nβ
αðA,M, u, θ, ΔðγÞ, k·,⋯, · kÞ0.

Hence, I −Nβ
αðA,M, u, θ, ΔðγÞ, k·,⋯, · kÞ0 is a linear space.

On a similar way, we can prove that I −Nβ
αðA,M, u, θ,

ΔðγÞ, k·,⋯, · kÞ and I −Nβ
αðA,M, u, θ, ΔðγÞ, k·,⋯, · kÞ∞ are

linear spaces.

Theorem 3. The inclusions I −Nβ
αðA,M, u, θ, ΔðγÞ, k·,⋯, · kÞ0

⊂I −Nβ
αðA,M, u, θ, ΔðγÞ, k·,⋯, · kÞ ⊂I −Nβ

αðA,M, u, θ, ΔðγÞ,
k·,⋯, · kÞ∞ hold.

Proof. The inclusion I −Nβ
αðA,M, u, θ, ΔðγÞ, k·,⋯, · kÞ0 ⊂

I −Nβ
αðA,M, u, θ, ΔðγÞ, k·,⋯, · kÞ is obvious. We prove I

−Nβ
αðA,M, u, θ, ΔðγÞ, k·,⋯, · kÞ ⊂I −Nβ

αðA,M, u, θ, ΔðγÞ,
k·,⋯, · kÞ∞. For this, let ξ ∈I −Nβ

αðA,M, u, θ, ΔðγÞ, k·,⋯,
· kÞ. Then, there exists ρ1 > 0 such that for every ε > 0

B1 = r ∈ℕ :
1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þξ
� �

− L

ρ1
, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk2

4
3
5
β

≥ ε

8><
>:

9>=
>;

∈I :

ð15Þ

We put ρ = 2ρ1 and M = ðIkÞ is a Musielak-Orlicz
function, we have

Ik

Ak Δ γð Þξ
� �
ρ

, x1,⋯,xn−1

������
������

0
@

1
A

≤Ik

Ak Δ γð Þξ
� �

− L

ρ1
, x1,⋯,xn−1

������
������

0
@

1
A

+Ik
L
ρ1

, x1,⋯,xn−1
����

����
� �

:

ð16Þ

Suppose that r ∉ B1. Hence by above inequality and (1),
we have

1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þξ
� �
ρ

, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk2

4
3
5
β

≤D
1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þξ
� �

− L

ρ1
, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk2

4
3
5
β

8><
>:
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+ 1
ϕαr

〠
k∈Jr

Ik
L
ρ1

, x1,⋯,xn−1
����

����
� �� �uk" #β

9=
;

<D ε + 1
ϕαr

〠
k∈Jr

Ik
L
ρ
, x1,⋯,xn−1

����
����

� �� �uk" #β
8<
:

9=
;: ð17Þ

By using ½IkðkðL/ρ1Þ, x1,⋯,xn−1kÞ�uk ≤max f1, ½IkðkðL/ρ1Þ,
x1,⋯,xn−1kÞ�Hg, we have

1
ϕαr

〠
k∈Jr

Ik
L
ρ
, x1,⋯,xn−1

����
����

� �� �uk" #β

<∞: ð18Þ

Put K =Dfε + 1/ϕαr ½∑k∈Jr ½IkðkðL/ρÞ, x1,⋯,xn−1kÞ�uk �βg:
It follows that

r ∈ℕ :
1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þξ
� �
ρ

, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk2

4
3
5
β

> K

8><
>:

9>=
>;

∈I :

ð19Þ

This shows that ξ ∈I −Nβ
αðA,M, u, θ, ΔðγÞ, k·,⋯, · kÞ∞,

which completes the proof.

Theorem 4. The space I −Nβ
αðA,M, u, θ, ΔðγÞ, k·,⋯, · kÞ∞

is a paranormed space with paranorm defined by

g xð Þ = inf ρ > 0 :
1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þξ
� �
ρ

, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk2

4
3
5
β

≤ 1

8><
>:

9>=
>;:

ð20Þ

Proof. Since gðξÞ = gð−ξÞ and Ikð0Þ = 0, we have gð0Þ = 0.
Let ξ1, ξ2 ∈I −Nβ

αðA,M, u, θ, ΔðγÞ, k·,⋯, · kÞ∞. Let

B ξ1ð Þ = ρ > 0 :
1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þξ1
� �

ρ
, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk2

4
3
5
β

≤ 1

8><
>:

9>=
>;,

ð21Þ

B ξ2ð Þ = ρ > 0 :
1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þξ2
� �

ρ
, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk2

4
3
5
β

≤ 1

8><
>:

9>=
>;:

ð22Þ

Let ρ1 ∈ Bðξ1Þ and ρ2 ∈ Bðξ2Þ and ρ = ρ1 + ρ2, we have

1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þ ξ1 + ξ2ð Þ
� �

ρ
, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5

2
4

3
5
β

≤
ρ1

ρ1 + ρ2

� � 1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þξ1
� �
ρ1

, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5

2
4

3
5
β

+ 1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þξ2
� �
ρ2

, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5

2
4

3
5
β

:

ð23Þ

Thus, 1/ϕαr ½∑k∈Jr ½IkðkðAkðΔðγÞðξ1 + ξ2ÞÞ/ρ1 + ρ2Þ, x1,⋯,
xn−1kÞ�uk �β ≤ 1 and

g ξ1 + ξ2ð Þ ≤ inf ρ1 + ρ2ð Þ > 0 : ρ1 ∈ B ξ1ð Þ, ρ2 ∈ B ξ2ð Þf g
≤ inf ρ1 > 0 : ρ1 ∈ B ξ1ð Þf g

+ inf ρ2 > 0 : ρ2 ∈ B ξ2ð Þf g
= g ξ1ð Þ + g ξ2ð Þ:

ð24Þ

Let σs ⟶ σ where σ, σs ∈ℂ and let gðξs − ξÞ⟶ 0
as s⟶∞. We have to show that gðσsξs − σξÞ⟶ 0 as
s⟶∞. Let

B ξs
	 


= ρs > 0 :
1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þξs
� �
ρs

, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk2

4
3
5
β

≤ 1

8><
>:

9>=
>;,

ð25Þ

B ξs − ξ
	 


= ρs′> 0 :
1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þ ξs − ξ
	 
� �
ρs′

, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk2

4
3
5
β

≤ 1

8><
>:

9>=
>;:

ð26Þ

If ρs ∈ BðξsÞ and ρs′∈ Bðξs − ξÞ; then, we have

1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þ σsξs − σξ
	 
� �

ρs ∣ σs − σ∣+ρs′ ∣ σ ∣
, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5

2
4

3
5
β

≤
1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þ σsξs − σξs
	 
� �

ρs σ
s − σj j + ρs′ σj j

������
0
@

2
4

2
4

+
Ak Δ γð Þ σξs − σξ

	 
� ���� ���
ρs σ

s − σj j + ρs′ σj j
, x1,⋯,xn−1

������
1
A
3
5
3
5
β
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≤
σs − σj jρs

ρs σ
s − σj j + ρs′ σj j

1
ϕαr

� 〠
k∈Jr

Ik

Ak Δ γð Þ ξs
	 
� �� �

ρs
, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5

2
4

3
5
β

+ σj jρs′
ρs σ

s − σj j + ρs′ σj j
1
ϕαr

� 〠
k∈Jr

Ik

Ak Δ γð Þ ξs − ξ
	 
� �
ρs′

, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5

2
4

3
5
β

:

ð27Þ

From the above inequality, it follows that

1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þ σsξs − σξ
	 
� �

ρs ∣ σs − σ∣+ρs′ ∣ σ ∣
, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk2

4
3
5
β

≤ 1,

ð28Þ

and consequently,

g σsξs − σξ
	 


≤ inf ρs σ
s − σj j + ρs′ σj j

� �
> 0 : ρs ∈ B ξs

	 

, ρs′∈ B ξs − ξ

	 
n o
≤ σs − σj jð Þ > 0 inf ρ > 0 : ρs ∈ B ξs

	 
� 
+ σj jð Þ

> 0 inf ρs′
� �un/H

: ρs′∈ B ξs − ξ
	 
� �

⟶ 0 as s⟶∞,

ð29Þ

which completes the proof.

Theorem 5. Let M = ðIkÞ and M′ = ðIk′Þ be Musielak-
Orlicz functions that satisfy the Δ2-condition. Then

I −Nβ
α A,M, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

0

⊆I −Nβ
α A,M′ ∘M, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

0
,

ð30Þ

I −Nβ
α A,M, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

⊆I −Nβ
α A,M′ ∘M, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

,
ð31Þ

I −Nβ
α A,M, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

∞

⊆I −Nβ
α A,M′ ∘M, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

∞
:

ð32Þ

Proof. (i) Let ξ ∈I −Nβ
αðA,M, u, θ, ΔðγÞ, k·,⋯, · kÞ0. Then,

there exists K1 > 0 such that

B1 = r ∈ℕ :
1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þξ
� �
ρ

, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk2

4
3
5
β

≥ K1

8><
>:

9>=
>;

∈I ,
ð33Þ

for ρ > 0. Since M′ is a Musielak-Orlicz function which
satisfies Δ2-condition, we have

1
ϕαr

〠

Ik

Ak Δ γð Þξ
� �
ρ

,x1,⋯,xn−1

������
������

0
@

1
A>δ

k∈Jr

Ik′ Ik

Ak Δ γð Þξ
� �
ρ

, x1,⋯,xn−1

������
������

0
@

1
A

0
@

1
A

2
4

3
5
uk

2
6666666666664

3
7777777777775

β

≤max 1, K
1
δ
Ik′ 2ð Þ

� �H
( )

1
ϕαr

〠

Ik

Ak Δ γð Þξ
� �
ρ

,x1,⋯,xn−1

������
������

0
@

1
A>δ

k∈Jr

Ik

Ak Δ γð Þξ
� �
ρ

, x1,⋯,xn−1

������
������

0
@

1
A

0
@

1
A

uk

2
6666666666664

3
7777777777775

β

,

ð34Þ

for K ≥ 1. By continuity of M′, we have

1
ϕαr

〠

Ik

Ak Δ γð Þξ
� �
ρ

,x1,⋯,xn−1

������
������

0
@

1
A≤δ

k∈Jr

Ik′ Ik

Ak Δ γð Þξ
� �
ρ

, x1,⋯,xn−1

������
������

0
@

1
A

0
@

1
A

2
4

3
5
uk

2
6666666666664

3
7777777777775

β

≤
1
ϕαr

〠

Ik

Ak Δ γð Þξ
� �
ρ

,x1,⋯,xn−1

������
������

0
@

1
A≤δ

k∈Jr

εuk

2
6666666666664

3
7777777777775

β

≤
1
ϕαr

〠

Ik

Ak Δ γð Þξ
� �
ρ

,x1,⋯,xn−1

������
������

0
@

1
A≤δ

k∈Jr

max εh, εH
n o

2
6666666666664

3
7777777777775

β

:

ð35Þ
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Suppose r ∉ B1. Then, by using (34) and (35), we have

1
ϕαr

〠
k∈Jr

Ik′ Ik

Ak Δ γð Þξ
� �
ρ

, x1,⋯,xn−1

������
������

0
@

1
A

0
@

1
A

2
4

3
5
uk2

4
3
5
β

= 1
ϕαr

〠

Ik

Ak Δ γð Þξ
� �
ρ

,x1,⋯,xn−1

������
������

0
@

1
A>δ

k∈Jr

Ik

Ak Δ γð Þξ
� �
ρ

, x1,⋯,xn−1

������
������

0
@

1
A

0
@

1
A

uk

2
6666666666664

3
7777777777775

β

+ 1
ϕαr

〠

Ik

Ak Δ γð Þξ
� �
ρ

,x1,⋯,xn−1

������
������

0
@

1
A≤δ

k∈Jr

Ik

Ak Δ γð Þξ
� �
ρ

, x1,⋯,xn−1

������
������

0
@

1
A

0
@

1
A

uk

2
6666666666664

3
7777777777775

β

≤max 1, K
1
δ
Ik′ 2ð Þ

� �H
( )

K1 + max εh, εH
n o

= K2: ð36Þ

Hence, r ∉ B2 = fr ∈ℕ : 1/ϕαr ½∑k∈Jr ½Ik′ðIkðkAkðΔðγÞξÞ/ρ,
x1,⋯,xn−1kÞÞ�uk �β > K2g and so B2 ⊂ B1 which implies B2 ∈
I . This shows that I −Nβ

αðA,M′ ∘M, u, θ, ΔðγÞ, k·,⋯, · kÞ0.
Hence, I −Nβ

αðA,M, u, θ, ΔðγÞ, k·,⋯, · kÞ0 ⊆I −Nβ
αðA,M′ ∘

M, u, θ, ΔðγÞ, k·,⋯, · kÞ0. Similarly, we can prove (ii) and
(iii) part.

Corollary 6. Let M = ðIkÞ satisfy Δ2-condition. Then,

I −Nβ
α A, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

0

⊆I −Nβ
α A,M, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

0
,

ð37Þ

I −Nβ
α A, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

⊆I −Nβ
α A,M, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

,
ð38Þ

I −Nβ
α A, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

∞

⊆I −Nβ
α A,M, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

∞
:

ð39Þ

Proof. If we put IkðxÞ = x and Ik′ðxÞ =IkðxÞ∀x ∈ ½0,∞Þ in
Theorem 5, the result follows.

Theorem 7. Let M = ðIkÞ and M′ = ðIk′Þ be Musielak-
Orlicz functions that satisfy the Δ2-condition. Then,

I −Nβ
α A,M, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

0

∩I −Nβ
α A,M′, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

0

⊆I −Nβ
α A,M′ +M, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

0
,

ð40Þ

I −Nβ
α A,M, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

∩I −Nβ
α A,M′, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

⊆I −Nβ
α A,M′ +M, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

,

ð41Þ

I −Nβ
α A,M, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

∞

∩I −Nβ
α A,M, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

∞

⊆I −Nβ
α A,M′ +M, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

∞
:

ð42Þ

Proof. (i) Let ξ ∈I −Nβ
αðA,M, u, θ, ΔðγÞ, k·,⋯, · kÞ0 ∩I −

Nβ
αðA,M′, u, θ, ΔðγÞ, k·,⋯, · kÞ0. Then, there exists K1 > 0

and K2 > 0 such that

B1 = r ∈ℕ :
1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þξ
� �
ρ

, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk2

4
3
5
β

≥ K1

8><
>:

9>=
>;

∈I ,
ð43Þ

B2 = r ∈ℕ :
1
ϕαr

〠
k∈Jr

Ik′
Ak Δ γð Þξ

� �
ρ

, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk2

4
3
5
β

≥ K2

8><
>:

9>=
>;

∈I ,
ð44Þ

for some ρ > 0. Let r ∉ B1 ∪ B2. Then, we have

1
ϕαr

〠
k∈Jr

Ik +Ik′
Ak Δ γð Þξ

� �
ρ

, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk2

4
3
5
β

≤D
1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þξ
� �
ρ

, x1,⋯,xn−1

������
������

0
@

1
A

0
@

1
A

uk2
4

3
5
β

8><
>:
+ 1
ϕαr

〠
k∈Jr

Ik′
Ak Δ αð Þξ

� �
ρ

, x1,⋯,xn−1

������
������

0
@

1
A

0
@

1
A

uk2
4

3
5
β
9>=
>;

< K1 + K2f g:
ð45Þ

r ∉ B = fr ∈ℕ : 1/ϕαr ½∑k∈Jr ½ðIk′ +IkÞðAkðΔðγÞξÞ/ρ, x1,⋯,
xn−1Þ�uk �β > Kg. We have B1 ∪ B2 ∈I and so B ⊂ B1 ∪ B2
which implies B ∈I . This shows that x ∈I −Nβ

αðA,
M′ +M, u, θ, ΔðγÞ, k·,⋯, · kÞ0. Hence, I −Nβ

αðA,M, u, θ,
ΔðγÞ, k·,⋯, · kÞ0 ∩I −Nβ

αðA,M′, u, θ, ΔðγÞ, k·,⋯, · kÞ0 ⊆I −
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Nβ
αðA,M′ +M, u, θ, ΔðγÞ, k·,⋯, · kÞ0. Similarly, we can prove

(ii) and (iii) part of the theorem.

Theorem 8. Let 0 < uk ≤ vk and ðvk/ukÞ be bounded. Then,
the following inclusions hold

I −Nβ
α A,M, v, θ, Δ γð Þ, ·,⋯, ·k k
� �

0

⊆I −Nβ
α A,M, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

0
,

ð46Þ

I −Nβ
α A,M, v, θ, Δ γð Þ, ·,⋯, ·k k
� �

⊆I −Nβ
α A,M, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

:
ð47Þ

Proof. (i) Let ξ ∈I −Nβ
αðA,M, v, θ, ΔðγÞ, k·,⋯, · kÞ0. Write

sk = ½IkðkAkðΔðγÞξÞ/ρ, x1,⋯,xn−1kÞ�
vk and λk = uk/vk, so that

0 < λ < λk ≤ 1. By using Hölder inequality, we have

1
ϕαr

〠
k∈Jr

skð Þλk
" #β

= 1
ϕαr

〠

sk≥1
k∈Jr

skð Þλk

2
6664

3
7775
β

+ 1
ϕαr

〠

sk<1
k∈Jr

skð Þλk

2
6664

3
7775
β

≤
1
ϕαr

〠

sk≥1
k∈Jr

skð Þ

2
6664

3
7775
β

+ 1
ϕαr

〠

sk<1
k∈Jr

skð Þλ

2
6664

3
7775
β

= 1
ϕαr

〠

sk≥1
k∈Jr

skð Þ

2
6664

3
7775
β

+ 〠

sk<1
k∈Jr

1
ϕαr

sk

� �λ 1
ϕαr

� �1−λ

2
6664

3
7775
β

≤
1
ϕαr

〠

sk≥1
k∈Jr

skð Þ

2
6664

3
7775
β

+ 〠

sk<1
k∈Jr

1
ϕαr

sk

� �λ
" #1/λ

0
BBB@

1
CCCA

λ2
6664

3
7775
β

� 〠

sk<1
k∈Jr

1
ϕαr

� �1−λ
" #1/λ−1

0
BBB@

1
CCCA

1−λ2
6664

3
7775
β

≤
1
ϕαr

〠

sk≥1
k∈Jr

skð Þ

2
6664

3
7775
β

+ 1
ϕαr

〠

sk<1
k∈Jr

skð Þλ

2
6664

3
7775
β

:

ð48Þ

Hence, for every ε > 0, we have

r ∈ℕ :
1
ϕαr

〠
k∈Jr

Ik

Ak Δ γð Þξ
� �
ρ

, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk2

4
3
5
β

≥ ε

8><
>:

9>=
>;

⊂ r ∈ℕ :
1
ϕαr

〠

sk≥1
k∈Jr

Ik

Ak Δ γð Þξ
� �
ρ

, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
uk

2
6664

3
7775
β

≥
ε

2

8>>><
>>>:

9>>>=
>>>;

∪ r ∈ℕ :
1
ϕαr

〠

sk<1
k∈Jr

Ik

Ak Δ γð Þξ
� �
ρ

, x1,⋯,xn−1

������
������

0
@

1
A

2
4

3
5
vk

2
6664

3
7775
β

≥
ε

2
� �1/λ

8>>><
>>>:

9>>>=
>>>;
:

ð49Þ

This implies that fr ∈ℕ : 1/ϕαr ½∑k∈Ir ½IkðkAkðΔðγÞξÞ/ρ,
x1,⋯,xn−1kÞ�uk �β ≥ εg ∈I and so ξ ∈I −Nβ

αðA,M, u, θ,
ΔðγÞ, k·,⋯, · kÞ0. Hence, I −Nβ

αðA,M, v, θ, ΔðγÞ, k·,⋯, · kÞ0
⊆I −Nβ

αðA,M, u, θ, ΔðγÞ, k·,⋯, · kÞ0. Similarly, we can

prove I −Nβ
αðA,M, v, θ, ΔðγÞ, k·,⋯, · kÞ ⊆I −Nβ

αðA,M, u,
θ, ΔðγÞ, k·,⋯, · kÞ.

Corollary 9. If 0 < inf uk ≤ 1. Then, the following inclusions
hold:

I −Nβ
α A,M, θ, Δ γð Þ, ·,⋯, ·k k
� �

0

⊆I −Nβ
α A,M, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

0

ð50Þ

I −Nβ
α A,M, θ, Δ γð Þ, ·,⋯, ·k k
� �

⊆I −Nβ
α A,M, u, θ, Δ γð Þ, ·,⋯, ·k k
� �

:
ð51Þ

Proof. The proof follows from Theorem 8.
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