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In this paper, we determine the radius of λ-uniform convexity, λ-starlikeness, and α-convexity of order δ for theWeierstrass canonical
product of an entire function as a root having smallest modulus and argument ϕ of a functional equation. As special cases, we also
determine the radius of λ-uniform convexity, λ-starlikeness, and α-convexity of order δ for the entire function 1/Γ.

1. Introduction

Let r > 0 be a real number and A be the class of analytic
functions defined in the disk UðrÞ = fw ∈ℂ : jwj < rg and
satisfy the normalization conditions f ð0Þ = f ′ð0Þ − 1 = 0:
Let ðanÞ, where an ∈ ℂ, ∀n ≥ 2 be a sequence with

1
lim

n⟶+∞
sup anj j1/n = r f ≥ 0, ð1Þ

where r f means the radius of convergence of the series

w +∑∞
n=2anw

n = f ðwÞ ∈A . If limn⟶+∞ sup janj1/n = 0, then
rf = +∞:

In 1999, Kanas and Wisniowska [9] (also refer Goodman
[7, 8], Rønning [15], and Ma and Minda [12]) proposed the
idea of λ-uniform convexity denoted by λ −UCV :

A function f ∈A is said to be in λ −UCV ðδÞ, the class
of λ-uniformly Convex of order δ [3], iff

Re 1 + wf } wð Þ
f ′ wð Þ

 !
> λ

wf } wð Þ
f ′ wð Þ

�����
����� + δ, λ ≥ 0, δ ∈ 0, 1½ Þ∀w ∈U rð Þ:

ð2Þ

A function f ∈A is said to be in λ − ST ðδÞ, the class of
λ-starlike function of order δ [10], iff

Re wf ′ wð Þ
f wð Þ

 !
> λ

wf ′ wð Þ
f wð Þ − 1

�����
����� + δ, λ ≥ 0, δ ∈ 0, 1½ Þ∀w ∈U rð Þ:

ð3Þ

Geometrically, the conditions (2) and (3) mean that for f
∈ λ −UCV ðδÞ and f ∈ λ − ST ðδÞ, the images ofUðrÞ under
the functions 1 +wf ″ðwÞ/f ′ðwÞ and wf ′ðwÞ/f ðwÞ are in the
conic domain Ωδ

λ contained in the right half plane for which
1 ∈Ωδ

λ and ∂Ωδ
λ is the curve defined by the equation

∂Ωδ
λ = ω = u + iv : u − δð Þ2 = λ2 u − 1ð Þ2 + v2

� �� �
, λ ≥ 0:

ð4Þ

Moreover, Ωδ
λ is an elliptic region for λ > 1, parabolic for

λ = 1, and hyperbolic for 0 < λ < 1, and finally,Ω0
0 is the whole

right half plane.
The radius of λ-uniform convexity of order δ denoted by

rλucð f ÞðδÞ and radius of λ-starlikeness of order δ denoted by

rλstð f ÞðδÞ are defined by
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rλuc fð Þ δð Þ = sup r ∈ 0, rf
� �

: Re 1 + wf ″ wð Þ
f ′ wð Þ

 !
> λ

wf ″ wð Þ
f ′ wð Þ

�����
����� + δ,∀w ∈U rð Þ

( )
,

ð5Þ

rλst fð Þ δð Þ = sup r ∈ 0, r f
� �

: Re wf ′ wð Þ
f wð Þ

 !
> λ

wf ′ wð Þ
f wð Þ − 1

�����
����� + δ,∀w ∈U rð Þ

( )
,

ð6Þ
where λ ≥ 0, δ ∈ ½0, 1Þ:
By specializing the parameters, we observe r0ucð f Þð0Þ = rcf ,

radius of convexity, r0ucð f ÞðδÞ = rcf ðδÞ, radius of convexity of

order δ, r0stð f ÞðδÞ = r∗f ðδÞ, radius of starlikeness of order δ

and r0stð f Þð0Þ = r∗f , radius of starlikeness.

Let α ∈ℝ and α ∈ ½0, 1Þ. A function f ∈A is said to be in

MαðδÞ, the class of α-convex functions (Mocanu functions)

of order δ [14, 16] iff

Re 1 − αð Þwf ′ wð Þ
f wð Þ + α 1 + wf ″ wð Þ

f ′ wð Þ

 ! !

> δ,w ∈U rð Þ, δ ∈ 0, 1½ Þ:
ð7Þ

The radius of α-convexity (Mocanu functions) of order δ

denoted by rαcð f ÞðδÞ is defined by, for 0 ≤ δ < 1,

Addressing radius problems for some special functions is
a new direction in the geometric function theory. For recent
studies on radius problems, we refer to [2, 4, 6, 11].

By the Weierstrass factorization theorem [18], the function

B wð Þ =weh wð ÞY∞
n=1

1 − w
cn

	 

exp 〠

qn

k=1

1
k

w
cn

	 
k
" #

, ð9Þ

is an entire function for a proper choice of qn ≤ nwith zeros
cn and no other zeros, where hðwÞ is an entire function with
hð0Þ = 0, cn ≠ 0∀n, qn ≥ 0 are certain nonnegative integers,
and for each n in which qn = 0, the value of exponential factor
becomes 1.

The product (9) is called the canonical Weierstrass prod-
uct [1]. In Theorem 3 of [13] Merkes et al. determined the
radius of starlikeness of the canonical Weierstrass product
BðwÞ, and as a special case, the authors determined the
radius of starlikeness of

1
Γ wð Þ =wewγ

Y∞
n=1

1 + w
n

� �
e−w/n: ð10Þ

Later in [17], Szasz obtained the radius of convexity for
BðwÞ.

Motivated by the results of Szász [17] and Merkes et al.
[13], we determine the radius of λ-uniformly convexity, λ
-starlikeness, and α-convexity of order δ for the function
BðwÞ given by (9). Consequently, we also determine the
radius of λ-uniform convexity, λ-starlikeness, and α-con-
vexity of order δ for the function 1/Γ in this paper. In order
to prove the main result, we require the following lemma.

Lemma 1 (see [17]). If a, b ∈ℝ and a > b > 0, then

a +w

b +wð Þ2
�����

����� ≤ a − wj j
b − wj jð Þ2 , for wj j < b,w ∈U =U 1ð Þ: ð11Þ

2. Main Results

Theorem 2. Let fcngn∈ℕ/f0g be a sequence with cn = jcnjeiϕ ∈
ℂ, jcnj ≥ 1 for n ∈ℕ/f0g, r0 = inf fjcnj: n ∈ℕ/f0gg, and let
hðwÞ be an analytic function in Uðr0Þ with jwjeiϕh′ðjwjeiϕÞ
∈ℝ and jwjeiϕh′ðjwjeiϕÞ ≤Rfwh′ðwÞg, for w ∈Uðr0Þ. If
the function μ : ð0, r0Þ⟶ℝ defined by μðrÞ = reiϕh′ðreiϕÞ is
decreasing with respect to r and BðwÞ is of the form (9) with
qn ∈ℕ/f0g for n ∈ℕ/f0g, then the radius of λ-starlikeness of
order δ of the function BðwÞ is rλstðBÞðδÞ, the absolute value
of the root of the equation ð1 + λÞwB′ðwÞ − ðλ + δÞBðwÞ =
0 having the smallest modulus and argument ϕ.

Proof. By logarithmic differentiation, (9) becomes

wB′ wð Þ
B wð Þ = 1 +wh′ wð Þ − 〠

∞

n=1

w
cn

� �qn+1
1−w

cn

: ð12Þ

For w ∈U and k, n ∈ℕ,

R
wn

1 −wð Þk
" #

≤
wn

1 −wð Þk
�����

����� = wj jn
1 −wj jk

≤
wj jn

1 − wj jð Þk
: ð13Þ

rαc fð Þ δð Þ = sup r ∈ 0, r f
� �

: Re 1 − αð Þwf ′ wð Þ
f wð Þ + α 1 + wf ″ wð Þ

f ′ wð Þ

 ! !
> δ, w ∈U rð Þ

( )
: ð8Þ
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Since jw/cnj ≤ 1, (12) along with (13) implies

R
wB′ wð Þ
B wð Þ

( )
≥ 1 +R wh′ wð Þ

n o
− 〠

∞

n=1

w/cnj jqn+1
1 − w/cnj j
	 


≥ 1 + wj jeiϕh′ wj jeiϕ� �
− 〠

∞

n=1

w/cnj jqn+1
1 − w/cnj j
	 


= wj jeiϕB′ wj jeiϕ� �
B wj jeiϕð Þ :

ð14Þ

Also,

wB′ wð Þ
B wð Þ − 1

�����
����� ≤ wh′ wð Þ�� �� + 〠

∞

n=1

w/cnj jqn+1
1 − w/cnj j
	 


≤ − wj jeiϕh′ wj jeiϕ� �
+ 〠

∞

n=1

w/cnj jqn+1
1 − w/cnj j
	 


= 1 − wj jeiϕB′ wj jeiϕ� �
B wj jeiϕð Þ :

ð15Þ

From (14) and (15), we have

R
wB′ wð Þ
B wð Þ

( )
− λ

wB′ wð Þ
B wð Þ − 1

�����
����� − δ

≥ 1 + λð Þ wj jeiϕB′ wj jeiϕ� �
B wj jeiϕð Þ − λ + δð Þ, δ ∈ 0, 1½ Þ, λ ≥ 0:

ð16Þ

By the virtue ofminimumprinciple for harmonic functions,

inf
wj j<r

R
wB′ wð Þ
B wð Þ

( )
− λ

wB′ wð Þ
B wð Þ − 1

�����
����� − δ

( )

= 1 + λð Þ re
iϕB′ reiϕ

� �
B reiϕð Þ − λ + δð Þ, r ∈ 0, roð Þ:

ð17Þ

We observe that the function φ : ð0, r0Þ⟶ℝ defined by

φ rð Þ = 1 + λð Þ re
iϕB′ reiϕ

� �
B reiϕð Þ − λ + δð Þ ð18Þ

is strictly decreasing; also, lim
r⟶0

φðrÞ = ð1 − δÞ > 0 and

lim
r⟶r0

φðrÞ = −∞.

Hence, the equation ð1 + λÞeiϕrB′ðreiϕÞ − ðλ + δÞBðeiϕrÞ
= 0 has a unique root in ð0, r0Þ, and this root is rλstðBÞðδÞ:

Remark 3. λ ≥ 0 in Theorem 2 means that, ifB ∈ λ − ST ðδÞ
, then the image of UðrÞ under the function wB′ðwÞ/BðwÞ
is in conic domain Ωδ

λ contained in the right half plane for
which 1 ∈Ωδ

λ and ∂Ωδ
λ is the curve defined by equation (4).

In the following remarks, we deduce the radius of some
special classes by specializing the parameters in Theorem 2.

Remark 4. Taking λ ≥ 0, δ = 0 in Theorem 2, we get rλstðBÞ,
the radius of λ -starlikeness of the function BðwÞ. rλstðBÞ is

the absolute value of the root of the equation ð1 + λÞwB′ðwÞ
− λBðwÞ = 0 having the smallest modulus and argument ϕ.

Remark 5. Letting λ = 0, 0 ≤ δ < 1 in Theorem 2, we get r∗B
ðδÞ, the radius of starlikeness of order δ of the function B

ðwÞ. r∗BðδÞ is the absolute value of the root of the equation
wB′ðwÞ − δBðwÞ = 0 having the smallest modulus and
argument ϕ.

In the following, we obtain the radius rλucðBÞðδÞ of λ

-uniform convexity of order δ for BðwÞ.

Theorem 6. Let fcngn∈ℕ/f0g be a sequence with cn = jcnjeiϕ
∈ℂ, jcnj ≥ 1 for n ∈ℕ/f0g, r0 = inf fjcnj: n ∈ℕ/f0gg, and
let hðwÞ be an analytic function in Uðr0Þ with jwjeiϕh′ðjwj
eiϕÞ ∈ℝ, jwjeiϕh′ðjwjeiϕÞ ≤Rfwh′ðwÞg, and jw2h″ðwÞj ≤ −
jwj2ei2ϕh″ðjwjeiϕÞ for w ∈Uðr0Þ. If the function μ : ð0, r0Þ
⟶ℝ defined by μðrÞ = reiϕh′ðreiϕÞ is decreasing, the func-
tion ϑðrÞ: ð0, r0Þ⟶ℝ defined by ϑðrÞ = −r2e2iϕh″ðreiϕÞ is
increasing with respect to r and BðwÞ is of the form (9) with
qn ∈ℕ/f0g for n ∈ℕ/f0g; then, λ-uniform convexity of order
δ of the function BðwÞ is rλucðBÞðδÞ, the absolute value of the
root of the equation ð1 + λÞwB″ðwÞ + ð1 − 2λ − δÞB′ðwÞ
= 0 having the smallest modulus and argument ϕ.

Proof. From (9),

1 + wB″ wð Þ
B′ wð Þ

= 2 +wh′ wð Þ − 〠
∞

n=1

w/cnð Þqn+1
1 −w/cn

−
1 −w2h″ wð Þ +∑∞

n=1 qnð Þ w/cnð Þqn+1� �
− qn − 1ð Þ w/cnð Þqn+2� �� �

/ 1 −w/cnð Þ2� �
1 +wh′ wð Þ − ∑∞

n=1 w/cnð Þqn+1� �
/ 1 − w/cnð Þð Þ� �

ð19Þ

= 1 + wB′ wð Þ
B wð Þ −

1 −w2h″ wð Þ +∑∞
n=1 qnð Þ w/cnð Þqn+1� �

− qn − 1ð Þ w/cnð Þqn+2� �
/ 1 −w/cnð Þ2� �

wB′ wð Þ/B wð Þ
: ð20Þ
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Using (14) and the inequality of Lemma 1, we have

From (14), (20), and (21),

Also, we have

R
1 −w2h″ wð Þ +∑∞

n=1 qnð Þ w/cnð Þqn+1 − qn − 1ð Þ w/cnð Þqn+2� �
/ 1 − w/cnð Þð Þ2� �� �

wB′ wð Þ/B wð Þ

 !

≤
1 −w2h″ wð Þ +∑∞

n=1 qnð Þ w/cnð Þqn+1 − qn − 1ð Þ w/cnð Þqn+2� �
/ 1 − w/cnð Þð Þ2� �� ��� ��

wB′ wð Þ
� �

/B wð Þ
��� ���

≤
1 + w2h″ wð Þ�� �� +∑∞

n=1 w/cnð Þj jqn+1 qnð Þ − qn − 1ð Þ w/cnð Þj j� �
/ 1 − w/cnð Þj j2� �� �

R wB′ wð Þ
� �

/ B wð Þð Þ
� �

≤
1 − wj j2ei2ϕh″ wj jeiϕ� �

+∑∞
n=1 qnð Þ w/cnð Þj jqn+1 − qn − 1ð Þ w/cnð Þj jqn+2� �

/ 1 − w/cnð Þj j2� �� �
wj jeiϕB′ wj jeiϕð Þ

� �
/ B wj jeiϕð Þð Þ

:

ð21Þ

R 1 + wB″ wð Þ
� �

/B′ wð Þ
� �� �

≥ 1 +R wB′ wð Þ
� �

/ B wð Þð Þ
� �

−R
1 −w2h″ wð Þ +∑∞

n=1 qnð Þ w/cnð Þqn+1 − qn − 1ð Þ w/cnð Þqn+2� �
/ 1 − w/cnð Þð Þ2� �� �

wB′ wð Þ
� �

/ B wð Þð Þ

0
@

1
A

≥ 1 + wj jeiϕB′ wj jeiϕ� �
B wj jeiϕð Þ −

1 − wj j2ei2ϕh″ wj jeiϕ� �
+∑∞

n=1 qnð Þ w/cnj jqn+1 − qn − 1ð Þ w/cnj jqn+2� �
/ 1 − w/cnj jð Þ2� �� �

wj jeiϕB′ wj jeiϕð Þ
� �

/ B wj jeiϕð Þð Þ

= 1 + wj jeiϕB″ wj jeiϕ� �
B′ wj jeiϕð Þ

:

ð22Þ

wB″ wð Þ
B′ wð Þ

�����
����� ≤ wB′ wð Þ

B wð Þ −
1 −w2h″ wð Þ +∑∞

n=1 qnð Þ w/cnð Þqn+1 − qn − 1ð Þ w/cnð Þqn+2� �
/ 1 − w/cnð Þð Þ2� �� �

1 +wh′ wð Þ − ∑∞
n=1 w/cnð Þqn+1� �

/ 1 − w/cnð Þð Þ� �
�����

�����
≤

wB′ wð Þ
B wð Þ

�����
����� + 1 −w2h″ wð Þ +∑∞

n=1 qnð Þ w/cnð Þqn+1 − qn − 1ð Þ w/cnð Þqn+2� �
/ 1 − w/cnð Þð Þ2� �� �

1 +wh′ wð Þ − ∑∞
n=1 w/cnð Þqn+1� �

/ 1 − w/cnð Þð Þ� �
�����

�����
≤ 2 − wj jeiϕB′ wj jeiϕ� �

B wj jeiϕð Þ + 1 − wj j2ei2ϕh″ wj jeiϕ� �
+∑∞

n=1 qnð Þ w/cnj jqn+1 − qn − 1ð Þ w/cnj jqn+2� �
/ 1 − w/cnj jð Þ2� �� �

1 + wj jeiϕh′ wj jeiϕð Þ −∑∞
n=1 w/cnj jqn+1� �

/ 1 − w/cnj jð Þ� �
≤ 2 − wj jeiϕB′ wj jeiϕ� �

B wj jeiϕð Þ + 1 − wj j2ei2ϕh″ wj jeiϕ� �
+∑∞

n=1 qnð Þ w/cnj jqn+1 − qn − 1ð Þ w/cnj jqn+2� �
/ 1 − w/cnj jð Þ2� �� �

wj jeiϕB′ wj jeiϕð Þ
� �

/ B wj jeiϕð Þð Þ

= 2 − wj jeiϕB″ wj jeiϕ� �
B′ wj jeiϕð Þ

:

ð23Þ
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From (22) and (23),

R 1 + wB″ wð Þ
B′ wð Þ

 !
− λ

wB″ wð Þ
B′ wð Þ

�����
����� − δ

≥ 1 + wj jeiϕB″ wj jeiϕ� �
B′ wj jeiϕð Þ

− λ 2 − wj jeiϕB″ wj jeiϕ� �
B′ wj jeiϕð Þ

 !
− δ

= 1 + λð Þ wj jeiϕB″ wj jeiϕ� �
B′ wj jeiϕð Þ

 !
+ 1 − δ − 2λð Þ, δ ∈ 0, 1½ Þ, 0

≤ λ < 1 − δð Þ
2 :

ð24Þ

By the virtue ofminimumprinciple for harmonic functions,

inf
wj j<r

R 1 + wB″ wð Þ
B′ wð Þ

 !
− λ

wB″ wð Þ
B′ wð Þ

�����
����� − δ

( )

= 1 + λð Þ reiϕB″ reiϕ
� �

B′ reiϕð Þ

 !
+ 1 − δ − 2λð Þ,

ð25Þ

where r ∈ ð0, r0Þ: The function ψ : ð0, r0Þ⟶ℝ, defined by
ψðrÞ = ð1 + λÞðreiϕB″ðreiϕÞ/B′ðreiϕÞÞ + ð1 − δ − 2λÞ is
strictly decreasing; also, observe that lim

r⟶0
ψðrÞ = 1 − δ − 2λ >

0, lim
r⟶r0

ψðrÞ = −∞. Thus, it follows that the equation ð1 + λÞ
eiϕrB″ðeiϕrÞ + ð1 − 2λ − δÞB′ðeiϕrÞ = 0 has a unique root
situated in ð0, r0Þ, and this root is rλucðBÞðδÞ.

Remark 7. As δ ∈ ½0, 1Þ and 0 ≤ λ < ðð1 − δÞ/2Þ ≤ ð1/2Þ,we
have λ ∈ ½0, 1/2Þ, which means that if B ∈ λ −UCV ðδÞ,
then the image of UðrÞ under the function contained in the

right half plane for which 1 + ððwB″ðwÞÞ/ðB′ðwÞÞÞ is in
hyperbolic domain Ωδ

λ contained in the right half plane for
which 1 ∈Ωδ

λ and ∂Ωδ
λ is the curve defined by equation (4).

By specializing the parameters in Theorem 6, we have

Remark 8. Substituting δ = 0 and λ ∈ ½0, 1/2Þ in Theorem 6,
we get the radius rλucðBÞ of λ -uniform convexity given by the

absolute value of the root of the equation ð1 + λÞwB″ðwÞ +
ð1 − 2λÞB′ðwÞ = 0 having the smallest modulus and argu-
ment ϕ.

Remark 9 (see [17]). Taking λ = 0, 0 ≤ δ < 1 in Theorem 6,
we get the radius rcBðδÞ of convexity of order δ given by the
absolute value of the root of the equation wB″ðwÞ + ð1 − δÞ
B′ðwÞ = 0, having the smallest modulus and argument ϕ.

Theorem 10. Let fcngn∈ℕ/f0g be a sequence with cn = jcnjeiϕ
∈ℂ, jcnj ≥ 1 for n ∈ℕ/f0g, r0 = inf fjcnj: n ∈ℕ/f0gg, and
let hðwÞ be an analytic function in Uðr0Þ with jwjeiϕh′ðjwj
eiϕÞ ∈ℝ, jwjeiϕh′ðjwjeiϕÞ ≤Rfwh′ðwÞg, and jw2h″ðwÞj ≤ −
jwj2ei2ϕh″ðjwjeiϕÞ for w ∈Uðr0Þ. If the function μ : ð0, r0Þ
⟶ℝ defined by μðrÞ = reiϕh′ðreiϕÞ is decreasing, the func-
tion ϑðrÞ: ð0, r0Þ⟶ℝ defined by ϑðrÞ = −r2e2iϕh″ðreiϕÞ is
increasing with respect to r, and BðwÞ is of the form (9) with
qn ∈ℕ/f0g for n ∈ℕ/f0g and α ∈ ½0, 1Þ; then, the radius of α
-convexity of order δ of the function BðwÞ is the smallest
positive root of the equation ð1 − αÞðwB′ðwÞ/BðwÞÞ + α
ð1 +wB″ðwÞ/B′ðwÞÞ = δ having the smallest modulus
and argument ϕ.

Proof. Consider

R M α,B wð Þð Þf g

=R 1 − αð ÞwB′ wð Þ
B wð Þ + α 1 + wB″ wð Þ

B′ wð Þ

 !( )

= 1 +wh′ wð Þ − 〠
∞

n=1

w/cnð Þqn+1
1 − w/cnð Þ

+ α 1 − 1 −w2h″ wð Þ +∑∞
n=1 qnð Þ w/cnð Þqn+1 − qn − 1ð Þ w/cnð Þqn+2� �

/ 1 − w/cnð Þð Þ2� �� �
1 +wh′ wð Þ −∑∞

n=1 w/cnð Þqn+1� �
/ 1 − w/cnð Þð Þ� �

 !

≥ 1 + wj jeiϕh′ wj jeiϕ� �
− 〠

∞

n=1

w/cnj jqn+1
1 − w/cnj j
	 


+ α 1 − 1 − wj j2ei2ϕh″ wj jeiϕ� �
+∑∞

n=1 qnð Þ w/cnj jqn+1 − qn − 1ð Þ w/cnj jqn+2� �
/ 1 − w/cnj jð Þ2� �� �

1 + wj jeiϕh′ wj jeiϕð Þ −∑∞
n=1 w/cnj jqn+1� �

/ 1 − w/cnj jð Þ� �
 !

≥ 1 − αð Þ wj jeiϕB′ wj jeiϕ� �
B wj jeiϕð Þ

 !
+ α 1 + wj jeiϕB″ wj jeiϕ� �

B′ wj jeiϕð Þ

 !

=M α, eiϕ B wð Þj j� �
,

ð26Þ
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for every jwj < r0, and the equality holds for w = jwjeiϕ.
By the virtue of minimum principle for harmonic functions,

inf
wj j<r

R M α,B wð Þð Þf g =M α, reiϕ
� �

, r ∈ 0, r0ð Þ, ð27Þ

Also,Mðα, reiϕÞ is strictly decreasing; also, lim
r⟶0

Mðα, reiϕÞ
= 1 > 0 and lim

r⟶r0
Mðα, reiϕÞ = −∞. Hence, the equation ð1 −

αÞðreiϕB′ðreiϕÞ/BðreiϕÞÞ + αð1 + reiϕB″ðreiϕÞ/B′ðreiϕÞÞ =
δ has a unique root in ð0, r0Þ, and this root is rαcðBÞðδÞ.

Remark 11 (see [17]). Taking α = 0 in Theorem 10, we get
the radius r∗BðδÞ of starlikeness of order δ, given by the abso-
lute value of the root of the equation wB′ðwÞ − δBðwÞ = 0,
having the smallest modulus and argument ϕ.

Remark 12 (see [17]). Taking α = 1, in Theorem 6, we get the
radius rcBðδÞ of convexity of order δ, given by the absolute
value of the root of the equation wB″ðwÞ + ð1 − δÞB′ðwÞ
= 0, having the smallest modulus and argument ϕ.

In the following remark, we discuss the radius of λ
-starlikeness, λ-uniform convexity, and α-convexity of order
δ for the function 1/Γ.

Remark 13. Let hðwÞ = γw where γ is the Euler-Mascheroni
constant [5], and let qn = 1, cn = −n, n ∈ℕ, and ϕ = 0. Then,

B wð Þ = 1
Γ wð Þ =weγw

Y∞
n=1

1 + w
n

� �
e−w/n: ð28Þ

We now have wh′ðwÞ = γw, w2h″ðwÞ = γw2, and it is
easy to verify Rðwh′ðwÞÞ ≥ γjwj,w ∈U with equality iff w
∈ℝ and jw2h″ðwÞj = γjwj2, w ∈U. The conditions of Theo-
rem 2, Theorem 6, and Theorem 10 are satisfied.

By Theorem 2, the radius rλstð1/ΓÞðδÞ of λ-starlikeness of
order δ of the function 1/ðΓðwÞÞ is the modulus of the big-
gest negative root of the equation ððwΓ′ðwÞÞ/ΓðwÞÞ + ððλ
+ δÞ/ð1 + λÞÞ = 0: Numerical approach gives r0stð1/ΓÞð0Þ =
0:504083, r1/2stð1/ΓÞð0Þ = 0:416321, r0stð1/ΓÞð1/2Þ = 0:358071,
r1stð1/ΓÞð1/4Þ = 0:30431, and r2stð1/ΓÞð1/2Þ = 0:180823:

By Theorem 6, the radius rλucð1/ΓÞðδÞ of λ-uniform convex-

ity of order δ of the function 1/ΓðwÞ is the modulus of the
biggest negative root of the equation

wΓ″ wð Þ
Γ′ wð Þ

−
2wΓ′ wð Þ
Γ wð Þ + 1 − 2λ − δ

1 + λ
= 0: ð29Þ

Numerical approach gives r0ucð1/ΓÞð0Þ = 0:266701, r0ucð1/ΓÞð1
/2Þ = 0:190771, r1/3ucð1/ΓÞð0Þ = 0:125966,r1/4ucð1/ΓÞð1/4Þ = 0:108467,
and r1/5ucð1/ΓÞð1/3Þ = 0:116513:

By Theorem 10, the radius rαcð1/ΓÞðδÞ of α-convexity of

order δ for the function 1/ΓðwÞ is the modulus of the biggest

negative root of the equation

α 1 + wΓ″ wð Þ
Γ′ wð Þ

 !
+ 1 + αð ÞwΓ′ wð Þ

Γ wð Þ = δ: ð30Þ

Numerical approach gives r0cð1/ΓÞð0Þ = 0:504083, r1cð1/ΓÞð0Þ
= 0:266701, r1/3cð1/ΓÞð1/2Þ = 0:258289, r1/2cð1/ΓÞð1/3Þ = 0:269676,
and r1/2cð1/ΓÞð1/2Þ = 0:234978:

In the following remark, we give an example which
shows that the Theorems 2, 6, and 10 work even if wehðwÞ
is not starlike. That is, the example given in the following
remark shows that the hypotheses of Theorems 2, 6, and
10 are free from the hypothesis of Theorem 3 in [13], proved
by Merkes et al.

Remark 14. Let hðwÞ =w2/ðw2 − 1Þ with ϕ = 0, and let qn
= 1, cn = n. Clearly, wehðwÞ is not starlike. Then, we have
wh′ðwÞ = ð−2w2/ððw2 − 1Þ2ÞÞ and w2h″ðwÞ = ðð2w2 + 6w4Þ
/ððw2 − 1Þ3ÞÞ. Also, Rðwh′ðwÞÞ ≥ ð−2jwj2/ððjwj2 − 1Þ2ÞÞ
and jw2h″ðwÞj ≥ ðð2jwj2 + 6jwj4Þ/ðð1 − jwj2Þ3ÞÞ, w ∈U with
equality iff w ∈ℝ.

By Theorem 2, the radius rλstðBÞðδÞ of λ-starlikeness of

order δ of the function

B1 wð Þ =wew
2/ w2−1ð ÞY∞

n=1
1 − w

n

� �
ew/n ð31Þ

is the smallest positive root of the equation 1 − ð2r2
/ðð1 − r2Þ2ÞÞ −∑∞

n=1ðr2/ðnðn − rÞÞÞ − ððλ + δÞ/ð1 + λÞÞ = 0:
Numerical approach gives r0stðB1Þð0Þ = r∗B1

= 0:426948,
r0stðB1Þð1/2Þ = r∗B1

ð1/2Þ = 0:325887, r1stðB1Þð1/2Þ = 0:241843,
r2stðB1Þð1/2Þ = 0:201282, and r1/2stðB1Þð1/2Þ = 0:274465:

By Theorem 6, the radius rλucðB1ÞðδÞ of λ-uniform con-

vexity of order δ is the smallest positive root of the equation

1 − 2r2

1 − r2ð Þ2
− 〠

∞

n=1

r2

n n − rð Þ

−
1 + 2r2 + 6r4

� �
/ 1 − r2
� �3� �� �

+∑∞
n=1 r2/ n − rð Þ2� �� �

1 − 2r2/ 1 − r2ð Þ2
� �� �

−∑∞
n=1 r2/ n n − rð Þð Þð Þ

+ 1 − δ − 2λð Þ
1 + λ

= 0:

ð32Þ

Numerical approach gives r0ucðB1Þð0Þ = rcB1
= 0:242015,

r0ucðB1Þð1/2Þ = rcB1
ð1/2Þ = 0:187093, r1/6ucðB1Þð1/2Þ = 0:108455,

and r1/4ucðB1Þð1/4Þ = 0:126439:
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By Theorem 10, the radius rαcðB1ÞðδÞ of α-convexity of

order δ is the smallest positive root of the equation

1 − 2r2

1 − r2ð Þ2
− 〠

∞

n=1

r2

n n − rð Þ

+ α 1 −
1 + 2r2 + 6r4

� �
/ 1 − r2
� �3� �� �

+∑∞
n=1 r2/ n − rð Þ2� �� �

1 − 2r2/ 1 − r2ð Þ2
� �� �

−∑∞
n=1 r2/ n n − rð Þð Þð Þ

0
@

1
A = δ:

ð33Þ

Numerical approach gives r0cðB1Þð0Þ = r∗B1
= 0:426948,

r1cðB1Þð0Þ = rcB1
= 0:242015, r0cðB1Þð1/2Þ = r∗B1

ð1/2Þ = 0:325887
, r1cðBÞð1/2Þ = rcB1

ð1/2Þ = 0:187093, r1/2cðB1Þð1/2Þ = 0:222952,
r1/4cðB1Þð1/4Þ = 0:139653, and r1/4cðB1Þð1/2Þ = 0:254242:
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