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In the present paper, we deal with some fractional integral inequalities for strongly reciprocally (p, h)-convex functions. We
established fractional version of Hermite-Hadamard and Fejér type inequalities for strongly reciprocally (p,h)-convex
functions. Our results extend and generalize many exiting results of literate.

1. Introduction

The convex functions nowadays are widely used in many
branches of mathematics like optimization theory, func-
tional analysis, and modeling theory [1, 2]. The interesting
geometry of convex functions makes its study distinct from
other functions. From geometric point of view, a function
y(x) is convex provided that the line segment connecting
any two points of its graph lies on or above the graph of
function. The new inequalities in analysis are always appre-
ciable [3, 4].

Since the classical convexity is not enough to attain cer-
tain goals in applied mathematics, so the classical convexity
has been generalized in many directions. For recent general-
izations, one can see [5, 6].

For the class of convex functions, various inequalities
have been developed [7, 8], but the most famous inequality
is Hermite-Hadamard’s inequality. It is stated as follows:

Let v : MC R — R be a convex function, and let 4|,
d, e M with d,d,; then, the following double inequality
holds:

4,
v/(dlde) < dzidl Jdlvl(x)dxg V/(dl);_ll/(dZ) (1)

In [9], Fejér gave the weighted version of Hermite-
Hadamard inequality (1) as follows:

Let v : [d),d,] CR— R be a convex function and w
: [d;,d,] — R a non-negative, integrable, and symmetric
function about (d, + d,)/2; then, the following inequality
holds:

v (M) [:Zw(x)dx < szv,(x)w(x)dx < Mrzw(x)dx.

2
(2)

The aim of present paper is to establish fractional ver-
sion of Hermite-Hadamard and Fejér type inequalities for
a more generalized class of functions. The present paper is
organized as follows: The §2 is concerned with some prelim-
inary material. In Section 3, we give some basic results for
strongly reciprocally (p,h)-convex functions, and in Sections
4 and 5, we develop Hermite-Hadamard and Fejér type
inequalities, respectively, for strongly reciprocally (p,h
)-convex function. Moreover, the last section is devoted for
fractional integral inequalities.

2. Preliminaries

In this section, we give a brief review of some preliminaries.
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Definition 1 (p-convex set see [10, 11]). A set M = [d;, d,]
c R\ {0} is p -convex set, if

(i + (1= )p)" | eM, (3)
for all x,y e M, j€[0,1], where p=2u+1or p=al/b,a=2v
+1,b=2w+1 and u, v, w € N.

Definition 2 (p-convex function see [10]). Let M = [d;, d,]

cR\ {0} be a p -convex set. A function y : M =[d;,d,]
— R is called p-convex function, if

y[ G + (-] <y + (L= i) e (@)

holds for all x,y € M and j € [0, 1].
Definition 3 (Strongly convex function see [4]). A function

y:M=[d,d)] — R is called strongly convex function
with modulus y on M, where p >0, if

y(ix+ (L= j)y) < jy(x) + (1= )y() - wi(l =)y -x)%
(5)
holds for all x, y € M and j € [0, 1].
Definition 4 (Strongly p-convex function see [12]). A func-

tion ¥ : M = [d,, d,] — R is called strongly p-convex func-
tion, if

y[( + (L=0))"] <y + (1= ) — il =P =),
(6)
holds for all x,y € M and j € [0, 1].

Definition 5 (Harmonic convex set see [11, 13]). A set M =
[d,,d,] R\ {0} is said to be harmonic convex set, if

Xy
— €M, (7)
je+(1=j)y
for all x,y € M and j € [0, 1].
Definition 6 (Harmonic convex function see [11, 14]). Let
M=d,,d,] SR\ {0} be the harmonic convex set. A func-

tion y: M=[d,d,) CR\ {0} — R is harmonic convex
function, if

xy Al + i
V(i) A0, @

holds for all x,y € M and j € [0, 1].
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Definition 7 (p-harmonic convex set see [11, 15]). A set M
=[d,,d,] CR\ {0} is p -harmonic convex set, if

xPyP lp
Km) ] e ©

for all x,y € M and j € [0, 1].

Definition 8 (p-harmonic convex function see [11, 15]). Let
M =[d,,d,] SR\ {0} be p-harmonic convex set. A function
y:M=[d},d,] CR\ {0} — R is p-harmonic convex, if

i 1p
w[(ﬁ) ]s(l—j)w(xmw(y), (10

holds for all x,y € M and j € [0, 1].

Definition 9 (Strongly reciprocally convex function see [16]).
Let M be an interval and let p € (0,00). A function y : M
=[d,,d,] R\ {0} — R is said to be strongly reciprocally
convex function with modulus ¢ on M, if

2
Y ) <=y + ) - '1--<1-l)
w<jx+(1_j)y> =i+ O -wil =i\ 5 =5
(11)
holds for all x, y € M and j € [0, 1].

Definition 10 (Strongly reciprocally p-convex function see
[17]). Let M be a p -harmonic convex set and let y € (0,00)
. A function v : M =[d},d,] CR\ {0} — R is said to be
strongly reciprocally p-convex function with modulus ¢ on
M, if

pyp Up ' ' 0y
V’{ M) }S(l—J)t//(X)ﬂw(y)—m(l_])<E_y_P> ,

(12)
holds for all x, y € M and j € [0, 1].

Definition 11 (h-convex function see [18]). Choose the func-
tions ¥, h : M = [d;, d,] — R that are non-negative; then, y
is called h-convex function, if

y(jx+ (1=j)y) <h(Gy(x) +h(1=j)y(y),  (13)
for all x,y € M and j € [0, 1].

Now, we are ready to introduce a new class of convex
functions by generalizing the concept of strongly recipro-
cally p-convex functions, which we will call strongly recipro-
cally (p,h)-convex functions.

Definition 12 (Strongly reciprocally (p, h)-convex function).
Let M be a p-harmonic convex set and let p € (0,00). A func-
tion ¥ : M=[d,,d,] CR\ {0} — R is said to be strongly
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reciprocally (p, h)-convex function with modulus p on M, if

5 1p 2
{ i) } <H =) +hOw) - -1 (55 - 55)
(14)

hold for all x,y € M and j € [0, 1].
Throughout the paper, for convenience, we represent the
class of strongly reciprocally (p, i) convex functions by SR(

p>h).

Remark 13. Inserting h(j) =j in Definition 12, we obtain
Definition 10, and inserting h(j) =j and p =1, Definition
12 reduces to Definition 9.

Similarly, from Definition 12, Definitions 6 and 8 can be
obtained by inserting h(j) =j, =0, p=1, and h(j) = j with
u =0, respectively.

3. Basic Results

This section collects some basic and straight forward facts
based on algebraic operations.

The following proposition is concerned about the addi-
tion of two functions from SR(p, h).

Proposition 14. Let y,0 : M — R be two strongly recipro-
cally (p,h)-convex functions with modulus yu on M; then, y
+0 : M — R is also strongly reciprocally (p,h)-convex func-
tion with modulus yu* on M, where y* = 2.

Proof. We will start by definition of strongly reciprocally (p,h
)-convexity of y and o:

<h(i)y(x) + h(1 = )Jy(y) - wi(1 - ) (yi,, - ip>
#H)o(s) + 1= o) i) (35 - )

(15)
which in turns implies that

P 1/p 2
w+0) (o) O )@ +h =+ e)0) 201 (5 - )

=h(j)(y +0)(x) + h(1 = j)(y +0)(y) - u"j(1 -J')(},, - %,;)

(16)
where p* =2u and p > 0. This completes the proof. [

Our next result is concerned with the scalar multiplica-
tion of strongly reciprocally (p,h)-convex function.

Proposition 15. Let ¢ : M — R be a strongly reciprocally
(p,h)-convex function; then, for any A>0, Ay : M — R is
also strongly reciprocally (p,h)-convex function with modulus
v* on M, where v* = Ap.

3
Proof. Let A >0, y € SR(p, h), we obtain
xPyP up xPyP lp
“/[ 077) }AH T077) H
Sl{h(f)w(x) en1 =) - =) (5 - ) } )

11\’
= W)+~ Dy ) =211 (5 = )
. . N
= WGy () +h(1 =) =i =) (5= )
where v* = Ay and y > 0. This completes the proof. [
Proposition 16. Let v, : M — R, where 1<i<n be in SR
(p, h) with modulus y; then, for A; >0 where 1<i<n, the
function y : M — R, where y =" Ay, is also in SR(p, h
) with modulus y > 0, where y =Y A,

Proof. Let M is a p-harmonic convex set. Then, Vx,y e M

and j € [0, 1], we have
xPyP 1p
Ay {(,m) }
1

xpyp 1p B
=)
MGV )+ h1 =101 (5 = ) }

M= IDV=

<

i

n

~h) 3 A (x) +h(1 =) Y Aw0)

i=1

A [m'(l (35 - ﬁ)}

i

=)+ =) -y =) (3 - )

(18)
where y =Y A;u. This completes the proof. O

Proposition 17. Let y,: M — R, where 1<i<n be
strongly reciprocally (p,h)-convex functions with modulus y;
then y =max {y,,i=1,2,---,n}, is also strongly reciprocally
(p,h)-convex functions with modulus p.

Proof. Let M is p-harmonic convex set. Then Vx, y € M and
j €10,1], we have

xPyP up XPyP Up
VIl w =max{ Y|~y ,i=1,2,3,,n
xP+(1*J)yP> ! xP+(1*J)yP>

Ay 1p
=Y. <p7,>
Jjxb+ (1= j)y?
1

< W) (5) =) =i =) (3 - g)z
= ) max ()} + h(1 ) max {1}
=i (5-5)
- i)+ b= - =3 (- )
(19)

This completes the proof. O



Our next intension is to develop Hermite-Hadamard’s
inequality for this generalization.

4. Hermite-Hadamard Type Inequality

Theorem 18. Let M c R\ {0} be an interval. If y : M — R
be a strongly reciprocally (p,h)-convex function with modulus
u=0and yelLld,,d,], then for h(1/2) + 0, we have

I 208\ b (- ’
ey |Y\evae) T\ se

p(didy) (% y(x)
< dp dp J x1+p dx

1 o B
sJ [h(1-j)y(d,) +h(j)y(d,)] dj- % (dz dl> .

0 did

(20)
Proof. Since, y € SR(p, h), and allowing j = 1/2 yields

() oo s w3

(21)

Let  x=[((d{d5)/(jd; + (1-j)d5)"*]  and
()i (jddh + (1
[0, 1], we obtain

2bdl \ 1 Z& \"
VIl sh )V o
dy +d, 2 jdi + (1= j)dy
1p
2 jds + (1= j)d}
i\’ |l (244"
1-2j dj
(dng (=297 i) |
1/p
<‘.lh(£)v/ % dj
o \2) T\t + (1)
L e\
+Jh<5)w TraE) |V
0 jdy + (1= j)dy
P P\ 21 p ap \ VP
(B [(1—2j)2djw 2
4\ dd ] o &+ db

2
Con(1) P (hy ) e (A
) dy—dy g 12\ didy )

(22)

y=|
- ))Up | and integrating (21) w.r.t j over

=

and
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2B\ (-
|5 l*z(w)
p(ddh)
= () J 1+P “2h( 1/2)
28 &
H@wp) |45

b)) J"Z vl
dIZJ - dllj d, b+

>

which gives one side of (20).
For the right side of (20), since y € SR(p, h), so by setting
x=d, and y =d,, we obtain the following result:

aa \"
14 [ (W) ] <h(1-j)y(d,) +h(j)y(d,)

—ui(l- )(% ;12,)2-
(24)

Integrating (24) w.r.t j over [0, 1], we obtain

1 dpdp 1/p . 1
J‘”Km) }dj<Joh(1_j)‘//(d1)dj+J0h(j)tp(d2)dj

2
&-d\
- u jj(l - )dj
( 28 ) )

(25)
and
did;) (% y(x Lo _ u(d-d
D [ s [ 11wt + i - ( i ) ,
(26)

which is right side of (20), which completes the proof. [
Remark 19.

(1) Inserting h(j)=j and p=1 in Theorem 18, we
obtained Hermite-Hadamard inequality for strongly
reciprocally convex function [16] (Theorem 3.1)

(2) Insertion h(j)=j, p=1, and 4 =0 in Theorem 18
yields Hermite-Hadamard inequality for harmonic
convex functions [14] (Theorem 2.4)

Now, we develop Fejér type inequality for this new class
of convex functions.

5. Fejér Type Inequality

Theorem 20. Let M C R\ {0} be an interval. If v : M — R
be a strongly reciprocally (p,h)-convex function with modulus
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Y >0, then for h(1/2) # 0, we have

2
2d°d, dx+ U dy (2d§d§ - (df + d‘;)xP) w
2h(1/2 dl’ +d" ] d’ x“P (zd‘;dg)z. 4 xI+3p

g[ ‘V_Ud < [y(d)) + y(d )][ h(dlf)(dg_xp)>';’ff)dx
Ja, a4,

P (df - db)
o % (xf - df) (dg—xp)w(x)d
dyds g, xlty

(x) dx}

Xy

(27)

holds for d,,d, € M with d, <d, and v € L[d,, d,], where
w: M — R is a non-negative integrable function that sat-

isfies
AN drdy \"
w ( v =w m . (28)

Proof. Since y € SR(p, h), and allowing j = 1/2 yields

G5 GG -+G)G) - 5)'

(29)

Inserting  x = [(did5/jdf + (1 _j)dlz;)llp]
(dvds/jds + (1 _J'dll))llp] in (29), we obtain

b\ P b Up P g Up
v z,,dldz,, sh(f)w - hd; 5 +h<1)w S s 5
dy +dy 2 jdy+ (1= j)d; 2 jdy + (1 - j)dy

Cu (il q-jds e (- jd’
1\ AL && )

and y=]

(30)

Since, w is a non-negative symmetric and integrable
function, so

2wt \ " dda "
YWavz] |YI\igra-n&
1143 jdi + (1= j)dy
. (1) & " &, v
<h(z |yl | — 22— w|| ——2
2 jdb + (1= j)d, jdt + (1= j)d;
X h <l> d‘ll)dg 1/p d‘?d‘; 1/p
Ll B e B e e
2) " | \jds + (1 - j)d} jdl + (1= j)d

u i+ (1 =i)d (1=’ ad; \"
Ta A YWidra-pa] |
192 1942 jdy+ (L= j)dy

(31)

Integrating inequality (31) w.r.t j over [0, 1], we obtain

V[ 2t " e \'"
J Vi\ 7. » wil—p P dj
o [\d1+d; jay + (1= j)d;
1/p 1p
S [lh<1>w & w &d, dj
Jo \2 jdt + (1= j)ds jdi + (1= j)d;
1/p Lp
. th <l>vf &db y dids g
o \2) 7| \jdh + (1-j)d] jd + (1= j)d;

. . . . 2 1/p
_MJ‘ jd+ (1=j)ds  jds+ (1-j)d} did} i
= w ]
4o\ A did) jdi + (1= j)d;

(32)
and
1ip
2w\ e, e [
I// P P 1+p X P P\ 2
dy +d, a X (2did5)" Ja,
did, — (df + db)x?) w(x) (33)
X 143, dx
x1+3p
b
Szk(E)J Yw) 4
2))s, X
S0,

1 {w{ (2d§’d§)“” } sz W), rz (2t (e + o)) i)

2h(1/2) &+ db 4 X (Zd‘]’d’z’)z 4 x4
<[P ,
Ja,
(34)
which is left side of (27). O

Finally, for the right side of (27), since v € SR(p, h) and by
setting x = d, and y = d,, we obtain the following result:

0 b p N
W{(m) } < h(1= ) (dy) + h()w(dy) - (1)) (% - %) .

(35)

Since w is a non-negative symmetric and integrable
function, so

aa N\ ardy\"
Yidva-aa) |°|\Gaa-a
| o 1p
sh(l—])ll/(dl)w[<m> ]
| Y. 1p
+h(J)w(dz)w[<m> ]

1 1\? & db o
(b Vel ()
4 d jdi + (1= j)ds



Integrating inequality (36) w.r.t j over [0, 1], we obtain

1 deP lp deP 1p )
JV’ % w % dj
0 jdi + (1= j)dy jdi + (1-j)d;
1 deP p
<| h-jyld )w|| —=22 dj
| - Kjd%(l—j)dﬁ) j
1 deP Up
+ | hwd w| | ——2 dj
| Hoviaz) Kjd%(l—j) dé,) J

1 11\ &\
_ i(1—i - 12 d’,
ol ja-2 (dﬁ’ d*;) w[(jdﬁ’+<1—j)d§> /

(37)

rz y(@w(x) dx < [y(d)) + w(dz)]Jblh <W> L:I(i;) dx

ao x a \¥(d-d))
o G (xb = df) (d5 - xP)w(x) i
did; ), e

(38)

which is the right side of inequality (27); this completes
the proof.

Remark 21.

(1) Inserting h(j)=j and p=1 in Theorem 20, we
obtained Fejér type inequality for strongly recipro-
cally convex function [16] (Theorem 3.7)

(2) Insertion h(j) =j, in Theorem 20, yields Fejér type
inequality for strongly reciprocally p-convex func-
tions [17] (Theorem 3.5)

6. Fractional Integral Inequalities

Fractional integral inequalities are important to study means
[19-22]. This section is devoted for some fractional integral
inequalities for functions whose derivatives are in SR(p, h).
A source for results of the desired type is the following
lemma.

Lemma 22 see ([23], Lemma 2.1). Let v : M =[d,,d,] SR is

differentiable defined on the interior M of M. If y' € L[d,, d,]
and A €0, 1], then

1lp
(1-My K 2dd5 ) } N A(V’("lz) + w(dz)> _p(didy) j“z v,

P P p_ P I,
di+d5 2 &y —d] Ja, x"F

(d5—df) Juz(z. o N\
= ]~ ) TP 1 P 7
2p(didy) |Jo jdi+ (1= j)d, jai+(1-j)

)

1
-
’ b op 1+(1lp) > P 1p
o[ () ()
Juz jdi +(1-j)d; jdi+(1-j)d;

(39)
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As a first application of Lemma 22, we prove the following
result.

Theorem 23. Let M =[d,,d,| cR\ {0} be a p -harmonic
convex set, and let w : M =[d, d,] R\ {0} — R be differ-
entiable defined on the interior M of M. IfM' € L[d,, d,] and

ly'|" is strongly reciprocally (p,h)-convex function on M, q
> 1, and A €0, 1], then

0 p \ 1P PPy pds
(1-y 2d,d, +A(V/(d1) +1V(d2)) _ p(did3) (2 v(x) dx
D+ 2 B ),
- d ~
< gpz(dilﬂég {kl(]?, d; dz)l () [kw(P’ d;,d,) |V’,(d1)|q ki (p,dyyd,) W’(d2> ‘q
+k;(podys dz)!‘]”q} +ky(ps s d1>Huq) [kzs(P> dy dz)l‘//,(dz)‘q

+kis(p.dyd;) |W/(d2) ‘q"'ks(P’ d,, dz)/"]”q] >

(40)

where

112 dl;dg 1+(1/p) ( )
ky(p, dpdz):J Ri-M———p dj, (41
0 jdy+ (1= j)d;

1 Y 1+(1/p)
ky(p,d,,d =J 2j -2+ A —12 dj,
2( 2 1) 1/2| |<]d1;+(1—])dg

(42)

12 d};dg 1+(1/p)
kys(p,d,,d =J h(1-j)2j- A ——2—— dj,
15( 1 2) 0 ( )| |]dll)+(1—])dg

(43)

. dpdp 1+(1/p)
K (pd,,d =J h2i-2+ Al 4% di
16(p>d5 dy) s (7)12j |<jdf+(1—j)dg> ]

(44)

2 d‘il)d‘g 1+(1/p)
(e )= [ hG)2i-2 (- )

ot =), (1)

(45)

. dng 1+(1/p)
k.o(p,d,,d =I h(1-)12j-2+A|| ————— dj,
18(p>dydy) .1/2( N2 |<jd‘;+(1—j)d§) ]
(46)

2 P +(1/p) 1 1\ 2
bpedndy)= [ G- D=2 A% (777) di,

(47)

! &dh W N2
ky(p,d,yd :[ G- D2j-2+ A | -—2— <—f—> dj.
8(p 2 1) (”2](] )|f |<]d[17+(1—])d‘g> dg d[]y ]

(48)
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Proof. Using Lemma 22 and power mean inequality, we have

1p
(o | (244 ] () v () _p(dhd) [y
&+ dy 2 E-d |, x
[ 1+(1/p) , 1p
17 (i VL s\
0 ji+ (1= j)d; jdh + (1 j)db

P(deP) ]
D b 1+(1/p) P b lp
—2+1) _ddy, x |y __dhdy djl.
jdi+ (1= j)d; ji+ (1= j)d;

1
iy
12
q liq
d,-)

@

=

(dP dP) I 1/2 dl’dP 1+(1ip) 1=t
S @) j R
0 jdy + (1= j)d;

& dp 1+(1/p) , & p
Wl
il + (1= j)d} i+ (1= j)dy

1 P g wup) )
(2] 2+ 1)) hid, P> dt)
+(1-j)d
1 deP 1+(1ip)
* Juzl 2-2+d Jdp +(1- ])dp> )
, P 1Upq 14 lq
1 (p]—zp dj .
jdy + (1 - j)d;
Since |y’ (x)|" € SR(p, h), so
Up
ool (2EEN ) (rE v e )ty
( )1// P P 2 P _ gp 1+p *
di +d, d,—dy Ja, x
1-(1/q)
P& 12 P P 1+ (1p)
< (B d) [ )
p(didl) |\ Jo jdi+ (1= j)d;
1/2 ) deP L+(1/p)
x J [(2/=2)] %
0 jdy+ (1-j)d;
2 1/q
x Bl @)+ h G ()| = i1 =) (55~ ) | i
& &£
2 1
. 2 1e(up) \ -(Va)
+ J [(2j =2+ ﬁ dj
12 jdi + (1= j)d;
1 P P 1+(1/p)
X J [(2/-2+A) %
172 jdi + (1= j)d;
2 1/q
{ d1)|q+h(j)v/(dz)|qM’(IJ‘)<11)}111‘) }
& &
2 1

= U [ 1(p.dy»d )1 () [ 15(P)d1»dz)|‘4”(d1)|q

X

(49)

1/
i (pr o) |y ()| + Ko (pr s )]

+ky(p, dyy ) (va) [ 18(P’d2’d1)|‘//,(d1)
+ k(s dz’dl)ﬂ]”q}

‘q +kis(pr dys dl)“/”(dz)rz

(50)
This completes the proof. O

Remark 24. Inserting =0 and h(j) =j in Theorem 23, we
obtained [23] Theorem 2.2.

For g =1, Theorem 23 reduces to the following result.

Corollary 25. Let M =[d,,d,] cR\ {0} be a p -harmonic
convex set, and let y : M =[d;, d,] CR\ {0} — R be differ-
entiable defined on the interior M of M . If y' € L[d,, d,] and
ly'|% is in SR(p, h) on M and A € [0, 1], then

2 db y(d) +y(dy)\ _ p(didy) (% y(x)
=y [( d’2’> }A( ) a ],

dp d;
§p<dpdp; {(kls(P’ dj, dy) +kis(p> dy, dy)) ‘V/,(dl)|
+ (kis(p> do» dy)+ky7(ps dy» dy)) |1lf d2)| k;(p, dy> d5)
+ks(p,dy» dy))uls

(51)

where ks, ki, k7, kig k;, and kg are given by (43) to
(48).

Remark 26. Inserting h(j) = j and p =0 in Corollary 25, we
obtained [23] Corollary 2.3.
Using Lemma 22, we can prove the following result.

Theorem 27. Let M =[d,,d,| cR\ {0} be a p -harmonic
convex set, and let w : M =[d,, d,] R\ {0} — R be differ-
entiable defined on the interior M of M. If M' € L[d,, d,) and
ly'|" is in SR(p,h) on M, r,q> 1, (1/r) + (1/q) =1 and A €
[0, 1], then

1p .
(1- Ny 2d;d; +A(W(d1) +w(dz)> (i) Py
d}; + dg 2 d§ _ d‘; Ja, I+
1ir
(d5-d) (A (1-ay™
= 2p(didh) * 2(r+1)

X [(kw(%P sdy,dy) |V”(d1)|q +hy(qpidydy) “/’,(dz) |q+k13(%P iy, dz)l‘)”q

’ q ’ q ta
+ (kzz(q)PVipdz)‘W (d1)| +kzn(‘1)P§dz>dz)‘W (d2)| +k14(‘1>P§d2>d1)."‘) }

(52)

where

1/2 d};dg q+(q/p)
kio(q.p;d,d =J h(1-j)| 55— dj,
19( 1 2) 0 ( )]dll)+(1—])d§

(53
1 d‘l;d‘g qa+(a/p) ( )

ky(g:p;dyd) =] h(j)| 5——"— dj, (54

wapidnd)= | 1))

172 d};d‘g q+(q/p) ( )
ky(gp;dpdy)=] h()| 59— dj, (55
sapidnd)= | W) ()

J P (a/p)
ky(q,p;dynd)=| h(l-j)|—212— dj,
a0 pidad)= | h ”(jd%(z—j)df;) !



12 > a+(alp) 1 1\2
k13(‘1>P;d1>dz)=J jG-1) # (— - —) dj,
0 jdi + (1= j)d b, df

(57)

1 d;];dg q+(4/p) ] 1\ 2
k(g p;d,d :j i(-1)2j-2+A| —2— <———> dj.
14(: 3 dp d,) ”21(1 )2 i+ (1 j)db & & J

Proof. Using Lemma 22, we have

(1- WK 2 ) ”‘"} N A(w(dl) + w(dz)>  p(did) sz Y

E+d 2 L& ) 7

1p
L Dol N\,
B : jdi+ (1= j)d;

o 1+(1/p)
ey ] R j
2P(d1d2) 0 jdy+ (1= j)dy
d]}.

. &, I ad N\
+L/z @ 2+A>< | |:<jd€+(1—j)d§>
(59

1+(1/p)
jdi+(1 —j)d’é)

~

Applying Holder’s integral inequality,

Py P p_ P 1
dl+d, 2 ds—dy Jg x'?

- (d —df) <[”2|(2 —d ) ur [1/2 &L 1+(1/p)
@) |\, Y )\ Gara—pa
Up7 4\ Y4
1 a0,
Xy P NP ]
jdi+ (1-j)d;
1 1r 1 P b 1+(1/p)
+ (J \(21'—2+A)\ydj> J .pd17dz4p
12 12| \jdy + (1= j)d;
1p7 14 19
(a7
XVl p J
jdy + (1= j)d;
- (i wr) ([ (e e
p@d) [\ 7)) G a5a

1p 14 1q
J( B
Wl p J
jdy+ (1-j)dy

1 1r
+<[ \(2j—2+)t)\’dj>
1 d‘[l)dg q+(alp) , dﬁzd;zy 1p
x P o p XVl w
Jm jdb + (1= j)ds Jd’f+(1—1)d§>

1p
a _A)wKZd’fd’z’) } . A(wwl)w(dz)) p(dd) rz V) dx’

J1/2

q l/q
d,-) ]

(60)

Since |y’ (x)|" € SR(p, h), so

1p
(- Ay K Zd‘fdé’) } (ML) p(dd) rz ) dx‘

PP p_ 1
al+d, 2 dy—dy Ja, xP
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(dfz’ _ dlz) (2 . ur 172 d;ladgza q+(alp)
S I [((2j-M)dj) x I T R~
2p(dids) | \Jo Jo \jdy + (1= j)d;

2 1/q
x [h(l Dl @I+ Wl @)~ 01 (5 - ) ]dj)

1 . L 1r 1 dllydlzy q+(alp)
’ (Jl/z‘(2]_2+/\)| dj) (JI/Z <M>
2 1/q
x [h(l—j>|w’<d1)|q+h<j>|w'(d2>|q—wa—j) (% - %) }dj) }
(@) {(Jml(ﬂ )

X <k19(q’P sdy, dZ)‘ll/’(dl) ‘q +ky (g p5dy d2)|V’I(d2)|q
1/r

12

X +kys (g p s dy dy)u) '+ (‘0 [(2j-2+ A)V‘U)
X (kzz(‘1>l’ s dy, dl)‘w,(dl) ‘q +ky(qp5dy d1)|Wl(d2)|q
+k14(q’P§d2’d1)H)1/q]

< (d‘g _dill) y /\Hl + (1 _/\)Hl
2p(dll’d12’) 2(r+1)

’ q 1/q
+ kzl(‘Z)P3d1:dz)W (dz){ + k13(‘1)P§d1>d2)I4)
+ (kzz(q’P;dz’dl)‘ll”(dl)‘q"'kzo(q’f’;d2>d1)|1l”(d2) |q
(@ p3dad i) |

ur
) * K(km(‘bp sdy, d2)|wl(d1)|q

(61)

Which is the required result. O

Remark 28. Inserting h(j) =j and p =0 in Theorem 27, we
obtained [23] Theorem 2.5.
For A =0, Theorem 27 reduces to the following result.

Corollary 29. Let M =[d,,d,] cR\ {0} be a p-harmonic
convex set, and let v : M =[d;, d,] R\ {0} — R be differ-
entiable defined on the interior M of M. If y' € L[d,, d,] and
ly'|% is in SR(p, h) on M, r,q> 1, (1/r) + (1/q) =1 and A €
[0, 1], then

1/,
RIEZANNCT) [
&+, & |4 57
; (d5—df) y ( 1
- Zp(dll’dg) 2(r+1

)>1/'[(klg(q’P;dl,d2)|wr(d1)‘q

k(@3 dnd)|y @)+ Kiaupsdindu)
+ (kaa(gops o)y ()" + Ko p5 oy )y ()]
+kiy(q:psdy dz).“)uq} ]

(62)

where kg, ky9, K3y kyyy ky5, and k,, are given by (53)-(58).
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Remark 30. Inserting h(j) = j and =0 in Corollary 29, we
obtained [23] Corollary 3.5.
For A =1, Theorem 27 reduces to the following result.

Corollary 31. Let M =[d,,d,| cR\ {0} be a p -harmonic
convex set, and let w : M =[d;, d,] R\ {0} — R be differ-
entiable defined on the interior M of M. If M' € L[a,, b,] and
If'|% is in SR(p,h) on M, r,q> 1, (1/r) + (1/q) =1 and A € |

0, 1] then,
() +y(d) _p(didd) (Ly(x)
2 dg— P 1x1+p
_(d-d)

X (2(1,1_ 1)) " [(km(q)P sdp, d2)|1//’(d1)|q

1/q

2p(dpdp)
oy (.95 ) [y ()" + is(a.p3 s o))
+ (k@ 3o d )|y (@)]"+ Kol P dor )|y ()
+kiy(gpsdy dz)/‘)“q} ]

(63)

where kg, K59, K3y kypy ky5, and k,, are given by (53)-(58).

Remark 32. Inserting h(j) = j and g =0 in Corollary 31, we
obtained [23] Corollary 3.6.
For A =1/3, Theorem 27 reduces to the following result.

Corollary 33. Let M=[d,,d,] cR\ {0} be a p-harmonic
convex set, and let v : M = [d,, d,] R\ {0} — R be differ-
entiable defined on the interior M of M. If y' € L[d,, d,] and
ly'|% is in SR(p,h) on M, r,q> 1, (1/r) + (1/q) =1 and A €
[0, 1] then,

2d°db deP) v(x)
‘ |:W(d ) |:(dp+dp) :| :| dp J xl+p dx
(d5—df) 1+2m1
<
- zp(dfl’dp (6 3(r+1 )
k(@03 dy o)y (d)[" +kis(g.p5dp d)u )

+ <k22(4»P sdy d,)!q/'(dl)|q +hyo(q P53 d1)|1/”(d2 !
+hia(@p3dodw)"),

kis(g,psd;>d; }V’ (d;) !

1lq

N

(64)

where kg, ky9, k15 ks, k15, and ky, are given by (53)-(58).

Remark 34. Inserting h(j) = j and p =0 in Corollary 33, we
obtained [23] Corollary 3.7.
For A =1/2, Theorem 27) reduces to the following result.

Corollary 35. Let M=[d,,d,] cR\ {0} be a p-harmonic
convex set, and let y : M =[d;, d,] CR\ {0} — R be differ-
entiable defined on the interior M of M. If ' € L[d,, d,) and
ly'|" is in SR(p,h) on M, r,q> 1, (1/r) + (1/q) =1 and A €

9
[0, 1] then,
I 280, deP) % y(x)
4 |:V/(d1) +2 |:<dp+dp> :| :| dp J x“P dx
(dP dp d,d,)
2p(d"d1’ X(42’r+1> kig(gops i)y (d)
+ky (g ps3dpdy !‘/f )|q+k13(‘1’P dp, d, )P‘)
+<k22(q,p;d2, ) !‘/’ 1) | +kyo(q.psdyd;) |1// dz)‘q
+hiu(a.pidond )"
(65)

where kg, k9, kyy» Kypy kp3, and k,, are given by (53)-(58).

Remark 36. Inserting h(j) = j and g =0 in Corollary 35, we
obtained [23] Corollary 3.8.

7. Conclusion

Convexity plays very important role in pure and applied
mathematics. In many problems, the classical definition of
convexity is not enough, so the definition of convex func-
tions is generalized in various directions. In this paper, we
developed a new generalization called strongly reciprocally
(p,h)-convex function. We have also developed Hermite-
Hadamard and Fejér type inequality for this generalization.
Moreover, we conclude that the results proved in this article
are the generalization of results in [14, 16, 17, 23].
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