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In the present paper, we deal with some fractional integral inequalities for strongly reciprocally ðp, hÞ-convex functions. We
established fractional version of Hermite-Hadamard and Fejér type inequalities for strongly reciprocally ðp, hÞ-convex
functions. Our results extend and generalize many exiting results of literate.

1. Introduction

The convex functions nowadays are widely used in many
branches of mathematics like optimization theory, func-
tional analysis, and modeling theory [1, 2]. The interesting
geometry of convex functions makes its study distinct from
other functions. From geometric point of view, a function
ψðxÞ is convex provided that the line segment connecting
any two points of its graph lies on or above the graph of
function. The new inequalities in analysis are always appre-
ciable [3, 4].

Since the classical convexity is not enough to attain cer-
tain goals in applied mathematics, so the classical convexity
has been generalized in many directions. For recent general-
izations, one can see [5, 6].

For the class of convex functions, various inequalities
have been developed [7, 8], but the most famous inequality
is Hermite-Hadamard’s inequality. It is stated as follows:

Let ψ : M ⊆ℝ⟶ℝ be a convex function, and let d1,
d2 ∈M with d1d2; then, the following double inequality
holds:

ψ
d1 + d2

2

� �
≤

1
d2 − d1

ðd2
d1

ψ xð Þdx ≤ ψ d1ð Þ + ψ d2ð Þ
2 : ð1Þ

In [9], Fejér gave the weighted version of Hermite-
Hadamard inequality (1) as follows:

Let ψ : ½d1, d2� ⊆ℝ⟶ℝ be a convex function and w
: ½d1, d2�⟶ℝ a non-negative, integrable, and symmetric
function about ðd1 + d2Þ/2; then, the following inequality
holds:

ψ
d1 + d2

2

� �ðd2
d1

w xð Þdx ≤
ðd2
d1

ψ xð Þw xð Þdx ≤ ψ d1ð Þ + ψ d2ð Þ
2

ðd2
d1

w xð Þdx:

ð2Þ

The aim of present paper is to establish fractional ver-
sion of Hermite-Hadamard and Fejér type inequalities for
a more generalized class of functions. The present paper is
organized as follows: The §2 is concerned with some prelim-
inary material. In Section 3, we give some basic results for
strongly reciprocally (p,h)-convex functions, and in Sections
4 and 5, we develop Hermite-Hadamard and Fejér type
inequalities, respectively, for strongly reciprocally (p,h
)-convex function. Moreover, the last section is devoted for
fractional integral inequalities.

2. Preliminaries

In this section, we give a brief review of some preliminaries.
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Definition 1 (p-convex set see [10, 11]). A set M = ½d1, d2�
⊆ℝ \ f0g is p -convex set, if

jxp + 1 − jð Þypð Þ1/p
h i

∈M, ð3Þ

for all x, y ∈M, j ∈ ½0, 1�, where p = 2u + 1 or p = a/b, a = 2v
+ 1, b = 2w + 1 and u, v,w ∈N .

Definition 2 (p-convex function see [10]). Let M = ½d1, d2�
⊆ℝ \ f0g be a p -convex set. A function ψ : M = ½d1, d2�
⟶ℝ is called p-convex function, if

ψ jxp + 1 − jð Þypð Þ1/p
h i

≤ jψ xð Þ + 1 − jð Þψ yð Þ ∈M, ð4Þ

holds for all x, y ∈M and j ∈ ½0, 1�.

Definition 3 (Strongly convex function see [4]). A function
ψ : M = ½d1, d2�⟶ℝ is called strongly convex function
with modulus μ on M, where μ ≥ 0, if

ψ jx + 1 − jð Þyð Þ ≤ jψ xð Þ + 1 − jð Þψ yð Þ − μj 1 − jð Þ y − xð Þ2,
ð5Þ

holds for all x, y ∈M and j ∈ ½0, 1�.

Definition 4 (Strongly p-convex function see [12]). A func-
tion ψ : M = ½d1, d2�⟶ℝ is called strongly p-convex func-
tion, if

ψ jxp + 1 − jð Þypð Þ1/p
h i

≤ jψ xð Þ + 1 − jð Þψ yð Þ − μj 1 − jð Þ yp − xpð Þ2,
ð6Þ

holds for all x, y ∈M and j ∈ ½0, 1�.

Definition 5 (Harmonic convex set see [11, 13]). A set M =
½d1, d2� ⊆ℝ \ f0g is said to be harmonic convex set, if

xy
jx + 1 − jð Þy ∈M, ð7Þ

for all x, y ∈M and j ∈ ½0, 1�.

Definition 6 (Harmonic convex function see [11, 14]). Let
M = ½d1, d2� ⊆ℝ \ f0g be the harmonic convex set. A func-
tion ψ : M = ½d1, d2� ⊆ℝ \ f0g⟶ℝ is harmonic convex
function, if

ψ
xy

jx + 1 − jð Þy
� �

1 − jð Þψ xð Þ + jψ yð Þ, ð8Þ

holds for all x, y ∈M and j ∈ ½0, 1�:

Definition 7 (p-harmonic convex set see [11, 15]). A set M
= ½d1, d2� ⊆ℝ \ f0g is p -harmonic convex set, if

xpyp

jxp + 1 − jð Þyp
� �1/p
" #

∈M, ð9Þ

for all x, y ∈M and j ∈ ½0, 1�.

Definition 8 (p-harmonic convex function see [11, 15]). Let
M = ½d1, d2� ⊆ℝ \ f0g be p-harmonic convex set. A function
ψ : M = ½d1, d2� ⊆ℝ \ f0g⟶ℝ is p-harmonic convex, if

ψ
xpyp

jxp + 1 − jð Þyp
� �1/p
" #

≤ 1 − jð Þψ xð Þ + jψ yð Þ, ð10Þ

holds for all x, y ∈M and j ∈ ½0, 1�.

Definition 9 (Strongly reciprocally convex function see [16]).
Let M be an interval and let μ ∈ ð0,∞Þ. A function ψ : M
= ½d1, d2� ⊆ℝ \ f0g⟶ℝ is said to be strongly reciprocally
convex function with modulus μ on M, if

ψ
xy

jx + 1 − jð Þy
� �

≤ 1 − jð Þψ xð Þ + jψ yð Þ − μj 1 − jð Þ 1
x
−
1
y

� �2
,

ð11Þ

holds for all x, y ∈M and j ∈ ½0, 1�:

Definition 10 (Strongly reciprocally p-convex function see
[17]). Let M be a p -harmonic convex set and let μ ∈ ð0,∞Þ
. A function ψ : M = ½d1, d2� ⊆ℝ \ f0g⟶ℝ is said to be
strongly reciprocally p-convex function with modulus μ on
M, if

ψ
xpyp

jxp + 1 − jð Þyp
� �1/p
" #

≤ 1 − jð Þψ xð Þ + jψ yð Þ − μj 1 − jð Þ 1
xp

−
1
yp

� �2
,

ð12Þ

holds for all x, y ∈M and j ∈ ½0, 1�:

Definition 11 (h-convex function see [18]). Choose the func-
tions ψ, h : M = ½d1, d2�⟶ℝ that are non-negative; then, ψ
is called h-convex function, if

ψ jx + 1 − jð Þyð Þ ≤ h jð Þψ xð Þ + h 1 − jð Þψ yð Þ, ð13Þ

for all x, y ∈M and j ∈ ½0, 1�.

Now, we are ready to introduce a new class of convex
functions by generalizing the concept of strongly recipro-
cally p-convex functions, which we will call strongly recipro-
cally (p,h)-convex functions.

Definition 12 (Strongly reciprocally ðp, hÞ-convex function).
LetM be a p-harmonic convex set and let μ ∈ ð0,∞Þ. A func-
tion ψ : M = ½d1, d2� ⊆ℝ \ f0g⟶ℝ is said to be strongly
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reciprocally ðp, hÞ-convex function with modulus μ on M, if

ψ
xpyp

jxp + 1 − jð Þyp
� �1/p
" #

≤ h 1 − jð Þψ xð Þ + h jð Þψ yð Þ − μj 1 − jð Þ 1
xp

−
1
yp

� �2
,

ð14Þ

hold for all x, y ∈M and j ∈ ½0, 1�.
Throughout the paper, for convenience, we represent the

class of strongly reciprocally (p, h) convex functions by SRð
p, hÞ.

Remark 13. Inserting hðjÞ = j in Definition 12, we obtain
Definition 10, and inserting hðjÞ = j and p = 1, Definition
12 reduces to Definition 9.

Similarly, from Definition 12, Definitions 6 and 8 can be
obtained by inserting hðjÞ = j, μ = 0, p = 1, and hðjÞ = j with
μ = 0, respectively.

3. Basic Results

This section collects some basic and straight forward facts
based on algebraic operations.

The following proposition is concerned about the addi-
tion of two functions from SRðp, hÞ.

Proposition 14. Let ψ, σ : M⟶ℝ be two strongly recipro-
cally (p,h)-convex functions with modulus μ on M; then, ψ
+ σ : M⟶ℝ is also strongly reciprocally (p,h)-convex func-
tion with modulus μ∗ on M, where μ∗ = 2μ.

Proof.We will start by definition of strongly reciprocally (p,h
)-convexity of ψ and σ:

ψ + σð Þ xpyp

jxp + 1 − jð Þyp
� �1/p

= ψ
xpyp

jxp + 1 − jð Þyp
� �1/p
" #

+ σ
xpyp

jxp + 1 − jð Þyp
� �1/p
" #

≤ h jð Þψ xð Þ + h 1 − jð Þψ yð Þ − μj 1 − jð Þ 1
yp

−
1
xp

� �2

+ h jð Þσ xð Þ + h 1 − jð Þσ yð Þ − μj 1 − jð Þ 1
yp

−
1
xp

� �2
,

ð15Þ

which in turns implies that

ψ + σð Þ xpyp

jxp + 1 − jð Þyp
� �1/p

≤ h jð Þ ψ + σð Þ xð Þ + h 1 − jð Þ ψ + σð Þ yð Þ − 2μj 1 − jð Þ 1
yp

−
1
xp

� �2

= h jð Þ ψ + σð Þ xð Þ + h 1 − jð Þ ψ + σð Þ yð Þ − μ∗ j 1 − jð Þ 1
yp

−
1
xp

� �2
,

ð16Þ

where μ∗ = 2μ and μ ≥ 0. This completes the proof.

Our next result is concerned with the scalar multiplica-
tion of strongly reciprocally (p,h)-convex function.

Proposition 15. Let ψ : M⟶ℝ be a strongly reciprocally
(p,h)-convex function; then, for any λ ≥ 0, λψ : M⟶ℝ is
also strongly reciprocally (p,h)-convex function with modulus
ν∗ on M, where ν∗ = λμ.

Proof. Let λ ≥ 0, ψ ∈ SRðp, hÞ, we obtain

λψ
xpyp

jxp + 1 − jð Þyp
� �1/p
" #

+ λ ψ
xpyp

jxp + 1 − jð Þyp
� �1/p
" #" #

≤ λ h jð Þψ xð Þ + h 1 − jð Þψ yð Þ − μj 1 − jð Þ 1
yp

−
1
xp

� �2
" #

= h jð Þλψ xð Þ + h 1 − jð Þλψ yð Þ − λμj 1 − jð Þ 1
yp

−
1
xp

� �2

= h jð Þλψ xð Þ + h 1 − jð Þλψ yð Þ − ν∗ j 1 − jð Þ 1
yp

−
1
xp

� �2
,

ð17Þ

where ν∗ = λμ and μ ≥ 0. This completes the proof.

Proposition 16. Let ψi : M⟶ℝ, where 1 ≤ i ≤ n be in SR
ðp, hÞ with modulus μ; then, for λi ≥ 0 where 1 ≤ i ≤ n, the
function ψ : M⟶ℝ, where ψ =∑n

i=1λiψi is also in SRðp, h
Þ with modulus γ ≥ 0, where γ =∑n

i=1λiμ.

Proof. Let M is a p-harmonic convex set. Then, ∀x, y ∈M
and j ∈ ½0, 1�, we have

ψ
xpyp

jxp + 1 − jð Þyp
� �1/p
" #

= 〠
n

i=1
λiψi

xpyp

jxp + 1 − jð Þyp
� �1/p
" #

≤ 〠
n

i=1
λi h jð Þψi xð Þ + h 1 − jð Þψi yð Þ½ −μj 1 − jð Þ 1

yp
−

1
xp

� �2
#

= h jð Þ〠
n

i=1
λiψi xð Þ + h 1 − jð Þ〠

n

i=1
λiψi yð Þ

− 〠
n

i=1
λi μj 1 − jð Þ 1

yp
−

1
xp

� �2
" #

= h jð Þf xð Þ + h 1 − jð Þψ yð Þ − γj 1 − jð Þ 1
yp

−
1
xp

� �2
,

ð18Þ

where γ =∑n
i=1λiμ. This completes the proof.

Proposition 17. Let ψi : M⟶ℝ, where 1 ≤ i ≤ n be
strongly reciprocally (p,h)-convex functions with modulus μ;
then ψ =max fψi, i = 1, 2,⋯, ng, is also strongly reciprocally
(p,h)-convex functions with modulus μ.

Proof. Let M is p-harmonic convex set. Then ∀x, y ∈M and
j ∈ ½0, 1�, we have

ψ
xpyp

jxp + 1 − jð Þyp
� �1/p
" #

=max ψi
xpyp

jxp + 1 − jð Þyp
� �1/p
" #

, i = 1, 2, 3,⋯, n
( )

= ψc
xpyp

jxp + 1 − jð Þyp
� �1/p
" #

≤ h jð Þψc xð Þ + h 1 − jð Þψc yð Þ − μj 1 − jð Þ 1
yp

−
1
xp

� �2

= h jð Þ max ψi xð Þf g + h 1 − jð Þ max ψi yð Þf g

− μj 1 − jð Þ 1
yp

−
1
xp

� �2

= h jð Þψ xð Þ + h 1 − jð Þψ yð Þ − μj 1 − jð Þ 1
yp

−
1
xp

� �2
:

ð19Þ

This completes the proof.
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Our next intension is to develop Hermite-Hadamard’s
inequality for this generalization.

4. Hermite-Hadamard Type Inequality

Theorem 18. Let M ⊂ℝ \ f0g be an interval. If ψ : M⟶ℝ
be a strongly reciprocally (p,h)-convex function with modulus
μ ≥ 0 and ψ ∈ L½d1, d2�, then for hð1/2Þ ≠ 0, we have

1
2h 1/2ð Þ ψ

2dp1d
p
2

dp1 + dp2

 !1/p

+ μ

12
dp2 − dp1
dp1d

p
2

 !2" #

≤
p dp1d

p
2

� �
dp2 − dp1

ðd2
d1

ψ xð Þ
x1+p

dx

≤
ð1
0
h 1 − jð Þψ d1ð Þ + h jð Þψ d2ð Þ½ � dj − μ

6
dp2 − dp1
dp1d

p
2

 !2

:

ð20Þ

Proof. Since, ψ ∈ SRðp, hÞ, and allowing j = 1/2 yields

ψ
2xpyp
xp + yp

� �1/p
" #

≤ h
1
2

� �
ψ xð Þ + h

1
2

� �
ψ yð Þ − μ

1
2

� � 1
2

� � 1
xp

−
1
yp

� �2
:

ð21Þ

Let x = ½ððdp1dp2Þ/ðjdp1 + ð1 − jÞdp2ÞÞ1/p� and y = ½
ððdp1dp2Þ/ðjdp2 + ð1 − jÞdp1ÞÞ1/p� and integrating (21) w.r.t j over
½0, 1�, we obtain

ψ
2dp1d

p
2

dp1 + dp2

 !1/p" #
≤ h

1
2

� �
ψ

dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1/p" #

+ h
1
2

� �
ψ

dp1d
p
2

jdp2 + 1 − jð Þdp1

 !1/p" #

−
μ

4
dp2 − dp1
dp1d

p
2

 !2

1 − 2jð Þ2
ð1
0
ψ

2dp1d
p
2

dp1 + dp2

 !1/p" #
dj

≤
ð1
0
h

1
2

� �
ψ

dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1/p" #
dj

+
ð1
0
h

1
2

� �
ψ

dp1d
p
2

jdp2 + 1 − jð Þdp1

 !1/p" #
dj

−
μ

4
dp2 − dp1
dp1d

p
2

 !2ð1
0
1 − 2jð Þ2djψ 2dp1d

p
2

dp1 + dp2

 !1/p" #

≤ 2h 1
2

� �
p dp1d

p
2

� �
dp2 − dp1

ðd2
d1

ψ xð Þ
x1+p

dx −
μ

12
dp2 − dp1
dp1d

p
2

 !2

,

ð22Þ

and

ψ
2dp1d

p
2

dp1 + dp2

 !1/p" #
+ μ

12
dp2 − dp1
dp1d

p
2

 !2

≤ 2h 1
2

� �
p dp1d

p
2

� �
dp2 − dp1

ðd2
d1

ψ xð Þ
x1+p

dx
1

2h 1/2ð Þ

� ψ
2dp1d

p
2

dp1 + dp2

 !1/p" #
+ μ

12
dp2 − dp1
dp1d

p
2

 !2" #

≤
p dp1d

p
1

� �
dp2 − dp1

ðd2
d1

ψ xð Þ
x1+p

dx,

ð23Þ

which gives one side of (20).
For the right side of (20), since ψ ∈ SRðp, hÞ, so by setting

x = d1 and y = d2, we obtain the following result:

ψ
dp1d

p
2

jdp1 + 1 − jð Þdp2

 !1/p" #
≤ h 1 − jð Þψ d1ð Þ + h jð Þψ d2ð Þ

− μj 1 − jð Þ 1
dp1

−
1
dp2

� �2
:

ð24Þ

Integrating (24) w.r.t j over ½0, 1�, we obtain
ð1
0
ψ

dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1/p" #
dj ≤

ð1
0
h 1 − jð Þψ d1ð Þdj +

ð1
0
h jð Þψ d2ð Þdj

− μ
dp2 − dp1
dp1d

p
2

 !2ð1
0
j 1 − jð Þdj,

ð25Þ

and

p dp1d
p
2

� �
dp2 − dp1

ðd2
d1

ψ xð Þ
x1+p

dx ≤
ð1
0
h 1 − jð Þψ d1ð Þ + h jð Þψ d2ð Þ½ �dj − μ

6
dp2 − dp1
dp1d

p
2

 !2

,

ð26Þ

which is right side of (20), which completes the proof.

Remark 19.

(1) Inserting hðjÞ = j and p = 1 in Theorem 18, we
obtained Hermite-Hadamard inequality for strongly
reciprocally convex function [16] (Theorem 3.1)

(2) Insertion hðjÞ = j, p = 1, and μ = 0 in Theorem 18
yields Hermite-Hadamard inequality for harmonic
convex functions [14] (Theorem 2.4)

Now, we develop Fejér type inequality for this new class
of convex functions.

5. Fejér Type Inequality

Theorem 20. Let M ⊂ℝ \ f0g be an interval. If ψ : M⟶ℝ
be a strongly reciprocally (p,h)-convex function with modulus
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μ ≥ 0, then for hð1/2Þ ≠ 0, we have

1
2h 1/2ð Þ ψ

2dp1d
p
2

dp1 + dp2

 !1/p" #ðd2
d1

w xð Þ
x1+p

dx

"
+ μ

2dp1d
p
2

� �2
ðd2
d1

2dp1d
p
2 − dp1 + dp2
� �

xp
� �2

w xð Þ
x1+3p

dx

#

≤
ðd2
d1

ψ xð Þw xð Þ
x1+p

dx ≤ ψ d1ð Þ + ψ d2ð Þ½ �
ðd2
d1

h
dp1 dp2 − xp
� �

xp dp2 − dp1
� �

 !
w xð Þ
x1+p

dx

−
μ

dp1d
p
2

ðd2
d1

xp − dp1
� �

dp2 − xp
� �

w xð Þ
x1+3p

dx,

ð27Þ

holds for d1, d2 ∈M with d1 ≤ d2 and ψ ∈ L½d1, d2�, where
w : M⟶ℝ is a non-negative integrable function that sat-
isfies

w
dp1d

p
2

xp

 !1/p

=w
dp1d

p
2

dp1 + dp2 − xp

 !1/p" #
: ð28Þ

Proof. Since ψ ∈ SRðp, hÞ, and allowing j = 1/2 yields

ψ
2xpyp
xp + yp

� �1/p
" #

≤ h
1
2

� �
ψ xð Þ + h

1
2

� �
ψ yð Þ − μ

1
2

� � 1
2

� � 1
xp

−
1
yp

� �2
:

ð29Þ

Inserting x = ½ðdp1dp2/jdp1 + ð1 − jÞdp2Þ1/p� and y = ½
ðdp1dp2/jdp2 + ð1 − jdp1Þ1/p� in (29), we obtain

ψ
2dp1d

p
2

dp1 + dp2

 !1/p" #
≤ h

1
2

� �
ψ

dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1/p" #
+ h

1
2

� �
ψ

dp1d
p
2

jdp2 + 1 − jð Þdp1

 !1/p" #

−
μ

4
jdp1 + 1 − jð Þdp2

dp1d
p
2

−
jdp2 + 1 − jð Þdp1

dp1d
p
2

 !2

:

ð30Þ

Since, w is a non-negative symmetric and integrable
function, so

ψ
2dp1d

p
2

dp1 + dp2

 !1/p" #
w

dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1/p" #

≤ h
1
2

� �
ψ

dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1/p" #
w

dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1/p" #

+ h
1
2

� �
ψ

dp1d
p
2

jdp2 + 1 − jð Þdp1

 !1/p" #
w

dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1/p" #

−
μ

4
jdp1 + 1 − jð Þdp2

dp1d
p
2

−
jdp2 + 1 − jð Þdp1

dp1d
p
2

 !2

w
dp1d

p
2

jdp1 + 1 − jð Þdp2

 !1/p" #
:

ð31Þ

Integrating inequality (31) w.r.t j over ½0, 1�, we obtain

ð1
0
ψ

2dp1d
p
2

dp1 + dp2

 !1/p" #
w

dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1/p" #
dj

≤
ð1
0
h

1
2

� �
ψ

dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1/p" #
w

dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1/p" #
dj

+
ð1
0
h

1
2

� �
ψ

dp1d
p
2

jdp2 + 1 − jð Þdp1

 !1/p" #
w

dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1/p" #
dj

−
μ

4

ð1
0

jdp1 + 1 − jð Þdp2
dp1d

p
2

−
jdp2 + 1 − jð Þdp1

dp1d
p
2

 !2

w
dp1d

p
2

jdp1 + 1 − jð Þdp2

 !1/p" #
dj,

ð32Þ

and

ψ
2dp1d

p
2

dp1 + dp2

 !1/p" #ðb1
a1

w xð Þ
x1+p

dx + μ

2dp1d
p
2

� �2
ðd2
d1

� 2dp1d
p
2 − dp1 + dp2
� �

xp
� �2

w xð Þ
x1+3p

dx

≤ 2h 1
2

� �ðb1
a1

ψ xð Þw xð Þ
x1+p

dx,

ð33Þ

so,

1
2h 1/2ð Þ ψ

2dp1d
p
2

dp1 + dp2

 !1/p" #ðd2
d1

w xð Þ
x1+p

dx

"
+ μ

2dp1d
p
2

� �2
ðd2
d1

2dp1d
p
2 − dp1 + dp2
� �

xp
� �2

w xð Þ
x1+3p

dx

#

≤
ðd2
d1

ψ xð Þw xð Þ
x1+p

dx,

ð34Þ

which is left side of (27).

Finally, for the right side of (27), since ψ ∈ SRðp, hÞ and by
setting x = d1 and y = d2, we obtain the following result:

ψ
dp1d

p
2

jdp1 + 1 − jð Þdp2

 !1/p" #
≤ h 1 − jð Þψ d1ð Þ + h jð Þψ d2ð Þ − μj 1 − jð Þ 1

dp1
−

1
dp2

� �2
:

ð35Þ

Since w is a non-negative symmetric and integrable
function, so

ψ
dp1d

p
2

jdp1 + 1 − jð Þdp2

 !1/p" #
w

dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1/p" #

≤ h 1 − jð Þψ d1ð Þw dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1/p" #

+ h jð Þψ d2ð Þw dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1/p" #

− μj 1 − jð Þ 1
dp1

−
1
dp2

� �2
w

dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1/p" #
:

ð36Þ
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Integrating inequality (36) w.r.t j over ½0, 1�, we obtain

ð1
0
ψ

dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1/p" #
w

dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1/p" #
dj

≤
ð1
0
h 1 − jð Þψ d1ð Þw dp1d

p
2

jdp1 + 1 − jð Þdp2

 !1/p" #
dj

+
ð1
0
h jð Þψ d2ð Þw dp1d

p
2

jdp1 + 1 − jð Þdp2

 !1/p" #
dj

− μ
ð1
0
j 1 − jð Þ 1

dp1
−

1
dp2

� �2
w

dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1/p" #
dj,

ð37Þ

and

ðd2
d1

ψ xð Þw xð Þ
x1+p

dx ≤ ψ d1ð Þ + ψ d2ð Þ½ �
ðb1
a1

h
dp1 dp2 − xp
� �

xp dp2 − dp1
� �

 !
w xð Þ
x1+p

dx

−
μ

dp1d
p
2

ðd2
d1

xp − dp1
� �

dp2 − xp
� �

w xð Þ
x1+3p

dx,

ð38Þ

which is the right side of inequality (27); this completes
the proof.

Remark 21.

(1) Inserting hðjÞ = j and p = 1 in Theorem 20, we
obtained Fejér type inequality for strongly recipro-
cally convex function [16] (Theorem 3.7)

(2) Insertion hðjÞ = j, in Theorem 20, yields Fejér type
inequality for strongly reciprocally p-convex func-
tions [17] (Theorem 3.5)

6. Fractional Integral Inequalities

Fractional integral inequalities are important to study means
[19–22]. This section is devoted for some fractional integral
inequalities for functions whose derivatives are in SRðp, hÞ.
A source for results of the desired type is the following
lemma.

Lemma 22 see ([23], Lemma 2.1). Let ψ : M = ½d1, d2� ⊆ℝ is
differentiable defined on the interiorM ofM. If ψ′ ∈ L½d1, d2�
and λ ∈ ½0, 1�, then

1 − λð Þψ 2dp1d
p
2

dp1 + dp2

 !1/p" #
+ λ

ψ d1ð Þ + ψ d2ð Þ
2

� �
−
p dp1d

p
2

� �
dp2 − dp1

ðd2
d1

ψ xð Þ
x1+p

dx

= dp2 − dp1
� �
2p dp1d

p
2

� � ð1/2
0

2j − λð Þ dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1+ 1/pð Þ
ψ′ ap1b

p
1

jap1 + 1 − jð Þbp1

 !1/p" #
dj

2
4

+
ð1
1/2

2j − 2 + λð Þ dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1+ 1/pð Þ
ψ′ dp1d

p
2

jdp1 + 1 − jð Þdp2

 !1/p" #
dj

3
5:
ð39Þ

As a first application of Lemma 22, we prove the following
result.

Theorem 23. Let M = ½d1, d2� ⊂ℝ \ f0g be a p -harmonic
convex set, and let ψ : M = ½d1, d2� ⊆ℝ \ f0g⟶ℝ be differ-
entiable defined on the interior M of M. If M ′ ∈ L½d1, d2� and
jψ′jq is strongly reciprocally (p,h)-convex function on M, q
≥ 1, and λ ∈ ½0, 1�, then

1 − λð Þψ 2dp1d
p
2

dp1 + dp2

 !1/p" #
+ λ

ψ d1ð Þ + ψ d2ð Þ
2

� �
−
p dp1d

p
2

� �
dp2 − dp1

ðd2
d1

ψ xð Þ
x1+p

dx

�����
�����

≤
dp2 − dp1
� �
2p dp1d

p
2

� � k1 p, d1, d2ð Þ1− 1/qð Þ k15 p, d1, d2ð Þ ψ′ d1ð Þ�� ��q + k17 p, d1, d2ð Þ ψ′ d2ð Þ�� ��qhh
+ k7 p, d1, d2ð Þμ�1/q

i
+ k2 p, d2, d1ð Þ1− 1/qð Þ k18 p, d2, d1ð Þ ψ′ d1ð Þ�� ��qh

+ k16 p, d2, d1ð Þ ψ′ d2ð Þ�� ��q+k8 p, d2, d1ð Þμ�1/q
i
,

ð40Þ

where

k1 p, d1, d2ð Þ =
ð1/2
0

2j − λj j dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1+ 1/pð Þ
dj, ð41Þ

k2 p, d2, d1ð Þ =
ð1
1/2

2j − 2 + λj j dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1+ 1/pð Þ
dj,

ð42Þ

k15 p, d1, d2ð Þ =
ð1/2
0
h 1 − jð Þ 2j − λj j dp1d

p
2

jdp1 + 1 − jð Þdp2

 !1+ 1/pð Þ
dj,

ð43Þ

k16 p, d2, d1ð Þ =
ð1
1/2
h jð Þ 2j − 2 + λj j dp1d

p
2

jdp1 + 1 − jð Þdp2

 !1+ 1/pð Þ
dj,

ð44Þ

k17 p, d1, d2ð Þ =
ð1/2
0
h jð Þ 2j − λj j dp1d

p
2

jdp1 + 1 − jð Þdp2

 !1+ 1/pð Þ
dj,

ð45Þ

k18 p, d2, d1ð Þ =
ð1
1/2
h 1 − jð Þ 2j − 2 + λj j dp1d

p
2

jdp1 + 1 − jð Þdp2

 !1+ 1/pð Þ
dj,

ð46Þ

k7 p, d1, d2ð Þ =
ð1/2
0
j j − 1ð Þ 2j − λj j dp1d

p
2

jdp1 + 1 − jð Þdp2

 !1+ 1/pð Þ
1

dp2
−

1

dp1

� �2

dj,

ð47Þ

k8 p, d2, d1ð Þ =
ð1
1/2
j j − 1ð Þ 2j − 2 + λj j dp1d

p
2

jdp1 + 1 − jð Þdp2

 !1+ 1/pð Þ
1

dp2
−

1

dp1

� �2

dj:

ð48Þ
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Proof. Using Lemma 22 and power mean inequality, we have

1 − λð Þψ 2dp1d
p
2

dp1 + dp2

 !1/p" #
+ λ

ψ d1ð Þ + ψ d2ð Þ
2

� �
−
p dp1d

p
2

� �
dp2 − dp1

ðd2
d1

ψ xð Þ
x1+p

dx

�����
�����

≤
dp2 − dp1
� �
2p dp1d

p
2

� � ð1/2
0

2j − λð Þ dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1+ 1/pð Þ������
������ × ψ′ dp1d

p
2

jdp1 + 1 − jð Þdp2

 !1/p" #�����
�����dj

2
4

+
ð1
1/2

2j − 2 + λð Þ dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1+ 1/pð Þ
������

������ × ψ′ dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1/p" #�����
�����dj
3
5:

≤
dp2 − dp1
� �
2p dp1d

p
2

� � ð1/2
0

2j − λð Þj j dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1+ 1/pð Þ
dj

0
@

1
A

1− 1/qð Þ2
64

×
ð1/2
0

2j − λð Þj j dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1+ 1/pð Þ
× ψ′ dp1d

p
2

jdp1 + 1 − jð Þdp2

 !1/p" #�����
�����
q

dj

0
@

1
A

1/q

+
ð1
1/2

2j − 2 + λð Þj j dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1+ 1/pð Þ
dt

0
@

1
A

1− 1/qð Þ

×
ð1
1/2

2j − 2 + λð Þj j dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1+ 1/pð Þ0
@

1
A

× ψ′ dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1/p" #�����
�����
q

dj

1
A

1/q3
5:

ð49Þ

Since jψ′ðxÞjq ∈ SRðp, hÞ, so

1 − λð Þψ 2dp1d
p
2

dp1 + dp2

 !1/p" #
+ λ

ψ d1ð Þ + ψ d2ð Þ
2

� �
−
p dp1d

p
2

� �
dp2 − dp1

ðd2
d1

ψ xð Þ
x1+p

dx

�����
�����

≤
dp2 − dp1
� �
2p dp1d

p
2

� � ð1/2
0

2j − λð Þj j dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1+ 1/pð Þ
dj

0
@

1
A

1− 1/qð Þ2
64

×
ð1/2
0

2j − λð Þj j dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1+ 1/pð Þ0
@

× h 1 − jð Þ ψ′ d1ð Þ�� ��q + h jð Þ ψ′ d2ð Þ�� ��q − μj 1 − jð Þ 1
dp2

−
1
dp1

� �2
" #

dj

!1/q

+
ð1
1/2

2j − 2 + λð Þj j dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1+ 1/pð Þ
dj

0
@

1
A

1− 1/qð Þ

×
ð1
1/2

2j − 2 + λð Þj j dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1+ 1/pð Þ0
@

× h 1 − jð Þ ψ′ d1ð Þ�� ��q + h jð Þ ψ′ d2ð Þ�� ��q − μj 1 − jð Þ 1
dp2

−
1
dp1

� �2
" #

dj

!1/q#

= dp2 − dp1
� �
2p dp1d

p
2

� � k1 p, d1, d2ð Þ1− 1/qð Þ k15 p, d1, d2ð Þ ψ′ d1ð Þ�� ��qhh

+ k17 p, d1, d2ð Þ ψ′ d2ð Þ�� ��q + k7 p, d1, d2ð Þμ
i1/q

+ k2 p, d2, d1ð Þ1− 1/qð Þ k18 p, d2, d1ð Þ ψ′ d1ð Þ�� ��q + k16 p, d2, d1ð Þ ψ′ d2ð Þ�� ��qh
+ k8 p, d2, d1ð Þμ�1/q

i
:

ð50Þ

This completes the proof.

Remark 24. Inserting μ = 0 and hðjÞ = j in Theorem 23, we
obtained [23] Theorem 2.2.

For q = 1, Theorem 23 reduces to the following result.

Corollary 25. Let M = ½d1, d2� ⊂ℝ \ f0g be a p -harmonic
convex set, and let ψ : M = ½d1, d2� ⊆ℝ \ f0g⟶ℝ be differ-
entiable defined on the interior M of M . If ψ′ ∈ L½d1, d2� and
jψ′jq is in SRðp, hÞ on M and λ ∈ ½0, 1�, then

1 − λð Þψ 2dp1d
p
2

dp1 + dp2

 !1/p" #
+ λ

ψ d1ð Þ + ψ d2ð Þ
2

� �
−
p dp1d

p
2

� �
dp2 − dp1

ðd2
d1

ψ xð Þ
x1+p

dx

�����
�����

≤
dp2 − dp1
� �
2p dp1d

p
2

� � k15 p, d1, d2ð Þ + k18 p, d2, d1ð Þð Þ ψ′ d1ð Þ�� ��h
+ k16 p, d2, d1ð Þð +k17 p, d1, d2ð ÞÞ ψ′ d2ð Þ�� �� + k7 p, d1, d2ð Þð
+ k8 p, d2, d1ð ÞÞμ�,

ð51Þ

where k15, k16 , k17 , k18, k7 , and k8 are given by (43) to
(48).

Remark 26. Inserting hðjÞ = j and μ = 0 in Corollary 25, we
obtained [23] Corollary 2.3.

Using Lemma 22, we can prove the following result.

Theorem 27. Let M = ½d1, d2� ⊂ℝ \ f0g be a p -harmonic
convex set, and let ψ : M = ½d1, d2� ⊆ℝ \ f0g⟶ℝ be differ-
entiable defined on the interior M of M. If M ′ ∈ L½d1, d2� and
jψ′jq is in SRðp, hÞ on M, r, q > 1, ð1/rÞ + ð1/qÞ = 1 and λ ∈
½0, 1�, then

1 − λð Þψ 2dp1d
p
2

dp1 + dp2

 !1/p" #
+ λ

ψ d1ð Þ + ψ d2ð Þ
2

� �
−
p dp1d

p
2

� �
dp2 − dp1

ðd2
d1

ψ xð Þ
x1+p

dx

�����
�����

≤
dp2 − dp1
� �
2p dp1d

p
2

� � × λr+1 + 1 − λð Þr+1
2 r + 1ð Þ

 !1/r

� k19 q, p ; d1, d2ð Þ ψ′ d1ð Þ�� ��q�
+ k21 q, p ; d1, d2ð Þ ψ′ d2ð Þ�� ��q+k13 q, p ; d1, d2ð ÞμÞ1/q

h
+ k22 q, p ; d2, d1ð Þ ψ′ d1ð Þ�� ��q + k20 q, p ; d2, d1ð Þ ψ′ d2ð Þ�� ��q + k14 q, p ; d2, d1ð Þμ
� �1/q	

,

ð52Þ

where

k19 q, p ; d1, d2ð Þ =
ð1/2
0
h 1 − jð Þ dp1d

p
2

jdp1 + 1 − jð Þdp2

 !q+ q/pð Þ
dj,

ð53Þ

k20 q, p ; d2, d1ð Þ =
ð1
1/2
h jð Þ dp1d

p
2

jdp1 + 1 − jð Þdp2

 !q+ q/pð Þ
dj, ð54Þ

k21 q, p ; d1, d2ð Þ =
ð1/2
0
h jð Þ dp1d

p
2

jdp1 + 1 − jð Þdp2

 !q+ q/pð Þ
dj, ð55Þ

k22 q, p ; d2, d1ð Þ =
ð1
1/2
h 1 − jð Þ dp1d

p
2

jdp1 + 1 − jð Þdp2

 !q+ q/pð Þ
dj,

ð56Þ
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k13 q, p ; d1, d2ð Þ =
ð1/2
0
j j − 1ð Þ dp1d

p
2

jdp1 + 1 − jð Þdp2

 !q+ q/pð Þ
1

bp1
−

1

ap1

� �2

dj,

ð57Þ

k14 q, p ; d2, d1ð Þ =
ð1
1/2
j j − 1ð Þ2j − 2 + λ

dp1d
p
2

jdp1 + 1 − jð Þdp2

 !q+ q/pð Þ
1

dp2
−

1

dp1

� �2

dj:

ð58Þ

Proof. Using Lemma 22, we have

1 − λð Þψ 2dp1d
p
2

dp1 + dp2

 !1/p" #
+ λ

ψ d1ð Þ + ψ d2ð Þ
2

� �
−
p dp1d

p
2

� �
dp2 − dp1

ðd2
d1

ψ xð Þ
x1+p

dx

�����
�����

≤
dp2 − dp1
� �
2p dp1d

p
2

� � ð1/2
0

2j − λð Þ dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1+ 1/pð Þ������
������ × ψ′ dp1d

p
2

jdp1 + 1 − jð Þdp2

 !1/p" #�����
�����dj

2
4

+
ð1
1/2

2j − 2 + λð Þ dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1+ 1/pð Þ������
������ × ψ′ dp1d

p
2

jdp1 + 1 − jð Þdp2

 !1/p" #�����
�����dj
3
5:
ð59Þ

Applying Holder’s integral inequality,

1 − λð Þψ 2dp1d
p
2

dp1 + dp2

 !1/p" #
+ λ

ψ d1ð Þ + ψ d2ð Þ
2

� �
−
p dp1d

p
2

� �
dp2 − dp1

ðd2
d1

ψ xð Þ
x1+p

dx

�����
�����

≤
dp2 − dp1
� �
2p dp1d

p
2

� � ð1/2
0

2j − λð Þj jrdj
� �1/r ð1/2

0

dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1+ 1/pð Þ������
0
@

2
4

× ψ′ dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1/p" #�����
q

dj

1
A

1/q

+
ð1
1/2

2j − 2 + λð Þj jrdj
� �1/r ð1

1/2

dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1+ 1/pð Þ������
0
@

× ψ′ dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1/p" #�����
q

dj

1
A

1/q3
5

= dp2 − dp1
� �
2p dp1d

p
2

� � ð1/2
0

2j − λð Þj jrdj
� �1/r ð1/2

0

dp1d
p
2

jdp1 + 1 − jð Þdp2

 !q+ q/pð Þ0
@

2
4

× ψ′ dp1d
p
2

jdp1 + 1 − jð Þdp2

 !1/p" #�����
�����
q

dj

1
A

1/q

+
ð1
1/2

2j − 2 + λð Þj jrdj
� �1/r

�
ð1
1/2

dp1d
p
2

jdp1 + 1 − jð Þdp2

 !q+ q/pð Þ
× ψ′ dp1d

p
2

jdp1+ 1−jð Þdp2

 !1/p" #�����
�����
q

dj

0
@

1
A

1/q3
5:
ð60Þ

Since jψ′ðxÞjq ∈ SRðp, hÞ, so

1 − λð Þψ 2dp1d
p
2

dp1 + dp2

 !1/p" #
+ λ

ψ d1ð Þ + ψ d2ð Þ
2

� �
−
p dp1d

p
2

� �
dp2 − dp1

ðd2
d1

ψ xð Þ
x1+p

dx

�����
�����

≤
dp2 − dp1
� �
2p dp1d

p
2

� � ð1/2
0

2j − λð Þj jrdj
� �1/r

×
ð1/2
0

dp1d
p
2

jdp1 + 1 − jð Þdp2

 !q+ q/pð Þ0
@

2
4

× h 1 − jð Þ ψ′ d1ð Þ�� ��q + h jð Þ ψ′ d2ð Þ�� ��q − μj 1 − jð Þ 1
dp2

−
1
dp1

� �2
" #

dj

!1/q

+
ð1
1/2

2j − 2 + λð Þj jrdj
� �1/r ð1

1/2

dp1d
p
2

jdp1 + 1 − jð Þdp2

 !q+ q/pð Þ0
@

× h 1 − jð Þ ψ′ d1ð Þ�� ��q + h jð Þ ψ′ d2ð Þ�� ��q − μj 1 − jð Þ 1
dp2

−
1
dp1

� �2
" #

dj

!1/q#

≤
dp2 − dp1
� �
2p dp1d

p
2

� � ð1/2
0

2j − λð Þj jrdj
� �1/r"

× k19 q, p ; d1, d2ð Þ ψ′ d1ð Þ�� ��q + k21 q, p ; d1, d2ð Þ ψ′ d2ð Þ�� ��q�

× +k13 q, p ; d1, d2ð ÞμÞ1/q +
ð1/2
0

2j − 2 + λð Þj jrdj
� �1/r

× k22 q, p ; d2, d1ð Þ ψ′ d1ð Þ�� ��q + k20 q, p ; d2, d1ð Þ ψ′ d2ð Þ�� ��q�
+ k14 q, p ; d2, d1ð ÞμÞ1/q

i

≤
dp2 − dp1
� �
2p dp1d

p
2

� � × λr+1 + 1 − λð Þr+1
2 r + 1ð Þ

 !1/r

× k19 q, p ; d1, d2ð Þ ψ′ d1ð Þ�� ��q��h

+ k21 q, p ; d1, d2ð Þ ψ′ d2ð Þ�� ��q + k13 q, p ; d1, d2ð Þμ
�1/q

+ k22 q, p ; d2, d1ð Þ ψ′ d1ð Þ�� ��q+k20 q, p ; d2, d1ð Þ ψ′ d2ð Þ�� ��q�
+ k14 q, p ; d2, d1ð ÞμÞ1/q

�i
:

ð61Þ

Which is the required result.

Remark 28. Inserting hðjÞ = j and μ = 0 in Theorem 27, we
obtained [23] Theorem 2.5.

For λ = 0, Theorem 27 reduces to the following result.

Corollary 29. Let M = ½d1, d2� ⊂ℝ \ f0g be a p-harmonic
convex set, and let ψ : M = ½d1, d2� ⊆ℝ \ f0g⟶ℝ be differ-
entiable defined on the interior M of M. If ψ′ ∈ L½d1, d2� and
jψ′jq is in SRðp, hÞ on M, r, q > 1, ð1/rÞ + ð1/qÞ = 1 and λ ∈
½0, 1�, then

ψ
2dp1d

p
2

dp1 + dp2

 !1/p" #
−
p dp1d

p
2

� �
dp2 − dp1

ðd2
d1

ψ xð Þ
x1+p

dx

�����
�����

≤
dp2 − dp1
� �
2p dp1d

p
2

� � × 1
2 r + 1ð Þ
� �1/r

k19 q, p ; d1, d2ð Þ ψ′ d1ð Þ�� ��q�h

+ k21 q, p ; d1, d2ð Þ ψ′ d2ð Þ�� ��q + k13 q, p ; d1, d2ð Þμ
�1/q

+ k22 q, p ; d2, d1ð Þ ψ′ d1ð Þ�� ��q + k20 q, p ; d2, d1ð Þ ψ′ d2ð Þ�� ��q�
+ k14 q, p ; d2, d1ð ÞμÞ1/q

i
,

ð62Þ

where k19, k20, k21, k22, k13, and k14 are given by (53)-(58).
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Remark 30. Inserting hðjÞ = j and μ = 0 in Corollary 29, we
obtained [23] Corollary 3.5.

For λ = 1, Theorem 27 reduces to the following result.

Corollary 31. Let M = ½d1, d2� ⊂ℝ \ f0g be a p -harmonic
convex set, and let ψ : M = ½d1, d2� ⊆ℝ \ f0g⟶ℝ be differ-
entiable defined on the interior M of M. If M ′ ∈ L½a1, b1� and
j f ′jq is in SRðp, hÞ on M, r, q > 1, ð1/rÞ + ð1/qÞ = 1 and λ ∈ ½
0, 1� then,

ψ d1ð Þ + ψ d2ð Þ
2

−
p dp1d

p
2

� �
dp2 − dp1

ðd2
d1

ψ xð Þ
x1+p

dx

�����
�����

≤
dp2 − dp1
� �
2p dp1d

p
2

� � × 1
2 r + 1ð Þ
� �1/r

k19 q, p ; d1, d2ð Þ ψ′ d1ð Þ�� ��q�h

+ k21 q, p ; d1, d2ð Þ ψ′ d2ð Þ�� ��q + k13 q, p ; d1, d2ð Þμ
�1/q

+ k22 q, p ; d2, d1ð Þ ψ′ d1ð Þ�� ��q + k20 q, p ; d2, d1ð Þ ψ′ d2ð Þ�� ��q�
+ k14 q, p ; d2, d1ð ÞμÞ1/q

i
,

ð63Þ

where k19, k20, k21, k22, k13, and k14 are given by (53)-(58).

Remark 32. Inserting hðjÞ = j and μ = 0 in Corollary 31, we
obtained [23] Corollary 3.6.

For λ = 1/3, Theorem 27 reduces to the following result.

Corollary 33. Let M = ½d1, d2� ⊂ℝ \ f0g be a p-harmonic
convex set, and let ψ : M = ½d1, d2� ⊆ℝ \ f0g⟶ℝ be differ-
entiable defined on the interior M of M. If ψ′ ∈ L½d1, d2� and
jψ′jq is in SRðp, hÞ on M, r, q > 1, ð1/rÞ + ð1/qÞ = 1 and λ ∈
½0, 1� then,

1
6

ψ d1ð Þ + 4ψ
2dp1d

p
2

dp1 + dp2

 !1/p" #
+ ψ d2ð Þ

" #
−
p dp1d

p
2

� �
dp2 − dp1

ðd2
d1

ψ xð Þ
x1+p

dx

�����
�����

≤
dp2 − dp1
� �
2p dp1d

p
2

� � × 1 + 2r+1

6:3r r + 1ð Þ
� �1/r

k19 q, p ; d1, d2ð Þ ψ′ d1ð Þ�� ��q�h

+ k21 q, p ; d1, d2ð Þ ψ′ d1ð Þ�� ��q + k13 q, p ; d1, d2ð Þμ
�1/q

+ k22 q, p ; d2, d1ð Þ ψ′ d1ð Þ�� ��q + k20 q, p ; d2, d1ð Þ ψ′ d2ð Þ�� ��q�
+ k14 q, p ; d2, d1ð ÞμÞ1/q

i
,

ð64Þ

where k19, k20, k21, k22, k13, and k14 are given by (53)-(58).

Remark 34. Inserting hðjÞ = j and μ = 0 in Corollary 33, we
obtained [23] Corollary 3.7.

For λ = 1/2, Theorem 27) reduces to the following result.

Corollary 35. Let M = ½d1, d2� ⊂ℝ \ f0g be a p-harmonic
convex set, and let ψ : M = ½d1, d2� ⊆ℝ \ f0g⟶ℝ be differ-
entiable defined on the interior M of M. If ψ′ ∈ L½d1, d2� and
jψ′jq is in SRðp, hÞ on M, r, q > 1, ð1/rÞ + ð1/qÞ = 1 and λ ∈

½0, 1� then,

1
4

ψ d1ð Þ + 2ψ
2dp1d

p
2

dp1 + dp2

 !1/p" #
+ ψ d2ð Þ

" #
−
p dp1d

p
2

� �
dp2 − dp1

ðd2
d1

ψ xð Þ
x1+p

dx

�����
�����

≤
dp2 − dp1
� �
2p dp1d

p
2

� � × 2
4:2r r + 1ð Þ
� �1/r

k19 q, p ; d1, d2ð Þ ψ′ d1ð Þ�� ��q��h

+ k21 q, p ; d1, d2ð Þ ψ′ d2ð Þ�� ��q + k13 q, p ; d1, d2ð ÞμÞ1/q

+ k22 q, p ; d2, d1ð Þ ψ′ d1ð Þ�� ��q + k20 q, p ; d2, d1ð Þ ψ′ d2ð Þ�� ��q�
+ k14 q, p ; d2, d1ð ÞμÞ1/q

i
ð65Þ

where k19, k20, k21, k22, k13, and k14 are given by (53)–(58).

Remark 36. Inserting hðjÞ = j and μ = 0 in Corollary 35, we
obtained [23] Corollary 3.8.

7. Conclusion

Convexity plays very important role in pure and applied
mathematics. In many problems, the classical definition of
convexity is not enough, so the definition of convex func-
tions is generalized in various directions. In this paper, we
developed a new generalization called strongly reciprocally
(p,h)-convex function. We have also developed Hermite-
Hadamard and Fejér type inequality for this generalization.
Moreover, we conclude that the results proved in this article
are the generalization of results in [14, 16, 17, 23].
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