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In this paper, we prove common coupled fixed point theorems on complete C*-algebra-valued partial metric spaces. An example

and application to support our result are presented.

1. Introduction

In 1987, Guo and Lakshmikantham [1] introduced the con-
cept of a coupled fixed point. In 2006, Bhaskar and Lakshmi-
kantham [2] introduced the concept of a mixed monotone
property for the first time and investigated some coupled
fixed point theorems for mappings. As a result, many
authors obtained many coupled fixed point and coupled
coincidence theorems (see [3-21] and references therein).
In 2014, Ma et al. [22] introduced the notion of a €*
-algebra-valued metric space and proved fixed point theorem.
In 2015, Batul and Kamran [23] proved fixed theorems on €~
-algebra-valued metric space. In 2016, Alsulami et al. [24]
proved fixed point theorems on C*-algebra-valued metric
space. In 2016, Cao and Xin [25] proved common coupled
fixed point theorems in C*-algebra-valued metric spaces.
The details on €*-algebra are available in [26-29]. In 2011,

Aydi et al. [30] proved coupled fixed point theorems on
ordered partial metric space. The details on partial metric
space are available in [31-43]. In 2019, Chandok et al. [44]
proved fixed point theorems on C*-algebra-valued partial
metric space. In this paper, we prove common coupled fixed
point theorems on C*-algebra-valued partial metric space.

2. Preliminaries

First of all, we recall some basic definitions, notations, and
results of C*-algebra that can be found in [27]. An algebra
A, together with a conjugate linear involution map a - a*,
is called a *-algebra if (ab)" =b*a* and (a*)" = a for all a,
b € A. Moreover, the pair (A, *) is called a unital x-algebra
if A contains the identity element 1,. By a Banach x-alge-
bra, we mean a complete normed unital d-algebra (A, x)
such that the norm on A is submultiplicative and satisfies
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la*|| = lal| for all a € A. Further, if for all a € A, we have |
a*al =[la]l* in a Banach *-algebra (A, ), then A is known
as a @ -algebra. A positive element of A is an element a €
A such that a = a* and its spectrum o(a) C R,, where o(a)
= {veR:vl, —aisnoninvertible}. The set of all positive
elements will be denoted by A, . Such elements allow us to
define a parial ordering > on the elements of A. That is,

b>aifandonlyifb-aeA,. (1)

If a € A is positive, then we write a = 0,, where 0, is the
zero element of A. Each positive element a of a €*-algebra
A has a unique positive square root. From now on, by A,
we mean a unital €*-algebra with identity element 1,. Fur-
ther, A, ={a€A:a+0,} and (a*a)"* =|a|.

Now, we recall the definition of C*-algebra-valued par-
tial metric space introduced by Chandok et al. [44].

Definition 1. Let I' be a nonvoid set and the mapping p : I’
x I' — A are defined, with the following properties:

(A1) 0,<2p(R, @) for all X,@ € I' and p(R, R) = p(®, @)
= p(R, @) if and only if N =@

(A2) p(X, R)=p(X, @)

(A3) p(R, @) =p(@,R) for all R, @€ I’

(A44) p(R, @)2p(R,y) +p(y, @) = p(y, y) for all R, @,y
el

Then, p is said to be a C*-algebra-valued partial metric
on I, and (I, A, p) is said to be a C*-algebra-valued partial
metric space.

Definition 2. A sequence {X,} in (I, A, p) is called conver-
gent (with respect to A) to a point X € I, if for given & > 0, 3
£ € N such that || p(R,, X) - p(R, R|| <& Va > £.

Definition 3. A sequence {R,} in (I, A, p) is called Cauchy
(with respect to A), if lim p(R,, N,,,) exists, and it is finite.
a—>00

Definition 4. The triplet (I, A, p) is called complete C* -alge-
bra-valued partial metric space if every Cauchy sequence in
T is convergent to some point X in I' such that

lim p(R,, N

@x—00

w) = lim p(R, ) =p(RR).  (2)

Definition 5 (see [18]). Let I" be a nonvoid set. An element
(R, @) e I' x I' is said to be

(1) A couple fixed point of the mapping ¢ : ' xI' — I
if (R, @) =N and ¢(@, X) =@

(2) A coupled coincidence point of the mapping ¢ : I
xI'— T and g: I' — I if (R, @) =gN and ¢(
@, R)=ga. In this case, (9N, go) is said to be
coupled point of coincidence

(3) A common coupled fixed point of the mapping ¢
:I'xI'—T and g: I — 1T if p(R,@)=gN=R
and (@, R) =go =@
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Note that Definition 5 (3) reduces to Definition 5 (1) if
the mapping g is the identity mapping.

Definition 6 (see [18]). The mappings ¢ : I'xI' — I" and
g:I'—> I is said to be w-compatible if g(p(R,d)) =¢(g
N, g@) whenever gR = ¢(R, @) and go = ¢(@, N).

3. Main Results

Now, we give our main results.

Theorem 7. Let (I', A, p) be a complete C* -algebra-valued
partial metric space. Suppose that the mappings ¢ : I' x I’
—sT'and g: T — I such that

P(p(R, @), (i, v))2p(gN, gi)r + r* p(g@, gv)r, forany R, @, i, v € T,

(3)

where r € A with |r||<(1/v/2). If o(I' x ') € g(I') and g(T) is
complete in I, then ¢ and g have a coupled coincidence point
and p(gR, gR) =04, p(ga, g@) = 04. Moreover, if ¢ and g
are w-compatible, then they have unique common coupled
fixed point in T

Proof. Let Ry, @, € I', then g(R,) = (R, @), and g(@,) =
@(@y, ;). One can obtain two sequences {N,} and {(D }
by continuing this process such that g(X,,;) =¢(X,, @,),
and g(wow—l) = (P(‘Doc’ Noc)' Then’

P(IR e IR 1) = P(P(Rooys Dy )> P( R @)
< (P(gR 1> GR))T + 7 (p(g@ 1> g@,))r (4)
<r (p(gNzx—l’gNa)) + (P(gwa—l’ga)a))r'

Similarly,
p(gw(x’ ga)vﬁl) P((P( a— 1’N — ) (P(‘Da’ Ntx))

7 (P(9@uc1> GO))T + 77 (P(GR 41, gR,))r (5)
(P(gNa—l’ gNa))r'

IA IA

" (P(G@y-1> 9O, )) +
Let

N

= p(IRe IRei1) + P(GD 0> GD4s1 )- (6)

Using (4) and (5), we have

= P(9Re GRe11) + P(900 GDs1)
=r ( ( w129 )+p(g@a,1,g@a))r
7" (P(9@a-1> g@a) + P(IN 1> GRe))7 7)
< (ﬁr) (PR 1 9R) + P90, 1, 90,)) (V2r)

5(\/2)*5%1 (\/Ef)

Let s,t € Ay, then s<t implies r*sr<r*tr (Theorem 2.2.5
n [27]). Therefore, for each a € N,
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A <S 5(\/_r> (\/§r>5-~-5 [(\/Er)*] °3, (ﬁr)a.
(®)

If S,=04, then ¢ and g have a coupled coincidence
point (R, @,). Now, letting 0,5, then for each «, e,

PR IR0) 2P (IR0 IR aro-1) + P(INasp-1> IR i)
= P(IR 1> IR ppr )+
+P(GR 12 GR11) + P(IR 115 9N,)
= P(IN 41> NG11)
2p(IR i IRip1) + P(IRasp1 TN ip-2)
+o4p(IRg IRG1) + P(IRG 1 IR,)s

P(9@uspr 9P) 2P (9P IRusp1) + P (91> Putr-2)
= P(9@usp-1> G@qsp1) +++
+P(GP12> GPs1) + P(GPs1> GP4)
= P(9P11> 90u1) 2P (9Pus> IDo-1)
+P(G@rp15 9D+
+P(GD12> GP11) + P(GPp11> GOy)-
9)

Consequently,

P(IR i IR,) + P(9Dpspr 9D, ) =S e 1+ Sawpat S,

E ()T

K (10)

which implies that

1P (R0 IRa) + P (900 900) Hsiil HﬁrHZkSo

ﬁiuﬁr "3,
ve™
R
(11)
Since |7 <(1/+/2), we have
1P (R TRe) + (9@ 90 || K- v 5,0,
-z

(12)

which is together with

P (IR0 IRG) 2P (IR IN,) + P(9Pggr 90, )>  (13)
and

P(9Ps> 9@0) 2P (IRrr INa) + P(9Purg 9@ ) (14)

Therefore, {gR,} and {g@,} are Cauchy sequences in
g(I). Since {g@,} is complete, AN, @ € I" such that lim

gR, =gNand

P(gR, gR) = lim p(gR,, gR)= lim p(gR, gR,) =04,

(15)
lim,. ., g®, = g@, and
p(g@, g@) = lim p(gd, go)= lim p(ga, ga,) =04
(16)

Now, we show that (R, @) =
this,

gX and ¢(®, R) = ga. For

P(P(R, @), gR)2p(¢(R, @), gRyy1) + P(9N 41> GN)
2P(P(R, @), p(N @) + p(IR 12 GN)
<17 p(gRa> GR)T 4717 p(G@0> GO + P(IR 41> GN).-
(17)
As o —> 00, we get p(p(R, @), gR) =0,, and hence, ¢(
R, @) = gN. Similarly, ¢(®, X)=g®. Therefore, ¢ and g
have a coupled coincidence point (X, @).

Let (X', @") be another coupled coincidence point of ¢
and g. Then,

p(gN,gN') ZP(SD(N’ @),fp(N'»fD'))

5r*p(gN, gN') r+ r*P(ng, 9@')ﬂ

P(Q‘D’ g@’) =P(¢(‘D’N))‘P<‘DI’N’)>

< p(00.00)r+rp(gn o )r.
Consequently,
P(gN, gN'} +P(g@,g&>') )
(40 (o) o 0) (5,
which implies that
o) (on) .

< (V2)[ Jo (o o

I

)+slons)



Since [|(v2r)]| <1, then [[p(gR, gR) + p(g@, g@')|| =
0. Hence, we get gR=gX’ and go=ga'. Similarly, we
can prove that g\ = g@' and g@ = gX'. Then, ¢ and g have
a unique coupled point of coincidence (gR, gX). Moreover,
set v=gN, then v=gR=¢(R, R). Since ¢ and g are w
-compatible,

=9(p(X, R)) =9(gR, gR) =g(v,v).  (21)

Therefore, ¢ and g have a coupled point of coincidence
(gv, gv). We know gv=gR, then v=gv=¢(v,v). There-
fore, ¢ and g have a unique common coupled fixed point (
v, V). O

gv=9(gN)

Example 1. Let I' =% and A = M,(C), and the map p: I’
x I' — A is defined by

X-@] 0

~ max {N, @} 0
o[ )

0 k max {R, @} ’
(22)

where k > 0 is a constant. Then, (I, A, p) is a complete C*
-algebra-valued partial metric space. Consider the mappings
@ :I'xI'— T with ¢(R,®)=(R+®)/2 and g: I — T

with g(R)=2N. Set LeC with |A|<(1/v/2), and r=

0 A
w-compatible. Moreover, one can verify that ¢ satisfies the
contractive condition

A0
[ ], then 7 € A and ||r]l,, =|A|. Clearly, ¢ and g are

ple(R, @), p(u, v))2r* (R, u)r + r* ¢(@, v)r, forany X, @, u, v e I'.

(23)

In this case, (0,0) is coupled coincidence point of ¢ and
g- Moreover, (0, 0) is a unique common coupled fixed point
of g and g.

Corollary 8. Let (I, A, p) be a complete C* -algebra-valued
partial metric space. Suppose that mapping ¢ : ' xI' — T
such that

P(P(R, @), p(u, v))=<r
(24)

where r € A with ||r||<(1/v/2). Then, ¢ has a unique coupled
fixed point.

We recall the following lemma of [27].

Lemma 9. Suppose that A is a unital C* -algebra with a unit
I,.

(1) If r € A, with ||r|<(1/2), then 1, —r is invertible

(2) Ifr,se A, and rs = sr, then 0y=<rs

Journal of Function Spaces

(3) If r,s € Ag and t € A then r<s deduces tr<ts, where
A=A, nA’

Theorem 10. Let (I, A, p) is a complete C* -algebra-valued
partial metric space. Suppose that the mappings ¢ : I' x I’
—sT'and g: T — I such that

PlP(R @), ¢(u, v))
2rp(@(R, @), gR) + sp(@(u, v), gu), forany X, @, u, v €T,

(25)

where r,s € Al with ||r||+|sll<1. If o(I' x I') € g(T') and g(I')
is complete in I', then ¢ and g have a coupled coincidence
point and p(gR, gR) =04, p(ga, go) = 04. Moreover, if ¢
and g are w-compatible, then they have unique common
coupled fixed point in I

Proof. Similar to Theorem 7, construct two sequences {X,}
and {®@,} in I such that gN_,; =¢(R,, ®,) and ga,,, = ¢(
N, ). Then, by applying (25), we have

(]'A - S)p(gNa’ gNoc+1)
(1A )p(g@tx’g@zxﬂ)

rP(gR 4 g, 1)

(26)
P(g@q> D41 )-

Since r, s € Ai with [[r|l+[|sll<1, we have 1, — s is invert-
ible and (1, —s)~'r € A!. Therefore,

P(IR e GR 1) (14 —5) (9N gR, )

“p(N, u)r + 1 p(@, v)r, forany R, @, u, v € I,

B 27)
P(9Dy> 9Pyi1)2(1a =) TP(gR > gDy-1)-
Then,
1P(gRe gR 1) [|1X][(1a = 9) 77 ][ P(9R e R, |
Hp(gwa’gwm—l)HﬁH(IA_S)ier”P(g(Da’g(Da—l)H'
(28)
Since,
(L= ) 7] <] (1 - 5 ‘H||r||<z|| sl = - |'|' T
(29)

Therefore, {gR,} and {g@,} are Cauchy sequences in
g(I'). By the completeness of g(I'), IN, @ €I such that
lim,, gN, = gR and

p(gR, gR) = lim p(gN, gR) = lim p(gR,, gR,) =04,
(30)
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lim, , g®,=g®, and

p(g@, go) = lim p(gd, go) = lim p(g@,, gd,) =0y
(31)

Since,

P(P(R, @), gR)=p(gR,, 1, (R, @)) + p(gR,,15 gR)
= P(P(Rp @), (R, @)) + p(gR,,1> gR)
2rp(9(Ry, @), gR,) +5p(@(R, @), gN)
+p(gR1> gN)
2rp(gR15 R, +5p(@(R, @), gN)
+ p(gRgi15 gN),
(32)

which implies that

P(P(R, @), gR)=(1=5)" 1p(gRi1> GRG) + (1=5) 7 P(GR 115 GR,)-
(33)
Then, p(¢p(R, @), gR) =04 or equivalently ¢(R, @) = gR

. Similarly, one can obtain ¢(@, R) =ga. Let (X',@") be
another coupled coincidence point of ¢ and g, then

p(gN',gN) 5P(‘P(N/’@’))€0(N) (D))
ﬂp(q)(N'afD'),gN') +5p(9(R, @), gN)
=rp(gx', gR") +5p(9R, gR) =0,

(34)

and

p(g@') g@) ﬁp(q)(@', N')»sv(@, N))
5rp(<p(®', N'),g@') +3p(¢(@, R), ga)

= rp(ga)', gd)') +5p(g@, go) =0y,
(35)

which implies that gR' = gR and g@' = g@. Similarly, we
have gR' = g@ and g@' = gX. Hence, ¢ and g have a unique
coupled point of coincidence (gN, gX). Moreover, we can
show that ¢ and g have a unique common coupled fixed
point. |

Theorem 11. Let (I, A, p) be a complete C* -algebra-valued
partial metric space. Suppose that mappings ¢ : I' xI' — I’
and g : I' — T such that

P(P(R, @), ¢(u:v))
<rp(p(R, @), gu) + sp(¢(u, v), gN), forany N, @, u, ve T,
(36)

wherer,s € A, with ||r|+||s|<1. If (I x I') € g(I') and g(I)
is complete in I, then ¢ and g have a coupled coincidence
point and p(gR, gR) =04, p(ga, go) = 04. Moreover, if ¢
and g are w-compatible, then they have unique common
coupled fixed point in I

Proof. Following similar process given in Theorem 7, we
construct two sequences {R,} and {®@,} in I such that g(
N(Hl) = (P(Nzx’ a)tx) and g((Dterl) = (P((D{X’ N(X)‘ From (36)’ we
have

P(IR 4 gR 1) = P(P(Ryp @yy)> P(R, @)
<rp(P(Ro_p> @) GN,)
+5p(P(Ry, @), R, )
2rp(gRe gR,) +5p(gR 4115 IR 1)
2rp(gRi15 IR, +5p(gR 11> gR,)
+5p(gR 4 gR, 1) = sp(p(9R4» R,
2rp(gR 15 IR, +5p(gR 411> gR,)
+5p(gRg g,y )
(37)

which implies that

(IA - (r+s))p(gNa, gNochl)ﬁSp(gNtx’ gNot—l)’ (38)

Because of the symmetry in (36),

P(IRG415 gR,) = p(P(Ry, @y ), (N1, @y ))
<rp(P(Ry, @), gR, )
+5p(P(Ry_p> @y y)> IN,)
2rp(gR1> GR 1) +5p(gR,, gR,)
2rp(gR 41> IN) +1p(gR 4 g,y )
—7p(gRy gR,) +5p(gR 415 gR,)
2rp(gRg 15 gR,) +1p(gR,, gR, )
+5p(IR 41 GN,)»

(39)

which implies that
(1/\ - (r+5))P(gNoc’ gNaH)jrp(gNa’ ger—l)' (40)
From (38) and (40), we obtain
r+s
(1a = (7+9)P(9Re> GR41)2 == P(GRe GRe1)- - (41)
Since r,s€A,’  with [r+s|<|rl+Isl<1, then

(14— (r+s))" €A,’, which together with Lemma 9 (3),
we obtain

. r+s
P(9Re> gRu)2(La = (r+9) " ——p(9Re gR,-)- (42)

Let e=(14—(r+s) "' ((r+s)/2), then [el=]
(14— (r+s)"'((r+s)/2)[<1. The same argument in



Theorem 10 tells that {gR,} is a Cauchy sequence in g(I').
Similarly, we can derive that {g®,} is also a Cauchy
sequence in g(I'). By the completeness of g(I'), IR, @ € I’
such that lim . gN, = gX and

p(gR, gR) = lim p(gR,, gR) = lim p(gRy, gR,) =04,

(43)

im,.,g®, = g, and

p(g@, go) = lim p(gd, go)= lim p(ga,, gd,) =0
(44)
Now, we show that ¢(R, @) = gX and ¢(®@, R) = g@. For

this,

P(P(R, @), gR)2p(gR,1, P(R, @)) + p(gR 415 gN)
P( (Ry @), (N, @)) + p(gR 115 gR)
rP(9(Ry» @), gR) +5p(9(R, @), gR,)
+ P(gNw gN)
2rp(gR415 gR) +5p(@(R, @), gR,)

+p(gR 41> gN),

which implies that

llp(p(X, @), gR)[|=]|x|[|p(9R s> gR)|| + [[s]|][P(9(R, @), gR,) |
+{|p(gR i1 gR) |-
(46)

By the continuity of the metric and the norm, we obtain

Ip(p(X, @), gR)[[<]ls|l[|p(9(X, @), gR)||- (47)

Since [Is||<1; therefore, [|p(@(R, @), gR)|| = 0. Thus, ¢(X

@) = gX. Similarly, ¢(®,NR)=ga. Hence, (X,®) is a
coupled coincidence point of ¢ and g. The same reasoning
that Theorem 10 tells us that ¢ and g have unique common
coupled fixed point in I'. O

In 2015, Ma and Jiang [45] proved fixed point theorems
in C*-algebra-valued b-metric spaces with an application of
Fredholm integral equations. In 2016, Xin et al. [46] proved
common fixed point theorems in C*-algebra-valued metric
spaces with an application of Fredholm integral equations.
In 2020, Mlaiki et al. [47] proved fixed point results on C*
-algebra valued partial b-metric spaces with an application
of Fredholm integral equations. In 2021, Tomar et al. [48]
proved fixed point theorems in C*-algebra valued partial
metric space with an application of Fredholm integral
equations.
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4. Application
As an application of Corollary 8, we find an existence and

uniqueness result for a type of following system of Fredholm
integral equations:

R(y) =Jg?(u,P>N(P))@(P))dpw(u))%z)e g (48)

o) = Lf(u,p, O(p) R(p))dp+0(u), ppe®  (49)

where & is a measurable, ¥: ExExRxR— R and §
e L®(&). Let I'=L™(8), K =Z*(&), and L(K)=
Define p: I'xI'—> A by (for all §,0,I€I and ||7|| =
<1):

p(8,0) =759 +1, (50)

where 77, : & — F is the multiplicative operator, which
is defined by:

TTq (v)=aqvy. (51)
Now, we state and prove our result, as follows:

Theorem 12. Suppose that (for all R,@ € T')
(S1) There exists a continuous function x : &x & — R
and 6 € (0, 1), such that

&(u: p: R(p), @(p)) = ¥ (p, p> u(p), u(p))|
< Ol(w, p) I (IN(p) = u(p)+1@(p) = v(p)l+1 = 67'T),
(52)

forall y,pe@.
(52) Sup,ue%fg | K([’t’ P) | dp <L

Subsequently, the integral Equation (49) has a unique
solution in I'.

Proof. Define ¢ : I' x I' — I’ by:

9(X, 0)(1) = wa,p,N@,w(p))dpw(m,w,pe g,
(53)
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Set 7 =01, then 7 € A. For any z € %, we have

(uv) |+IZ’ )

(w, V) +1)z(u)z()dp

lp(p(R, @),

(V)| = sup ( Tigx0)-¢
[lzll=1

< sup
llzl1=t

(
= fZL”‘p L (lp(X, @)
Uf . R(p), @(p))

% (400 R(p), @(p))\dplz(10)
#sup [ | dpieter

llzl1=1

< supJ [Le | () | (IR(p) — u(p) +l@(p)

|lz[|=1J &

—v(p)|+I - Q'II)dp”Z(‘u)\Zd‘u +1
Seuih‘EJg U | x(1p) | dp} (i) P

(IR =u], + 0= v].)
<0 supj (s p)ldp supj j2(u0) P

ue® =1

(IR=u], + 0= ].)
<O[IN=ufl, + |0 v],,]
~ el (R )] + [lp(@ )]l

(54)

Hence, all the hypotheses of Corollary 8 are verified, and
consequently, the integral Equation (49) has a unique solu-
tion. O

5. Conclusion

In this paper, we proved common coupled fixed point theo-
rems on C*-algebra-valued partial metric space using w
-compatible mappings. An illustrative example is provided
that shows the validity of the hypothesis and the degree of
usefulness of our findings. Moreover, we introduced an
application to show that the useful of C*-algebra-valued
metric space to study the existence and uniqueness of system
of Fredholm integral equations. Recently, Mutlu et al. [49]
proved coupled fixed point theorems on bipolar metric
spaces. It is an interesting open problem to study the C*
-algebra-valued bipolar metric space instead of C*-algebra-
valued metric space and obtain common coupled fixed point
results on C*-algebra-valued bipolar metric spaces.
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