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An intuitionistic fuzzy set is one of the efficient generalizations of a fuzzy set for dealing with vagueness/uncertainties in
information. Under this environment, in this manuscript, we familiarize a new type of extensions of fuzzy sets called square-
root fuzzy sets (briefly, SR-Fuzzy sets) and contrast SR-Fuzzy sets with intuitionistic fuzzy sets and Pythagorean fuzzy sets. We
discover the essential set of operations for the SR-Fuzzy sets along with their several properties. In addition, we define a score
function for the ranking of SR-Fuzzy sets. To study multiattribute decision-making problems, we introduce four new weighted
aggregated operators, namely, SR-Fuzzy weighted average (SR-FWA) operator, SR-Fuzzy weighted geometric (SR-FWG)
operator, SR-Fuzzy weighted power average (SR-FWPA) operator, and SR-Fuzzy weighted power geometric (SR-FWPG)
operator over SR-Fuzzy sets. We apply these operators to select the top-rank university and show how we can choose the best
option by comparing the aggregate outputs through score values.

1. Introduction

The idea of fuzzy sets was proposed by Zadeh [1] to handle
the imprecise information. The notion of rough set theory
was originally introduced by Pawlak [2], and it was applied
to many different domains (see [3–5]). The concept of soft
sets was first defined by Molodtsov [6] as a general mathe-
matical tool for dealing with uncertain objects. The merging
between fuzzy sets and some uncertainty approaches such as
rough sets and soft sets have been discussed in [7–9].

In several real-life situations, the degree of nonmember-
ship is not obtained from the degree of membership. In these
cases, the notion of intuitionistic fuzzy sets defined by Ata-
nassov [10] worked very well. It is one of the interesting gen-
eralizations of fuzzy sets with best applicability. In various
fields, the applications of intuitionistic fuzzy sets appear,

including optimization problems, medical diagnosis, and
decision-making [11–15]. However, there are numerous sit-
uations where the decision-maker may supply the degrees of
membership and nonmembership of a specific attribute in
such a way that their sum is greater than one. Therefore,
Yager [16] put forward the concept of Pythagorean fuzzy
sets which is a generalization of intuitionistic fuzzy sets,
and it is a more powerful tool to solve uncertain problems.
Ibrahim et al. [17] defined a new generalization of Pythago-
rean fuzzy sets called (3, 2)-Fuzzy sets. The main advantage
of (3, 2)-Fuzzy sets is that they can characterize more vague
cases than Pythagorean fuzzy sets, which can be exploited in
many decision-making problems.

The idea of intuitionistic fuzzy weighted averaging oper-
ators was proposed by Xu [18]. Some geometric weighted,
geometric ordered weighted, and geometric hybrid operators
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under the environment of intuitionistic fuzzy sets were
introduced by Xu and Yager [19]. In Refs. [20–25], many
researchers worked in the area of intuitionistic fuzzy sets
and established various aggregation operators which are
applied to group decision-making. After the advent of the
Pythagorean fuzzy sets, the operators of Pythagorean fuzzy
aggregation have also become an important and interesting
field for research. Yager and Abbasov [26, 27], in 2013,
introduced the concepts of weighted geometric, weighted
averaging, ordered weighted geometric, and ordered
weighted averaging operators in the frame of Pythagorean
fuzzy environment. The essential properties of Pythagorean
fuzzy aggregation operators were investigated by the authors
of [28]. Shahzadi et al. [29] established some aggregation
operators under Pythagorean fuzzy data for assessing the
distinct preferences of the choice among the decision-
making process. By using Pythagorean fuzzy values, Rahman
et al. presented many aggregation operators like weighted
geometric [30], hybrid geometric [31], weighted averaging
[32], and ordered weighted geometric operators [33] and
also discussed their practical applications.

The aims of writing this paper are (1) to present a novel
extension of intuitionistic fuzzy set called SR-Fuzzy sets
which is not obtained from q-rung orthopair fuzzy sets, (2)
to introduce novel types of weighted aggregation operators
and discuss their main properties, and (3) to investigate a
MCDM methods depending on these operators.

In this paper, we define the concept of SR-Fuzzy sets and
compare it with the other types of fuzzy sets in Section 2.
Then, we introduce the set of operations for the SR-Fuzzy
sets and explore their main features in Section 3. Also, the
concepts of weighted aggregated operators for SR-Fuzzy sets
are investigated. Thereafter, we describe MADM problems
under these operators in Section 4. Finally, we outline the
main achievements of the paper and propose some upcom-
ing works in Section 5.

Before we present our main concepts and results, we
recall the definitions of the intuitionistic fuzzy set (IFS)
and Pythagorean fuzzy set (PFS).

Definition 1. Let S be a universal set such that YΘ : S
⟶ ½0, 1� and ΨΘ : S⟶ ½0, 1� are mapping. Then, the
intuitionistic fuzzy set (IFS) [10] (resp., Pythagorean fuzzy
set (PFS) [16]) is defined by the following:

Θ = p, YΘ pð Þ,ΨΘ pð Þh i: p ∈ Sf g, ð1Þ

including the condition 0 ≤ YΘðpÞ +ΨΘðpÞ ≤ 1 (resp., 0 ≤
ðYΘðpÞÞ2 + ðΨΘðpÞÞ2 ≤ 1), where YΘðpÞ is the degree of
membership and ΨΘðpÞ is the degree of nonmembership
of every p ∈ S to Θ.

2. SR-Fuzzy Sets

In this section, we initiate the notion of SR-Fuzzy sets and
study its features in detail. For computations, we use only
six decimal places in the whole paper.

Definition 2. Let S be a universal set such that YΘ : S⟶
½0, 1� and ΨΘ : S⟶ ½0, 1� are mapping. Then, the SR-
Fuzzy set (briefly, SR-FS) Θ is defined as following:

Θ = p, YΘ pð Þ,ΨΘ pð Þh i: p ∈ Sf g, ð2Þ

where YΘðpÞ is the degree of membership and ΨΘðpÞ is the
degree of nonmembership of p ∈ S to Θ, such that

0 ≤ YΘ pð Þð Þ2 +
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ΨΘ pð Þ

p
≤ 1: ð3Þ

Then, there is a degree of indeterminacy of p ∈ S to Θ
defined by

πΘ pð Þ = 1 − YΘ pð Þð Þ2 +
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ΨΘ pð Þ

ph i
: ð4Þ

It is obvious that ðYΘðpÞÞ2 +
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ΨΘðpÞ

p
+ πΘðpÞ = 1.

Otherwise, πΘðpÞ = 0 whenever ðYΘðpÞÞ2 +
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ΨΘðpÞ

p
= 1.

In the interest of simplicity, we shall mention the symbol
Θ = ðYΘ,ΨΘÞ for the SR-FS Θ = fhp, YΘðpÞ,ΨΘðpÞi: p ∈ Sg.
The space of SR-Fuzzy membership grades is displayed in
Figure 1.

Example 1. Assume that YΘðpÞ = 0:3 and ΨΘðpÞ = 0:8 for
S = fpg. Then, Θ = ð0:3,0:8Þ is not an intuitionistic fuzzy
set because 0:3 + 0:8 = 1:1 > 1. In contrast, Θ = ð0:3,0:8Þ is
an SR-FS because ð0:3Þ2 + ffiffiffiffiffiffi

0:8
p

≈ 0:984427 ≤ 1.
Note that πΘðpÞ ≈ 0:015573, and hence, ðYΘðpÞÞ2 +ffiffiffiffiffiffiffiffiffiffiffiffiffi
ΨΘðpÞ

p
+ πΘðpÞ = 1.

Remark 3. From Figure 2, we get that

(1) The space of Pythagorean membership grades is
larger than the space of SR-Fuzzy membership
grades

(2) The SR-Fuzzy and intuitionistic fuzzy sets intersect at
the point Θ = ðYΘ = ð−1 + ffiffiffi

5
p Þ/2,ΨΘ = ð3 − ffiffiffi

5
p Þ/2Þ

(3) For YΘ ∈ ð0, ð−1 + ffiffiffi
5

p Þ/2Þ and ΨΘ ∈ ðð3 − ffiffiffi
5

p Þ/2, 1Þ,
the space of SR-Fuzzy membership grades starts to
be larger than the space of intuitionistic membership
grades

𝛹 ≤ 1𝛶2 +0 ≤

0

1

10

Figure 1: Grades space of SR-FSs.
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(4) for YΘ ∈ ðð−1 + ffiffiffi
5

p Þ/2, 1Þ and ΨΘ ∈ ð0, ð3 − ffiffiffi
5

p Þ/2Þ,
the space of SR-Fuzzy membership grades starts to
be smaller than the space of intuitionistic member-
ship grades

Definition 4. Let Θ1 = ðYΘ1
,ΨΘ1

Þ and Θ2 = ðYΘ2
,ΨΘ2

Þ be
two SR-FSs; then

(1) Θ1 =Θ2 if and only if YΘ1
= YΘ2

and ΨΘ1
=ΨΘ2

(2) Θ1 ≥Θ2 if and only if YΘ1
≥ YΘ2

and ΨΘ1
≤ΨΘ2

Example 2.

(1) If Θ1 = ð0:2,0:9Þ and Θ2 = ð0:2,0:9Þ for S = fpg, then
Θ1 =Θ2

(2) If Θ1 = ð0:2,0:9Þ and Θ2 = ð0:1,0:91Þ for S = fpg,
then Θ2 ≤Θ1

Definition 5. Let Θ1 = ðYΘ1
,ΨΘ1

Þ and Θ2 = ðYΘ2
,ΨΘ2

Þ be
two SR-Fuzzy sets (SR-FSs). Then

(1) Θ1 ∩Θ2 = ðmin fYΘ1
, YΘ2

g, max fΨΘ1
,ΨΘ2

gÞ
(2) Θ1 ∪Θ2 = ðmax fYΘ1

, YΘ2
g, min fΨΘ1

,ΨΘ2
gÞ

(3) Θc
1 = ð ffiffiffiffiffiffiffiffi

ΨΘ1
4
p , ðYΘ1

Þ4Þ

Note that ð ffiffiffiffiffiffiffiffi
ΨΘ1

4
p Þ2 +

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðYΘ1

Þ42
q

= ffiffiffiffiffiffiffiffi
ΨΘ1

2
p + ðYΘ1

Þ2 ≤ 1, so
Θc

1 is an SR-Fuzzy set. It is obvious that ðΘcÞc =
ð ffiffiffiffiffiffiffi

ΨΘ
4
p

, ðYΘÞ4Þ
c = ðYΘ,ΨΘÞ.

Example 3. Assume that Θ1 = ðYΘ1
= 0:59,ΨΘ1

= 0:42Þ and
Θ2 = ðYΘ2

= 0:56,ΨΘ2
= 0:45Þ are both SR-FSs for S = fpg.

Then

(1) Θ1 ∩Θ2 = ðmin fYΘ1
, YΘ2

g, max fΨΘ1
,ΨΘ2

gÞ = ð
min f0:59,0:56g, max f0:42,0:45gÞ = ð0:56,0:45Þ

(2) Θ1 ∪Θ2 = ðmax fYΘ1
, YΘ2

g, min fΨΘ1
,ΨΘ2

gÞ = ð
max f0:59,0:56g, min f0:42,0:45gÞ = ð0:59,0:42Þ

(3) Θc
1 ≈ ð0:805030,0:121174Þ

Theorem 6. Let Θ1 = ðYΘ1
,ΨΘ1

Þ and Θ2 = ðYΘ2
,ΨΘ2

Þ be
two SR-FSs; then the following properties hold:

(1) Θ1 ∩Θ2 =Θ2 ∩Θ1

(2) Θ1 ∪Θ2 =Θ2 ∪Θ1

Proof. From Definition 5, we can obtain the following:

(1) Θ1 ∩Θ2 = ðmin fYΘ1
, YΘ2

g, max fΨΘ1
,ΨΘ2

gÞ = ð
min fYΘ2

, YΘ1
g, max fΨΘ2

,ΨΘ1
gÞ =Θ2 ∩Θ1

(2) The proof is similar to (1)

Theorem 7. Let Θ1 = ðYΘ1
,ΨΘ1

Þ, Θ2 = ðYΘ2
,ΨΘ2

Þ and Θ3

= ðYΘ3
,ΨΘ3

Þ be three SR-FSs; then

(1) Θ1 ∩ ðΘ2 ∩Θ3Þ = ðΘ1 ∩Θ2Þ ∩Θ3

(2) Θ1 ∪ ðΘ2 ∪Θ3Þ = ðΘ1 ∪Θ2Þ ∪Θ3

Proof. For the three SR-FSs Θ1,Θ2, and Θ3, according to
Definition 5, we obtain the following:

(1) Θ1 ∩ ðΘ2 ∩Θ3Þ = ðYΘ1
,ΨΘ1

Þ ∩ ðmin fYΘ2
, YΘ3

g,
max fΨΘ2

,ΨΘ3
gÞ = ðmin fYΘ1

, min fYΘ2
, YΘ3

gg,
max fΨΘ1

, max fΨΘ2
,ΨΘ3

ggÞ = ðmin fmin fYΘ1
,

YΘ2
g, YΘ3

g, max fmax fΨΘ1
,ΨΘ2

g,ΨΘ3
gÞ = ðmin f

YΘ1
, YΘ2

g, max fΨΘ1
,ΨΘ2

gÞ ∩ ðYΘ3
,ΨΘ3

Þ = ðΘ1 ∩
Θ2Þ ∩Θ3

(2) The proof is similar to (1)

Theorem 8. Let Θ1 = ðYΘ1
,ΨΘ1

Þ and Θ2 = ðYΘ2
,ΨΘ2

Þ be
two SR-FSs. Then

(1) ðΘ1 ∩Θ2Þ ∪Θ2 =Θ2

(2) ðΘ1 ∪Θ2Þ ∩Θ2 =Θ2

Proof. From Definition 5, we obtain the following:

(1) ðΘ1 ∩Θ2Þ ∪Θ2 = ðmin fYΘ1
, YΘ2

g, max fΨΘ1
,ΨΘ2

g
Þ ∪ ðYΘ2

,ΨΘ2
Þ = ðmax fmin fYΘ1

, YΘ2
g, YΘ2

g, min
fmax fΨΘ1

,ΨΘ2
g,ΨΘ2

gÞ = ðYΘ2
,ΨΘ2

Þ =Θ2

(2) The proof is similar to (1)

𝛶2 + 𝛹2 = 1

𝛹 = 1

𝛶 + 𝛹 = 1

𝛶2 +

0
0

1

1

Figure 2: Comparison of grades space of IFSs, PFSs, and SR-FSs.
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Theorem 9. Let Θ1 = ðYΘ1
,ΨΘ1

Þ and Θ2 = ðYΘ2
,ΨΘ2

Þ be
two SR-FSs; then

(1) ðΘ1 ∩Θ2Þc =Θc
1 ∪Θc

2

(2) ðΘ1 ∪Θ2Þc =Θc
1 ∩Θc

2

Proof. For the two SR-FSs Θ1 and Θ2, according to
Definition 5, we obtain the following:

(1) ðΘ1 ∩Θ2Þc = ðmin fYΘ1
, YΘ2

g, max fΨΘ1
,ΨΘ2

gÞc =
ðmax f ffiffiffiffiffiffiffiffi

ΨΘ1
4
p , ffiffiffiffiffiffiffiffi

ΨΘ2
4
p g, min fðYΘ1

Þ4, ðYΘ2
Þ4gÞ = ðffiffiffiffiffiffiffiffi

ΨΘ1
4
p , ðYΘ1

Þ4Þ ∪ ð ffiffiffiffiffiffiffiffi
ΨΘ2

4
p , ðYΘ2

Þ4Þ =Θc
1 ∪Θc

2

(2) The proof is similar to (1)

3. Aggregation of SR-Fuzzy Sets and
Its Properties

In this section, we introduce some new operations on SR-
Fuzzy sets. Besides, we study the SR-Fuzzy aggregation oper-
ators and some attracted properties are indicated in detail.

3.1. Some Operations On SR-Fuzzy Sets

Definition 10. Let Θ = ðYΘ,ΨΘÞ, Θ1 = ðYΘ1
,ΨΘ1

Þ and Θ2
= ðYΘ2

,ΨΘ2
Þ be three SR-FSs and ρ be a positive real value

(ρ > 0). Then their operations are defined as follows:

(1) Θ1 ⊕Θ2 = ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2
Θ1

+ Y2
Θ2

− Y2
Θ1
Y2
Θ2

q
,ΨΘ1

ΨΘ2
Þ

(2) Θ1 ⊗Θ2 = ðYΘ1
YΘ2

,
ð ffiffiffiffiffiffiffiffi

ΨΘ1

p + ffiffiffiffiffiffiffiffi
ΨΘ2

p
−

ffiffiffiffiffiffiffiffi
ΨΘ1

p ffiffiffiffiffiffiffiffi
ΨΘ2

p Þ2Þ

(3) ρΘ = ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð1 − Y2

ΘÞρ
p

,Ψρ
ΘÞ

(4) Θρ = ðYρ
Θ, ð1 − ð1 − ffiffiffiffiffiffiffi

ΨΘ

p ÞρÞ2Þ

Example 4. Suppose that Θ1 = ðYΘ1
= 0:43,ΨΘ1

= 0:64Þ and
Θ2 = ðYΘ2

= 0:26,ΨΘ2
= 0:81Þ are both SR-FSs for S = fpg.

Then

(1) Θ1 ⊕Θ2 = ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2
Θ1

+ Y2
Θ2

− Y2
Θ1
Y2
Θ2

q
,ΨΘ1

ΨΘ2
Þ = ðffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

0:432 + 0:262 − ð0:43Þ2ð0:26Þ2
q

, ð0:64Þð0:81ÞÞ ≈ ð
0:489899,0:5184Þ

(2) Θ1 ⊗Θ2 = ðYΘ1
YΘ2

,
ð ffiffiffiffiffiffiffiffi

ΨΘ1

p + ffiffiffiffiffiffiffiffi
ΨΘ2

p
−

ffiffiffiffiffiffiffiffi
ΨΘ1

p ffiffiffiffiffiffiffiffi
ΨΘ2

p Þ2Þ = ðð0:43Þð0:26Þ,
ð ffiffiffiffiffiffiffiffiffi

0:64
p

+
ffiffiffiffiffiffiffiffiffi
0:81

p
−

ffiffiffiffiffiffiffiffiffi
0:64

p ffiffiffiffiffiffiffiffiffi
0:81

p Þ2Þ = ð0:1118,0:9604Þ

(3) ρΘ1 = ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð1 − Y2

Θ1
Þρ

q
,Ψρ

Θ1
Þ = ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð1 − 0:432Þ3

q
, 0:643Þ ≈ ð0:677095,0:262144Þ, for ρ = 3

(4) Θρ
1 = ðYρ

Θ1
, ð1 − ð1 − ffiffiffiffiffiffiffiffi

ΨΘ1

p ÞρÞ2Þ = ð0:433,
ð1 − ð1 − ffiffiffiffiffiffiffiffiffi

0:64
p Þ3Þ2Þ = ð0:079507,0:984064Þ, for ρ =

3

Theorem 11. If Θ1 = ðYΘ1
,ΨΘ1

Þ and Θ2 = ðYΘ2
,ΨΘ2

Þ are
two SR-FSs, then Θ1 ⊕Θ2 and Θ1 ⊗Θ2 are also SR-FSs.

Proof. For SR-FSs Θ1 = ðYΘ1
,ΨΘ1

Þ and Θ2 = ðYΘ2
,ΨΘ2

Þ, the
following relations are evident:

0 ≤ Y2
Θ1

≤ 1, 0 ≤
ffiffiffiffiffiffiffiffi
ΨΘ1

q
≤ 1, 0 ≤ YΘ1

� �2 + ffiffiffiffiffiffiffiffi
ΨΘ1

q
≤ 1,

0 ≤ Y2
Θ2

≤ 1, 0 ≤
ffiffiffiffiffiffiffiffi
ΨΘ2

q
≤ 1, 0 ≤ YΘ2

� �2 + ffiffiffiffiffiffiffiffi
ΨΘ2

q
≤ 1:

ð5Þ

Then, we have

Y2
Θ1

≥ Y2
Θ1
Y2
Θ2
, Y2

Θ2
≥ Y2

Θ1
Y2
Θ2
, 1 ≥ Y2

Θ1
Y2
Θ2

≥ 0,ffiffiffiffiffiffiffiffi
ΨΘ1

q
≥

ffiffiffiffiffiffiffiffi
ΨΘ1

q ffiffiffiffiffiffiffiffi
ΨΘ2

q
,
ffiffiffiffiffiffiffiffi
ΨΘ2

q
≥

ffiffiffiffiffiffiffiffi
ΨΘ1

q ffiffiffiffiffiffiffiffi
ΨΘ2

q
, 1 ≥

ffiffiffiffiffiffiffiffi
ΨΘ1

q ffiffiffiffiffiffiffiffi
ΨΘ2

q
≥ 0,

ð6Þ

which indicates that

Y2
Θ1

+ Y2
Θ2

− Y2
Θ1
Y2
Θ2

≥ 0,

whichmeans that
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2
Θ1

+ Y2
Θ2

− Y2
Θ1
Y2
Θ2

q
≥ 0,

ffiffiffiffiffiffiffiffi
ΨΘ1

q
+

ffiffiffiffiffiffiffiffi
ΨΘ2

q
−

ffiffiffiffiffiffiffiffi
ΨΘ1

q ffiffiffiffiffiffiffiffi
ΨΘ2

q
≥ 0,

whichmeans that
ffiffiffiffiffiffiffiffi
ΨΘ1

q
+

ffiffiffiffiffiffiffiffi
ΨΘ2

q
−

ffiffiffiffiffiffiffiffi
ΨΘ1

q ffiffiffiffiffiffiffiffi
ΨΘ2

q� �2
≥ 0:

ð7Þ

Since Y2
Θ2

≤ 1 and 0 ≤ 1 − Y2
Θ1
, then Y2

Θ2
ð1 − Y2

Θ1
Þ ≤

ð1 − Y2
Θ1
Þ, and we get Y2

Θ1
+ Y2

Θ2
− Y2

Θ1
Y2
Θ2

≤ 1, and

hence,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2
Θ1

+ Y2
Θ2

− Y2
Θ1
Y2
Θ2

q
≤ 1.

Similarly, we get

ffiffiffiffiffiffiffiffi
ΨΘ1

q
+

ffiffiffiffiffiffiffiffi
ΨΘ2

q
−

ffiffiffiffiffiffiffiffi
ΨΘ1

q ffiffiffiffiffiffiffiffi
ΨΘ2

q� �2
≤ 1: ð8Þ

It is obvious that

0 ≤
ffiffiffiffiffiffiffiffi
ΨΘ1

q
≤ 1 − Y2

Θ1
and 0 ≤

ffiffiffiffiffiffiffiffi
ΨΘ2

q
≤ 1 − Y2

Θ2
: ð9Þ

4 Journal of Function Spaces



Then we get

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2
Θ1

+ Y2
Θ2

− Y2
Θ1
Y2
Θ2

q� �2
+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΨΘ1

ΨΘ2

q
≤ Y2

Θ1

+ Y2
Θ2

− Y2
Θ1
Y2
Θ2

+ 1 − Y2
Θ1

� �
1 − Y2

Θ2

� �
= 1:

ð10Þ

Therefore

0 ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2
Θ1

+ Y2
Θ2

− Y2
Θ1
Y2
Θ2

q
≤ 1, 0 ≤ΨΘ1

ΨΘ2
≤ 1, ð11Þ

and

0 ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2
Θ1

+ Y2
Θ2

− Y2
Θ1
Y2
Θ2

q� �2
+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΨΘ1

ΨΘ2

q
≤ 1: ð12Þ

Similarly, we have

0 ≤ YΘ1
YΘ2

≤ 1, 0 ≤
ffiffiffiffiffiffiffiffi
ΨΘ1

q
+

ffiffiffiffiffiffiffiffi
ΨΘ2

q
−

ffiffiffiffiffiffiffiffi
ΨΘ1

q ffiffiffiffiffiffiffiffi
ΨΘ2

q� �2
≤ 1,

ð13Þ

and

0 ≤ YΘ1
YΘ2

� �2 +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ΨΘ1

q
+

ffiffiffiffiffiffiffiffi
ΨΘ2

q
−

ffiffiffiffiffiffiffiffi
ΨΘ1

q ffiffiffiffiffiffiffiffi
ΨΘ2

q� �2r
≤ 1:

ð14Þ

These indicate that both of Θ1 ⊕Θ2 and Θ1 ⊗Θ2 are
SR-FSs.

Theorem 12. Let Θ = ðYΘ,ΨΘÞ be an SR-FS and ρ be a pos-
itive real value. Then, ρΘ and Θρ are also SR-FSs.

Proof. Since 0 ≤ Y2
Θ ≤ 1, 0 ≤

ffiffiffiffiffiffiffi
ΨΘ

p
≤ 1, and 0 ≤ ðYΘÞ2 +ffiffiffiffiffiffiffi

ΨΘ

p
≤ 1, then

0 ≤
ffiffiffiffiffiffiffi
ΨΘ

p
≤ 1 − Y2

Θ ⇒ 0 ≤ 1 − Y2
Θ

� �ρ ⇒ 1 − 1 − Y2
Θ

� �ρ
≤ 1⇒ 0 ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1 − Y2

Θ

� �ρq
≤

ffiffiffi
1

p
= 1:

ð15Þ

It is obvious that 0 ≤Ψ
ρ
Θ ≤ 1; then we get

0 ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1 − Y2

Θ

� �ρq� �2
+

ffiffiffiffiffiffiffi
Ψ

ρ
Θ

q
≤ 1 − 1 − Y2

Θ

� �ρ
+ 1 − Y2

Θ

� �ρ = 1:
ð16Þ

Similarly, we also get

0 ≤ Yρ
Θ

� �2 +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1 −

ffiffiffiffiffiffiffi
ΨΘ

p� �ρ� �2r
≤ 1: ð17Þ

Therefore, ρΘ and Θρ are SR-FSs.

Theorem 13. Let Θ1 = ðYΘ1
,ΨΘ1

Þ and Θ2 = ðYΘ2
,ΨΘ2

Þ be
two SR-FSs. Then the following properties hold:

(1) Θ1 ⊕Θ2 =Θ2 ⊕Θ1

(2) Θ1 ⊗Θ2 =Θ2 ⊗Θ1

Proof. From Definition 10, we obtain the following:

(1) Θ1 ⊕Θ2 = ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2
Θ1

+ Y2
Θ2

− Y2
Θ1
Y2
Θ2

q
,ΨΘ1

ΨΘ2
Þðffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Y2
Θ2

+ Y2
Θ1

− Y2
Θ2
Y2
Θ1

q
,ΨΘ2

ΨΘ1
Þ =Θ2 ⊕Θ1

(2) Θ1 ⊗Θ2 = ðYΘ1
YΘ2

,
ð ffiffiffiffiffiffiffiffi

ΨΘ1

p + ffiffiffiffiffiffiffiffi
ΨΘ2

p
−

ffiffiffiffiffiffiffiffi
ΨΘ1

p ffiffiffiffiffiffiffiffi
ΨΘ2

p Þ2Þ = ðYΘ2
YΘ1

,
ð ffiffiffiffiffiffiffiffi

ΨΘ2

p + ffiffiffiffiffiffiffiffi
ΨΘ1

p
−

ffiffiffiffiffiffiffiffi
ΨΘ2

p ffiffiffiffiffiffiffiffi
ΨΘ1

p Þ2Þ =Θ2 ⊗Θ1

Theorem 14. Let Θ = ðYΘ,ΨΘÞ, Θ1 = ðYΘ1
,ΨΘ1

Þ and Θ2 =
ðYΘ2

,ΨΘ2
Þ be three SR-FSs. Then

(1) ρðΘ1 ⊕Θ2Þ = ρΘ1 ⊕ ρΘ2, for ρ > 0

(2) ðρ1 + ρ2ÞΘ = ρ1Θ ⊕ ρ2Θ, for ρ1, ρ2 > 0

(3) ðΘ1 ⊗Θ2Þρ =Θ
ρ
1 ⊗Θ

ρ
2 , for ρ > 0

(4) Θρ1 ⊗Θρ2 =Θðρ1+ρ2Þ, for ρ1, ρ2 > 0

Proof. For the three SR-FSs Θ,Θ1, and Θ2, and ρ, ρ1, ρ2 > 0,
according to Definition 10, we obtain the following:

(1) ρðΘ1 ⊕Θ2Þ = ρð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2
Θ1

+ Y2
Θ2

− Y2
Θ1
Y2
Θ2

q
,ΨΘ1

ΨΘ2
Þ

= ð ffiffiffiffiffiffiffiffi
1 −

p ð1 − Y2
Θ1

− Y2
Θ2

+ Y2
Θ1
Y2
Θ2
Þρ, ðΨΘ1

ΨΘ2
ÞρÞ

= ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð1 − Y2

Θ1
Þρð1 − Y2

Θ2
Þρ

q
,Ψρ

Θ1
Ψ

ρ
Θ2
Þ.

And ρΘ1 ⊕ ρΘ2 = ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð1 − Y2

Θ1
Þρ

q
,Ψρ

Θ1
Þ ⊕ ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − ð1 − Y2
Θ2
Þρ

q
,

Ψ
ρ
Θ2
Þ = ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − ð1 − Y2
Θ1
Þρ + 1 − ð1 − Y2

Θ2
Þρ − ð1 − ð1 − Y2

Θ1
ÞρÞð1 − ð1 − Y2

Θ2
ÞρÞ

q
,

Ψ
ρ
Θ1
Ψ

ρ
Θ2
Þ = ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − ð1 − Y2
Θ1
Þρð1 − Y2

Θ2
Þρ

q
,Ψρ

Θ1
Ψ

ρ
Θ2
Þ = ρðΘ1 ⊕Θ2Þ

(2) ðρ1 + ρ2ÞΘ = ðρ1 + ρ2ÞðYΘ,ΨΘÞ = ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð1 − Y2

ΘÞρ1+ρ2
q

,
Ψ

ρ1+ρ2
Θ Þ = ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − ð1 − Y2
ΘÞρ1ð1 − Y2

ΘÞρ2
p

,Ψρ1+ρ2
Θ Þ =

ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð1 − Y2

ΘÞρ1 + 1 − ð1 − Y2
ΘÞρ2 − ð1 − ð1 − Y2

ΘÞρ1Þð1 − ð1 − Y2
ΘÞρ2Þ

p ,
Ψ

ρ1
ΘΨ

ρ2
Θ Þ = ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − ð1 − Y2
ΘÞρ1

p ,Ψρ1
Θ Þ ⊕ ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − ð1 − Y2
ΘÞρ2

p
,

Ψ
ρ2
Θ Þ = ρ1Θ ⊕ ρ2Θ

(3) ðΘ1 ⊗Θ2Þρ = ðYΘ1
YΘ2

, ð ffiffiffiffiffiffiffiffi
ΨΘ1

p + ffiffiffiffiffiffiffiffi
ΨΘ2

p
−

ffiffiffiffiffiffiffiffi
ΨΘ1

pffiffiffiffiffiffiffiffi
ΨΘ2

p Þ2Þρ = ððYΘ1
YΘ2

Þρ, ð1 − ð1 − ffiffiffiffiffiffiffiffi
ΨΘ1

p
−

ffiffiffiffiffiffiffiffi
ΨΘ2

p
+ ffiffiffiffiffiffiffiffi

ΨΘ1

p ffiffiffiffiffiffiffiffi
ΨΘ2

p ÞρÞ2Þ = ðYρ
Θ1
Yρ
Θ2
, ð1 − ð1 − ffiffiffiffiffiffiffiffi

ΨΘ1

p Þρ
ð1 − ffiffiffiffiffiffiffiffi

ΨΘ2

p ÞρÞ2Þ = ðYρ
Θ1
, ð1 − ð1 − ffiffiffiffiffiffiffiffi

ΨΘ1

p ÞρÞ2Þ ⊗ ðYρ
Θ2

, ð1 − ð1 − ffiffiffiffiffiffiffiffi
ΨΘ2

p ÞρÞ2Þ =Θ
ρ
1 ⊗Θ

ρ
2
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(4) Θρ1 ⊗Θρ2 = ðYρ1
Θ , ð1 − ð1 − ffiffiffiffiffiffiffi

ΨΘ

p Þρ1Þ2Þ ⊗ ðYρ2
Θ ,

ð1 − ð1 − ffiffiffiffiffiffiffi
ΨΘ

p Þρ2Þ2Þ = ðYρ1+ρ2
Θ , 1 − ð1 − ffiffiffiffiffiffiffi

ΨΘ

p Þρ1 + 1
− ð1 − ffiffiffiffiffiffiffi

ΨΘ

p Þρ2 − ð1 − ð1 − ffiffiffiffiffiffiffi
ΨΘ

p Þρ1Þð1 − ð1 −ffiffiffiffiffiffiffi
ΨΘ

p Þρ2ÞÞ = ðYρ1+ρ2
Θ , ð1 − ð1 − ffiffiffiffiffiffiffi

ΨΘ

p Þρ1+ρ2Þ2Þ =
Θðρ1+ρ2Þ

Theorem 15. Let Θ1 = ðYΘ1
,ΨΘ1

Þ and Θ2 = ðYΘ2
,ΨΘ2

Þ be
two SR-FSs and ρ > 0. Then

(1) ρðΘ1 ∪Θ2Þ = ρΘ1 ∪ ρΘ2

(2) ðΘ1 ∪Θ2Þρ =Θ
ρ
1 ∪Θ

ρ
2

Proof. For the two SR-FSs Θ1 and Θ2, and ρ > 0, according
to Definitions 5 and 10, we obtain the following:

(1) ρðΘ1 ∪Θ2Þ = ρðmax fYΘ1
, YΘ2

g, min fΨΘ1
,ΨΘ2

gÞ
= ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð1 −max fY2

Θ1
, Y2

Θ2
gÞρ

q
, min fΨρ

Θ1
,Ψρ

Θ2
gÞ.

And ρΘ1 ∪ ρΘ2 = ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð1 − Y2

Θ1
Þρ

q
,Ψρ

Θ1
Þ ∪ ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − ð1 − Y2
Θ2
Þρ

q
,

Ψ
ρ
Θ2
Þ = ðmax f

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð1 − Y2

Θ1
Þρ

q
,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð1 − Y2

Θ2
Þρ

q
g, min fΨρ

Θ1
,

Ψ
ρ
Θ2
gÞ = ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð1 −max fY2

Θ1
, Y2

Θ2
gÞρ

q
, min fΨρ

Θ1
,Ψρ

Θ2
gÞ =

ρðΘ1 ∪Θ2Þ

(2) The proof is similar to (1)

Theorem 16. Let Θ = ðYΘ,ΨΘÞ, Θ1 = ðYΘ1
,ΨΘ1

Þ and Θ2 =
ðYΘ2

,ΨΘ2
Þ be three SR-FSs, and ρ > 0. Then

(1) ðΘ1 ⊕Θ2Þc =Θc
1 ⊗Θc

2

(2) ðΘ1 ⊗Θ2Þc =Θc
1 ⊕Θc

2

(3) ðΘcÞρ = ðρΘÞc

(4) ρðΘÞc = ðΘρÞc

Proof. For the three SR-FSs Θ,Θ1 and Θ2, and ρ > 0, accord-
ing to Definitions 5(3) and 10, we obtain the following:

(1) ðΘ1 ⊕Θ2Þc = ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2
Θ1

+ Y2
Θ2

− Y2
Θ1
Y2
Θ2

q
,ΨΘ1

ΨΘ2
Þ
c

= ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΨΘ1

ΨΘ2
4
p , ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2
Θ1

+ Y2
Θ2

− Y2
Θ1
Y2
Θ2

q
Þ
4
Þ = ð ffiffiffiffiffiffiffiffi

ΨΘ1
4
p

ffiffiffiffiffiffiffiffi
ΨΘ2

4
p , ðY2

Θ1
+ Y2

Θ2
− Y2

Θ1
Y2
Θ2
Þ2Þ = ð ffiffiffiffiffiffiffiffi

ΨΘ1
4
p , ðYΘ1

Þ4Þ
⊗ ð ffiffiffiffiffiffiffiffi

ΨΘ2
4
p , ðYΘ2

Þ4Þ =Θc
1 ⊗Θc

2

(2) ðΘ1 ⊗Θ2Þc = ðYΘ1
YΘ2

, ð ffiffiffiffiffiffiffiffi
ΨΘ1

p + ffiffiffiffiffiffiffiffi
ΨΘ2

p
−

ffiffiffiffiffiffiffiffi
ΨΘ1

p
ffiffiffiffiffiffiffiffi
ΨΘ2

p Þ2Þc = ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð ffiffiffiffiffiffiffiffi

ΨΘ1

p + ffiffiffiffiffiffiffiffi
ΨΘ2

p
−

ffiffiffiffiffiffiffiffi
ΨΘ1

p ffiffiffiffiffiffiffiffi
ΨΘ2

p Þ24
q

,

ðYΘ1
YΘ2

Þ4Þ = ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð ffiffiffiffiffiffiffiffi

ΨΘ1

p + ffiffiffiffiffiffiffiffi
ΨΘ2

p
−

ffiffiffiffiffiffiffiffi
ΨΘ1

p ffiffiffiffiffiffiffiffi
ΨΘ2

p Þ
q

,
ðYΘ1

Þ4ðYΘ2
Þ4Þ = ð ffiffiffiffiffiffiffiffi

ΨΘ1
4
p , ðYΘ1

Þ4Þ ⊕ ð ffiffiffiffiffiffiffiffi
ΨΘ2

4
p , ðYΘ2

Þ4Þ
=Θc

1 ⊕Θc
2

(3) ðΘcÞρ = ð ffiffiffiffiffiffiffi
ΨΘ

4
p

, ðYΘÞ4Þ
ρ = ðð ffiffiffiffiffiffiffi

ΨΘ
4
p Þρ,

ð1 − ð1 − Y2
ΘÞρÞ

2Þ = ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð1 − Y2

ΘÞρ
p

,Ψρ
ΘÞ

c = ðρΘÞc

(4) ρðΘÞc = ρð ffiffiffiffiffiffiffi
ΨΘ

4
p

, ðYΘÞ4Þ = ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð1 − ffiffiffiffiffiffiffi

ΨΘ

p Þρ
q

,
ððYΘÞ4Þ

ρÞ = ðYρ
Θ, ð1 − ð1 − ffiffiffiffiffiffiffi

ΨΘ

p ÞρÞ2Þc = ðΘρÞc

Theorem 17. Let Θ1 = ðYΘ1
,ΨΘ1

Þ, Θ2 = ðYΘ2
,ΨΘ2

Þ, and
Θ3 = ðYΘ3

,ΨΘ3
Þ be three SR-FSs. Then

(1) ðΘ1 ∩Θ2Þ ⊕Θ3 = ðΘ1 ⊕Θ3Þ ∩ ðΘ2 ⊕Θ3Þ
(2) ðΘ1 ∪Θ2Þ ⊕Θ3 = ðΘ1 ⊕Θ3Þ ∪ ðΘ2 ⊕Θ3Þ
(3) ðΘ1 ∩Θ2Þ ⊗Θ3 = ðΘ1 ⊗Θ3Þ ∩ ðΘ2 ⊗Θ3Þ
(4) ðΘ1 ∪Θ2Þ ⊗Θ3 = ðΘ1 ⊗Θ3Þ ∪ ðΘ2 ⊗Θ3Þ

Proof. By Definitions 5 and 10, we obtain the following:

(1) ðΘ1 ∩Θ2Þ ⊕Θ3 = ðmin fYΘ1
, YΘ2

g, max fΨΘ1
,ΨΘ2

g
Þ ⊕ ðYΘ3

,ΨΘ3
Þ = ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

min fY2
Θ1
, Y2

Θ2
g + Y2

Θ3
− Y2

Θ3
min fY2

Θ1
, Y2

Θ2
g

q
, max fΨΘ1

,ΨΘ2
gΨΘ3

Þ = ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − Y2

Θ3
Þ min fY2

Θ1
, Y2

Θ2
g + Y2

Θ3

q
,

max fΨΘ1
ΨΘ3

,ΨΘ2
ΨΘ3

gÞ.

And ðΘ1 ⊕Θ3Þ ∩ ðΘ2 ⊕Θ3Þ = ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2
Θ1

+ Y2
Θ3

− Y2
Θ1
Y2
Θ3

q
,

ΨΘ1
ΨΘ3

Þ ∩ ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2
Θ2

+ Y2
Θ3

− Y2
Θ2
Y2
Θ3

q
,ΨΘ2

ΨΘ3
Þ = ðmin fffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Y2
Θ1

+ Y2
Θ3

− Y2
Θ1
Y2
Θ3

q
,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2
Θ2

+ Y2
Θ3

− Y2
Θ2
Y2
Θ3

q
g, max fΨΘ1

ΨΘ3
,ΨΘ2

ΨΘ3
gÞ = ðmin f

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − Y2

Θ3
ÞY2

Θ1
+ Y2

Θ3

q
,ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1 − Y2
Θ3
ÞY2

Θ2
+ Y2

Θ3

q
g, max fΨΘ1

ΨΘ3
,ΨΘ2

ΨΘ3
gÞ = ðffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1 − Y2
Θ3
Þ min fY2

Θ1
, Y2

Θ2
g + Y2

Θ3

q
, max fΨΘ1

ΨΘ3
,ΨΘ2

ΨΘ3
gÞ.

Thus, ðΘ1 ∩Θ2Þ ⊕Θ3 = ðΘ1 ⊕Θ3Þ ∩ ðΘ2 ⊕Θ3Þ

(2) The proof is similar to (1)

(3) ðΘ1 ∩Θ2Þ ⊗Θ3 = ðmin fYΘ1
, YΘ2

g, max fΨΘ1
,ΨΘ2

g
Þ ⊗Θ3 = ðmin fYΘ1

, YΘ2
gYΘ 3, ð max f ffiffiffiffiffiffiffiffi

ΨΘ1

p ,ffiffiffiffiffiffiffiffi
ΨΘ2

p g + ffiffiffiffiffiffiffiffi
ΨΘ3

p
−

ffiffiffiffiffiffiffiffi
ΨΘ3

p max f ffiffiffiffiffiffiffiffi
ΨΘ1

p , ffiffiffiffiffiffiffiffi
ΨΘ2

p gÞ2Þ
= ðmin fYΘ1

YΘ3
, YΘ2

YΘ3
g, ðð1 − ffiffiffiffiffiffiffiffi

ΨΘ3

p Þ max
f ffiffiffiffiffiffiffiffi

ΨΘ1

p , ffiffiffiffiffiffiffiffi
ΨΘ2

p g + ffiffiffiffiffiffiffiffi
ΨΘ3

p Þ2Þ.

And ðΘ1 ⊗Θ3Þ ∩ ðΘ2 ⊗Θ3Þ = ðYΘ1
YΘ3

, ð ffiffiffiffiffiffiffiffi
ΨΘ1

p + ffiffiffiffiffiffiffiffi
ΨΘ3

p
−

ffiffiffiffiffiffiffiffi
ΨΘ1

p ffiffiffiffiffiffiffiffi
ΨΘ3

p Þ2Þ ∩ ðYΘ2
YΘ3

, ð ffiffiffiffiffiffiffiffi
ΨΘ2

p + ffiffiffiffiffiffiffiffi
ΨΘ3

p
−

ffiffiffiffiffiffiffiffi
ΨΘ2

p
ffiffiffiffiffiffiffiffi
ΨΘ3

p Þ2Þ = ðYΘ1
YΘ3

, ðð1 − ffiffiffiffiffiffiffiffi
ΨΘ3

p Þ ffiffiffiffiffiffiffiffi
ΨΘ1

p + ffiffiffiffiffiffiffiffi
ΨΘ3

p Þ2Þ ∩ ð
YΘ2

YΘ3
, ðð1 − ffiffiffiffiffiffiffiffi

ΨΘ3

p Þ ffiffiffiffiffiffiffiffi
ΨΘ2

p + ffiffiffiffiffiffiffiffi
ΨΘ3

p Þ2Þ = ðmin fYΘ1
YΘ3

,
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YΘ2
YΘ3

g, max fðð1 − ffiffiffiffiffiffiffiffi
ΨΘ3

p Þ ffiffiffiffiffiffiffiffi
ΨΘ1

p + ffiffiffiffiffiffiffiffi
ΨΘ3

p Þ2,
ðð1 − ffiffiffiffiffiffiffiffi

ΨΘ3

p Þ ffiffiffiffiffiffiffiffi
ΨΘ2

p + ffiffiffiffiffiffiffiffi
ΨΘ3

p Þ2gÞ = ðmin fYΘ1
YΘ3

, YΘ2
YΘ3

g
, ðð1 − ffiffiffiffiffiffiffiffi

ΨΘ3

p Þ max f ffiffiffiffiffiffiffiffi
ΨΘ1

p , ffiffiffiffiffiffiffiffi
ΨΘ2

p g + ffiffiffiffiffiffiffiffi
ΨΘ3

p Þ2Þ.
Thus, ðΘ1 ∩Θ2Þ ⊗Θ3 = ðΘ1 ⊗Θ3Þ ∩ ðΘ2 ⊗Θ3Þ

(4) The proof is similar to (3)

Theorem 18. Let Θ1 = ðYΘ1
,ΨΘ1

Þ, Θ2 = ðYΘ2
,ΨΘ2

Þ, and
Θ3 = ðYΘ3

,ΨΘ3
Þ be three SR-FSs. Then

(1) Θ1 ⊕Θ2 ⊕Θ3 =Θ1 ⊕Θ3 ⊕Θ2

(2) Θ1 ⊗Θ2 ⊗Θ3 =Θ1 ⊗Θ3 ⊗Θ2

Proof.

(1) Θ1 ⊕Θ2 ⊕Θ3 = ðYΘ1
,ΨΘ1

Þ ⊕ ðYΘ2
,ΨΘ2

Þ ⊕ ðYΘ3
,

ΨΘ3
Þ = ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2
Θ1

+ Y2
Θ2

− Y2
Θ1
Y2
Θ2

q
,ΨΘ1

ΨΘ2
Þ ⊕ ðYΘ3

,
ΨΘ3

Þ = ð ffiffiffiffi
Y

p 2
Θ1

+ Y2
Θ2

− Y2
Θ1
Y2
Θ2

+ Y2
Θ3

− Y2
Θ3
ðY2

Θ1
+

Y2
Θ2

− Y2
Θ1
Y2
Θ2
Þ,ΨΘ1

ΨΘ2
ΨΘ3

Þ = ð ffiffiffiffi
Y

p 2
Θ1

+ Y2
Θ2

+ Y2
Θ3

− Y2
Θ1
Y2
Θ2

− Y2
Θ1
Y2
Θ3

− Y2
Θ2
Y2
Θ3

+ Y2
Θ1
Y2
Θ2
Y2
Θ3
,ΨΘ1

ΨΘ2
ΨΘ3

Þ = ð ffiffiffiffiffiffiffiffi
YΘ1

p 2 + Y2
Θ3

− Y2
Θ1
Y2
Θ3

+ Y2
Θ2

− Y2
Θ2
ð

Y2
Θ1

+ Y2
Θ3

− Y2
Θ1
Y2
Θ3
Þ,ΨΘ1

ΨΘ2
ΨΘ3

Þ = ðffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2
Θ1

+ Y2
Θ3

− Y2
Θ1
Y2
Θ3

q
,ΨΘ1

ΨΘ3
Þ ⊕ ðYΘ2

,ΨΘ2
Þ =Θ1

⊕Θ3 ⊕Θ2

(2) The proof is similar to (1)

In order to rank SR-FSs, we define the score function and
accuracy function of the SR-FS:

Definition 19.

(1) The score function of an SR-FS Θ = ðYΘ,ΨΘÞ can be
represented as scoreðΘÞ = Y2

Θ −
ffiffiffiffiffiffiffi
ΨΘ

p
(2) The accuracy function of an SR-FS Θ = ðYΘ,ΨΘÞ

can be represented as accuracyðΘÞ = Y2
Θ +

ffiffiffiffiffiffiffi
ΨΘ

p

Example 5. For an SR-FS Θ = ð0:3,0:8Þ, we find that score
ðΘÞ ≈ −0:804427 and accuracyðΘÞ ≈ 0:984427. In particu-
lar, if Θ = ð0, 1Þ, then scoreðΘÞ = −1, and if Θ = ð1, 0Þ,
then scoreðΘÞ = 1.

Theorem 20. The suggested score function of any SR-FS Θ
= ðYΘ,ΨΘÞ, denoted by scoreðΘÞ lies in ½−1, 1�.

Proof. Since for any SR-FS Θ, we have Y2
Θ +

ffiffiffiffiffiffiffi
ΨΘ

p
≤ 1, hence

Y2
Θ −

ffiffiffiffiffiffiffi
ΨΘ

p
≤ Y2

Θ ≤ 1 and Y2
Θ −

ffiffiffiffiffiffiffi
ΨΘ

p
≥ −

ffiffiffiffiffiffiffi
ΨΘ

p
≥ −1. There-

fore, −1 ≤ Y2
Θ −

ffiffiffiffiffiffiffi
ΨΘ

p
≤ 1. Hence, scoreðΘÞ ∈ ½−1, 1�.

Remark 21. The suggested accuracy function of any SR-FS
Θ = ðYΘ,ΨΘÞ, denoted by accuracyðΘÞ, lies in ½0, 1�.
3.2. Aggregation of SR-Fuzzy Sets

Definition 22. Let Θi = ðYΘi
,ΨΘi

Þði = 1, 2,⋯,mÞ be a value

of SR-FSs and w = ðw1,w2,⋯,wmÞT be the weight vector
of Θi with wi > 0 and ∑m

i=1wi = 1. Then an SR-Fuzzy

(1) Weighted average (SR-FWA) operator is a function
SR-FWA : Θm ⟶Θ, where

SR − FWA Θ1,Θ2,⋯,Θmð Þ = 〠
m

i=1
wiYΘi

, 〠
m

i=1
wiΨΘi

 !
ð18Þ

(2) Weighted geometric (SR-FWG) operator is a func-
tion SR-FWG : Θm ⟶Θ, where

SR − FWG Θ1,Θ2,⋯,Θmð Þ =
Ym
i=1

Ywi
Θi
,
Ym
i=1

Ψ
wi
Θi

 !
ð19Þ

(3) Weighted power average (SR-FWPA) operator is a
function SR-FWPA : Θm ⟶Θ, where

SR − FWPA Θ1,Θ2,⋯,Θmð Þ = 〠
m

i=1
wiY

2
Θi

 !1/2

, 〠
m

i=1
wi

ffiffiffiffiffiffiffiffi
ΨΘi

q !2 !

ð20Þ

(4) Weighted power geometric (SR-FWPG) operator is a
function SR-FWPG : Θm ⟶Θ, where

SR − FWPG Θ1,Θ2,⋯,Θmð Þ

= 1 −
Ym
i=1

1 − Y2
Θi

� �wi

 !1
2

, 1 −
Ym
i=1

1 −
ffiffiffiffiffiffiffiffi
ΨΘi

q� �wi

 !20
@

1
A

ð21Þ

Example 6. Suppose that Θ1 = ð0:53,0:49Þ,Θ2 = ð0:52,0:51Þ
,Θ3 = ð0:26,0:76Þ,Θ4 = ð0:51,0:53Þ,Θ5 = ð0:50,0:54Þ, and
Θ6 = ð0:22,0:86Þ are six SR-Fuzzy sets, and let w =
ð0:12,0:32,0:22,0:13,0:10,0:11ÞT be a weight vector of Θi
(i = 1, 2,⋯, 6). Then
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(1) SR − FWAðΘ1,Θ2,⋯,Θ6Þ = ð0:53 × 0:12 + 0:52 ×
0:32 + 0:26 × 0:22 + 0:51 × 0:13 + 0:50 × 0:10 + 0:22
× 0:11,0:49 × 0:12 + 0:51 × 0:32 + 0:76 × 0:22 + 0:53
× 0:13 + 0:54 × 0:10 + 0:86 × 0:11Þ = ð0:4277,0:6067Þ

(2) SR − FWGðΘ1,Θ2,⋯,Θ6Þ = ð0:530:12 × 0:520:32 ×
0:260:22 × 0:510:13 × 0:500:10 × 0:220:11, 0:490:12 ×
0:510:32 × 0:760:22 × 0:530:13 × 0:540:10 × 0:860:11Þ
≈ ð0:404460,0:593219Þ

(3) SR − FWPAðΘ1,Θ2,⋯,Θ6Þ = ðð0:53 2 × 0:12 + 0:5
22 × 0:32 + 0:262 × 0:22 + 0:512 × 0:13 + 0:502 × 0:10
+ 0:222 × 0:11Þ1/2, ð0:12 × ffiffiffiffiffiffiffiffiffi

0:49
p

+ 0:32 ×
ffiffiffiffiffiffiffiffiffi
0:51

p
+

0:22 ×
ffiffiffiffiffiffiffiffiffi
0:76

p
+ 0:13 ×

ffiffiffiffiffiffiffiffiffi
0:53

p
+ 0:10 ×

ffiffiffiffiffiffiffiffiffi
0:54

p
+ 0:11

×
ffiffiffiffiffiffiffiffiffi
0:86

p Þ2Þ ≈ ð0:446369,0:599778Þ
(4) SR − FWPGðΘ1,Θ2,⋯,Θ6Þ = ðð1 − ð1 − 0:532Þ 0:12

× ð1 − 0:522Þ0:32 × ð1 − 0:262Þ0:22 × ð1 − 0:512Þ0:13
× ð1 − 0:502Þ0:10 × ð1 − 0:222Þ0:11Þ1/2,
ð1 − ð1 − ffiffiffiffiffiffiffiffiffi

0:49
p Þ0:12 × ð1 − ffiffiffiffiffiffiffiffiffi

0:51
p Þ0:32 ×

ð1 − ffiffiffiffiffiffiffiffiffi
0:76

p Þ0:22 × ð1 − ffiffiffiffiffiffiffiffiffi
0:53

p Þ0:13 × ð1 − ffiffiffiffiffiffiffiffiffi
0:54

p Þ0:10 ×
ð1 − ffiffiffiffiffiffiffiffiffi

0:86
p Þ0:11Þ2Þ ≈ ð0:452616,0:632933Þ

Remark 23. Note that the ordered values induced from the
different operators introduced in Definition 22 need not
be an SR-FS. To validate this matter, take the ordered
values ð0:452616,0:632933Þ which are given in (4) of the
above example. By calculating, we find that ð0:452616Þ2
+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:632933

p
= 1:0004 > 1 which means that SR

-FWPGðΘ1,Θ2,⋯,Θ6Þ is not an SR-FS.

Theorem 24. Let Θi = ðYΘi
,ΨΘi

Þði = 1, 2,⋯,mÞ be a value

of SR-FSs, Θ = ðYΘ,ΨΘÞ be SR-FS, and w =
ðw1,w2,⋯,wmÞT be a weight vector of Θi with ∑m

i=1wi = 1.
Then

(1) SR − FWAðΘ1 ⊕Θ,Θ2 ⊕Θ,⋯,Θm ⊕ΘÞ ≥ SR − FW
AðΘ1 ⊗Θ,Θ2 ⊗Θ,⋯,Θm ⊗ΘÞ

(2) SR − FWGðΘ1 ⊕Θ,Θ2 ⊕Θ,⋯,Θm ⊕ΘÞ ≥ SR − FW
GðΘ1 ⊗Θ,Θ2 ⊗Θ,⋯,Θm ⊗ΘÞ

(3) SR − FWPAðΘ1 ⊕Θ,Θ2 ⊕Θ,⋯,Θm ⊕ΘÞ ≥ SR − F
WPAðΘ1 ⊗Θ,Θ2 ⊗Θ,⋯,Θm ⊗ΘÞ

(4) SR − FWPGðΘ1 ⊕Θ,Θ2 ⊕Θ,⋯,Θm ⊕ΘÞ ≥ SR − F
WPGðΘ1 ⊗Θ,Θ2 ⊗Θ,⋯,Θm ⊗ΘÞ

Proof. We will display the proof of (1) and (4). The other
affirmations are proved in a similar fashion.

(1) For any Θi = ðYΘi
,ΨΘi

Þði = 1, 2,⋯,mÞ and Θ =
ðYΘ,ΨΘÞ, we get

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2
Θi
+ Y2

Θ − Y2
Θi
Y2
Θ

q
≥

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Y2

Θi
Y2
Θ − Y2

Θi
Y2
Θ

q
= YΘi

YΘ,

ffiffiffiffiffiffiffiffi
ΨΘi

q
+

ffiffiffiffiffiffiffi
ΨΘ

p
−

ffiffiffiffiffiffiffiffi
ΨΘi

q ffiffiffiffiffiffiffi
ΨΘ

p� �2
≥ 2

ffiffiffiffiffiffiffiffi
ΨΘi

q ffiffiffiffiffiffiffi
ΨΘ

p
−

ffiffiffiffiffiffiffiffi
ΨΘi

q ffiffiffiffiffiffiffi
ΨΘ

p� �2
=ΨΘi

ΨΘ,
ð22Þ

that is

〠
m

i=1
wi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2
Θi
+ Y2

Θ − Y2
Θi
Y2
Θ

q
≥ 〠

m

i=1
wiYΘi

YΘ, ð23Þ

and

〠
m

i=1
wi

ffiffiffiffiffiffiffiffi
ΨΘi

q
+

ffiffiffiffiffiffiffi
ΨΘ

p
−

ffiffiffiffiffiffiffiffi
ΨΘi

q ffiffiffiffiffiffiffi
ΨΘ

p� �2
≥ 〠

m

i=1
wiΨΘi

ΨΘ:

ð24Þ

By Definition 10 (1) and (2), we have

SR − FWA Θ1 ⊕Θ,Θ2 ⊕Θ,⋯,Θm ⊕Θð Þ

= 〠
m

i=1
wi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2
Θi
+ Y2

Θ − Y2
Θi
Y2
Θ

q
, 〠

m

i=1
wiΨΘi

ΨΘ

 !
,

SR − FWA Θ1 ⊗Θ,Θ2 ⊗Θ,⋯,Θm ⊗Θð Þ

= 〠
m

i=1
wiYΘi

YΘ, 〠
m

i=1
wi

ffiffiffiffiffiffiffiffi
ΨΘi

q
+

ffiffiffiffiffiffiffi
ΨΘ

p
−

ffiffiffiffiffiffiffiffi
ΨΘi

q ffiffiffiffiffiffiffi
ΨΘ

p� �2 !
:

ð25Þ

Therefore, from (25), the proof is proved

(4) For any Θi = ðYΘi
,ΨΘi

Þði = 1, 2,⋯,mÞ and Θ = ð
YΘ,ΨΘÞ, we get

Y2
Θi
+ Y2

Θ − Y2
Θi
Y2
Θ ≥ 2Y2

Θi
Y2
Θ − Y2

Θi
Y2
Θ

= Y2
Θi
Y2
Θ ⇒ 1 − Y2

Θi
+ Y2

Θ − Y2
Θi
Y2
Θ

� �
≤ 1 − Y2

Θi
Y2
Θ ⇒ 1 − Y2

Θi
+ Y2

Θ − Y2
Θi
Y2
Θ

� �� �wi

≤ 1 − Y2
Θi
Y2
Θ

� �wi ⇒
Ym
i=1

1 − Y2
Θi
+ Y2

Θ − Y2
Θi
Y2
Θ

� �� �wi

≤
Ym
i=1

1 − Y2
Θi
Y2
Θ

� �wi ⇒ 1

−
Ym
i=1

1 − Y2
Θi
+ Y2

Θ − Y2
Θi
Y2
Θ

� �� �wi

≥ 1 −
Ym
i=1

1 − Y2
Θi
Y2
Θ

� �wi
:

ð26Þ
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Similarly

⇒1 −
Ym
i=1

1 −
ffiffiffiffiffiffiffiffi
ΨΘi

q
+

ffiffiffiffiffiffiffi
ΨΘ

p
−

ffiffiffiffiffiffiffiffi
ΨΘi

q ffiffiffiffiffiffiffi
ΨΘ

p� �� �wi

≥ 1 −
Ym
i=1

1 −
ffiffiffiffiffiffiffiffi
ΨΘi

q ffiffiffiffiffiffiffi
ΨΘ

p� �wi
:

ð27Þ

Now, by (1) and (2) of Definition 10, we have

SR − FWPG Θ1 ⊕Θ,Θ2 ⊕Θ,⋯,Θm ⊕Θð Þ

= 1 −
Ym
i=1

1 − Y2
Θi
+ Y2

Θ − Y2
Θi
Y2
Θ

� �� �wi

 !1/2

,
 

1 −
Ym
i=1

1 −
ffiffiffiffiffiffiffiffi
ΨΘi

q ffiffiffiffiffiffiffi
ΨΘ

p� �wi

 !2!
,

SR − FWPG Θ1 ⊗Θ,Θ2 ⊗Θ,⋯,Θm ⊗Θð Þ

= 1 −
Ym
i=1

1 − Y2
Θi
Y2
Θ

� �wi

 !1
2

,

0
@

1 −
Ym
i=1

1 −
ffiffiffiffiffiffiffiffi
ΨΘi

q
+

ffiffiffiffiffiffiffi
ΨΘ

p
−

ffiffiffiffiffiffiffiffi
ΨΘi

q ffiffiffiffiffiffiffi
ΨΘ

p� �� �wi

 !2!
:

ð28Þ

Hence, SR-FWPGðΘ1 ⊕Θ,Θ2 ⊕Θ,⋯,Θm ⊕ΘÞ ≥ SR
-FWPGðΘ1 ⊗Θ,Θ2 ⊗Θ,⋯,Θm ⊗ΘÞ.

Theorem 25. Let Θi = ðYΘi
,ΨΘi

Þði = 1, 2,⋯,mÞ be a value

of SR-FSs, Θ = ðYΘ,ΨΘÞ be SR-FS, and w =
ðw1,w2,⋯,wmÞT be the weight vector of Θi with ∑m

i=1wi = 1;
then

(1) SR-FWAðΘ1 ⊕Θ,Θ2 ⊕Θ,⋯,Θm ⊕ΘÞ ≥ SR
-FWAðΘ1,Θ2,⋯,ΘmÞ ⊗Θ

(2) SR-FWGðΘ1 ⊕Θ,Θ2 ⊕Θ,⋯,Θm ⊕ΘÞ ≥ SR
-FWGðΘ1,Θ2,⋯,ΘmÞ ⊗Θ

(3) SR-FWPAðΘ1 ⊕Θ,Θ2 ⊕Θ,⋯,Θm ⊕ΘÞ ≥ SR
-FWPAðΘ1,Θ2,⋯,ΘmÞ ⊗Θ

(4) SR-FWPGðΘ1 ⊕Θ,Θ2 ⊕Θ,⋯,Θm ⊕ΘÞ ≥ SR
-FWPGðΘ1,Θ2,⋯,ΘmÞ ⊗Θ

Proof. We will display the proof of (1). The other affirma-
tions are proved in a similar fashion.

(1) For any Θi = ðYΘi
,ΨΘi

Þði = 1, 2,⋯,mÞ and Θ = ð
YΘ,ΨΘÞ, we get

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2
Θi
+ Y2

Θ − Y2
Θi
Y2
Θ

q
≥

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Y2

Θi
Y2
Θ − Y2

Θi
Y2
Θ

q
= YΘi

YΘ, ð29Þ

that is

〠
m

i=1
wi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2
Θi
+ Y2

Θ − Y2
Θi
Y2
Θ

q
≥ 〠

m

i=1
wiYΘi

YΘ: ð30Þ

Similarly,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
〠
m

i=1
wiΨΘi

s
+

ffiffiffiffiffiffiffi
ΨΘ

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
〠
m

i=1
wiΨΘi

s ffiffiffiffiffiffiffi
ΨΘ

p !2

≥ 〠
m

i=1
wiΨΘi

ΨΘ:

ð31Þ

By (1) and (2) of Definition 10, we have

SR − FWA Θ1 ⊕Θ,Θ2 ⊕Θ,⋯,Θm ⊕Θð Þ

= 〠
m

i=1
wi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2
Θi
+ Y2

Θ − Y2
Θi
Y2
Θ

q
, 〠

m

i=1
wiΨΘi

ΨΘ

 !
,

SR − FWA Θ1,Θ2,⋯,Θmð Þ ⊗Θ

= 〠
m

i=1
wiYΘi

YΘ,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
〠
m

i=1
wiΨΘi

s
+

ffiffiffiffiffiffiffi
ΨΘ

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
〠
m

i=1
wiΨΘi

s ffiffiffiffiffiffiffi
ΨΘ

p !20
@

1
A:

ð32Þ

Hence, the desired result is proved.

Theorem 26. Let Θi = ðYΘi
,ΨΘi

Þ and Ki = ðYKi
,ΨKi

Þ
ði = 1, 2,⋯,mÞ be two values of SR-FSs, and w =
ðw1,w2,⋯,wmÞT be a weight vector of them with ∑m

i=1wi =
1. Then

(1) SR − FWAðΘ1 ⊕ K1,Θ2 ⊕ K2,⋯,Θm ⊕ KmÞ ≥ SR − F
WAðΘ1 ⊗ K1,Θ2 ⊗ K2,⋯,Θm ⊗ KmÞ

(2) SR − FWGðΘ1 ⊕ K1,Θ2 ⊕ K2,⋯,Θm ⊕ KmÞ ≥ SR −
FWGðΘ1 ⊗ K1,Θ2 ⊗ K2,⋯,Θm ⊗ KmÞ

(3) SR − FWPAðΘ1 ⊕ K1,Θ2 ⊕ K2,⋯,Θm ⊕ KmÞ ≥ SR −
FWPAðΘ1 ⊗ K1,Θ2 ⊗ K2,⋯,Θm ⊗ KmÞ

(4) SR − FWPGðΘ1 ⊕ K1,Θ2 ⊕ K2,⋯,Θm ⊕ KmÞ ≥ SR −
FWPGðΘ1 ⊗ K1,Θ2 ⊗ K2,⋯,Θm ⊗ KmÞ

Proof. We will display the proof of (1). The other affirma-
tions are proved in a similar fashion.

(1) For any Θi = ðYΘi
,ΨΘi

Þ and Ki = ðYKi
,ΨKi

Þ
ði = 1, 2,⋯,mÞ, we get

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2
Θi
+ Y2

Ki
− Y2

Θi
Y2
Ki

q
≥

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Y2

Θi
Y2
Ki
− Y2

Θi
Y2
Ki

q
= YΘi

YKi
,

ð33Þ
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that is

〠
m

i=1
wi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2
Θi
+ Y2

Ki
− Y2

Θi
Y2
Ki

q
≥ 〠

m

i=1
wiYΘi

YKi
: ð34Þ

Similarly

〠
m

i=1
wi

ffiffiffiffiffiffiffiffi
ΨΘi

q
+

ffiffiffiffiffiffiffiffi
ΨKi

q
−

ffiffiffiffiffiffiffiffi
ΨΘi

q ffiffiffiffiffiffiffiffi
ΨKi

q� �2
≥ 〠

m

i=1
wiΨΘi

ΨKi
:

ð35Þ

By (1) and (2) of Definition 10, we have

SR − FWA Θ1 ⊕ K1,Θ2 ⊕ K2,⋯,Θm ⊕ Kmð Þ

= 〠
m

i=1
wi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2
Θi
+ Y2

Ki
− Y2

Θi
Y2
Ki

q
, 〠

m

i=1
wiΨΘi

ΨKi

 !
,

SR − FWA Θ1 ⊗ K1,Θ2 ⊗ K2,⋯,Θm ⊗ Kmð Þ

= 〠
m

i=1
wiYΘi

YKi
, 〠

m

i=1
wi

ffiffiffiffiffiffiffiffi
ΨΘi

q
+

ffiffiffiffiffiffiffiffi
ΨKi

q
−

ffiffiffiffiffiffiffiffi
ΨΘi

q ffiffiffiffiffiffiffiffi
ΨKi

q� �2 !
:

ð36Þ

Thus, SR-FWAðΘ1 ⊕ K1,Θ2 ⊕ K2,⋯,Θm ⊕ KmÞ ≥ SR
-FWAðΘ1 ⊗ K1,Θ2 ⊗ K2,⋯,Θm ⊗ KmÞ.

Theorem 27. Let Θi = ðYΘi
,ΨΘi

Þði = 1, 2,⋯,mÞ be a value

of SR-FSs, and w = ðw1,w2,⋯,wmÞT be the weight vector of
Θi with ∑m

i=1wi = 1 and ρ ≥ 1; then

(1) SR − FWAðρΘ1, ρΘ2,⋯, ρΘmÞ ≥ SR − FWAðΘρ
1 ,Θ

ρ
2

,⋯,Θρ
mÞ

(2) SR − FWGðρΘ1, ρΘ2,⋯, ρΘmÞ ≥ SR − FWGðΘρ
1 ,

Θ
ρ
2 ,⋯,Θρ

mÞ
(3) SR − FWPAðρΘ1, ρΘ2,⋯, ρΘmÞ ≥ SR − FWPAðΘρ

1 ,
Θ

ρ
2 ,⋯,Θρ

mÞ
(4) SR − FWPGðρΘ1, ρΘ2,⋯, ρΘmÞ ≥ SR − FWPGðΘρ

1 ,
Θ

ρ
2 ,⋯,Θρ

mÞ

Proof. We will display the proof of (1). The other affirma-
tions are proved in a similar fashion.

(1) For any Θi = ðYΘi
,ΨΘi

Þði = 1, 2,⋯,mÞ, we have

SR − FWA ρΘ1, ρΘ2,⋯, ρΘmð Þ

= 〠
m

i=1
wi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1 − Y2

Θi

� �ρr
, 〠

m

i=1
wiΨ

ρ
Θi

 !
,

SR − FWA Θ
ρ
1 ,Θ

ρ
2 ,⋯,Θρ

m

� �
= 〠

m

i=1
wiY

ρ
Θi
, 〠

m

i=1
wi 1 − 1 −

ffiffiffiffiffiffiffiffi
ΨΘi

q� �ρ� �2 !
:

ð37Þ

Let f ðYΘi
Þ = 1 − ð1 − Y2

Θi
Þρ − ðY2

Θi
Þρ, and we have to

show f ðYΘi
Þ ≥ 0. Using the Newton generalized binomial

theorem, we are able to get

1 − Y2
Θi

� �ρ
+ Y2

Θi

� �ρ
≤ 1 − Y2

Θi
+ Y2

Θi

� �ρ
= 1: ð38Þ

Thus, f ðYΘi
Þ ≥ 0, that is

1 − 1 − Y2
Θi

� �ρ
− Y2

Θi

� �ρ
≥ 0⇒ 1 − 1 − Y2

Θi

� �ρ
≥ Y2

Θi

� �ρ
⇒

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1 − Y2

Θi

� �ρr
≥ Yρ

Θi
⇒ 〠

m

i=1
wi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1 − Y2

Θi

� �ρr

≥ 〠
m

i=1
wiY

ρ
Θi
:

ð39Þ

Similarly,

〠
m

i=1
wi 1 − 1 −

ffiffiffiffiffiffiffiffi
ΨΘi

q� �ρ� �2
≥ 〠

m

i=1
wiΨ

ρ
Θi
: ð40Þ

Therefore SR − FWAðρΘ1, ρΘ2,⋯, ρΘmÞ ≥ SR − FWAð
Θ

ρ
1 ,Θ

ρ
2 ,⋯,Θρ

mÞ.

Theorem 28. Let Θi = ðYΘi
,ΨΘi

Þði = 1, 2,⋯,mÞ be a value

of SR-FSs, Θ = ðYΘ,ΨΘÞ be SR-FS, and w =
ðw1,w2,⋯,wmÞT be a weight vector of Θi with ∑m

i=1wi = 1
and ρ ≥ 1. Then

(1) SR − FWAðρΘ1 ⊕Θ, ρΘ2 ⊕Θ,⋯, ρΘm ⊕ΘÞ ≥ SR −
FWAðΘρ

1 ⊗Θ,Θρ
2 ⊗Θ,⋯,Θρ

m ⊗ΘÞ
(2) SR − FWGðρΘ1 ⊕Θ, ρΘ2 ⊕Θ,⋯, ρΘm ⊕ΘÞ ≥ SR −

FWGðΘρ
1 ⊗Θ,Θρ

2 ⊗Θ,⋯,Θρ
m ⊗ΘÞ

(3) SR − FWPAðρΘ1 ⊕Θ, ρΘ2 ⊕Θ,⋯, ρΘm ⊕ΘÞ ≥ SR
− FWPAðΘρ

1 ⊗Θ,Θρ
2 ⊗Θ,⋯,Θρ

m ⊗ΘÞ
(4) SR − FWPGðρΘ1 ⊕Θ, ρΘ2 ⊕Θ,⋯, ρΘm ⊕ΘÞ ≥ SR

− FWPGðΘρ
1 ⊗Θ,Θρ

2 ⊗Θ,⋯,Θρ
m ⊗ΘÞ

Proof. We will display the proof of (1). The other affirma-
tions are proved in a similar fashion.

(1) For any Θi = ðYΘi
,ΨΘi

Þði = 1, 2,⋯,mÞ and Θ = ð
YΘ,ΨΘÞ, we have
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SR − FWA ρΘ1 ⊕Θ, ρΘ2 ⊕Θ,⋯, ρΘm ⊕Θð Þ

= 〠
m

i=1
wi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1 − Y2

Θi

� �ρ
1 − Y2

Θ

� �r
, 〠

m

i=1
wiΨ

ρ
Θi
ΨΘ

 !
,

SR − FWA Θ
ρ
1 ⊗Θ,Θρ

2 ⊗Θ,⋯,Θρ
m ⊗Θ

� �
= 〠

m

i=1
wiY

ρ
Θi
YΘ, 〠

m

i=1
wi 1 − 1 −

ffiffiffiffiffiffiffiffi
ΨΘi

q� �ρ
1 −

ffiffiffiffiffiffiffi
ΨΘ

p� �� �2 !
:

ð41Þ

Let f ðYΘi
Þ = 1 − ð1 − Y2

Θi
Þρð1 − Y2

ΘÞ − ðY2
Θi
ÞρY2

Θ, and we

have to show that f ðYΘi
Þ ≥ 0. At first we indicate gðYΘi

Þ =
ð1 − Y2

Θi
Þρ + ðY2

Θi
Þρ and take the derivative of gðYΘi

Þ; then

g′ YΘi

� �
= −2ρYΘi

1 − Y2
Θi

� �ρ−1
+ 2ρYΘi

Y2
Θi

� �ρ−1
= 2ρYΘi

Y2
Θi

� �ρ−1
− 1 − Y2

Θi

� �ρ−1� �
:

ð42Þ

Therefore, if YΘi
> 1/

ffiffiffi
2

p
, then gðYΘi

Þ is monotonic

increasing, and if YΘi
< 1/

ffiffiffi
2

p
, then gðYΘi

Þ is monotonic
decreasing, so gðYΘi

Þ ≤ gðYΘi
Þmax = max fgð0Þ, gð1Þg = 1.

Since ð1 − Y2
Θi
Þρð1 − Y2

ΘÞ + ðY2
Θi
ÞρY2

Θ ≤ 1, hence

f YΘi

� �
= 1 − 1 − Y2

Θi

� �ρ
1 − Y2

Θ

� �
− Y2

Θi

� �ρ
Y2
Θ ≥ 0

⇒ 〠
m

i=1
wi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1 − Y2

Θi

� �ρ
1 − Y2

Θ

� �r
≥ 〠

m

i=1
wiY

ρ
Θi
YΘ:

ð43Þ

Similarly

〠
m

i=1
wi 1 − 1 −

ffiffiffiffiffiffiffiffi
ΨΘi

q� �ρ
1 −

ffiffiffiffiffiffiffi
ΨΘ

p� �� �2
≥ 〠

m

i=1
wiΨ

ρ
Θi
ΨΘ:

ð44Þ

Hence, SR − FWAðρΘ1 ⊕Θ, ρΘ2 ⊕Θ,⋯, ρΘm ⊕ΘÞ ≥ S
R − FWAðΘρ

1 ⊗Θ,Θρ
2 ⊗Θ,⋯,Θρ

m ⊗ΘÞ.
To prove the following three results, we suppose that the

values obtained from the introduced operators are an SR-FS
(see Remark 23).

Theorem 29. Let Θi = ðYΘi
,ΨΘi

Þði = 1, 2,⋯,mÞ be a value

of SR-FSs, Θ = ðYΘ,ΨΘÞ be SR-FS, and w =
ðw1,w2,⋯,wmÞT be the weight vector of Θi with ∑m

i=1wi = 1
; then

(1) SR-FWAðΘ1,Θ2,⋯,ΘmÞ ⊕Θ ≥ SR
-FWAðΘ1,Θ2,⋯,ΘmÞ ⊗Θ

(2) SR-FWGðΘ1,Θ2,⋯,ΘmÞ ⊕Θ ≥ SR
-FWGðΘ1,Θ2,⋯,ΘmÞ ⊗Θ

(3) SR-FWPAðΘ1,Θ2,⋯,ΘmÞ ⊕Θ ≥ SR
-FWPAðΘ1,Θ2,⋯,ΘmÞ ⊗Θ

(4) SR-FWPGðΘ1,Θ2,⋯,ΘmÞ ⊕Θ ≥ SR
-FWPGðΘ1,Θ2,⋯,ΘmÞ ⊗Θ

Proof. We will display the proof of (1). The other affirma-
tions are proved in a similar fashion.

(1) For any Θi = ðYΘi
,ΨΘi

Þði = 1, 2,⋯,mÞ and Θ = ð
YΘ,ΨΘÞ, we get

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
〠
m

i=1
wiYΘi

 !2

+ Y2
Θ − 〠

m

i=1
wiYΘi

 !2

Y2
Θ

vuut

≥

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 〠

m

i=1
wiYΘi

 !2

Y2
Θ − 〠

m

i=1
wiYΘi

 !2

Y2
Θ

vuut = 〠
m

i=1
wiYΘi

YΘ:

ð45Þ

Similarly

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
〠
m

i=1
wiΨΘi

s
+

ffiffiffiffiffiffiffi
ΨΘ

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
〠
m

i=1
wiΨΘi

s ffiffiffiffiffiffiffi
ΨΘ

p !2

≥ 〠
m

i=1
wiΨΘi

ΨΘ:

ð46Þ

By (1) and (2) of Definition 10, we obtain

SR − FWA Θ1,Θ2,⋯,Θmð Þ ⊕Θ

=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
〠
m

i=1
wiYΘi

 !2

+ Y2
Θ − 〠

m

i=1
wiYΘi

 !2

Y2
Θ

vuut , 〠
m

i=1
wiΨΘi

ΨΘ

0
@

1
A,

SR − FWA Θ1,Θ2,⋯,Θmð Þ ⊗Θ

= 〠
m

i=1
wiYΘi

YΘ,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
〠
m

i=1
wiΨΘi

s
+

ffiffiffiffiffiffiffi
ΨΘ

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
〠
m

i=1
wiΨΘi

s ffiffiffiffiffiffiffi
ΨΘ

p !20
@

1
A:

ð47Þ

Hence, the desired result is proved.

Theorem 30. Let Θi = ðYΘi
,ΨΘi

Þ and Ki = ðYKi
,ΨKi

Þ
ði = 1, 2,⋯,mÞ be two values of SR-FSs and w =
ðw1,w2,⋯,wmÞT be a weight vector of them with ∑m

i=1wi =
1. Then

(1) SR − FWAðΘ1,Θ2,⋯,ΘmÞ ⊕ SR − FWAðK1, K2,⋯
, KmÞ ≥ SR − FWAðΘ1,Θ2,⋯,ΘmÞ ⊗ SR − FWAðK1
, K2,⋯, KmÞ

(2) SR − FWGðΘ1,Θ2,⋯,ΘmÞ ⊕ SR − FWGðK1, K2,⋯
, KmÞ ≥ SR − FWGðΘ1,Θ2,⋯,ΘmÞ ⊗ SR − FWGðK1
, K2,⋯, KmÞ
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(3) SR − FWPAðΘ1,Θ2,⋯,ΘmÞ ⊕ SR − FWPAðK1, K2,
⋯, KmÞ ≥ SR − FWPAðΘ1,Θ2,⋯,ΘmÞ ⊗ SR − FWP
AðK1, K2,⋯, KmÞ

(4) SR − FWPGðΘ1,Θ2,⋯,ΘmÞ ⊕ SR − FWPGðK1, K2,
⋯, KmÞ ≥ SR − FWPGðΘ1,Θ2,⋯,ΘmÞ ⊗ SR − FWP
GðK1, K2,⋯, KmÞ

Theorem 31. Let Θi = ðYΘi
,ΨΘi

Þði = 1, 2,⋯,mÞ be a value

of SR-FSs and w = ðw1,w2,⋯,wmÞT be the weight vector of
Θi with ∑m

i=1wi = 1 and ρ ≥ 1; then

(1) ρSR − FWAðΘ1,Θ2,⋯,ΘmÞ ≥
ðSR − FWAðΘ1,Θ2,⋯,ΘmÞÞρ

(2) ρSR − FWGðΘ1,Θ2,⋯,ΘmÞ ≥
ðSR − FWGðΘ1,Θ2,⋯,ΘmÞÞρ

(3) ρSR − FWPAðΘ1,Θ2,⋯,ΘmÞ ≥
ðSR − FWPAðΘ1,Θ2,⋯,ΘmÞÞρ

(4) ρSR − FWPGðΘ1,Θ2,⋯,ΘmÞ ≥
ðSR − FWPGðΘ1,Θ2,⋯,ΘmÞÞρ

4. Application of SR-FSs to Select the
Top-Rank University

In this section, we apply the SR-FWA, SR-FWG, SR-FWPA,
and SR-FWPG operators to select the top-rank university
among different universities.

One of the following techniques to handle the multicri-
teria decision-making (in short, MCDM) problems is based
on the different types of fuzzy weighted operators. Herein,
we, first, show the steps used in the proposed methodology
for MCDM:

Step 1. Represent a MCDM problem under study using the
SR-Fuzzy decision matrix.

Step 2. Transmit SR-Fuzzy decision matrix into the normal-
ized SR-Fuzzy decision matrix.

Step 3. Compute for each alternative all kinds of SR-Fuzzy
weighted operators.

Step 4. Compute the scores and accuracy functions for each
alternative (as we showed in Remark 23, the ordered values
induced from the different operators need not be an SR-FS;
however, we apply the formulas of scores and accuracy func-
tions given in Definition 19 for those ordered values).

Step 5. Compare the given alternatives based on the score
function.

Step 6. If the score functions are equal for some alternatives,
then compare between them in terms of accuracy function.

Step 7. Determine the optimal ranking order of the alterna-
tives and recognize the optimal alternative(s).

In the next example, we illustrate how the above steps
are applied to select the top-rank university among different
universities.

Example 7. Let U = fU1,U2,U3g be a set of alternatives
(universities) and P = fP1, P2, P3, P4, P5, P6, P7g be a set of
seven attributes for the selection of universities, where

P1 = represents Academic Staffsf g,
P2 = represents Scientific Researchf g,

P3 = representsNational and International Scientific Activitiesf g,
P4 = represents Student Satisfactionf g,
P5 = represents Quality Assurancef g,

P6 = represents Cultural and Community Activitiesf g and
P7 = represents Libraryf g:

ð48Þ

Suppose that the weight vector of the attributes given by the
decision-maker is w = ð0:1,0:37, 0:14,0:03,0:27,0:06,0:03ÞT .
Obviously,∑7

i=1wi = 1. The SR-F values ðYpi
,Ψpi

Þ of the alter-
natives according to different attributes are given in Table 1,
where Ypi

is the positive membership degree for which alter-
native obeys the given attribute and Ψpi

is the membership
degree for which alternative does not obey the given attribute

such that 0 ≤ ðYpi
Þ2 +

ffiffiffiffiffiffiffi
Ψpi

q
≤ 1 and Ypi

,Ψpi
∈ ½0, 1�.

Applying the proposed aggregation operators given in
Definition 22, score and accuracy functions, we find, as dem-
onstrated in Table 2, that the optimal ranking order of the
three universities is U3 ≻U1 ≻U2, and thus, the top alterna-
tive is U3.

Note that the score functions for the data given in
Table 2 are unequal, so they are enough to determine the
optimal alternative.

The method adopted in this application is illustrated in
Figure 3.

5. Conclusions

This paper contributes to the fuzzy set theory in which inter-
est in it grew since the moment Zadeh launched it. To han-
dle some real-life issues which are difficult to solve using
fuzzy set theory, some researchers extended this theory to
other fuzzy models; the most important are IFSs and PFSs.

In this paper, we have proposed a new shape of fuzzy sets
called an SR-Fuzzy set and revealed its relationship with
other types of the generalizations of fuzzy sets. Then, some
operators on SR-Fuzzy sets have been defined, and their
relationships have been presented. Furthermore, we have
introduced four new weighted aggregated operators over
SR-Fuzzy sets and discussed their properties in detail.
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Moreover, we have shown this procedure with one practical
fully developed example.

In future works, further applications of SR-Fuzzy sets
may be investigated, and also, SR-Fuzzy soft sets may be
explored. Also, we will try to generate the topology from
the collection of SR-Fuzzy sets and introduce the ideas of
connectedness and compactness in SR-Fuzzy topology.
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