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In this paper, we present two iterative algorithms involving Yosida approximation operators for split monotone variational
inclusion problems (S,MVIP). We prove the weak and strong convergence of the proposed iterative algorithms to the solution
of S,MVIP in real Hilbert spaces. Our algorithms are based on Yosida approximation operators of monotone mappings such

that the step size does not require the precalculation of the operator norm. To show the reliability and accuracy of the proposed

algorithms, a numerical example is also constructed.

1. Introduction

Variational inequality which was brought into existence by
Hartman and Stampacchia [1] plays an important role as
mathematical model in physics, economics, optimization, net-
working structural analysis, and medical images. In 1994, Cen-
sor and Elfving [2] first presented the split feasibility problems
(in short, SFP) for modeling in medical image reconstruction.
From the last two decades, SFP has been implemented widely
in intensity-modulation therapy treatment planning and other
branches of applied sciences (see, e.g., [3-5]). Censor et al. [6]
combined the VIP and SFP and presented a new type of vari-
ational inequality problem called split variational inequality
problem (in short, SVIP) as follows:

Findx* € Csuchthatx” € VIP(V, ; C) and Ax™ € VIP(V,; Q),
(1)

where C and Q are closed, convex subsets of Hilbert spaces H,
and H,, respectively, A : H; — H, is a bounded linear oper-
ator, V, : Hy— H, and V, : H, — H, are two operators,
VIP(V,;C)={yeC:(V,(y),x—y)=0V¥xeC} and VIP(
V,;Q)={z€Q: (g(z),x—z) 20,Vx € Q}.

Moudafi [7] generalized SVIP into split monotone varia-
tional inclusion problem (in short, S,MVIP) as follows:

Findx* € H, suchthatx® € VI(V,, G, ; H,) and Ax" € VI(V,, G, ; H,),

(2)

where G, : H; — 21 and G, : H, — 22 are set-valued
mappings on Hilbert spaces H; and H,, respectively, VI(
V,G3H)={yeH, : 0 V,(y)+G,(»)} and VI(V,, G,;
H,)={zeH, :0€V,(2) + G,(2)}.

Moudafi [7] formulated the following iterative algorithm
to find the solution of S,MVIP. Let A > 0, select an arbitrary
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starting point x, € H;, and compute
Xn1 = U['xn +yA*(W_I)Axn]’ (3)

where A* is an adjoint operator of A, y € (0, 1/L) with L
being a spectral radius of operator A*A, U = Rfl (I-AVy))
=(I+AG) ' (I1-AV)) and W=RE(I-AV,) =
(I+AG,) (I-AV,).

Let No(x)={z€H, :(z,y—x)<0VyeC} and Ny(x)
={weH,: (w,y—x) <0, Vy € Q} be normal cones to the
closed and convex sets C and Q, respectively. If G, =N,
and G, = N, then S,MVIP reduces to S,VIP. If V, =V, =

0, then S,MVIP reduces to the split variational inclusion
problem (in short, S VIP) for set-valued maximal monotone
mappings, introduced and studied by Byrne et al. [8]:

Findx* € H, suchthatx™ € VI(G, ; H,) and Ax* € VI(G, ; H,),

(4)

where VI(G,;H;)={y€H,:0€G,(y)} and VI(G,;H,)
={zeH, :0€G,(2)}, G;, G, are the same as in (2). We
denote the solution set of S,VIP by A. Moreover, Byrne
et al. [8] presented the following iterative algorithm to find
the solution of SPVIP. Let A >0, and select a starting point
X, € H,. Then, compute

Xy = Rf‘ [xn +PA” (sz - I)Axn} , (5)

where A* is the adjoint operator of A, L= ||A*A]|, y € (0,2/
L) and Rfl, sz are the resolvents of monotone mappings
G, G,, respectively. It can be easily seen that x* solves S,
VIP if and only if x* = R} [x* + pA* (I - Rj*)Ax*]. Kazmi
and Rizwi [9] proposed the following iterative method for
approximating the common solutions of S,VIP and fixed

point problem of a nonexpansive mapping:

y, = Rgl [xn +pA” (sz - I)Axn],

X1 = “nf(xn) + (1 - (Xn)syn’

(6)

where f is a contraction and S is nonexpansive mapping.
Later, Sitthithakerngkiet et al. [10] studied the common
solutions of S,VIP and a fixed point of an infinite family

of nonexpansive mappings and introduced the following
iterative method:

Y= Rf‘ [xn +pA” (sz - I)Axn} ,
Xy =abu+Bx,+[(1-B)-a,D|W,y,, Vn=z1,

(7)
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where u € H, is a given point and W, is W-mapping
which is generated by an infinite family of nonexpansive
mappings. Similar results related to S,VIP can be found in
[11-17].

The common figure among the above-explained iterative
methods is that they used the resolvent of associated mono-
tone mappings; secondly, the step size depends on the oper-
ator norm [|A*A||. To avoid this obstacle, self-adaptive step
size iterative algorithms have been introduced (see, for
example, [18-24]). Lopez et al. [20] introduced a relaxed
method for solving split feasibility problem with self-
adaptive step size. Recently, Dilshad et al. [25] proposed
two iterative algorithms to solve S,VIP in which the pre-
calculation of the operator norm [|A*A|| is not required.
They studied the weak and strong convergence of the pro-
posed methods to approximate the solution of S,VIP with

2 2
the step size y, = (||x, —Ry'x, || +[|A*(I- RY)Ax, || )/(

|, — Rflxn +A*(I- R/(\;Z)Aanz), which do not depend
upon the precalculated operator norm.

The resolvent of a maximal monotone operator G is
defined as J§ = (I+AG)™", where A is a positive real num-
ber. A resolvent operator of maximal monotone operator
is single valued and firmly nonexpansive. Due to the fact
that the zeros of maximal monotone operator are the fixed
point sets of resolvent operator, the resolvent associated
with a set-valued maximal monotone operator plays an
important role to find the zeros of monotone operators.
Following Byrne’s iterative method (5), which is mainly
based on the resolvents of monotone mappings, many
researchers introduced and studied various iterative
methods for S, VIP (see, for example, [7-9, 18, 25, 26]
and references therein).

Yosida approximation operator for a monotone map-
ping G and parameter A > 0 is defined as J§ = (1/A)(I - R§
). It is well known that set-valued monotone operator can
be regularized into a single-valued monotone operator by
the process known as the Yosida approximation. Yosida
approximation is a tool to solve a variational inclusion prob-
lem using nonexpansive resolvent operator and has been
used to solve various variational inclusions and system of
variational inclusions in linear and nonlinear spaces (see,
for example, [18, 25-30]).

Due to the fact that the zero of Yosida approximation
operator associated with monotone operator G is the zero
of inclusion problem 0 € G(x) and inspired by the work of
Moudafi, Byrne, Kazmi, and Dilshad et al., our motive is to
propose two iterative methods to solve S,MVIP. The rest
of the paper is organized as follows.

The next section contains some fundamental results and
preliminaries. In Section 3, we describe two iterative algo-
rithms using Yosida approximation of monotone mappings
G, and G,. Section 4 is devoted to the study of weak and
strong convergence of the proposed iterative methods to
the solution of S,MVIP. In the last section, we give a numer-
ical example in support of our main results and show the
convergence of sequence obtained from the proposed algo-
rithm to the solution of S,MVIP.



Journal of Function Spaces

2. Preliminaries

Let H be a real Hilbert space endowed with norm ||-|| and
inner product (-, - ). The strong and weak convergence of a
sequence {x,} to x is denoted by x, — x and x, — x,
respectively. The operator T : H — H is said to be a con-
traction if Vx,y € H, ||T(x) - T(y)|| < «||x = y||, x € (0, 1); if
k=1, then T is called nonexpansive and firmly nonexpan-
sive if Vx,yeH,||T(x)-TH)|*<(x—-y, Tx-Ty); T is
called -inverse strongly monotone if there exists 7 > 0 such
that (T(x— T(y), x— ) > 7l|T(x) = T(y)|I"

For some x € H,, there exists a unique nearest point in C
denoted by P-x such that

e~ Pex| < [lx -yl VyeC. (®)

Pex is called the projection of x onto C ¢ H, which sat-

isfies

(x =y, Pcx = Pey) 2 |[Pex = Poy|’, Vx,yeH.  (9)

Moreover, P.x is also characterized by the fact that

Px=ze (x-2,y-2)20, yeC. (10)

In Hilbert spaces, the following equality and inequality
hold for all x,y,z€ H,a, 3,y € [0, 1] such that a + S+ y=1

llowx + By + yz||* = a|lx|* + Blly|I* + yll2]* - )l - y||*
= Bylly —z|* - yallx - ||,
(11)

b+ 117 < [lx])” + 20 x + ). (12)

Let G : H— 2" be a set-valued operator. The graph of
G is defined by {(x,y): y€G(x)}, and inverse of G is
denoted by G ={(y,x): y€ G(x)}. A set-valued mapping
G is said to be monotone if (4 —v,x—y) >0, for all u € G(
x),v € G(y). A monotone operator G is called a maximal
monotone if there exists no other monotone operator such
that its graph properly contains the graph of G.

Lemma 1 (see [31]). If {a,} is a sequence of nonnegative real
numbers such that

an+1S(1_JBn)an+6n’ n=0, (13)

where {B,} is a sequence in (0, 1) and {3, } is a sequence in
R such that

(l) zfﬁlﬁn =00

(ii) lim sup &,/f, <0 orlim sup |§,| < oo

n—aodo n—ao0

then lim a,=0.

n—~oo

Lemma 2 (see [32]). Let H be a Hilbert space. A mapping
F:H— H is T -inverse strongly monotone if and only if I
—7F is firmly nonexpansive, for T > 0.

Lemma 3 (see [33]). Let H be a Hilbert space and {x,} be a
bounded sequence in H. Assume there exists a nonempty sub-
set C C H satisfying the properties

(i) lim,__,||x, — z|| exists for every z€ C
(i) w,(x,)cC

Then, there exists x* € C such that {x,} converges weakly

*

to x”.

Lemma 4 (see [34]). Let I, be a sequence of real numbers
that does not decrease at infinity in the sense that there exists
a subsequence I', of I', such that I', <T, ., for all k>0.

Also, consider the sequence of integers {a(n)},., defined by

o(n)=max {k<n:I,<T},,}. (14)

Then, {o(n)}
o(n) = oo and for all n > ny,

nsn, 1S @ nondecreasing sequence verifying

lim

max {Fa<n),F(n>}£Fa(n>+1. (15)

3. Yosida Approximation Iterative Methods

LetV,:H, — H,,V, : H, — H, be single-valued mono-
tone mappings and G, : H, — 21, G, : H, — 22 be set-
valued mappings such that V, + G, : H; — 2 and V, +
G, : H, — 2™ are set-valued maximal monotone map-
pings; RX”GI, R/‘(;Jer and ]X‘JrG‘, ])\(22+G2 are the resolvents
and Yosida approximation operators of V, + G, and V, +
G,, respectively. We propose the following iterative methods
to approximate the solution of S,MVIP.

Algorithm 1. For an arbitrary x,, compute the n + 1" itera-
tion as follows:

V,+G
Uy =Xy — Yn])t]l+ l(xn)’

# 1V24G
Xpe1 = Uy — !’[nA ])t22+ Z(Aun)’
where y, and y, are defined as

7|10 (x,)

Yy, = ||]/‘\/,‘+G‘ (xn)H + HA*]X?GZ(AX")H

) if| #0,

T ()

+

A*]/‘\/ZZ+GZ (AX”)

0, otherwise,

(17)



7|11 (An,)
nHHA%%me

V\ +G|

s cam]

V,+G,

luﬂ: I)l]‘

0, otherwise,

(18)

where A; >0, A, >0 and 6 =min {21,,2A,} such that 7, €
(0,0).

V1+Gl( )
’}}n: H]V1+G1 (xn)H + HA*]/‘\/;‘FGZ(AX")
0)
V2+G2( )
= H]V 6 ) | + 4T Any)
O)

where «,, 8, €(0,1), A; >0, A, >0, and 6 =min {2A,,2A,}
such that 7, € (0,0).

4. Main Results

We assume that the problem S,MVIP is consistent and the
solution set is denoted by A.

First, we prove following lemmas, which are used in the
proof of our main results.

Lemma 5. Let V,: H, — H, be single-valued monotone
mappings and G, : H; — 211 be set-valued mappings such
that V, + G, : H; — 21 be set-valued maximal monotone
mapping. If R, ‘+G‘ and ]V‘Jr !
approxlmatzon operators of V, + G,, respectively, then for
A; >0, following are equivalent:

are the resolvent and Yosida

(i) x* € H, is the solution of (V, +G,)”"(0)
.. VitGrros\ _ %
(ii) Ry (x") =x
(iii) ]} (x") =0
Proof. The proof is trivial which is an immediate conse-

quence of definitions of resolvent and Yosida approximation
operator of maximal monotone mapping V, + G,.0 O
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Algorithm 2. For an arbitrary x,, compute the n+ 1" itera-

tion as follows:

Uy =%, =Y, i (x,),

Vo= sy~ 1, AT (Au,),
ﬁn)un + cxn(vn - un)'

where y, and g, are defined as

Xne1 = (1 -

fH]V1+G1 ‘ + HA*]X;*GZ (ax,) | #0.
otherwise,
(20)
L I
otherwise,

Theorem 6. Let H;, H, be real Hilbert spaces; V,: H, —
H,, V,:H,— H, be single-valued monotone mappings,
G,:H,— 2", G,:H,— 2" be set-valued maximal
monotone mappings such that V, + G; and V, + G, are max-
imal monotone, and A:H, — H, be a bounded linear
operator. Assume that 0 = min {2A,, 2A,} such that inf 7, (
0 —1,) > 0. Then, the sequence {x,} generated by Algorithm 1
converges weakly to a point z € A.

Proof. Let z € A. Since the Yosida approximation operator
Vi+G,

J,}7" is Aj-inverse strongly monotone, for A; >0, then by
Algorithm 1 and (12), we have
2 Vi+G, 2
oty =211 = | = v 3 () 2|
2
=, =2+ y3 7 ()
<]V]+G]( ) X, —Z>
21)
2 (
< v, =2l + v ()
Vl Gl 2
=2y, |1 @) || =, - 2]

2

-2 1 e

Now, using (17), we estimate that
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From (21) and (22), we get (12), we estimate
i V,+G 2 V,+G
2 Vi+G, 2 V,+G, 2 Tnz ]AllJr 1 (xn) ZTnAI ]/\11+ 1 (xn) H
(Vn B zynAl) ”]A] (xn)H - ]A] (xn) V,+G V,+G 2 Vi+G, # 7VtG,
(o] + armzoan|)) [0 ]|« 4 x|

2
3 (T

170 || - 220 (7 ) + A*JX;*GZ(Axn))]

(e« [ x|’

<¢mmO%%mWWN%%MMD]
([ sl

(5,2 = 205,) |17 )

= Hb\(lﬁcl (x,)

IN
w

Vi+G
])Lll+ l(xn)

+ HA*IX;*GZ (Axn)H

(22)
2 V,+G, 2
e[ o s = 211 = ||~ 1,37 (Aw,) 2|
Ty —2MTy H All ' Xn ” 2
e T ; - <ty =2+ 132 (Aw,)
e[+ a1 | R L
73 |+ ax)
(23) —2[4n<]/\2 (Aun)’un_z> ( )
24
2
= I, == + 4|13 (aw,)|
Si V,o+G, . Ao-i ¢ 1 t d usi 2
ince ]/\2 is A,-inverse strongly monotone and using _Z#nH]/‘\/II+GI (A”n)H _ ||”n—z||2
V2 GZ 2
+ (Mf‘_ZM”A2>H]AI+ <Au”)H .
By (18), it turns out that
[ 21| 1V,+G, 2 V,+G,
) ) T, H]/12 (Au,) ZrnAZHJAZ (Aun)H
(‘ui_Zynlz)H]j{;*—GZ(Aun)H - ]XZ2+G2(AMH) Vi+G V,+G 2 Vi+G, x 7Vt G,
(7o )] A ri o cam )™ 72 @] a7 4|

w

= ]L”GZ (Au,)

?ﬂ%%ww%MmH%%wWﬂN%%“”>]
(7 o s camn ]
(72 =2m) (737 ) 4727 4]

(73 |40 47 7 ) ]

[

= ]AV;*GZ (Au,,)

(02 = 207, [ 71 ) |

H]XIH-G] (un)H + ”A*]/‘\/22+G2 (Aun)H

(25)



It follows from (24) and (25) that

3
i , ( ZA T VerG2 )
||xn+1 _Z” < ||uﬂ _Z” + H]V +G1(u + HA ]V2+G2(Au )
M n A, n
(26)
Combining (23) and (26), we get
20, V,+G, 3
2 .m0 )|
Hxn+1 _Z” = ”xn _ZH - "]V1+Gl HA ]V2+Gz( )
xi’l
72 =) |7 ()|
Vi+G, V2+G2
[ || + (Au,)
(27)
<|lx, - 2|, (28)

which implies that {x,} is Fejér monotone with respect to A
and hence bounded, which assures that lim ||x, — z|| exists
n—a~o

for all z € A. Keeping in mind that 6 = min {2A,, 2, }, from
(27), we have

S Ll
A ||+ A ax,)
29
WwQMw>3 ()
V1+Gl V,+G, < 00
AR ERa

Due to the assumption that inf 7,(0-7,) >0 and the
properties of convergent series, we conclude that

i - a0 o
Hence, there exist constants K, and K, such that
H]V 0 ) || <Ky 1% (Awy) || <Ky (31)
By Algorithm 1 and (30), we get
[%ner = %ull < s = sl + [l = x| < Kyp, + Kopty — 0, asn— co.
(32)

Let{x"} € w,(x,)and{x, }be a subsequence of{x, }that
converges weakly to{x*}, Wthh implies that{x, }and{u, }

also converge to{x*}. Recall that ]V G s A, -inverse
strongly monotone and {x, } converges to x*, and using
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(30), we get

<]V+Gl( ) ]V+Gl( )x _x>>/\H]V+Gl ) ]V+G1(

(33)

Taking limit k — oo, we obtain J; Vit (x*)=0.
Replacing J A”Gl by J, +G2A Xp, by Au,, with the same

arguments, we get ]V2+GZA( *)=0. This completes the
proof.(J O

Theorem 7. Let H,, H, be real Hilbert spaces; V, : H; —
H, V,:H,— H, be single-valued monotone mappings,
G,:H,—2", G,:H,— 21> be set-valued maximal
monotone mappings such that V, + G; and V, + G, are max-
imal monotone, and A:H, — H, be a bounded linear
operator. If {a, }, {B,} are real sequences in (0,1) and 0 =
min {2A,, 2A,} such that 7, € (0,0) and

lim B, =0,

n—=ao0

00
Z :8n = 00,
n=0

lim (1-

n—~oo

infr,(0-1,) >0,

n

a,)a, >0,

then the sequence {x,} generated by Algorithm 2 converges
strongly to z=P,(0).

Proof. Let z= P ,(0); then, from (23) and (26) of the proof of
Theorem 6, we have

( ZA,T V+G1 ) 3

73 )

1

)|
+M,3@(%)

I, = 2)* < ||, = 2]* +

(35)

(Tnz _ 212.[.”) ]XZZ+G2 (Aun) 3

e ()

v, = 2> < [l = 2]

+]|ars % (au,)

(36)

Since 7, <min {21,,2A,}, we get ||lv, - zl<llu, — zlI<||x,
—z||. From Algorithm 2, we have
||xn+1 - ZH = H(l - IBn)un + ‘xn(vn - un) - ZH
< (U=a, = B,)||u, =2l + [[+a,[[v, = 2[|+B,[| - 2]
< (1= B,)lx, = 2l + B, 2] < max {|[x, — 2|, [|]|}
< --- <max {||x - 2||; ||z]| }

>

(37)

which implies that the sequence {x,} is bounded and hence,
the sequences {u, },{v,}, {]V1+Gl( ,)} and {A* ]V2+GZ( Au,)}



Journal of Function Spaces

are also bounded. Now,

=zt = (1= B,)uy + e, (v, —u,) — 2]

< (1=, =)y = 2* + oy [v, —2]*  (38)

+ﬁn||z||2 - ‘xn(l — _ﬁn)an - unHz'

||xn+1

Combining (35), (36), and (38), we obtain

(z 2—2/\‘[‘) 1)

H ]V, +G,

|

s = 217 < (1= 0 = By) {Ixn -+

HA ]V +Gz( )
(7.2 =2M1,)
oty |l =20+ 7
e )|+
N R Wy B
Bl =2+ 112I7) = (1= @, = B) v =
2 Vi+G 3
(1=, = B,) (7,2 =247, |1 x,)
D

V, +G2( )

V +G2 (Axn)

3
a, (1,2 -2M1,) H]X”GZ(Aun)

[0 [+ a1 )|

(39)

We discuss the two possible cases.

Case 1. If the sequence{||x, — z||} is nonincreasing, then
there exists a number k >0 such that ||x,,, —z|| < ||x, — z]|,
for each n>k. Then, nl'inoonn — z|| exists and hence, lim

n—~oo

(I|x,.1 = 2|l = ||lx,, — 2||) = 0. Thus, it follows from (39) that
lim (v, = u,)|=0, lim H}V1+Gl ) ‘ -0,

(40)
lim H Ty (Auy)

n—~aoo

=0.

From (40), we conclude that lim y, = lim u, =0 and
n—aoo n—~oo
lim |lu,-x,||=0. We observe from Algorithm 2 that
n—~oo

Xn+1 _un:‘xn(vn_

" u,) +y,u, — 0; thus,

Hx _xn”S”an_un||+||un_xn||S”Vn_un”

Yl + [l

n+1

- %,/ —0 asn— o0.
(41)

This shows that the sequence {x, } is asymptotically reg-
ular. By Theorem 6, we have that w,(x,)cCA.
Settingz, = (1 - a,,)u, + a,,v,and
rewritingx, ., = (1 - 8,)z, + &, 8, (v, — u,), we have

20 =2l = [[(1 = &, )y + v, = 2|

42
S(l_“n)”un ( )

=2+ alve - 2 < [lx, 2]

7
From (42) and Algorithm 2, we get
[Xer =217 = [[(1 = B,) (20 = 2) + By (v — ) = 2)|I*
< (1 _ﬁn)szn _Z”2 + 2ﬂn<o‘n(vn - un) — 2 X4 _Z>
< (1 - Bn)”xn - ZHZ + zﬁn{an<vn T U Xy T Z>
+ <_Z’xn+1 _Z>}’
(43)
or
Ape1 = (1 - ﬁn)an + bn’ (44)
where = H‘xn - Z”’ bn = 2‘8’1{06”<Vn T Up X1 T Z> + <_Z’
X+l _Z>}'

Since w,,(x,) € A and z=P,(0), then using (40), we get

b
lim sup —*=lim sup {2a,/(

n—~oo

Vi = Ups X1 — Z>
n—oo [p
+({-z,x z)} =lim sup (-z,x

n—=oo

n+l — n+l Z> <0.

(45)

Thus, by Lemma 1, we obtain x, — z.

Case 2. If the sequence {||x, —z||} is not nonincreasing,
we can select a subsequence {||x, —zl|} of {|x, —z|[} such
that [|x, —z[| <||x, — 2| for all k € N. In this case, we define
a subsequence of positive integers o(n) — co with the
properties

(46)

xa(n) - Z‘ ’ xa(n)+1 - ZH

o { }o

If ||x,,; —z|| > ||x, — z|| for some n >0, then it follows
from (39) that

2 Vi+G, 3
5 (1_“n_ﬁn)(‘rn _ZAITn) ] ( )
(xn(l_lxn_ﬁn)nvn_”nH + V,+G, « V2+G,
|| + 4 ax,)
a, -2M1, V2+G2( u,) ’
O Bm) I - ).
e [
(47)

Replacing n by o(n) and taking limit n — oo, we get
the following relation for the subsequences {X,(,}, {tg(n }

> and {v,, }:

A Vo(n) ~ o || =0
. V,+G,
Jim 737 (seen) | =0 (43

i 1 () |-



Thus, we have X, (1) = X0 [| — 0, as n— co and
Wy (Xg(n)) € A. It is remaining to show that x, — z.

Replacing n by o(n) in (47), using ||x,(,) — 2| < [[Xs(n)s1
—z|| and boundedness of ||x, — z||, we have

<M

X ua<n>

2
‘ o(n)

a(n) ~ z‘ + 2<—z, Xo(my+1 — z>. (49)
Since z=P(0), w(x,(,)) €A with using [V, = gl

— 0 and [|x,(,)41 = X5 [| — 0, we have

lim sup <—z,xg(n)+1 —z> =lim sup <—z, Xo(n) ~ z> = max (-z r—z)} <0.
n—sc0 00 rewy (%g(n))
(50)

From (49) and (52), we conclude that Xo(ny — 2 and

1%, = 2l < || Xo(nye1 — ZH < || Xomyr1r = Xomy || T ||Xo(n) —ZH —0,
(51)
that is, x,, — z. This complete the proof.(] O

For 7, =1, we have the following result for the conver-
gence of Algorithm 2.

Corollary 8. Let H;, H,, V|, V,, G;,G,, and A, A* be the
same as defined in Theorem 7. If {«,}, {B,} are sequences
in (0, 1) and assuming that A, > 1/2 and A, > 1/2 satisfying

nlinoolgn = 0’ Z;,)ﬁn = 00, (52)

lim (I-«a,)a,>0,

n—=aoo

then the sequence {x, } generated by Algorithm 2 (with T, =1
) converges strongly to z=P,(0).

For 3, =0, we have the following corollary for the con-
vergence of Algorithm 2.

Corollary 9. Let H,, H,, V,V,, G;,G,, and A, A" be the
same as defined in Theorem 7. If {a,} is a sequence in (0, 1
) and assuming that 6 = min {2A,, 2A,} such that 7, € (0,60
) and

lim (I1-a,)a,>0,

n—aoo

(53)
infr,(6-1,)>0,

then the sequence {x,} generated by the iterative method

V,+G
Uy =X, ~ ))n])\,ll+ (%0)s
V=, =, AT (An), (54)

Xp1 = (1 - an)un T,V
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where y, and u, are defined as in Algorithm 2 (with 7, = 1),
converges strongly to z € A.

For 7, =1 and 8, = 0, we have the following corollary for
the convergence of Algorithm 2.

Corollary 10. Let H;, H,, V, V,, G;, G,, and A, A™ be the
same as defined in Theorem 7. If {a,} be a sequence in (0,
1) and assuming that
nhinw(l -a,)a, >0,
1
A> =,
> (55)

1
A,> =,
272

then the sequence {x,} generated by the iterative method

V,+G
Uy =X, — Yn]A11+ (%0)>
V=~ AT (Au,), (56)
Xne1 = (1 - an)un T 0V

where y, and u, are defined in Algorithm 2 (with T, = 1),
converges strongly to z € A.

5. Numerical Example

Let H=H,=R and V,=V,=0; G,:R—R, G,: R
—> R are defined as G,(x) =2x+3 and G,(x) =2(x+ 1),
respectively. One can easily check that G, and G, are mono-
tone and the Yosida approximation operator of G, and G,
for A, = A, =1 is computed as

2x+3
]’/‘\/11+G1 (x) — 3
S (57)
V,+G X+
]/\22 2(X) = 3

Let A: H, — H, be defined as A(x) =2x/3, then, for
7,=(2-(""/2)) € (0,2), we compute the step size as

V4G
T ()

el/rt 9
()2,
]VﬁG] (xn) + A*]/‘X/ZZJrGZ (Axn) 2 13

el/n 6
=(2- —.
( 2 ) 13

(58)

1% (Au,)

U, =
T, || + ([ AT (Au,)

Then, for a, = (2 - (¢/"/3)) and two different values of
(B,) (for example, B, =1/(n+5) and B, =1/(n+10)) and
for arbitrary x, (for example, x, = -2 and x, = 0), we com-
pute the iterative sequences from Algorithm 2 as follows:
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-1.2

-1.3

-1.4 -

-1.5

-1.6 -

-1.7 4

-1.8

-1.9 T T T T T T T T T
0 10 20 30 40 50 60 70 80 90 100

Numbers of iterations

Ficure 1: Convergence of iterative sequences {u,}, {v,}, and {x,}
toz=-1.5for B,=1/n+5 and x, = -2.

-0.2

-0.4

-0.6 4

-0.8

-1.2 1

-1.4 4

-1.6 T T T T

Numbers of iterations

Ficure 2: Convergence of iterative sequences {u,}, {v,}, and {x,}
toz=-1.5for B, =1/n+10 and x, =0.

1/n
8
v, =1, - <2 - e) 2 (2x,+3), (59)

In Figures 1 and 2, we show that the obtained sequences

{u,},{v,}, and {x,} converge to z=—(3/2) for randomly
selected arbitrary values of x, = -2 and 0.

6. Conclusions

We have proposed two iterative algorithms for S,MVIP
which are mainly based on the Yosida approximation oper-
ators. Since the zero of Yosida approximation of monotone
mapping V, + G, is the solution of (V, + G,)™(0), we used
the Yosida approximations of monotone mappings V, + G,
and V, +G, to solve S MVIP. We proved the weak and
strong convergence of the composed iterative algorithms to
investigate the solution of S,MVIP under some suitable

assumptions such that the estimation of step size does not
require any prior calculation of the operator norm ||A*A||.
To show the accuracy and efficiency of our algorithms, we
have present a numerical example and showed the conver-
gence using different parameters.

Data Availability

We claim that this work is a theoretical result, and there is
no available data source.
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