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In this article, generalized versions of the k-fractional Hadamard and Fejér-Hadamard inequalities are constructed. To obtain the
generalized versions of these inequalities, k-fractional integral operators including the well-known Mittag-Leffler function are
utilized. The class of (p, h)-convex functions for Hadamard-type inequalities give the generalizations of results which have been
proved in literature for p-convex, h-convex, and several functions deducible from these two classes.

1. Introduction

The subject of fractional calculus which includes the study of
fractional-order integrals and derivatives has become a very
prominent research topic in recent years. It has got the
attention of researchers working in almost all fields of
science and engineering. Integral operators are a very
important part of fractional calculus; they play an important
role in the mathematical treatment of different kinds of
real-world problems. In the theory of mathematical
inequalities, fractional integral operators appeared as a tool
for the generalizations of classical inequalities. In the last
two decades, a lot of such generalizations have been pub-
lished by several authors.

Iscan and Wu [1] have generalized Hermite-Hadamard
inequalities for harmonically convex functions by applying
fractional integrals. Akkurt et al. [2] have obtained inequal-
ities for ðk − hÞ-Riemann-Liouville fractional integrals with
the aid of synchronous and monotonic functions. Mubeen
and Habibullah [3] have introduced k-analogue of
Riemann-Liouville fractional integrals which are used for

establishing k-fractional versions of well-known inequalities.
A study of k-fractional integrals has been presented by Tunç
et al. in [4], and fractional inequalities have been proved. Farid
et al. in [5] demonstrated some novel Fejér-Hadamard and
Hadamard inequalities for harmonically convex functions by
using fractional integrals containing the Mittag-Leffler
function.

Kunt and Iscan [6] presented Hermite-Hadamard-Fejér-
type inequalities for p-convex functions using fractional
integrals. Rashid et al. [7] demonstrated the Hadamard and
the Fejér-Hadamard-type inequalities for the generalized
fractional integral operator involving Mittag-Leffler func-
tions for preinvexity and m-preinvexity. Klnç et al. [8]
proved Hadamard and Fejér-Hadamard inequalities for
(h,m)-strongly convex functions via generalized fractional
integrals with Mittag-Leffler functions. Jia et al. [9] demon-
strated new types of Hadamard and Fejér-Hadamard
fractional integral inequalities for Riemann-Liouville frac-
tional integrals. Yussouf et al. [10] presented generalized
types of Hadamard and Fejér-Hadamard-type fractional
integral inequalities by utilizing generalized fractional
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integrals including Mittag-Leffler functions. Faisal et al. [11]
proved newHermite-Hadamard-Jensen-Mercer-type inequal-
ities for convex functions by using Riemann-Liouville frac-
tional integrals. The other recent studies in this area were
presented by Zhao et al. [12–14] and Chu et al. [15].

The purpose of this article is to investigate the
Hadamard and the Fejér-Hadamard-type inequalities for
(p, h)-convex functions via generalized k-fractional integrals
including Mittag-Leffler functions. Inequalities for several
kinds of convex functions are special cases of results of this
paper. Also, several new inequalities can be deduced from
presented results in specific settings. First, we give defini-
tions of integral operators and some results which will set
the foundation for this article.

Definition 1 (see [16]). Let w, α, l, γ, c, ∈ℂ, and RðlÞ,RðαÞ
> 0,RðcÞ >RðγÞ > 0 with ~p ≥ 0, δ, μ > 0, and 0 < v ≤ δ + μ.
Also, let σ ∈ L1½ε, v� and ζ ∈ ½ε, v�. In that case, the general-

ized fractional operators Fγ,δ,v,c
μ,α,l,w,ε + σ and Fγ,δ,v,c

μ,α,l,w,v − σ are

defined by

Fγ,δ,v,c
μ,α,l,w,ε+σ

� �
ζ ; ~pð Þ =

ðζ
ε

ζ − tð Þα−1Eγ,δ,v,c
μ,α,l w ζ − tð Þμ ; ~p� �

σ tð Þdt,

Fγ,δ,v,c
μ,α,l,w,υ−σ

� �
ζ ; ~pð Þ =

ðυ
ζ

t − ζð Þα−1Eγ,δ,v,c
μ,α,l w t − ζð Þμ ; ~p� �

σ tð Þdt,

ð1Þ

where

Eγ,δ,v,c
μ,α,l t ; ~pð Þ = 〠

∞

n=0

β~p γ + nv, c − γð Þ
β γ, c − γð Þ

cð Þnv
Γ μn + αð Þ

tn

lð Þnδ
ð2Þ

is the enlarged generalized Mittag-Leffler function and β~p
is the expansion of beta function described as noted below:

β~p ζ, ηð Þ =
ð1
0
tζ−1 1 − tð Þη−1e− ~p/t 1−tð Þð Þdt, ð3Þ

where RðζÞ,RðηÞ,Rðc~pÞ > 0.

Definition 2 (see [16]). Let σ, ς : ½ε, υ�⟶ℝ with 0 < ε < υ be
the functions such that σ is positive and σ ∈ L1½ε, υ� and ς be
differentiable and absolutely increasing. Also, let ϕ/ζ be an
increasing function on ½ε,∞Þ, and γ, c,w, α, l, ∈ℂ, RðlÞ,
RðαÞ > 0,RðcÞ >RðγÞ > 0 with ~p ≥ 0, δ, μ > 0, and 0 < v ≤
μ + δ. In that case, for ζ ∈ ½ε, υ�, the fractional operators
are defined by

ςF
ϕ,γ,δ,v,c
μ,α,l,w,ε+σ

� �
ζ ; ~pð Þ =

ðζ
ε

ϕ ς ζð Þ − ς tð Þð Þ
ς ζð Þ − ς tð Þ Eγ,δ,v,c

μ,α,l w ς ζð Þ − ς tð Þð Þμ ; ~p� �
ς′ tð Þσ tð Þdt,

ςF
ϕ,γ,δ,v,c
μ,α,l,w,υ−σ

� �
ζ ; ~pð Þ =

ðυ
ζ

ϕ ς tð Þ − ς ζð Þð Þ
ς tð Þ − ς ζð Þ Eγ,δ,v,c

μ,α,l w ς tð Þ − ς ζð Þð Þμ ; ~p� �
ς′ tð Þσ tð Þdt:

ð4Þ

Definition 3 (see [17]). Let σ, ς : ½ε, υ�⟶ℝ with 0 < ε < υ
be the functions such that σ is positive and σ ∈ L1½ε, υ� and

ς be differentiable and absolutely increasing. Also, let w,
γ, c, α, l, ∈ℂ and RðlÞ,RðαÞ > 0,RðcÞ >RðγÞ > 0 with ~p ≥
0, δ, μ > 0 and 0 < v ≤ μ + δ. In that case, for ζ ∈ ½ε, υ�, the
unified integral operators are defined by

ςF
γ,δ,v,c
μ,α,l,w,ε+σ

� �
ζ ; ~pð Þ =

ðζ
ε

ς ζð Þ − ς tð Þð Þα−1Eγ,δ,v,c
μ,α,l w ς ζð Þ − ς tð Þð Þμ ; ~p� �

ς′ tð Þσ tð Þdt,

ςF
γ,δ,v,c
μ,α,l,w,υ−σ

� �
ζ ; ~pð Þ =

ðυ
ζ

ς tð Þ − ς ζð Þð Þα−1Eγ,δ,v,c
μ,α,l w ς tð Þ − ς ζð Þð Þμ ; ~p� �

ς′ tð Þσ tð Þdt:

ð5Þ

Recently, Yue et al. [18] described generalized k-frac-
tional operators including the further extension of the
Mittag-Leffler function as noted below.

Definition 4. Let σ, ς : ½ε, υ�⟶ℝ with 0 < ε < υ be the
functions such that σ be positive and σ ∈ L1½ε, υ� and ς be
differentiable and absolutely increasing. Let α > k and γ, c,
w, α, l, ∈ℝ, α, l > 0, and c > γ > 0, with ~p ≥ 0, δ, μ > 0 and
0 < v ≤ μ + δ. In that case, for ζ ∈ ½ε, υ�, the left-right general-
ized k-fractional operators ð kςFγ,δ,v,c

μ,α,l,w,ε+σÞ and ð kςFγ,δ,v,c
μ,α,l,w,υ−σÞ

are defined by

k
ςF

γ,δ,v,c
μ,α,l,w,ε+σ

� �
ζ ; ~pð Þ =

ðζ
ε

ς ζð Þ − ς tð Þð Þα/k−1Eγ,δ,v,c
μ,α,l w ς εð Þ − ς tð Þð Þμ ; ~pð Þς′ tð Þσ tð Þdt,

ð6Þ

k
ςF

γ,δ,v,c
μ,α,l,w,υ−σ

� �
ζ ; ~pð Þ =

ðυ
ζ

ς tð Þ − ς ζð Þð Þα/k−1Eγ,δ,v,c
μ,α,l w ς tð Þ − ς ζð Þð Þμ ; ~p� �

ς′ tð Þσ tð Þdt:

ð7Þ
Next, we define convex and related functions.

Definition 5 (see [19]). A function σ : ½ε, υ�⟶ℝ is said to
be convex, if

σ tζ + 1 − tð Þηð Þ ≤ tσ ζð Þ + 1 − tð Þσ ηð Þ, ð8Þ

for all ζ, η ∈ ½ε, υ� and t ∈ ½0, 1�.

Definition 6 (see [20]). Let I ⊂ ð0,∞Þ be a real interval and
p ∈ℝ\f0g. A function σ : I ⟶ℝ is said to be a p-convex
function, if

σ tζp + 1 − tð Þηp� �1/p� �
≤ tσ ζð Þ + 1 − tð Þσ ηð Þ, ð9Þ

for all ζ, η ∈ I and t ∈ ½0, 1�.

Definition 7 (see [6]). Let p ∈ℝ\f0g. In that case, a function
σ : ½ε, υ� ⊂ ð0,∞Þ⟶ℝ is called p-symmetric in accordance
with ½εp + υp/2�1/p, if

σ t1/p
� �

= σ εp − υp − t½ �1/p
� �

, ð10Þ

for t ∈ ½0, 1�.
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Definition 8 (see [21]). Let h : J ⟶ℝ be a nonnegative and
nonzero function and p ∈ℝ\f0g. We say that σ : I ⟶ℝ is
a ðp, hÞ-convex function, if σ is nonnegative and

σ tζp + 1 − tð Þηp� �1/p� �
≤ h tð Þσ ζð Þ + h 1 − tð Þσ ηð Þ, ð11Þ

for all ζ, η ∈ I and t ∈ ð0, 1Þ. If the above inequality is
reversed, then σ is said to be a ðp, hÞ-concave function.

Remark 9.

(i) By taking hðtÞ = t in Definition 8, we obtain the def-
inition of p-convex function

(ii) By taking hðtÞ = t and p = 1 in Definition 8, we
obtain the definition of convex function

(iii) By taking hðtÞ = ts and p = 1 in Definition 8, we
obtain the definition of s-convex function

(iv) By taking hðtÞ = t−1 and p = 1 in Definition 8, we
obtain the definition of Godunova-Levin-type con-
vex function

(v) By taking p = 1 in Definition 8, we obtain the defini-
tion of h-convex function

(vi) By taking hðtÞ = 1 and p = 1 in Definition 8, we
obtain the definition of p-function

The following inequality is the well-known Hadamard
inequality.

Theorem 10 (see [22]). Let σ : ½ε, υ�⟶ℝ be a convex func-
tion for ε < υ. Then, the following inequality holds:

σ
ε + υ

2

� �
≤

1
υ − ε

ðυ
ε

σ ζð Þdζ ≤ σ εð Þ + σ υð Þ
2

: ð12Þ

The Fejér-Hadamard inequality is a weighted type of the
Hadamard inequality presented by Fejér in [23].

Theorem 11. Let σ : ½ε, υ�⟶ℝ be a convex function and
ς : ½ε, υ�⟶ℝ be nonnegative, integrable, and symmetric
with respect to ððε + υÞÞ/2. In that case, the below inequality
takes:

σ
ε + υ

2

� �ðυ
ε

ς ζð Þdζ ≤
ðυ
ε

σ ζð Þς ζð Þdζ ≤ σ εð Þ + σ υð Þ
2

ðυ
ε

ς ζð Þdζ:

ð13Þ

For other classes of functions defined after motivating
from convex function, the above inequalities have been stud-
ied extensively (see [1, 5, 6, 24–26]).

In the upcoming section, first, we construct the Hada-
mard inequality for ðp, hÞ-convex function via generalized
k-fractional integrals. Then, an identity is used to construct
the Fejér-Hadamard inequality for ðp, hÞ-convex function
via generalized k-fractional integrals. After, another version

of the Hadamard inequality and the Fejér-Hadamard
inequality is presented. Moreover, the presented results gen-
eralize many already published results.

2. k-Fractional Integral Inequalities of
Hadamard and Fejér-Hadamard Type

The generalized k-fractional Hadamard inequality is stated
and proved in the following theorem.

Theorem 12. Let h : J ⟶ℝ be nonnegative, nonzero, and
integrable function. Also, let σ, ς : ½ε, υ�⟶ℝ with 0 < ε < υ
be the functions such that σ is positive and σ ∈ L1½ε, υ�, and
ς is differentiable and absolutely increasing. If σ is ðp, hÞ
-convex, and p ∈ R\f0g, in that case, the below inequalities
for k-fractional operators (6) and (7) occur:

(i) If p > 0, in that case,

σ
ςp εð Þ + ςp υð Þ

2

� 	1/p !
k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp εð Þð Þ+1

� �
ς−1 ςp υð Þð Þ ; ~p� �

≤ h
1
2


 �
k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp εð Þð Þ+σ ∘ θ

� �
ς−1 ςp υð Þð Þ ; ~p� �h

+ k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp υð Þð Þ−σ ∘ θ

� �
ς−1 ςp εð Þð Þ ; ~p� �i

≤ h
1
2


 �
σ ς εð Þð Þ + σ ς υð Þð Þ½ � k

ςF
γ,δ,v,c
μ,α,l,�w,1−h

� �
0 ; ~pð Þ

h
+ k

ςF
γ,δ,v,c
μ,α,l,�w,0+h

� �
1 ; ~pð Þ

i
,

ð14Þ

where �w =w/ðςpðυÞ − ςpðεÞÞμ and θðtÞ = ς1/pðtÞ for t ∈ ½εp, υp�

(ii) If p < 0, in that case,

σ
ςp εð Þ + ςp υð Þ

2

� 	1/p !
k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp εð Þð Þ−1

� �
ς−1 ςp υð Þð Þ ; ~p� �

≤ h
1
2


 �
k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp υð Þð Þ+σ ∘ ς

� �
ς−1 ςp υð Þð Þ ; ~p� �h

+ k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp εð Þð Þ−σ ∘ ς

� �
ς−1 ςp εð Þð Þ ; ~p� �i

≤ h
1
2


 �
σ ς εð Þð Þ + σ ς υð Þð Þ½ � k

ςF
γ,δ,v,c
μ,α,l,�w,0−h

� �
0 ; ~pð Þ

h
+ k

ςF
γ,δ,v,c
μ,α,l,�w,1+h

� �
1 ; ~pð Þ

i
,

ð15Þ

where �w =w/ðςpðεÞ − ςpðυÞÞμ and θðtÞ = ς1/pðtÞ for t ∈ ½υp, εp�

Proof. We demonstrate claim (i) as noted below:

(i) Since σ is ðp, hÞ-convex function on ½ε, υ�, for ζ, η ∈ I,
we get
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σ
ςp ζð Þ + ςp ηð Þ

2

� 	1/p !
≤ h

1
2


 �
σ ς ζð Þð Þ + σ ς ηð Þð Þ½ �: ð16Þ

Taking ςðζÞ = ðtςpðεÞ + ð1 − tÞςpðυÞÞ1/p and ςðηÞ =
ðtςpðυÞ + ð1 − tÞςpðεÞÞ1/p in the above inequality, we get

σ
ςp εð Þ + ςp υð Þ

2

� 	1/p !
≤ h

1
2


 �
σ tςp εð Þ + 1 − tð Þςp υð Þ½ �1/p
� �h

+ σ tςp υð Þ + 1 − tð Þςp εð Þ½ �1/p
� �i

:

ð17Þ

Multiplying both sides of (17) by tα/k−1Eγ,δ,v,c
μ,α,l ðwtμ ; ~pÞ

and integrating over ½0, 1�, we get

σ
ςp εð Þ + ςp υð Þ

2

� 	1/p !ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þdt

≤ h
1
2


 �ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þσ tςp εð Þ + 1 − tð Þςp υð Þ½ �1/p
� �

dt

+ h
1
2


 �ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þσ tςp υð Þ + 1 − tð Þςp εð Þ½ �1/p
� �

dt:

ð18Þ

By choosing ςðζÞ = tςpðεÞ + ð1 − tÞςpðυÞ and ςðηÞ = tςpðυÞ
+ ð1 − tÞςpðεÞ in (18), we get

σ
ςp εð Þ + ςp υð Þ

2

� 	1/p !ðς−1 ςp υð Þð Þ

ς−1 ςp εð Þð Þ
ςp υð Þ − ς ζð Þð Þα/k−1Eγ,δ,v,c

μ,α,l �w ςp υð Þðð

− ς ζð ÞÞμ ; ~pÞς′ ζð Þdζ ≤ h
1
2


 �ðς−1 ςp υð Þð Þ

ς−1 ςp εð Þð Þ
ςp υð Þð

− ς ζð ÞÞα/k−1Eγ,δ,v,c
μ,α,l �w ςp υð Þ − ς ζð Þð Þμ ; ~p� �

σ ς1/p ζð Þ� �
ς′ ζð Þdζ

+ h
1
2


 �ðς−1 ςp υð Þð Þ

ς−1 ςp εð Þð Þ
ς ηð Þ − ςp εð Þð Þα/k−1Eγ,δ,v,c

μ,α,l �w ς ηð Þðð

− ςp εð ÞÞμ ; ~pÞσ ς1/p ηð Þ� �
ς′ ηð Þdη:

ð19Þ

By utilizing k-fractional operators (6) and (7), the first side
of (14) is acquired.

Now, to demonstrate the second side of (14), once again,
ðp, hÞ-convexity of f over ½ε, υ�, and for t ∈ ½0, 1�, we get

σ tςp εð Þ + 1 − tð Þςp υð Þ½ �1/p
� �

+ σ tςp υð Þ + 1 − tð Þςp εð Þ½ �1/p
� �

≤ h tð Þ + h 1 − tð Þ½ � σ ς εð Þð Þ + σ ς υð Þð Þ½ �:
ð20Þ

Multiplying both sides of (20) by hð1/2Þtα/k−1Eγ,δ,v,c
μ,α,l ðwtμ ;

~pÞ and integrating over ½0, 1�, we get

h
1
2


 � ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þσ tςp εð Þ + 1 − tð Þςp υð Þ½ �1/p
� �

dt
�

+
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þσ tςp υð Þ + 1 − tð Þςp εð Þ½ �1/p
� �

dt�

≤ h
1
2


 �
σ ς εð Þð Þ + σ ς υð Þð Þ½ � ×

ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þh tð Þdt
�

+
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þh 1 − tð Þdt
	
:

ð21Þ

Taking ςðζÞ = tςpðεÞ + ð1 − tÞςpðυÞ and ςðηÞ = tςpðυÞ +
ð1 − tÞςpðεÞ in (21), in that case, by utilizing k-fractional
operators (6) and (7), the second side of (14) is acquired.

(ii) Proof is the same as the proof of (i)

Corollary 13. By utilizing (14) and (15), some more k-frac-
tional inequalities are offered as noted below:

(i) By choosing ς = I and ~p =w = 0, we acquire

σ
εp + υp

2

� 	1/p !ðυp
εp

υp − ζð Þα/k−1dζ ≤ h
1
2


 �

�
ðυp
εp

υp − ζð Þα/k−1σ ζ1/p
� �

dζ +
ðυp
εp

η − εpð Þα/k−1σ η1/p
� �

dη

" #

≤ h
1
2


 �
σ εð Þ + σ υð Þ½ �

ð1
0
tα/k−1h tð Þdt +

ð1
0
tα/k−1h 1 − tð Þdt

� 	
ð22Þ

(ii) By choosing ς = I, ~p = 0, p = −1, we acquire

σ
2ευ
ε + υ


 �ð1/υ
1/ε

1
υ
− ζ


 �α/k−1
Eγ,δ,v,c
μ,α,l �w

1
υ
− ζ


 �μ
 �
dζ

≤ h
1
2


 � ð1/υ
1/ε

1
υ
− ζ


 �α/k−1
Eγ,δ,v,c
μ,α,l �w

1
υ
− ζ


 �μ
 �
σ

1
ζ


 �
dζ

"

+
ð1/υ
1/ε

η −
1
ε


 �α/k−1
Eγ,δ,v,c
μ,α,l �w η −

1
ε


 �μ
 �
σ

1
η


 �
dη

#

≤ h
1
2


 �
σ εð Þ + σ υð Þ½ �

ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμð Þh tð Þdt
�

+
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμð Þh 1 − tð Þdt
	

ð23Þ

4 Journal of Function Spaces



(iii) By choosing p = −1 and ς = I, we acquire

σ
2ευ
ε + υ


 �ð1/υ
1/ε

1
υ
− ζ


 �α/k−1
Eγ,δ,v,c
μ,α,l �w

1
υ
− ζ


 �μ

; ~p

 �

dζ

≤ h
1
2


 � ð1/υ
1/ε

1
υ
− ζ


 �α/k−1
Eγ,δ,v,c
μ,α,l �w

1
υ
− ζ


 �μ

; ~p

 �

σ
1
ζ


 �
dζ

"

+
ð1/υ
1/ε

η −
1
ε


 �α/k−1
Eγ,δ,v,c
μ,α,l �w η −

1
ε


 �μ

; ~p

 �

σ
1
η


 �
dη

#

≤ h
1
2


 �
σ εð Þ + σ υð Þ½ �

ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þh tð Þdt
�

+
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þh 1 − tð Þdt
	

ð24Þ

(iv) By choosing p = −1, w = ~p = 0, and ς = I, we acquire

σ
2ευ
ε + υ


 �ð1/υ
1/ε

1
υ
− ζ


 �α/k−1
dζ ≤ h

1
2


 � ð1/υ
1/ε

1
υ
− ζ


 �α/k−1
σ

1
ζ


 �
dζ

"

+
ð1/υ
1/ε

η −
1
ε


 �α/k−1
σ

1
η


 �
dη

#
≤ h

1
2


 �
σ εð Þ + σ υð Þ½ �

�
ð1
0
tα/k−1h tð Þdt +

ð1
0
tα/k−1h 1 − tð Þdt

� 	
ð25Þ

(v) By choosing p = −1, we acquire

σ
ς−1 εð Þ + ς−1 υð Þ

2

� 	−1 !
×
ðς−1 ς−1 υð Þð Þ
ς−1 ς−1 εð Þð Þ

ς−1 υð Þ�
− ς ζð ÞÞα/k−1Eγ,δ,v,c

μ,α,l �w ς−1 υð Þ − ς ζð Þ� �μ ; ~p� �
ς′ ζð Þdζ

≤ h
1
2


 � ðς−1 ς−1 υð Þð Þ
ς−1 ς−1 εð Þð Þ

"
ς−1 υð Þ − ς ζð Þ� �α/k−1

Eγ,δ,v,c
μ,α,l

� �w ς−1 υð Þ − ς ζð Þ� �μ ; ~p� �
σ ς−1 ζð Þ� �

ς′ ζð Þdζ

+
ðς−1 ς−1 υð Þð Þ
ς−1 ς−1 εð Þð Þ

ς ηð Þ − ς−1 εð Þ� �α/k−1
Eγ,δ,v,c
μ,α,l �w ς ηð Þðð

− ς−1 εð Þ�μ ; ~pÞσ ς−1 ηð Þ� �
ς′ ηð Þdη

#
≤ h

1
2


 �
σ εð Þ + σ υð Þ½ �

�
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þh tð Þdt
�

+
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þh 1 − tð Þdt
	

ð26Þ

Remark 14. The well-known k-fractional inequalities are fur-
ther noted as below:

(i) By choosing hðtÞ = t and k = 1 in Corollary 13 (i),
Theorem 9 of [6] is acquired

(ii) By choosing hðtÞ = t and k = 1 in Corollary 13 (ii),
Theorem 2.1 of [24] is acquired

(iii) By choosing hðtÞ = t and k = 1 in Corollary 13 (iii),
Theorem 2.1 of [5] is acquired

(iv) By choosing hðtÞ = t and k = 1 in Corollary 13 (iv),
Theorem 4 of [1] is acquired

(v) By choosing hðtÞ = t and k = 1 in Corollary 13 (v),
Theorem 2.1 of [27] is acquired

The below lemma is beneficial to offer the Fejér-
Hadamard inequality for generalized k-fractional integrals.

Lemma 15 (see [18]). Let σ, ς : ½ε, υ�⟶ℝ with 0 < ε < υ be
the functions such that σ is positive and σ ∈ L1½ε, υ�, and ς is
differentiable and absolutely increasing. If p ∈ R\f0g and σð
ς1/pðζÞÞ = σð½ςpðεÞ + ςpðυÞ − ςðζÞ�1/pÞ, in the case for general-
ized k-fractional operators (6) and (7), we have

(i) If p > 0, in that case,

k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp εð Þð Þ+σ ∘ θ

� �
ς−1 ςp υð Þð Þ ; ~p� �

= k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp υð Þð Þ−σ ∘ θ

� �
ς−1 ςp εð Þð Þ ; ~p� �

= 1
2

k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp εð Þð Þ+σ ∘ θ

� �
ς−1 ςp υð Þð Þ ; ~p� �h

+ k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp υð Þð Þ−σ ∘ θ

� �
ς−1 ςp εð Þð Þ ; ~p� �i

,

ð27Þ

with θðtÞ = ς1/pðtÞ for all t ∈ ½εp, υp�

(ii) If p < 0, in that case,

k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp υð Þð Þ+σ ∘ θ

� �
ς−1 ςp εð Þð Þ ; ~p� �

= k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp εð Þð Þ−σ ∘ θ

� �
ς−1 ςp υð Þð Þ ; ~p� �

= 1
2

k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp υð Þð Þ+σ ∘ θ

� �
ς−1 ςp εð Þð Þ ; ~p� �h

+ k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp εð Þð Þ−σ ∘ θ

� �
ς−1 ςp υð Þð Þ ; ~p� �i

,

ð28Þ

with θðtÞ = ς1/pðtÞ for all t ∈ ½υp, εp�

The Fejér-Hadamard inequality for generalized k-frac-
tional integrals is stated and proved in the following theorem.

Theorem 16. Let h : J ⟶ℝ be a nonnegative and nonzero
function. Also, let σ, ς, r : ½ε, υ�⟶ℝ, 0 < ε < υ, be the func-
tions such that σ is positive and σ ∈ L1½ε, υ�, ς is differentiable
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and absolutely increasing, and r is a nonnegative and
integrable function. If σ is ðp, hÞ-convex with p ∈ R\f0g,
and σðς1/pðζÞÞ = σð½ςpðεÞ + ςpðυÞ − ςðζÞ�1/pÞ, then the follow-
ing inequalities for generalized k-fractional integral operators
(6) and (7) hold:

(i) If p > 0, in that case,

σ
ςp εð Þ + ςp υð Þ

2

� 	1/p !
k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp εð Þð Þ+r ∘ θ

� �
ς−1 ςp υð Þð Þ ; ~p� �h

+ k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp υð Þð Þ−r ∘ θ

� �
ς−1 ςp εð Þð Þ ; ~p� �i

≤ h
1
2


 �
k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp εð Þð Þ+σ ∘ r ∘ θ

� �
ς−1 ςp υð Þð Þ ; ~p� �h

+ k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp υð Þð Þ−σ ∘ r ∘ θ

� �
ς−1 ςp εð Þð Þ ; ~p� �i

≤ h
1
2


 �
σ ς εð Þð Þ + σ ς υð Þð Þ½ � ×

ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þr
�

� tςp εð Þ + 1 − tð Þςp υð Þ½ �1/p
� �

h tð Þdt

+
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þr tςp εð Þ + 1 − tð Þςp υð Þ½ �1/p
� �

h 1 − tð Þdt
	
,

ð29Þ

where �w =w/ðςpðυÞ − ςpðεÞÞμ, and θðtÞ = ς1/pðtÞ for t ∈
½εp, υp�

(ii) If p < 0, in that case,

σ
ςp εð Þ + ςp υð Þ

2

� 	1/p !
k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp υð Þð Þ+r ∘ θ

� �
ς−1 ςp εð Þð Þ ; ~p� �h

+ k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp εð Þð Þ−r ∘ θ

� �
ς−1 ςp υð Þð Þ ; ~p� �i

≤ h
1
2


 �
k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp υð Þð Þ+σ ∘ r ∘ θ

� �
ς−1 ςp εð Þð Þ ; ~p� �h

+ k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp εð Þð Þ−σ ∘ r ∘ θ

� �
ς−1 ςp υð Þð Þ ; ~p� �i

≤ h
1
2


 �
σ ς εð Þð Þ + σ ς υð Þð Þ½ �

ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þr
�

� tςp εð Þ + 1 − tð Þςp υð Þ½ �1/p
� �

h tð Þdt +
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þr

� tςp εð Þ + 1 − tð Þςp υð Þ½ �1/p
� �

h 1 − tð Þdt
	
,

ð30Þ

where �w =w/ðςpðεÞ − ςpðυÞÞμ, and θðtÞ = ς1/pðtÞ for t ∈ ½υp,
εp�

Proof. We demonstrate claim (i) as noted below:

(i) Multiplying both sides of (17) by tα/k−1Eγ,δ,v,c
μ,α,l ðwtμ ;

~pÞrð½tςpðεÞ + ð1 − tÞςpðυÞ�1/pÞ and then integrating
over ½0, 1�, we have

σ
ςp εð Þ + ςp υð Þ

2

� 	1/p !ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þr tςp εð Þ + 1 − tð Þςp υð Þ½ �1/p
� �

dt

≤ h
1
2


 � ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þσ tςp εð Þ + 1 − tð Þςp υð Þ½ �1/p
� �

r
�

� tςp εð Þ + 1 − tð Þςp υð Þ½ �1/p
� �

dt +
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þσ

� tςp υð Þ + 1 − tð Þςp εð Þ½ �1/p
� �

r tςp εð Þ + 1 − tð Þςp υð Þ½ �1/p
� �

dt
i
:

ð31Þ

By choosing ςðxÞ = tςpðεÞ + ð1 − tÞςpðυÞ, that is, ςpðεÞ +
ςpðυÞ − ςðζÞ = tςpðυÞ + ð1 − tÞςpðεÞ, in (31) and using σðς1/p
ðζÞÞ = σð½ςpðεÞ + ςpðυÞ − ςðζÞ�1/pÞ, we have

σ
ςp εð Þ + ςp υð Þ

2

� 	1/p !
×
ðς−1 ςp υð Þð Þ

ς−1 ςp εð Þð Þ
ςp υð Þ − ς ζð Þð Þα/k−1Eγ,δ,v,c

μ,α,l �w ςp υð Þðð

− ς ζð ÞÞμ ; ~pÞ r ∘ θð Þ ζð Þς′ ζð Þdζ ≤ h
1
2


 � ðς−1 ςp υð Þð Þ

ς−1 ςp εð Þð Þ
ςp υð Þð

"

− ς ζð ÞÞα/k−1Eγ,δ,v,c
μ,α,l �w ςp υð Þ − ς ζð Þð Þμ ; ~p� �

σ ∘ θð Þ ζð Þ r ∘ θð Þ ζð Þς′ ζð Þdζ

+
ðς−1 ςp υð Þð Þ

ς−1 ςp εð Þð Þ
ς ζð Þ − ςp εð Þð Þα/k−1Eγ,δ,v,c

μ,α,l �w ς ζð Þðð

− ςp εð ÞÞμ ; ~p� σ ∘ θð Þ ζð Þ r ∘ θð Þ ζð Þς′ ζð Þdζ
#
:

ð32Þ

This implies

σ
ςp εð Þ + ςp υð Þ

2

� 	1/p !
k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp εð Þð Þ+r ∘ θ

� �
ς−1 ςp υð Þð Þ ; ~p� �

≤ h
1
2


 �
k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp εð Þð Þ+σ ∘ r ∘ θ

� �
ς−1 ςp υð Þð Þ ; ~p� �h

+ k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp υð Þð Þ−σ ∘ r ∘ θ

� �
ς−1 ςp εð Þð Þ ; ~p� �i

:

ð33Þ

By using Lemma 15 (i) in the above inequality, we get
the first inequality of (29).

Now, to demonstrate the second side of (29), multiplying

both sides of (20) with tα/k−1Eγ,δ,v,c
μ,α,l ðwtμ ; ~pÞrð½tςpðεÞ + ð1 − tÞ

ςpðυÞ�1/pÞ, and next integrating over ½0, 1�, we obtain
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þr tςp εð Þ + 1 − tð Þςp υð Þ½ �1/p
� �

σ

� tςp εð Þ + 1 − tð Þςp υð Þ½ �1/p
� �

dt +
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þr

� tςp εð Þ + 1 − tð Þςp υð Þ½ �1/p
� �

σ tςp υð Þ + 1 − tð Þςp εð Þ½ �1/p
� �

dt

≤ h
1
2


 �
σ ς εð Þð Þ + σ ς υð Þð Þ½ �

ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þr tςp εð Þ½ð

+ 1 − tð Þςp υð Þ�1/p
�
h tð Þ + h 1 − tð Þ½ �dt:

ð34Þ
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Setting ςðζÞ = tςpðεÞ + ð1 − tÞςpðυÞ and using σðς1/pðζÞÞ
= σð½ςpðεÞ + ςpðυÞ − ςðζÞ�1/pÞ in (34), we have

k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp εð Þð Þ+σ ∘ r ∘ θ

� �
ς−1 ςp υð Þð Þ ; ~p� �

+ k
ςF

γ,δ,v,c
μ,α,l,�w,ς−1 ςp υð Þð Þ−σ ∘ r ∘ θ

� �
ς−1 ςp εð Þð Þ ; ~p� �

≤ h
1
2


 �
σ ς εð Þð Þ + σ ς υð Þð Þ½ � ×

ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þr

� tςp εð Þ + 1 − tð Þςp υð Þ½ �1/p
� �

h tð Þ + h 1 − tð Þ½ �dt:
ð35Þ

By utilizing Lemma 15 (i) in the above inequality, we get
the second side of (29).

(ii) The proof is similar to the proof of (i)

Corollary 17. By utilizing (29) and (30), some more k-frac-
tional inequalities are offered as noted below:

(i) By choosing ς = I and ~p = 0, we acquire

σ
εp + υp

2

� 	1/p !ðυp
εp

υp − ζð Þα/k−1Eγ,δ,v,c
μ,α,l �w υp − ζð Þμ� �

r ∘ θð Þ ζð Þdζ

≤ h
1
2


 � ðυp
εp

υp − ζð Þα/k−1Eγ,δ,v,c
μ,α,l �w υp − ζð Þμ� �

σ ∘ θð Þ ζð Þ r ∘ θð Þ ζð Þdζ
"

+
ðυp
εp

ζ − εpð Þα/k−1Eγ,δ,v,c
μ,α,l �w ζ − εpð Þμ� �

σ ∘ θð Þ ζð Þ r ∘ θð Þ ζð Þdζ
#

≤ h
1
2


 �
σ εð Þ + σ υð Þ½ �

ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμð Þr tεp + 1 − tð Þυp½ �1/p
� �

h tð Þdt
�

+
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμð Þr tεp + 1 − tð Þυp½ �1/p
� �

h 1 − tð Þdt
	

ð36Þ

(ii) By choosing ς = I and w = ~p = 0, we acquire

σ
εp + υp

2

� 	1/p !ðυp
εp

υp − ζð Þα/k−1 r ∘ θð Þ ζð Þdζ

≤ h
1
2


 � ðυp
εp

υp − ζð Þα/k−1 σ ∘ θð Þ ζð Þ r ∘ θð Þ ζð Þdζ
"

+
ðυp
εp

ζ − εpð Þα/k−1 σ ∘ θð Þ ζð Þ r ∘ θð Þ ζð Þdζ
#

≤ h
1
2


 �
σ εð Þ + σ υð Þ½ �

ð1
0
tα/k−1r tεp + 1 − tð Þυp½ �1/p

� �
h tð Þdt

�

+
ð1
0
tα/k−1r tεp + 1 − tð Þυp½ �1/p

� �
h 1 − tð Þdt

	

ð37Þ

(iii) By choosing ~p = 0, rðζÞ = 1, ς = I, and p = −1, we
acquire

σ
2ευ
ε + υ


 �ð1/υ
1/ε

1
υ
− ζ


 �α/k−1
Eγ,δ,v,c
μ,α,l �w

1
υ
− ζ


 �μ
 �
θ ζð Þdζ

≤ h
1
2


 � ð1/υ
1/ε

1
υ
− ζ


 �α/k−1
Eγ,δ,v,c
μ,α,l �w

1
υ
− ζ


 �μ
 �
σ ∘ θð Þ ζð Þθ ζð Þdζ

"

+
ð1/υ
1/ε

ζ −
1
ε


 �α/k−1
Eγ,δ,v,c
μ,α,l �w ζ −

1
ε


 �μ
 �
σ ∘ θð Þ ζð Þθ ζð Þdζ

#

≤ h
1
2


 �
σ εð Þ + σ υð Þ½ �

ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμð Þh tð Þdt
�

+
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμð Þh 1 − tð Þdt
	

ð38Þ

(iv) By choosing ς = I, p = −1, and rðζÞ = 1, we acquire

σ
2ευ
ε + υ


 �ð1/υ
1/ε

1
υ
− ζ


 �α/k−1
Eγ,δ,v,c
μ,α,l �w

1
υ
− ζ


 �μ

; ~p

 �

θ ζð Þdζ

≤ h
1
2


 � ð1/υ
1/ε

1
υ
− ζ


 �α/k−1
Eγ,δ,v,c
μ,α,l �w

1
υ
− ζ


 �μ

; ~p

 �

σ ∘ θð Þ ζð Þθ ζð Þdζ
"

+
ð1/υ
1/ε

ζ −
1
ε


 �α/k−1
Eγ,δ,v,c
μ,α,l �w ζ −

1
ε


 �μ

; ~p

 �

σ ∘ θð Þ ζð Þθ ζð Þdζ
#

≤ h
1
2


 �
σ εð Þ + σ υð Þ½ �

ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þh tð Þdt
�

+
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þh 1 − tð Þdt
	

ð39Þ

(v) By choosing w = ~p = 0, rðζÞ = 1, p = −1, and ς = I, we
acquire

σ
2ευ
ε + υ


 �ð1/υ
1/ε

1
υ
− ζ


 �α/k−1
θ ζð Þdζ

≤ h
1
2


 � ð1/υ
1/ε

1
υ
− ζ


 �α/k−1
σ ∘ θð Þ ζð Þθ ζð Þdζ

"

+
ð1/υ
1/ε

ζ −
1
ε


 �α/k−1
σ ∘ θð Þ ζð Þθ ζð Þdζ

#

≤ h
1
2


 �
σ εð Þ + σ υð Þ½ �

ð1
0
tα/k−1h tð Þdt +

ð1
0
tα/k−1h 1 − tð Þdt

� 	
ð40Þ

(vi) By choosing p = −1, we acquire
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σ
ς−1 εð Þ + ς−1 υð Þ

2

� 	−1 !
×
ðς−1 ς−1 υð Þð Þ
ς−1 ς−1 εð Þð Þ

ς−1 υð Þ�
− ς ζð ÞÞα/k−1Eγ,δ,v,c

μ,α,l �w ς−1 υð Þ − ς ζð Þ� �μ ; ~p� �
r ∘ θð Þ ζð Þς′ ζð Þdζ

≤ h
1
2


 � ðς−1 ς−1 υð Þð Þ
ς−1 ς−1 εð Þð Þ

ς−1 υð Þ − ς ζð Þ� �α/k−1
Eγ,δ,v,c
μ,α,l

"

� �w ς−1 υð Þ − ς ζð Þ� �μ ; ~p� �
σ ∘ θð Þ ζð Þ r ∘ θð Þ ζð Þς′ ζð Þdζ

+
ðς−1 ς−1 υð Þð Þ
ς−1 ς−1 εð Þð Þ

ς ζð Þ − ς−1 εð Þ� �α/k−1
Eγ,δ,v,c
μ,α,l

� �w ς ζð Þ − ς−1 εð Þ� �μ ; ~p� �
σ ∘ θð Þ ζð Þ r ∘ θð Þ ζð Þς′ ζð Þdζ

i
≤ h

1
2


 �
σ ς εð Þð Þ + σ ς υð Þð Þ½ �

ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þr
�

� ς εð Þς υð Þ
tς υð Þ + 1 − tð Þς εð Þ

 �

h tð Þdt +
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þr

� ς εð Þς υð Þ
tς υð Þ + 1 − tð Þς εð Þ

 �

h 1 − tð Þdt
	

ð41Þ

Remark 18. The mentioned k-fractional inequalities are fur-
ther connected with foreknown conclusions as noted below:

(i) By setting hðtÞ = t and k = 1 in Corollary 17 (ii),
Theorem 9 of [6] is obtained

(ii) By setting hðtÞ = t and k = 1 in Corollary 17 (iii),
Theorem 2.1 of [24] is obtained

(iii) By setting hðtÞ = t and k = 1 in Corollary 17 (iv),
Theorem 2.1 of [5] is obtained

(iv) By setting hðtÞ = t and k = 1 in Corollary 17 (v),
Theorem 4 of [1] is obtained

(v) By setting hðtÞ = t and k = 1 in Corollary 17 (vi),
Theorem 2.5 of [27] is obtained

In the next theorem, we offer another type of the Hada-
mard inequality.

Theorem 19. Let h : J ⟶ℝ is a nonnegative and nonzero
function. Also, let σ, ς : ½ε, υ�⟶ℝ, 0 < ε < υ, be the func-
tions such that σ is positive and σ ∈ L1½ε, υ� and ς is differen-
tiable and absolutely increasing. If σ is ðp, hÞ-convex,
p ∈ R\f0g, then for generalized k-fractional integral operators
(6) and (7), we have the following:

(i) If p > 0, in that case,

σ
ςp εð Þ + ςp υð Þ

2

� 	1/p !
k
ςF

γ,δ,v,c
μ,α,l,��w,ς−1 ςp εð Þ+ςp υð Þð Þ/2ð Þ+1

� �
ς−1 ςp υð Þð Þ ; ~p� �

≤ h
1
2


 �
k
ςF

γ,δ,v,c
μ,α,l,��w,ς−1 ςp εð Þ+ςp υð Þð Þ/2ð Þ+σ ∘ θ

� �
ς−1 ςp υð Þð Þ ; ~p� �h

+ k
ςF

γ,δ,v,c
μ,α,l,��w,ς−1 ςp εð Þ+ςp υð Þð Þ/2ð Þ−σ ∘ θ

� �
ς−1 ςp εð Þð Þ ; ~p� �i

≤ h
1
2


 �
σ ς εð Þð Þ + σ ς υð Þð Þ½ � ×

ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þh t
2


 �
dt

�

+
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þh 2 − t
2


 �
dt
	
,

ð42Þ

where ��w = 2μw/ðςpðυÞ − ςpðεÞÞμ, and θðtÞ = ς1/pðtÞ for t ∈
½εp, υp�

(ii) If p < 0, in that case,

σ
ςp εð Þ + ςp υð Þ

2

� 	1/p !
k
ςF

γ,δ,v,c
μ,α,l,��w,ς−1 ςp εð Þ+ςp υð Þð Þ/2ð Þ−1

� �
ς−1 ςp υð Þð Þ ; ~p� �

≤ h
1
2


 �
k
ςF

γ,δ,v,c
μ,α,l,��w,ς−1 ςp εð Þ+ςp υð Þð Þ/2ð Þ+σ ∘ θ

� �
ς−1 ςp εð Þð Þ ; ~p� �h

+ k
ςF

γ,δ,v,c
μ,α,l,��w,ς−1 ςp εð Þ+ςp υð Þð Þ/2ð Þ−σ ∘ θ

� �
ς−1 ςp υð Þð Þ ; ~p� �i

≤ h
1
2


 �
σ ς εð Þð Þ + σ ς υð Þð Þ½ � ×

ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þh t
2


 �
dt

�

+
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þh 2 − t
2


 �
dt
	
,

ð43Þ

where ��w = 2μw/ðςpðεÞ − ςpðυÞÞμ, and θðtÞ = ς1/pðtÞ for t ∈
½υp, εp�

Proof. We demonstrate claim (i) as noted below:

(i) Choosing ςðζÞ = ½ðt/2ÞςpðεÞ + ð2 − t/2ÞςpðυÞ�1/p and ς

ðηÞ = ½ðt/2ÞςpðυÞ + ð2 − t/2ÞςpðεÞ�1/p in (16), we have

σ
ςp εð Þ + ςp υð Þ

2

� 	1/p !
≤ h

1
2


 �
σ

t
2


 �
ςp εð Þ + 2 − t

2


 �
ςp υð Þ

� 	1/p !"

+ σ
t
2


 �
ςp υð Þ + 2 − t

2


 �
ςp εð Þ

� 	1/p !#
:

ð44Þ

Multiplying both sides of (44) by tα/k−1Eγ,δ,v,c
μ,α,l ðwtμ ; ~pÞ

and then integrating over ½0, 1�, we have

8 Journal of Function Spaces



σ
ςp εð Þ + ςp υð Þ

2

� 	1/p !ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þdt

≤ h
1
2


 � ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þσ t
2 ς

p εð Þ + 2 − t
2


 �
ςp υð Þ

� 	1/p !
dt

"

+
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þσ t
2 ς

p υð Þ + 2 − t
2


 �
ςp εð Þ

� 	1/p !
dt

#
:

ð45Þ

By choosing ςðζÞ = ½ðt/2ÞςpðεÞ + ð2 − t/2ÞςpðυÞ�1/p and
ςðηÞ = ½ðt/2ÞςpðυÞ + ð2 − t/2ÞςpðεÞ�1/p in (45), then by using
k-fractional integral operators (6) and (7), the first
inequality of (42) is obtained.

Now, to demonstrate the second side of (42), once again
ðp, hÞ-convexity of σ over ½ε, υ� and for t ∈ ½0, 1�, we obtain

σ
t
2 ς

p εð Þ + 2 − t
2


 �
ςp υð Þ

� 	1/p !
+ σ

t
2 ς

p υð Þ + 2 − t
2


 �
ςp εð Þ

� 	1/p !

≤ σ ς εð Þð Þ + σ ς υð Þð Þ½ � h
t
2


 �
+ h

2 − t
2


 �� 	
:

ð46Þ

Multiplying both sides of (46) by hð1/2Þtα/k−1Eγ,δ,v,c
μ,α,l ðwtμ ;

~pÞ and then integrating over ½0, 1�, we have

h
1
2


 � ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þσ t
2 ς

p εð Þ + 2 − t
2


 �
ςp υð Þ

� 	1/p !
dt

"

+
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þσ t
2 ς

p υð Þ + 2 − t
2


 �
ςp εð Þ

� 	1/p !
dt

#

≤ h
1
2


 �
σ ς εð Þð Þ + σ ς υð Þð Þ½ � ×

ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þh t
2


 �
dt

�

+
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þh 2 − t
2


 �
dt
	
:

ð47Þ

Choosing ςðζÞ = ðt/2ÞςpðεÞ + ð2 − t/2ÞςpðυÞ and ςðηÞ = ðt/
2ÞςpðυÞ + ð2 − t/2ÞςpðεÞ in (47) and by utilizing k-fractional
operators (6) and (7), the second side of (42) is acquired.

(ii) Proof is the same as the proof of (i)

Corollary 20. By utilizing (42) and (43), some more k-frac-
tional inequalities are offered as noted below:

(i) By choosing ς = I and ~p = 0, p = −1, we acquire

σ
2ευ
ε + υ


 �ð1/υ
2ευ/ε+υ

1
υ
− ζ


 �α/k−1
Eγ,δ,v,c
μ,α,l ��w

1
υ
− ζ


 �μ
 �
dζ

≤ h
1
2


 � ð1/υ
2ευ/ε+υ

1
υ
− ζ


 �α/k−1
Eγ,δ,v,c
μ,α,l ��w

1
υ
− ζ


 �μ
 �
σ ζ−1
� �

dζ

"

+
ð2ευ/ε+υ
1/ε

η −
1
ε


 �α/k−1
Eγ,δ,v,c
μ,α,l ��w η −

1
ε


 �μ
 �
σ η−1
� �

dη

#

≤ h
1
2


 �
σ εð Þ + σ υð Þ½ � ×

ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμð Þh t
2


 �
dt

�

+
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμð Þh 2 − t
2


 �
dt
	

ð48Þ

(ii) By choosing p = −1 and ς = I, we acquire

σ
2ευ
ε + υ


 �ð1/υ
2ευ/ε+υ

1
υ
− ζ


 �α/k−1
Eγ,δ,v,c
μ,α,l ��w

1
υ
− ζ


 �μ

; ~p

 �

dζ

≤ h
1
2


 � ð1/υ
2ευ/ε+υ

1
υ
− ζ


 �α/k−1
Eγ,δ,v,c
μ,α,l ��w

1
υ
− ζ


 �μ

; ~p

 �

σ ζ−1
� �

dζ

"

+
ð2ευ/ε+υ
1/ε

η −
1
ε


 �α/k−1
Eγ,δ,v,c
μ,α,l ��w η −

1
ε


 �μ

; ~p

 �

σ η−1
� �

dη

#

≤ h
1
2


 �
σ εð Þ + σ υð Þ½ � ×

ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þh t
2


 �
dt

�

+
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þh 2 − t
2


 �
dt
	

ð49Þ

(iii) By choosing p = −1, we acquire

σ
ς−1 εð Þ + ς−1 υð Þ

2

� 	−1 !
×
ðς−1 ς−1 υð Þð Þ
ς−1 ς−1 εð Þ+ς−1 υð Þ/2ð Þ

ς−1 υð Þ − ς ζð Þ� �α/k−1
Eγ,δ,v,c
μ,α,l

× ��w ς−1 υð Þ − ς ζð Þ� �μ ; ~p� �
ς′ ζð Þdζ ≤ h

1
2


 �

×
ðς−1 ς−1 υð Þð Þ
ς−1 ς−1 εð Þ+ς−1 υð Þ/2ð Þ

ς−1 υð Þ − ς ζð Þ� �α/k−1
Eγ,δ,v,c
μ,α,l

"

× ��w ς−1 υð Þ − ς ζð Þ� �μ ; ~p� �
σ ς−1 ζð Þ� �

ς′ ζð Þdζ

+
ðς−1 ς−1 εð Þ+ς−1 υð Þ/2ð Þ
ς−1 ς−1 εð Þð Þ

ς ηð Þ − ς−1 εð Þ� �α/k−1
Eγ,δ,v,c
μ,α,l

× ��w ς ηð Þ − ς−1 εð Þ� �μ ; ~p� �
σ ς−1 ηð Þ� �

ς′ ηð Þdη
#
≤ h

1
2


 �
σ ς εð Þð Þ½

+ σ ς υð Þð Þ� ×
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þh t
2


 �
dt

�

+
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þh 2 − t
2


 �
dt

#
ð50Þ

Remark 21. The mentioned k-fractional inequalities are far-
ther connected with foreknown conclusions as noted below:
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(i) By choosing hðtÞ = t and k = 1 in Corollary 20 (i),
Theorem 2.3 of [24] is acquired

(ii) By choosing hðtÞ = t and k = 1 in Corollary 20 (ii),
Theorem 2.3 of [5] is acquired

(iii) By choosing hðtÞ = t and k = 1 in Corollary 20 (iii),
Theorem 2.7 of [27] is acquired

The second type of the Fejér-Hadamard inequality for
generalized k-fractional integrals is given as noted below.

Theorem 22. Let h : J ⟶ℝ be a nonnegative and nonzero
function. Also, let σ, ς, r : ½ε, υ�⟶ℝ with 0 < ε < υ be the
functions such that σ is positive and σ ∈ L1½ε, υ�, ς is differen-
tiable and absolutely increasing, and r is a nonnegative and
integrable function. If σ is ðp, hÞ-convex, p ∈ R\f0g and σð
ς1/pðζÞÞ = σð½ςpðεÞ + ςpðυÞ − ςðζÞ�1/pÞ, then the following
inequalities for generalized k-fractional integral operators
(6) and (7) hold:

(i) If p > 0, in that case,

σ
ςp εð Þ + ςp υð Þ

2

� 	1/p !
k
ςF

γ,δ,v,c
μ,α,l,��w,ς−1 ςp εð Þ+ςp υð Þ/2ð Þ+r ∘ θ

� �
ς−1 ςp υð Þð Þ ; ~p� �

≤ h
1
2


 �
k
ςF

γ,δ,v,c
μ,α,l,��w,ς−1 ςp εð Þ+ςp υð Þ/2ð Þ+r ∘ σ ∘ θ

� �
ς−1 ςp υð Þð Þ ; ~p� �h

+ k
ςF

γ,δ,v,c
μ,α,l,��w,ς−1 ςp εð Þ+ςp υð Þ/2ð Þ−r ∘ σ ∘ θ

� �
ς−1 ςp εð Þð Þ ; ~p� ��

≤ h
1
2


 �
σ ς εð Þð Þ + σ ς υð Þð Þ½ � ×

ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þr
�

×
t
2
ςp εð Þ + 2 − t

2
ςp υð Þ

� 	1/p !
h

t
2


 �
dt

+
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þr t
2
ςp εð Þ + 2 − t

2
ςp υð Þ

� 	1/p !
h

×
2 − t
2


 �
dt
i
, ð51Þ

where ��w = 2μw/ðςpðυÞ − ςpðεÞÞμ, and θðtÞ = ς1/pðtÞ for t ∈
½εp, υp�

(ii) If p < 0, in that case,

σ
ςp εð Þ + ςp υð Þ

2

� 	1/p !
k
ςF

γ,δ,v,c
μ,α,l,��w,ς−1 ςp εð Þ+ςp υð Þ/2ð Þ−r ∘ θ

� �
ς−1 ςp υð Þð Þ ; ~p� �

≤ h
1
2


 �
k
ςF

γ,δ,v,c
μ,α,l,��w,ς−1 ςp εð Þ+ςp υð Þ/2ð Þ+r ∘ f ∘ θ

� �
ς−1 ςp εð Þð Þ ; ~p� �h

+ k
ςF

γ,δ,v,c
μ,α,l,��w,ς−1 ςp εð Þ+ςp υð Þ/2ð Þ−r ∘ σ ∘ θ

� �
ς−1 ςp υð Þð Þ ; ~p� ��

≤ h
1
2


 �
σ ς εð Þð Þ + σ ς υð Þð Þ½ � ×

ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þr
�

×
t
2
ςp εð Þ + 2 − t

2
ςp υð Þ

� 	1/p !
h

t
2


 �
dt

+
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þr t
2
ςp εð Þ + 2 − t

2
ςp υð Þ

� 	1/p !
h

×
2 − t
2


 �
dt
	
, ð52Þ

where ��w = 2μw/ðςpðεÞ − ςpðυÞÞμ, and θðtÞ = ς1/pðtÞ for t ∈
½υp, εp�

Proof. We demonstrate the first claim as noted below:

(i) Multiplying (44) by tα/k−1Eγ,δ,v,c
μ,α,l ðwtμ ; ~pÞrð½ðt/2Þ ςpðεÞ

+ ð2 − t/2ÞςpðυÞ�1/pÞ and then integrating over ½0, 1�,
we have

σ
ςp εð Þ + ςp υð Þ

2

� 	1/p !ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þr

� t
2 ς

p εð Þ + 2 − t
2


 �
ςp υð Þ

� 	1/p !
dt ≤ h

1
2


 �

�
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þr t
2 ς

p εð Þ + 2 − t
2


 �
ςp υð Þ

� 	1/p !
σ

"

� t
2 ς

p εð Þ + 2 − t
2


 �
ςp υð Þ

� 	1/p !
dt +

ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þr

� t
2 ς

p εð Þ + 2 − t
2


 �
ςp υð Þ

� 	1/p !
σ

� t
2 ς

p υð Þ + 2 − t
2


 �
ςp εð Þ

� 	1/p !
dt

#
:

ð53Þ

By choosing ςðζÞ = ðt/2ÞςpðεÞ + ð2 − t/2ÞςpðυÞ and ςðηÞ
= ðt/2ÞςpðυÞ + ð2 − t/2ÞςpðεÞ, that is, ςpðεÞ + ςpðυÞ − ςðζÞ = ð
t/2ÞςpðυÞ + ð2 − t/2ÞςpðεÞ, in (53), in that case, by utilizing
σðς1/pðζÞÞ = σð½ςpðεÞ + ςpðυÞ − ςðζÞ�1/pÞ and k-fractional inte-
gral operators (6) and (7), the first side of (51) is obtained.

Now, to demonstrate the second side of (51), multiplying

both sides of (46) with hð1/2Þtα/k−1Eγ,δ,v,c
μ,α,l ðwtμ ; ~pÞrð

½ðt/2ÞςpðεÞ + ð2 − t/2ÞςpðυÞ�1/pÞ and integrating over ½0, 1�,
we obtain

h
1
2


 � ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þr t
2 ς

p εð Þ + 2 − t
2


 �
ςp υð Þ

� 	1/p !
σ

"

×
t
2 ς

p εð Þ + 2 − t
2


 �
ςp υð Þ

� 	1/p !
dt +

ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þr

×
t
2 ς

p εð Þ + 2 − t
2


 �
ςp υð Þ

� 	1/p !
σ

t
2 ς

p υð Þ + 2 − t
2


 �
ςp εð Þ

� 	1/p !
dt

#

≤ h
1
2


 �
σ ς εð Þð Þ + σ ς υð Þð Þ½ � ×

ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þr
�

×
t
2 ς

p εð Þ + 2 − t
2


 �
ςp υð Þ

� 	1/p !
h

t
2


 �
dt
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+
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμ ; ~pð Þr t
2 ς

p εð Þ + 2 − t
2


 �
ςp υð Þ

� 	1/p !
h

2 − t
2


 �
dt

#
:

ð54Þ

By choosing ςðζÞ = ðt/2ÞςpðεÞ + ð2 − t/2ÞςpðυÞ and ςðηÞ
= ðt/2ÞςpðυÞ + ð2 − t/2ÞςpðεÞ, that is, ςpðεÞ + ςpðυÞ − ςðζÞ =
ðt/2ÞςpðυÞ + ð2 − t/2ÞςpðεÞ, in (54), then by using σðς1/pðζÞÞ
= σð½ςpðεÞ + ςpðυÞ − ςðζÞ�1/pÞ and k-fractional integral opera-
tors (6) and (7), the second inequality of (51) is acquired.

(ii) Proof is the same as the proof of (i)

Corollary 23. By utilizing (51) and (52), some more k-frac-
tional inequalities are offered as noted below:

(i) By choosing ς = I and ~p = 0,p = −1, we acquire

σ
2ευ
ε + υ


 �ð1/υ
2ευ/ε+υ

1
υ
− ζ


 �α/k−1
Eγ,δ,v,c
μ,α,l ��w

1
υ
− ζ


 �μ
 �
r ζ−1
� �

dζ

≤ h
1
2


 � ð1/υ
2ευ/ε+υ

1
υ
− ζ


 �α/k−1
Eγ,δ,v,c
μ,α,l ��w

1
υ
− ζ


 �μ
 �
σ

"

× ζ−1
� �

r ζ−1
� �

dζ +
ð2ευ/ε+υ
1/ε

ζ −
1
ε


 �α/k−1
Eγ,δ,v,c
μ,α,l

× ��w ζ −
1
ε


 �μ
 �
σ ζ−1
� �

r ζ−1
� �

dζ

#
≤ h

1
2


 �
σ εð Þ + σ υð Þ

#"

×
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμð Þr 2ευ
tυ + 2 − tð Þε

 �

h
t
2


 �
dt

�

+
ð1
0
tα/k−1Eγ,δ,v,c

μ,α,l wtμð Þr 2ευ
tυ + 2 − tð Þε

 �

h
2 − t
2


 �
dt
	

ð55Þ

(ii) By choosing p = −1 and ς = I, we acquire

σ
2ευ
ε + υ


 �ð1/υ
2ευ/ε+υ

1
υ
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υ
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(iii) By choosing p = −1, we acquire

σ
ς−1 εð Þ + ς−1 υð Þ

2

� 	−1 !
×
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Remark 24. The well-known k-fractional inequalities are fur-
ther noted as below:

(i) By choosing hðtÞ = t and k = 1 in Corollary 23 (i),
Theorem 2.6 of [24] is acquired

(ii) By choosing hðtÞ = t and k = 1 in Corollary 23 (ii),
Theorem 2.6 of [5] is acquired

(iii) By choosing hðtÞ = t and k = 1 in Corollary 23 (iii),
Theorem 2.10 of [27] is acquired

3. Conclusion

In this article, generalized versions of k-fractional Hadamard
and Fejér-Hadamard inequalities are presented. To obtain
these inequalities, k-fractional integral operators including
the Mittag-Leffler function have been used for ðp, hÞ-con-
vex functions. Many published results in the literature are
directly connected with the findings of this paper. Some cor-
ollaries have been formulated as new k-fractional Hadamard
and Fejér-Hadamard inequalities.
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