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1. Introduction

One of the several important settings in which fixed point
theory has been explored is the fuzzy context [1, 2]. The
introduction of the fuzzy set by Zadeh [3] was a turning
point in the landscape of fuzzy mathematics. Fuzzy math-
ematics has improved enormously in the last two decades.
Fuzzy set theory has many important applications in various
fields of applied sciences such as neural network theory,
stability theory, mathematical programming, modeling
theory, engineering sciences, medical sciences (medical
genetics and nervous system), image processing, control
theory, and communication [4-9]. Kramosil [10] introduced
the notion of fuzzy metric space. George and Veeramani [11]
later on slightly modified Kramosil’s definition of fuzzy
metric space and also proved that every metric induces a
fuzzy metric and every fuzzy metric induces Hausdorft
topology. Sedghi and Shobe [12] introduced the concept of
fuzzy b-metric space. Following this idea, many researchers
analysed fixed point theory in fuzzy b-metric space via
various contractive conditions [13-17].

Sessa [18] explored common fixed points of set-valued as
well as single-valued mappings on a complete metric space
under a contractive condition along with the commutativity
concept. The concept of a common fixed point was later on
generalized by many researchers [19-23]. Lakshmikantham
and Bhaskar [24] initiated the concept of coupled fixed
point. Ciri¢ and Lakshmikantham [25] established coupled
coincidence and coupled common fixed point theorems in
partially ordered metric spaces. Subsequently, many

researchers explored coupled fixed point theory in various
spaces [2, 12, 19, 25-28]. Hu [27] and Zhu and Xiao [2] gave
a coupled fixed point theorem for contractions in fuzzy
metric spaces. Vasuki [29] obtained common fixed point
results in fuzzy metric spaces. Berinde and Borcut [30]
presented the idea of a tripled fixed point and obtained some
new tripled fixed point results using mixed g-monotone
mapping. Their results generalize and extend the Bhaskar
and Lakshmikantham’s research for nonlinear mappings.
Roldén et al. [31] investigated the multidimensional coin-
cidence points between mappings. Rolddn et al. [1] modified
the concept of tripled fixed points and generalized the results
of Berinde and Borcut [30] and Zhu and Xiao [2].

In this paper, we aim to generalize and extend the notion
of coupled/tripled common fixed point by introducing the
concept of n-tupled fixed point in fuzzy b-metric space. We
established an existence and uniqueness theorem for con-
tractive mapping in fuzzy b-metric space. Our main result
generalizes and extends coupled and tripled fixed point
theorems appearing in [1, 2, 13] to n-dimensional common
fixed points in fuzzy b-metric space. Moreover, it can be
particularized to complete metric spaces to obtain an
n-tupled Brinde-Borcut type coincidence/fixed point result
in a nonfuzzy domain.

The paper is organized as follows: Section 2 is devoted to
recall the basic definitions and lemmas that will be crucial
throughout the paper. In Section 3, we introduce the notions
of an n-tupled common fixed point and an n-tupled coin-
cidence point. Moreover, an existence and uniqueness
theorem for mappings satisfying certain contractive
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conditions in fuzzy b-metric space has been proved. Section
4 is devoted to generalize the construction presented in
Section 3 to nonfuzzy settings. Moreover, the idea is elab-
orated via a nontrivial example. In section 5, some appli-
cations of the main result of the paper are discussed, and a
kind of Lipschitzian system and an integral system both for
variables have been solved.

2. Preliminaries

In this section, some terms and definitions are provided
which will be used in the main work of this manuscript.
Henceforth, R and N will denote the set of real numbers and
positive integers, respectively, while S will stand for an ar-
bitrary nonempty set. Arguments of a metric d and fuzzy
metric T will be represented by subscripts. For example,
d(u,v) and Z (x, y, 6) will be represented by d,,, and &, (6),
respectively.

Definition 1 (see [32]). A map =*: [0, 11> — [0, 1], such
that ([0, 1], <, =) is an ordered abelian topological monoid
with unit 1, is called a continuous ¢t-norm.

x# y = max{x + y - 1,0}, X*py = XY, and
x %,y = min{x, y} are examples of some frequently used
continuous t-norm that satisfy s, > #p > .

Definition 2 (see [33]). A continuous t-norm * is said to be
of H-type if the sequence {+"x}>  is equicontinuous at
x = 1. That is, for all £ € (0,1) there exists ¢ € (0,1) such
that 1 — ¢< x < 1 implies that «”x > 1 — & for allm > 1, where
the sequence {+"x} is defined as ='x=x and
x = (" lx) * x.

An important and most commonly used continuous
t-norm of H-type is =*,, which satisfies x*,y>
x#py, Vx,y € [0,1]. The following lemma characterizes
continuous t-norm to be of the H-type.

Lemma 1 (see [1]). Let = be a t-norm and € € (0,1]. If
axb ;if max(a,b)<1-—¢,
ax.b= (1)

€

min(a,b) ;ifmax(a,b)>1-c¢.

Then, . is a t-norm of theH-type.

Definition 3 (see [34]). The 3-tuple (S, Z, =) is called fuzzy
metric space if S is a nonempty set, * is a continuous
t-norm, and § is a fuzzy set on S x S x (0, co) which satisfies
the following conditions, for all u,v,w € S and 6, p >0.

(i) (FMD)] Z,,(8)>0

(i) (FM2)] €, (8) =1, iffu=v

(iii) [((FM3)] T, (d) = Z,, (9)

(iv) [(FM4)] Z,,,(8+p)>Z,, (8) * X, (p)

(v) (FM5)] &, (.): (0,00) — [0, 1] is continuous

(vi) [(FM6)] limg_, T, (8) =1

Definition 4 (see [12]). The 3-tuple (S, Z, * ) is called fuzzy
b-metric space (F b MS for short) if S is a nonempty set, * is
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a continuous f-norm, and g is a fuzzy set on S x § x (0, co)
which satisfies the following conditions, for all u,v,w € S
and 6,p >0 and a given real number b> 1.

i) (FM1)] £,,(8)>0
(i) [(FM2)] &, =1,iffu=v
(i) [(FM3)] Z,,(8) = Z,,,(5)
(iv) [(FM4)] Z,,(6+p)2F,, (8) *Z,, (p)
(v) (FM5)] €,,(): (0,00) — [0, 1] is continuous
(i) [((FM6)] lims_,,Z,, () =1

Note that ¥, (6) represents the degree of closeness
between u and v with respect to § > 0. The fuzzy b-metric
reduces to a fuzzy metric for b = 1. Therefore, the class of
fuzzy b-metric spaces is larger than the class of
fuzzy metric spaces. The following example shows that a
fuzzy b-metric on a nonempty set S need not be a fuzzy
metric.

Example 1 (see [13]). Let S=R and &, ()=
eClu=vIP1) forallu,v € S and 8 >0 with 7 = s = rs. It can be
easily verified that (S, Z, *) is a F b MS with b = 27~ !, But
for p=2, (5,2, =) is not a fuzzy metric space.

Remark 1 (see [14]). Foru#vand > 0, it is always true that

0<%, (d)<L

Lemma 2 (see [35]). Z,,(.) is nondecreasing for all u,v € S.

Deﬁnition 5 (see [36, 37].
( b ~’ *)

(1) A sequence {u,} converges to u € S if for every
§€(0,1) and §>0 there exists n; € N such that
T (Upu,0)>1-&  Vnzng

(2) {t,} e 1s said to be Cauchy sequence if for every
positive real number & € (0,1) and § > 0 there exists
ng € N such that T (u,,u,,,8)>1-§ Vmn>ng

(3) A F b MS is said to be complete if every Cauchy
sequence converges in it

In a fuzzy b-metric space

Remark 2 (see [14]). In general, a fuzzy b-metric is not
continuous.

In a fuzzy b-metric space, we have the following
proposition.

Proposition 1 (see [37]). Let (S,Z, *) be a F b MS and
suppose a sequence {u,} converges to u, then

n—=a~oo

S(u, v,%) <lim sup T (u,,v,0)<Z(u,v,bd),
(2)
‘l(u, v,%)slim inf Z(u,,v,0)<Z(u,v,bd).
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3. Main Results

Definition 6. Let T: §" — S and 0: S — S, a point
(JUyUy3l, . . . ,,u) € S" is said to be the following:

(1) n-tupled fixed point of T if T (yuunsl,...,,uU)
=1, T (U, . . .5 Us 1) T (,u,q Uy
Uy ooy W) = U

=, ...,

(2) n-tupled coincidence point of T and 6 if
T (Juptisgtty . . 5yth) = 0 10), T (Gisthy s . . .5 U U) =
0Gu), ..., T (U tythy ..oy th) = O(,u)

(3) n-tupled common fixed point of T and 6 if
T (Jtsptisgthy . . 5qth) = O u), T Gty 5 . . oo U U) =
0Guw)=u, ..., T (s tsythy . . oy u) = O(,u)=,u

Definition 7. Let T: " — § and 0: S — S be two map-
pings. Then, T and 0 are said to be commuting if
OT (Juyuys, . . ) = T(O(u), 0(,u), 0(5u), . .., 0(,u)).

In our proof of main result, we will use the following
lemmas.

Lemma 3. LetT: " — Sand 0: S — S be mappings on a
FbMSS, such that T = u is constant and 0 is continuous and
commuting with T. Then, (u, u,u, . .., u) is a unique n-tupled
common fixed point of T and 0.

L (tgtityomt) (st treyy) () Zﬁ(g’ﬂ(]u),e(lv) (0"0) * g ()0 (,v) () * Lo () (yw) (070) * -

For some 3 € B, for all u,yu,3u,. .., U, VyVsV,...,,V €S
and §>0. Suppose (U, Ui, .. .,,u) is an n-tupled coinci-
dence point of T and 6. Then,

T (1usyths3ths . . -

=T (suylhs . ...

Proof. Suppose on the contrary that there are at least two
distinct integers p and g in {1,2,...,n} such that

i) (8) = 0(ju) = 0(u) =T (Qusu, . ..
b tt) (0) = O(qu) = ... = 0(,u) = T (,u unyids . ...

Proof. As T is constant on §", therefore, there exists u € S
such that T' (u,,u,3u, . . .,,u) = u for all ju,,u,zu,...,,u €S.
Then, from T and 0 being commuting, it can be deduced that

0(u) = 0T (Jupthst, . . ., 1) 3)

=T (6(u),0(u),0(u),....0(u) =u
Therefore, u=0(wu)=Tw,u,u...,u). That is,
(u,u,u...,u)isan n-tupled common fixed point of T and 6.

Let (;¥,,Vs3Vs...,,v) be another n-tupled common fixed

point of T and 0 such that u# v for k = 1,2,...,n. Then,
1> gu,kv(é) = sT(u,u,u,m,u)T (kv,kHv,k,,zv,m,n,,l_kv) (8) (4)

-2, (0 =1

Which is a contradiction. Therefore, (u,u,u...,u) is a
unique #-tupled common fixed point of T and 0.

Let B denote the class of all increasing and continuous
functions f: [0,1] — [0,1] such that B(8)>¢§ for all
0 € (0,1) with (0) =0 and (1) = 1. Then, the following
lemma is used. O

Lemma 4. Let (S,Z, ) be a complete F b MS with b>1,
where a = b = min{a, b} for all a,b € [0,1]. Let T: " — S
and 0: S — S be such that

*To(o(nED) 6

st 1) (0) = 0 (5u4) (6)
’n—lu) (8)

9(pu) + G(qu). Let (ze(pu))g(qw(bné) * Ty (prath), Q(qﬂu)
(b"(S) ... % T 6) = 29(,u),6(4u) (b"(S) Then,

~9(n+lfpu)’9(n+lfqu)

s@(iu),e (ju) (6) = sT (iu,i,rlu,qu,‘.A,ml,iu),T (ju,jﬂu,j+2u,4..,n+l,ju) (8)
2[3(‘59(’“))9 (ju) (b70) * s"(fﬂ“))e(m“) (B70)x . ze(mﬂ’“)ﬁ (1) (b 8)) 7)

2B( T (0 () U'9) > Ta( o () U0 2 T () 0O



which is a contradiction. Hence,

T (Jthsythsgths - - - oytt) (8) = O (1) = O(Lu) = T (Lussths . . -
T (3Usgly - - oty tyt) (8) = O(4u) = ... = O(u) = T (s thythy . ..

Theorem 1. Let (S,Z, *) be a complete F b MS, where
a b =min{a,b} for all a,b e [0,1]. Let T: S" — S and
0: S — S be such that T (S") € 0(S) and 0 is continuous and

Lttt )T (g1t (O) Zﬁ(sﬁ(lu),ﬂ(lv) (678) * Ty (L0 () (O) * Lo (upo(ow) (B70) ...

where 3 € B, then T and 0 have a unique n-tupled common
fixed point.

Proof. If T is constant, then the proof of the theorem follows
from Lemma 2. Suppose T is not constant on S". In this case,
the proof is divided into three steps. O

Step 1. Definition of the sequences {0(,u,,)}, {0(u,,)}
{0Gu,)} - {0Gu,)}-

9(1“2) = T(1“1’2”1’3”1’ o ’nul)’ 9(2“2) = T(z“ps”p e

0(s12) = T (supagiys - - spbhiitonthy)s - - > 0(thy) = T (i thyothys - -

Continuing in the same way, sequences {0(,u,,)},
{0Gu,} {0Gu,)h ..., {0(,u,,)} can be constructed such
that

6(1um+1) = T(lum’ZumBum’ e
6(2um+1) = T(Zum’?)um’ A ’num’lum)’

G(Sumﬂ) = T(Sum’4um’ e ’num’lum’zum)’

6(nuerl) = T(num’lum’zum’ tee

Step 2. {0(,u,)} {0Gu,)}b {0Gu,)h. ... {0Gu,,)} are

Cauchy sequences.

Let A, (8) = ‘lg(lum)g(lumﬂ)(& * T ()0 (ou

nth1t) (8) = 0(3u) =

..opv€Sand §>0,

* Lo (0).0(,v) (b"5)))

Let (uymly3tys - - -

where m € N U{0}.

s (st6)0 (st ) (8); V&>0.
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(8)

all

(9)

U, be arbitrary points of S. As
T (8")<0(S), therefore, there exist u U3, ..

O(1uy) =T ([UgryUpszthys - - -
oo ty), OGGuy) = T (GUg,aty, - - -
and 0(,u), =T (U Ugratys - - -
T(S")<6(S),
. >ply € S such that

iy €8S
0(u,) =

’nuo’luo’Zua)

exists

(10)

(11)

(12)
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Using (9), for all § >0, we have

T0 ()0 Cotnr) O = FT (st ot )T (rtsttnontt) (O
> B0 ) (B0) % T 30 ) ) 5 - % T 30(,) (80))
= B(A,, (B70)) > A,y (17),
TG ()0 Gt ) O =TT Gty st st st )T Gitystingomtiyrti) (O)>
> ﬁ(sg(zumfl)e(zum)(b"a) T 9000) B0 % o * o 30) B'0)* o 30y B7))
=B, (B"8)) > A, (b"9),

cz9(214,,1)9 (Zumﬂ) (6) = (’zT (num,l,lum,l,zum,l,...,n,lum,l)T (n”m»l”wz“mwm—l”m) (8)’
2/3<(’?'6(num_1)6(,,um) (") * Lo (1, )0 () (070 % -+ Lo )0(n) (bn5)>’
= ﬁ(Am—l (bna)) >)Lm—1 (bna)’

(13)
(13) implies that for all §>0 and m >0, It means {1, (0)} is an increasing sequence in [0, 1], and
" therefore, limsup,_, A,(8) =€(8)<1 for all §>0. If
A (8)2 B (A1 (679)). (14) £(8) < 1, then by letting n — o0 in (6), we get a contra-
Obviously, dicgi(;rz) £(6) > €(5). Therefore, €(5) =1, that is, for all
m) = U,

A (8) =B (A, (1"8)) > A, (B7"6) 2 A, (D). (15)

lim sup <‘1(1um)e(1umﬂ)(5) * T (30,10 (21,,) (O) * - - *g(num)e(numl)(5)> =1L (16)

To show that the sequences {0(u,)}, {0Gu,)}  Fp . 6(,u,) () >1 — €. Suppose it is not true. Then, there
{6Gu,)} ..., {6(,u,,)}, where m=1,2,3,--, are Cauchy, exists some € € (0, 1) such that for each r € N, there exist
first we prove that for every € € (0, 1) there exist p,g € N integers p(r) and q(r) with p(r)>q(r)>r such that
SUCh that (zg(lup)g(luq) ((S) * (zg(zup)e(zuq) (8) *

3 53 3 —
~9(1“P(r))9(1“q(r)) (6) : ~e(2“p(r))6(2uq(7))(8) o ~9(n“p(r))9 nuq(r)) (6) sl-e (17)

Let p(r) be the least such positive integer which exceeds
q(r) and satisfies (17). Then,

B3 é O ...x<T d>1-e

9(1”p<r>)9(1“q<r>)( )% =0 (aupin)0 (2“qm)( JHox 9(w”p<r>)9(n”q<r>)( )>1-e (18)
Let m (8) ~9(1 r))g “ (f)) )9(214 (r (8) * .

Sg(nu ())g(nu s1ng ?18) and (1 3 an propertles

(FbM3) anﬁr)(FbM4) we have
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8 ) ) )
— s — s34 - (s — (s34 _
1-exm, (8)> ~9(1”q<r>)9(1“p(r>1)(2b) * ~9(1“p(r11)9(1”pm)(2b) * ~0(2“q(r>)9(2”p<r)1)(2b> * =9 (attp-1)0 (2”p<r))(2b) *

1) ) é
3 g 2 _ 2
it (ottgi)0 (n“p(r)l)(Zb) ¥ =0 (ttp0-1)0 n“p(r))(Zb) >(1-e) Ar(Zb)'

Letting r — 0o we get the contradiction

1-e>lim sup m,(8)>1-¢

r—00

(20)

Hence, {0(,u,,)}, {0Gu,)} 10Gu,)} -, {0(,u,,)} are
Cauchy sequences.

Step 3. T and 6 have an n-tupled common fixed point.
As S is complete, so there will be some
W UyUy3ly .o U €S such that lim,, ., 0(u,,)

se(elumu)T(myzu,au,“.,y,u) (6) = Q:Te(lum),e (2”m)"-->9(num))T(1”’2%314, .
> B(Zo(0 ()90 (0"0) * Ta(o ()0) B°9)

* Ly (9 (3u,))0 (o) (070) * ..

Using Proposition 1 and (16), we have

(19)

=ulim,,_ . 0Gu,,)=,u,...,lim,,_ ., 0(,u,)=,u. Due to
continuity of 0,
lim,,_,00,u,, = 0(u),lim,,__, 00(,u,,) =10

00 (,u,,) = 0(,u). Also, 8 commutes with
00 (1t,041) = OT ((UpyUpyys - - - oplhyyy) =

nsm

(u),...,lim,_
T, therefore,

T(0(u,,), OGu,,), ..., 0(,u,)).
Using (9), we have

mit) (6)
(21)

* Zg (6 ()0 (1) “’"‘”)-

. )
SG ()T (L 1ttty onytt) (6) 2lim msi?oo sTﬂ(lum),G (G379 BOONCL GRTIY | o (YTRS TR RN | (E)

Zlim mSi}pooﬂ(se(g(lunx)),e(lu)(bn_16) * s@(@(zum)),e(zu)(bn_18) ¥ ...k s@(e(num)),e(nu)(bn_18)> (22)

(T ("9 * Taao (B 8) * Zaa(a B 18)* - T ("'9))

=1.

Hence, T (;u,,u,3u, . ..
be shown that

i) (8) = 0(,u). Similarly, it can

T (yus3th, . . 5ty 11) (8) = O(5u0),
T (3Usglhs . - sty Uyt (8) = O(514), (23)

T (it thythy - - - 5p_qtt) = O(,10).

‘lluﬁ(lu) (bd) >lim mSiPOO sg(lumﬂ)’g(lu) (),

>lim sup ¥

m—00

>lim mﬂ’wﬁ@e(lum),e(lu) (b"8) * T ()0 (ou) (B"8) * ... = T ()0 (10) (b"a)),

>lim sup (39(1%))9(1“) (b”é) * se(Zum)>9(2u) (bn5) L

m—00

=~
T (lum,zum,...,num),T (lu,zu,...,

Lemma 4 implies that

,nu) = G(Iu) = 9(214) = ... =

= T(nu,lu,zu, e ,n_ll/l),

6(u)

T (1t thsslhy . ..
(11145 (24)

From (9) and (24) along with Proposition 1 and con-
tinuity of 8, it comes out that

nu) (6),
(25)

* Lo ()0() (5"5)>)
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applying Proposition 1 again, we get

zlu,e(lu)(bﬁ)zlimmsipoo(‘le(lu),e(lu)(bwm Ty (o () (B 0) * To(uya () (B 18) * -

Therefore, 0(,u)=,u. Similarly, it can be shown that

0(,u) =,u,
OGu) = 5u,. .., (27)
o(,u) = u.

* se(nu))e(nu)(bnil(S)) =1. (26)

From (24), it follows that
T (\tbo i thy - . . 1) = O (u)=qu (28)

To show uniqueness, let v € S be another n-tupled
common fixed point of T and 0 such that v+ ,u. Then,

~ uv((s) = ~T(1u1u1u o1 tt),T (V0. 1/)(6)>/3<~6( u), Ov(b 8) * “'0( u), Hv(bné\) o K g@(lu),é)v(bné))’

= ﬁ(ga(lu),ev(bn‘s» > gﬂ(lu)ﬁv(bna) =

which is a contradiction. Thus, T and 6 have a unique
n-tupled common fixed point. O

Taking n = 2 in the abovementioned theorem, we get the
following corollary, which is the main result of [13].

Corollary 1. Let (S, T, =) be a complete F b MS, where
a b =min{a,b} for all a,be [0,1]. Let T: S* — S and
0: S — S be such that T (§*) € 0(S) and 8 is continuous and
commuting with T. Suppose for all |u,,u,3u,,u € S and & >0,

L7 ()T () (0) 2ﬁ<°~"~e(lu),e(3u)(b25) * S@(Zu),e(w)(bza))’
(30)

c’zT(114,214,314,...,,114)T (lv,zv,3v,4..,nv) (8) 2 ("’0( u) G(IV)(b 8) ~9( u) Q(ZV)(b 6)

where 3 € B, and a € (0,1), then T and 0 have a unique
n-tupled common fixed point.

Proof. Proof follows from Theorem 1, by setting
B(1) =t O

QT(lu,zu@u,m,nu)T(lv,zv,gv,m,nv)(5)22( 6100 (,1)(070) * To ()0, (079) *

~(Zo (000 (78) * To (o (b70) * -

where 3 € B, then T and 0 have a unique n-tupled common

fixed point.

Proof. It is adequate to set f(t) = 2t — t* in Theorem 1, [

(29)

T, 10)=2T ., 09),

where 3 € B, then there exists a unique u € S such that
u=0>w)=T(u,u).

Corollary 2. Let (S, T, ) be a complete F b MS, where
a b =min{a,b} for all a,b e [0,1]. Let T: §" — S and
0: S — S be such that T (S") € 6(S) and 0 is continuous and
commuting with T. Suppose for all
WUyl3ly « o Uy Vi Vi3V, ..o,V € S and 6> 0,

“Zo(0((0%0) ) (31)

Corollary 3. Let (S,Z, ) be a complete F b MS, where
a b =min{a,b} for all a,be [0,1]. Let T: S" — S and
0: S — S be such that T (S") € 0(S) and 0 is continuous and
commuting with T. Suppose for all
WUyl3ly « o U Vi Vi3V, ...y, V € S and 6> 0,

s(«)(nu),e(ﬂv)(bz(?)>

2

(32)
. *zg(”u)’e(nv)(b25)> 5

Remark 3. Coincidence point of T and 6 is not necessarily
unique. For example, if T = ¢ = 0, where ¢ € S is constant,
then every point ,u,,u,su, . . ., u € S is coincidence point of
T and 6.



Example 2. Let S=R and Z(x,y,0)=e 1o
forallx,y €S and &§>0 with r=*s=min{r,s} where
r,s € [0,1]. It can be easily verified that (S,Z, %) is a
complete F b MS with b=2. Let a,A,>0 be such that
max{a,y} < (1/128) . Define T:$* — S, 6: S— S as

csz yzwTmnpq
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T(x,y,z,w) =a(x—2z)+y(y —w), 0(u) =Au and B(J) =
V8 for all u,x,y,z,w €S and §>0. Obviously 6 is con-
tinuous, T and 0 are commuting and T(S*) = R = 6(S).
Also,

(8) = el*(-m)-a(z= Py (=m-y(w-al (- 119)

> e(alx—m|+a\z—p|+y|y— nl+ylw-ql) (- 1/9)

> e(lx— m|/8+|z—pl/ 6+ y—nl|/S+Hw—ql/5) (—4max{tx,y}),

> e(lx— m|/8+|z—pl/ 6+ y—nl|/S+w—ql|/8) (- 1/128)

>e

(33)

max{lx— m|/5-Hz—pl/é‘-ﬂy—n\/é-ﬂw—ql/é} (—41/128)

> \/min{e"m Aml/lé(?’ eszf /\p|/166, e—lAy— )Lnl/lé(?’ efl/\wf Aql/lsé}

=\ Zoeom(2°0) * Tayn(2°0) * Ty, (2%0) % Ty (2'9).

That is, all the conditions of Theorem 1 are fulfilled.
Therefore, (0,0,0,0) is a unique quadrupled common fixed
point of T' and 6.

4. Consequences

It is known that if (S, <, %) isa F b MS and < is a con-
tinuous t-norm such that u *v>udv,Vu,v € [0,1], then
(S, Z,<)is Fb MS. Since for any t-norm *, it is always true
that =,, > *, therefore, (S,Z,*,,) is F b MS implies
(S, <, *)is FbMS. As Fb MS is a generalization of b-metric
space, therefore, from a given b-metric space, a F b MS can be
considered in different ways.

Example 3 (see [1]). Let (S, d) be a b-metric space. For 6 >0
and u # v, the following is defined:

2 (&) =0/8+d,,

T (lu,zu,3u,.u,nu)T (lv,zv,3v,...,

T (lu,zu,3u,.4.,y,u)T (lv,zv,3v,...,

e — —d, 5
T, (0)=e

3¢ () = 0, ifd<d,;

1, ifé>d,,.

It is known that each of (S,2¢ xp), (S, g ),
(S, 2 #,,), and (S, T, ,,) is a F b MS.

Moreover, the completeness of (S,d) implies the com-
pleteness of any one of these F b MSs and vice versa. With
this approach, many important results for b-metric space
can be deduced from the corresponding results in a fuzzy
setting. In the following theorem the b-metric space (S, d) is
viewed as the crisp F b MS (S, €, #,,).

Theorem 2. Let (S,d) be a complete b-metric space,
T: 8" — S and 0: S — S be given mappings such that
T(S")<0(S) and 0 is continuous and commuting with T.
Suppose T and 0 satisfy some of the following conditions for all
WUy U3l o ooy Uy VigVas Vs ooy, V € S:

) < Kmax<d9(lu)9(lv), d0 ()0 (ov)y - dg(”u)a(nv)G(nv))for somexk € (0, 1),

») S K[“ld(?(lu)(?(w) * “Zde(z“)g (O R %ty ("u)e(nv)]

1
forsomex € (0,1)andsomea;, o, -, € [0,—] wheren € N. (34)
n

dT (lu,zu,3u,.4.,nu)T (lv,zv,3v,...,

) < ald@(l”)e(ﬂ’) + (deg(zu)e(zly) +ee+ (Xnde(nu)ﬂ(nv)

n
foray,a, -+, € [0, 1)suchthathxi <1

i=1
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Then, there exists a unique u € S such that u=0u =T
(uyuyuy ... 1),

Proof. Consider ¢ as defined in example 3. As (S,d) is
complete, (S,Z; ,#,.) is complete. We prove (2), for
ay =0y, =a3=---=a, = (1/n), §>0 and * = *,,. In case
any one of g o Togwoi, v - - > To(wa(,v is 0> then (2)
obvious. Suppose

zé(‘u)e(”’) (©) = zg(zu)e(z") @)=-= gCf)(nu)e(w) (6) =1,
:»dg(lu)e(,v) <9, dg(zu)e(zv) <8,..., de(,,u)e(nv) <46
=35> max(dg(lu)e(lv), dy Gu)o(v) > de(,,u)G(nv))'
(35)

dT (lu,zu,3u,4..,ﬂu)T (lv,zv,3v,..4,nv) < K[aldH (1’4)
1
< K[Zde(lu)e

= g [de(lu)e

K
< ;nmax[df)(lu)f)(lv)’ de (2”)6(2")’ T d@(ﬂu)e(nv)

Now (a)
K6 > Kmax<d6(1u)6(1v)’ d@(zu)é?(zv)’ . ,dg (nu)e(nv)>
= dT (1u,2u,3u,AA.,nu)T (lv,zv,3v,.“,nv)'

(s -
=>"’T (lu,zu,3u,...,nu)T ( 11/,21/,31/,...,”1/) (K6) L

Hence, (2) is satisfied.
(b) As

6(1v) T %do(u)a () T T “ndH(nu)G(nv)]
1 1
() (o) -+ da(aa))

() T o(uyo () Tt deou)e(,.v)]

>

= Kmax[dﬂ(lu)ﬂ(lv)’ Ao (Lu)o vy - ’dﬂ(nu)e(,,v):l < K0,

C
=T
T (s thrth,

Hence, (2) is true.

dT (1 gttty tt) T (1 V3 Vs3 Vv V) < “1d9 ()6 (

A..,nu)T(lv,zv,3v,.4.,nv) (K(S) =1

(c) Let x = Y, a; < 1. Then,

w) T %Ay (e () Tt Gy (u)a(,)

<oy max| do)o () Do) (ov) - > Do () (o)

+ a, max

+ a3 max

+ a, max

@; max

-

I
—

1

= Kmax[d9

= Kmax[de

| B0 () (1v) @0 ()0 (v -~ > Do (au)o ()
Ao ()6 (1v) @0 () (v -~ Do ()6 ()|
Ao () (1v) @0 ()6 (v - > B0 (uu)o ()|
[dew)e(lv)’deeu)e(zv)’ E ’de(n@e(nv)]

()0 (1) D0 (u)o vy - - >de(nu>e(nv)] <Ko

(1”)9(11/)’ de(zu)g(zv), RN d@ (,,u)e(y,v)] < KT(S,

gc —
==r (1u,2u,3u,...,nu)T (lv,zv,3v,u.,ﬂv) (KS) L

Hence, (2) is true. O

(36)

(37)

(38)
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Corollary 4 (see [1], Theorem 15). Let (S,d) be a complete
metric space and T: S* — S and 0: S — S be such that
T(S?)<6(S) and 6 is continuous and commuting with T.

dT(1”;2”:3”;~~~»n”)T(1V)2V,3V) < Kmax(dﬂ(lu)e(lv) + d9(2u)9(2v) A

1
dT(lu,zu,3u)T(lv,2v,3v) < K[(dee(lu)e(lv) + aydy Gu)o () T 063d9(3u)9(3v)] for some ay, a,, a5 € [0,5] andx € (0,1).

Journal of Function Spaces

Suppose T and 0 satisfy some of the following conditions for all
Uy Us3 Uy Viy Vi3V € St

+ d9(3u)9(3v)>for somex € (0,1),

(39)

3
dT(lu,zu,3u)T(lv,2v,3v) < aldf)(lu)f)(lv) + (de@(zu)@(zv) + “3d9(3u)9(3v) for o, 0, 03 € [0, 1) such that Z a; < L.

Then, there exists a unique ue€S such that
u=0u="T(uuu).
Proof. Proof is similar to that of Theorem 2. O
dT (1u,2u,3u,.“,nu)T (1szV)3V)»<-,,,V)

That is, the condition of Theorem 2 (c) is fulfilled.

1 n
- i (i”_i") >
k|2

i=1

Example 4. Let S =R, and d,,, = |u —v| for all u,v € R. Let
T: " — S and 0:S—S be defined as
T (jupthgth, . . otd) = Yoy (1) u) + €/ F and 6(u) = u for
all yuyttstt, . . sy Us 15 Mg - - o> U €, K € R. Then,

T (gUsolUs - - - 5ot

< ;% - ;al|iu—iv|, (40)
= D al0(u) = 0(w)| = Y adg( o ()
i=1 i=1
Moreover, for wn-tupple  (gu,ois...,u), where
ou = (e/K =Y, n;), we have
) = Zim1 (M:)ou + € _ Y1 (m;) (e/K =3 (m;)) +e
K K '
621 1 (’11) + G(K Zz 1 (711)) (41)

K(K =Y ()

B €
K- Zz"l=1 i

Hence, (iU, ...,ou) is a unique n-tupled common
fixed point of T and 6.

5. Applications

5.1. Lipschitzian Systems. Let g,,9,,...,9,- R — R be
Lipschitzian mappings on R (equipped with the Euclidean
metric) with Lipschitz constants ¢;,¢,,cs,...,c,, respec-
tively, that is, for each g; where 1<i<n, there exists a
corresponding real number ¢; where 1<i<n such that
lg; (1) — g; V)| <lc;u —v| forall u, v € R. Define f: R — R

=ou = 0(,u).

as f(u)=p g, (W) +u,g,(w)+---+p,g, () for all u € R,

where y; € R for 1<i<n. Then,

If () = £ ()] —Zlu,g, ) = g: (7)),
i=1

(42)

n

< D lmieiut =,

i=1

That is, f is itself a Lipschitzian mapping with
cp =2 lwel I cp =37, lucil <1, then f is contraction
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and by Banach contraction principle there is a unique u, € R
such that f(u,) = u,. Define T: " — S by

T (ythgthgth, - oyth) = py gy (1) + o g5 (o) + -+
+Upgn (),  forallu,usu,...,ue€R.
(43)
T (1thyth3ths - . < spth) = (V2 V3 Vs - ..

If c; <1, then by Theorem 2 (a), there exists a unique
u € R such that

n

u=fw=Tu,...,u

). (45)

191 (1u) + pp9, (u) + -+
91 (u) + g (su) + -+

(H) =1 19, (314) + 9, (qu) + -+

[ 191 (1) + 19, (1) + -+

n
. . e A . .
has a unique solution (Ju,,u, . .,,0), where ju is a unique

real solution of Y| y;g; (1) = u.

30sinx — 5
1+y
30siny —
7 1+ 2
(J) =4 30sinz — R
1+w
30sinw — 5
1+t
. 28

30sint — 5

L 1+x

n

11

Obviously, T(wu,...,u)=f(u) for al wueR.
Moreover,
>nV)l = Zlﬂigi () - gi (i")l’
i=1
n
< Zlyiciu - v|,
i=1 (44)

n
= Z cf|iu—iv|,
i=1

<c max|-u—-v|.
! 1<i<n' !

Corollary 5. Let g,,9,,...
mappings furnished with

bt -
system

the

+ Hn-19n-1 (n—lu) + HnGn (nu)zlu’
+ b1 G (1) + g (110) =10
+ 1901 (lu) + HnGn (2”):31"’

+ Hn-19n-1 (n—2u) + Hn9n (n—lu):nu’

,gn: R — R be Lipschitzian

Euclidean metric, and

>y € R be such that C =Y, |u;c;| < 1. Then, the

(46)

Example 5. Consider the following:

+\Z + cosw® + 150 = 72x — 15tan” 't,

+\w +cost® + 150 = 72y — 15tan” 'x,

+ VIt +cosx” + 150 = 72z — 15tan” 'y,

+ /X +cosy® + 150 = 72w — 15tan” 'z,

+/y +cosz’ +150 = 72t — 15tan” ' w.

(47)
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Let gy (1) =5+sinu, g, (u) =1/1+u?, g, (u) =
Vi, g4 (u) = cos (u?)and g5 (u) =tan™'u. g,, g,, 95,94 and g5
are Lipschitzian mappings with ¢, =c, =¢, =c, =1 and

c,,= (3V31/8). Let = (5/12),4, = (— 7718), 43 = pt, = (1/72)
and ys = (5/24). Then,

5 (3V3 1 1 5
Z|‘ul ( >+—+—+—,
8 J\18 72 72 24

=0.40018703501 < 1.

(48)

|H (1t6yth314s - . ogtt) = H (1¥2yVs3¥s . . .
i=1
If CeR, we wil look for mappings
1> 92> 3> - > Gn € L1 (I) such that
g,(x)=C+ j[ Hy g0, 0 (50)
a,x

is satisfied forall x € I,i = 1,2,3, ...
represented by subscripts).

,n (arguments of H are

d ( 919295 (x) ]h hyhs-h, (x)) JI']glgzgs'"!in

IN

n
V)| < KZAi|iu—iv| forall (yu,usu, . ..

Journal of Function Spaces

System (J) has a unique solution (u,u,u,u,u), where
u =~ 2.549220382 is a unique solution of 30sinu — 28/1 + u*+
\u + cosu? + 150 = 72u — 15tan™ 'u.

5.2.Integral Systems. LetI = [a,b], wherea,b € Rwitha<b
and S = ' (I) with d, (g, h) = [ ,1g(t) - h(t)|dt where [ is
Lebesgue integral. Then, (£ (I),d,) is a complete metric
space. Let x,A;,A,,A5,...,4, € R and let H: R" — R be
such that H(0,0,0,...,0) = 0 and satisfying

wlh)s (1VsaVoz¥s . oyv) € R (49)

Let for all g,,9,.95---»9,€ L' (I) and all x¢€l,
J: YD) — P (I) be defined as follows:

Jg19,9:-9,(¥) = C + J[ ]H91y2g3-~-gn(t)dt - (51)
Then,
(x), ]h1h2h3--~hn(x)|dx ,
I(J[a x]Hg1g253"'gn (t)dt - J[a x]Hh1h2h3"'hn (t)dt)dx
1<J[ ]KZAilg,-(t) - hi(t)ld(t)>dx
axl iz
(52)

< KiAiJI<JI|gi (t) - h, (t)ld(t))dx

i=1

=K Z Aijldl (91> h;)dx

i=1

=x(b-a) z Ad, (i ;).

i=1

If, then by 4.1 (¢), (50) has a unique solution of the form
(9090 9os - - -»90) € L ()"

6. Conclusion

We generalized the concept of tripled fixed point by in-
troducing n-tupled fixed points and established an n-tupled
unique fixed point result in fuzzy b-metric space. This
generalization may be helpful for further investigation and
applications.

We conclude this paper by indicating, in the form of
open questions, some directions for further investigation
and work.

(1) Can the condition of continuity of 0 in Theorem 1 be
relaxed?

(2) If the answer to 1 is yes, then what hypotheses on S
and 0 are needed to guarantee the existence of the
n-tupled common fixed points T' and 6?

(3) Can the concept of n-tupled coincidence point be
extended to more than two mappings?
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