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The main aim of this article is to study controllability and existence of solution of fuzzy delay impulsive fractional nonlocal
integro-differential equation in the sense of Caputo operator. The existence and uniqueness of the solution have been carried
out with the help of the Banach fixed point theorem. Moreover, for fuzzy fractional differential equations (FFDEs) driven by
the Liu process, this present work introduced a concept of stability in credibility space. Finally, efficient examples are presented
to demonstrate the main theoretical findings.

1. Introduction

Fractional-order dynamical equations can be used to model a
huge spectrum of physical processes in modern-world obser-
vations [1]. Due to its wide range application in various areas
of sciences such as physics, chemistry, biology, electronics,
thermal systems, electrical engineering, mechanics, signal pro-
cessing, weapon systems, electrohydraulics, population model-
ing, robotics, and control, the concept of fuzzy sets continues
to catch the attention of researchers [2]. As a result, in recent
years, scholars have been increasingly interested in it. As a con-
cept of describing a set with uncertain boundary, the fuzzy set
was developed by Zadeh et al. [3]. The concept of possibility
measure was studied by Zadeh [4] in 1978. Fuzzy set theory
is a very useful technique for simulating uncertain problems.
In fuzzy calculus, therefore, the concept of the fractional deriv-
ative is essential. Although the possibility measure provides the
theoretical basis for the measurement of fuzzy events, it does
not satisfy self-duality. Liu B. and Liu Y. [5] studied the con-
cept of credibility measure in 2002, and a sufficient and neces-
sary condition for credibility measure was derived by Li and
Liu [6] in 2006. Fractional differential equations (FDEs) are
differential equations with fractional derivatives. It is known
from the research on fractional derivatives that they originate
uniformly from major mathematical reasons. Different types

of derivatives exist, such as Caputo and RL [7]. In 1965, Zadeh
used the membership function to propose the concept of fuzzy
sets for the first time. The FFDE is the most fascinating field.
They are useful for understanding phenomena that have an
underlying effect. Kwun et al. [8] and Lee et al. [9] investigated
the solution of uniqueness-existence for FDEs. Controlled pro-
cesses have been explored by several researchers. In the case of
the fuzzy system, Kwun et al. [10] for the impulsive semilinear
FDEs, controllability in n-dimension fuzzy vector space was
demonstrated. Park et al. [11] controllability of semilinear
fuzzy integro-differential equations with nonlocal conditions
was investigated. Park et al. [12] established controllability of
impulsive semilinear fuzzy integro-differential equations. Phu
and Dung [13] studied stability analysis and controllability of
fuzzy control set differential equations. According to Lee
et al. [14], in the n-dimensional fuzzy space EN

n of a nonlinear
fuzzy control system, controllability with nonlocal initial con-
ditions was examined.

Balasubramaniam and Dauer [15] examined the control-
lability of stochastic systems in Hilbert space of quasilinear
stochastic evolution equations, while Feng [16] explored
the controllability of stochastic with control systems associ-
ated with time-variant coefficients. Arapostathis et al. [17]
analyzed the controllability of stochastic differential systems
of equations with linear-controlled diffusion affected by
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Lipschitz nonlinearity that is limited, smooth, and uniform.
Stochastic differential equations given by Brownian motion
are a well-known and well-studied area of modern mathe-
matics. A new type of FDE was created using the Liu tech-
nique [18], which was described as follows:

dXν = f Xν, νð Þdν + g Xν, νð ÞdCν, ð1Þ

where Cν denotes Liu operation and f and g are functions
that have been assigned to it. This class of equations is solved
using a fuzzy technique. For homogeneous FDEs, Chen and
Qin [19] studied solutions of existence-uniqueness of few spe-
cial FDEs. Liu [20] investigated an approximate method for
solving unknown differential equations. Abbas et al. [21, 22]
worked on a partial differential equation. Niazi et al. [23, 24],
Iqbal et al. [25], Shafqat et al. [26], Abuasbeh et al. [27], and
Alnahdi [28] existence-uniqueness of the FFEE were investi-
gated. Arjunan et al. [29–32] worked on the fractional differ-
ential inclusions.

Using conclusions of Liu [20], Jeong et al. [33] focused
on exact controllability in credibility space for FDEs.
Abstract FDEs’ complete controllability in credibility space
is as follows:

dx ν, ϖð Þ = Ax ν, ϖð Þdν + f ν, x ν, ϖð Þð ÞdCν + Bu νð Þ, ν ∈ 0,I½ �,
x 0ð Þ = x0:

ð2Þ

We used the Caputo derivative to prove controllability
for the fuzzy delay impulsive fractional integro-evolution
equation in credibility space with nonlocal condition; as a
result of the above research,

C
0 D

β

νu ν, ζð Þ = gi ν, u νð Þð Þ + Au ν, ζð Þ
+
ðν
0
f ν, u ν, ζð Þð Þ,

ðs
0
k s, u ν, ζð Þð Þ

� �
dCν

+ Bx νð ÞCx νð Þdν, ν ∈ 0, νið �, i = 1, 2,⋯,N ,

u 0ð Þ = u0 + h ν1, ν2,⋯, νi, u :ð Þð Þ, ð3Þ

where Uð⊂ENÞ and Vð⊂ENÞ are two bounded spaces. EN
is denoted for the set of numbers; all upper semicontinu-
ously convex fuzzy on Rm, and ðΘ1, Pm,C rÞ, is the credibil-
ity space.

The fuzzy coefficient is defined by the state function u
: ½0,I� × ðΘ1, Pm,C rÞ⟶U . f : ½0,I� ×U ⟶U is a fuzzy
process. x : ½0,I� × ðΘ1, Pm,C rÞ⟶V is regular fuzzy
function, x : ½0,I� × ðΘ1, Pm,C rÞ⟶V is control function,
and B is linear bounded operator on V to U . The initial
value is u0 ∈ EN, and Cν denotes the Liu process.

The goal of this work is to investigate the existence and
stability of results to FDEs and the exact controllability
driven by the Liu process, in order to deal with a fuzzy pro-
cess. Some scholars discovered FDE results in the literature,
although the vast majority of them were differential equa-
tions of the first order. We discovered the results for Caputo
derivatives of order ð0, 1Þ in our research. Stability, as a part

of differential equation theory, is vital in both theory and
application. As a result, stability is a key subject of study
for researchers, and research papers on stability for FDE
have been published in the last two decades, for example,
essential conditions for solution stability and asymptotic sta-
bility of FDEs. We use fuzzy delay impulsive fractional
integro-evolution equations with the nonlocal condition.
The theory of fuzzy sets continues to gain scholars’ attention
because of its huge range of applications in different fields of
sciences such as engineering, robotics, mechanics, control,
thermal systems, electrical, and signal processing.

In Section 2, we go over some basic notions relating to
Liu’s processes and fuzzy sets. Section 3 demonstrates the exis-
tence of solutions of FDE and shows that FDE is precisely con-
trollable. The concept of credibility stability for FDEs driven
by the Liu process was developed in Section 4. Finally, in Sec-
tion 5, several theorems for FDEs driven by the Liu process
that is stable in credibility space were demonstrated.

2. Preliminary

If MkðRmÞ be the family of all nonempty compact convex
subsets of Rm, then addition and scalar multiplication are
commonly defined as MkðRmÞ. Consider two nonempty
bounded subsets of Rm, A1 and B1. The distance between
A1 and B1 is measured using the Hausdorff metric as

d Ai, Bið Þ =max sup
ai∈Ai

inf
bi∈Bi

ai − bik k, sup
bi∈Bi

inf
ai∈Ai

ai − bik k
( )

, ð4Þ

where k·k indicates the usual Euclidean norm in Rm. It
follows that ðMkðRmÞ, dÞ is a separable and complete metric
space [20]. Satisfy the below condition:

Em = j : Rm ⟶ 0, 1½ � j satisfies að Þ − bð Þbelowjf g, ð5Þ

where

(a) j is normal; there exists an j0 ∈ Rm such that jðj0Þ = 1.
(b) j is fuzzy convex, such that is jðλν + ð1 − λÞsÞ ≥ 1.

(c) j is upper semicontinuous function on Rm, that is, j

ðν0Þ ≥ lim
k⟶∞

�jðνkÞ for any νk ∈ Rmðk = 0, 1, 2,⋯Þ, νk
⟶ ν0.

(d) ½j�0 = clfu ∈ RmjjðνÞ > 0g is compact.

In Rm [34], for 0 < β < 1, denote ½j�β = fν ∈ RmjuðνÞ ≥ βg
and ½u�0 are nonempty compact convex sets. Then from (a) to
(b), it concludes that β-level set ½j�βν ∈MkðRmÞ for all 0 < β
< 1. Using Zadeh’s extension principle, we can have scalar mul-
tiplication and addition in fuzzy number space Em as follows:

j ⊕ ℘½ �β = j½ �β ⊕ ℘½ �β, kj½ �β = k ℘½ �β, ð6Þ

where j, ℘ ∈ Em, k ∈ Rm and 0 < β < 1. Assume EN denotes a set
of all numbers upper semicontinuously convex fuzzy on Rm.
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Definition 1 (see [35]). Given a complete metric DL by

DL j, yð Þ = sup
0<β<1

dL j½ �β, ℘½ �β
n o

= sup
0<β<1

max jβl − ℘β
l

��� ���, jβl − ℘β
r

��� ���n o
,

ð7Þ

for any u, v ∈ EN, which satisfies DLðj + z,℘+zÞ =DLðj,℘Þ for
each z ∈ EN and ½j�α = ½jβl , uβr �, for each β ∈ ðj,℘Þ where χ

β
l ,

uβr ∈ Rm with jβl ≤ uβr .

Definition 2 (see [36]). The fractional derivative of RL is
stated as

aD
λ
ν f νð Þ = d

dν

� �n+1ðν
a
ν − τð Þn−λ f τð Þdτ, where n ≤ λ ≤ n + 1ð Þ:

ð8Þ

Definition 3 (see [37]). The fractional derivatives in the sense
of Caputo C

a D
σ
ν f ðνÞ of order α ∈ Rm+

are described by

C
a D

σ

ν f νð Þ = aD
σ
ν f νð Þ − 〠

n−1

k=0

f kð Þ að Þ
k!

ν − að Þk
 !

, ð9Þ

where n = ½σ� + 1 for σ ∉N0 ; n = σ for σ ∈N0.

Definition 4 (see [37]). The Wright function ψσ is defined by

ψσ ϖð Þ = 〠
∞

n=0

−ϖð Þn
n!Γ −σn + 1 − σð Þ

= 1
π
〠
∞

n=1

−ϖð Þn
n − 1ð Þ!Γ nσð Þ sin nπσð Þ,

ð10Þ

where ϖ ∈ℂ with 0 < σ < 1.

Definition 5 (see [38]). For any j, ℘ ∈Cð½0, T�, ENÞ, metric
H1ðχ, ℘Þ on Cð½0, T�, ENÞ is defined by

H1 j,℘ð Þ = sup
0≤ν≤T

DL j νð Þ,℘ νð Þð Þ: ð11Þ

Consider that Θ1 is a nonempty set and Pm denotes
power set on Θ1. A case is a label given to each element of
Pm. To present an axiomatic credibility, an idea based on
the consideration of Ai will occur. To validate that the num-
ber C rfAig is applied to each Ai event, representing the
probability of Ai happens. We accept the four main axioms
to ensure that the number C rfAig has certain mathematical
features that we predict:

(a) Normality property C rfΘ1g = 1,
(b) Monotonicity property C rfAig ≤C rfBig, whenever

Ai ⊂ Bi,

(c) Self-duality property C rfAig +C rfAc
ig = 1 for any

event Ai,

(d) Maximality property C rf∪iAig = supiC rfAig for any
events fAig with supiC rfAig < 0:5.

Definition 6 (see [39]). TakeΘ be the nonempty set, Pm be the
power set ofΘ1, and C r be the credibility measure. After that,
the triplet ðΘ1, Pm,C rÞ is assigned to the set of real numbers.

Definition 7 (see [39]). A fuzzy variable is a function that is
generated from a set of real numbers ðΘ1, Pm,C rÞ to credi-
bility space ðΘ1, Pm,C rÞ.

Definition 8 (see [39]). If ðΘ1, Pm,C rÞ be credibility space
and ðΘ1, Pm,C rÞ be an index set, a fuzzy process is a func-
tion that takes a set of real numbers and multiplies them
by T × ðΘ1, Pm,C rÞ.

It is a fuzzy method. uðν, ζÞ is a two-variable function in
which uðν, ζ∗Þ represents a fuzzy variable for each ν∗. For
each fixed ζ∗, the function uðν, ζÞ is termed a sample path
of fuzzy process. The fuzzy process uðν, ζÞ is said to be sam-
ple continuous if sample ping is continuous for almost all ζ.
Alternately of uðν, ζÞ, we frequently use the notation uν.

Definition 9 (see [39]). ðΘ1, Pm,C rÞ is the symbol of a cred-
ibility space. The β-level set is applied for the fuzzy random
variable uν in credibility space for each β ∈ ð0, 1Þ.

uν½ �β = uνð Þβl , uνð Þβr
h i

, ð12Þ

is defined by

uνð Þβl = inf uνð Þβ = inf a ∈ Rm ; uν að Þ ≥ βf g,
uνð Þβr = sup uνð Þβ = inf a ∈ Rm ; uν að Þ ≥ βf g,

ð13Þ

where ðuνÞβl , ðuνÞβr ∈ Rm with ðuνÞβl ≤ ðuνÞβr when β ∈ ð0, 1Þ.

Definition 10 (see [5]). Suppose that ϖ is a fuzzy variable and
that r is a real number. Then, ϖ’s expected value is defined:

Eϖ =
ð+∞
0

Cr ϖ ≥ rf gdr−
ð0
−∞

C r ϖ ≤ rf gdr, ð14Þ

if at least one of the integrals is finite.

Lemma 11 (see [5]). If ϖ is a fuzzy vector, then the following
are properties of expected value operator E:

(a) If f ≤ g, E½ f ðϖÞ� ≤ E½gðϖÞ�
(b) E½−f ðϖÞ� = −E½ f ðϖÞ�
(c) If f and g are comonotonic, we have for any nonneg-

ative real numbers ai and bi,
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(a)

E ai f ϖð Þ + big ϖð Þ½ � = a1E f ϖð Þ½ � + b1E g ϖð Þ½ �,
ð15Þ

where f ðϖÞ and gðϖÞ are fuzzy variables, respectively.

Definition 12 (see [5]). A fuzzy process Cν is Liu process, if

(a) C0 = 0,
(b) the Cν has independent and stationary increments,

(c) any increment Cν+s −C s is normally distributed
fuzzy variable with expected value eν and variance
ϕ2ν2, with membership function.

ξ uð Þ = 2 1 + exp π u − eνj jffiffiffi
6

p
ϕν

� �� �−1
, u ∈ Rm ð16Þ

The parameters ϕ and e represent the diffusion and drift
coefficients, respectively. If e = 0 and ϕ = 1, the Liu process is
standard.

Definition 13 (see [40]). Suppose that Cν is a standard Liu
process and uν is a fuzzy process. The mesh is fixed as c =
ν0 <⋯ < νn = d for any partition of the closed interval ½c, d
� with c = ν0 <⋯ < νn = d,

Δ =max
1≤i≤n

νi − νi−1ð Þ: ð17Þ

After that, the fuzzy integral of uν with regard to Cν is
calculated:

ðd
c
uνdCν = lim

Δ⟶0
〠
n

i=1
μ νi−1ð Þ Cνi

−Cνi−1

À Á
, ð18Þ

determined by the limit exists almost positively and is a
fuzzy variable.

Lemma 14 (see [40]). Consider that Cν represent the stan-
dard Liu process with C rfζg > 0, and the direction Cν is
Lipschitz continuous, employing the below inequality:

Cν1
−Cν2

�� �� <K ζð Þ ν1 − ν2j j, ð19Þ

where KðζÞ is Lipschitz, which is a fuzzy variable
described by

K ζð Þ =
sup
0≤s≤ν

Cν −C sj j
ν

− s, C r ζf g > 1,

∞, otherwise,

8><
>: ð20Þ

and E½Kp� <∞ for all p > 1.

Lemma 15 (see [40]). Assume that hðν ; cÞ is a continuously
differentiable function and that Cν is a standard Liu process.
The function is defined as uν = hðν ;CνÞ. Then, there is the
chain rule, which is as follows:

duν =
∂h ν ;Cνð Þ

∂ν
dν + ∂h ν ;Cνð Þ

∂C
dCν: ð21Þ

Lemma 16 (see [40]). The fuzzy integral inequality exists if
f ðnuÞ is a continuous fuzzy process:

ðd
c
f νð ÞdCν

����
���� ≤K

ðd
c
f νð Þj jdν: ð22Þ

In Lemma 14, the term K =KðζÞ is defined.

3. Existence of Solutions

This part applies the symbol uν instead of the lengthy notation
uðν, ζÞ, as defined by Definition 8. The existence-uniqueness
of solutions to FDE 1 ðx ≡ 0Þ has been investigated.

C
0 D

β
νuν = giuν + Auν +

ðν
0
f ν, uνð Þ +

ðs
0
K s, uνð Þ

� �
dCν, β ∈ 0, 1ð Þ,

u 0ð Þ = u0 + h ν1, ν2,⋯, νi, u :ð Þð Þ,  ∈ EN ,

8><
>:

ð23Þ

where uν is state that includes values from the Uð⊂ENÞ set
of values. The set of all upper semicontinuously convex fuzzy
numbers on Rm is called EN, credibility space is ðΘ1, Pm,C rÞ,
fuzzy coefficient is A, and state function u : ½0,I� × ðΘ1, Pm

,C rÞ⟶U is fuzzy process, f : ½0,I� ×U ⟶U is regular
fuzzy function, Cν is standard Liu process, and u0 ∈ EN is ini-
tial value.

Lemma 17. If uðνÞ is the solution of equation (3) for uð0Þ
= u0 + gðν1, ν2,⋯, νp, uð:Þ, then uðνÞ is given by

u νð Þ = νβ−1 u0ð + g ν1, ν2,⋯, νp, u :ð ÞÀ Á
+ 1ffiffiffi

q
p

ðν
0
ν − sð Þβ−1gi s, x sð Þð Þds

�

+
ðν
0
ν − sð Þβ−1 Au s, ζð Þ +

ðν
0
f

�

Á s, u s, ζð Þ,
ðs
0
K s, u s, ζð Þð ÞdC s

� �
+ B sð ÞC sð Þ

��ds,
ð24Þ

holds, and then,

u νð Þ = νβ−1Pβ νð Þ u0ð + g ν1, ν2,⋯, νp, u :ð ÞÀ Á
+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þgi s, x sð Þð Þds

+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þ Au s, ζð Þ½

+
ðν
0
f s, u s, ζð Þ,

ðs
0
K s, u s, ζð Þð ÞdC s

� �
+ B sð ÞC sð Þ

�
ds,

ð25Þ
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where

Pq νð Þ =
ð∞
0
qζMq ζð ÞQ νqζð Þdζ: ð26Þ

Suppose that the statements below are correct:
(J1) For uν, vν ∈Cð½0,I� × ðΘ1, Pm,C rÞ,UÞ, ν ∈ ½0,I�.

There exist positive number m that is

dL f ν, uνð Þ½ �β, f ν, vνð Þ½ �β
� �

≤mdL uν½ �β, vν½ �β
� �

f 0, X 0f g 0ð Þ
� �

≡ 0:
ð27Þ

(J2) 2cmKI ≤ 1. Because of Lemma 17, (23) has the solu-
tion uν. As a result, we establish in Theorem 18 that the solu-
tion to (23) is unique.

Theorem 18. For (u0 + gðν1, ν2,⋯, νp, uð:ÞÞ ∈ EN , if (J1) and
(J2) are hold, (23) has an unique solution uν ∈Cð½0,I�Þ × ð
Θ1, Pm,C rÞ,U).

Proof. For all ϖν ∈Cð½0,I� × ðΘ1, Pm,C rÞ,UÞ, ν ∈ ½0,I�,
define

ϕϖν = νβ−1Pβ νð Þ u0 + h ν1, ν2,⋯, νp, u :ð ÞÀ ÁÀ
+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þgi s, ϖsð Þ

�
ds

+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þ

Á Aϖs +
ðν
0
f s, ϖs,

ðs
0
K s, ϖsð ÞdC s

� �
+ B sð ÞC sð Þ

� �
ds:

ð28Þ

As a result, the ϕϖ : ½0,I� × ðΘ1, Pm,C rÞ⟶ ð½0,I� ×
ðΘ1, Pm,C rÞ,UÞ can be established as

ϕ : C 0,I½ � × Θ1, Pm,C rð Þ,Uð Þ⟶C 0,I½ � × Θ1, Pm,C rð Þ,Uð Þ:
ð29Þ

For equation (23), ϕ is a fixed point which is likewise an
obvious solution. ϖν, μν ∈Cð½0,I� × ðΘ1, Pm,C rÞ,UÞ,
according to hypothesis (J1) and Lemma 16.

dL ϕϖν½ �β, ϕμν½ �β
� �
= dL

ðν
0
ν − sð Þβ−1Pβ ν − sð Þgi s, ϖsð Þ +

ðν
0
ν − sð Þβ−1Pβ ν − sð Þ

��

· A s, ϖsð Þ + f s, ϖsð Þ,
ðs
0
K s, ϖsð ÞdC s

� �� ��β
,

·
ðν
0
ν − sð Þβ−1Pβ ν − sð Þgi s, μsð Þ +

ðν
0
ν − sð Þβ−1Pβ ν − sð Þ

�

· Aμs + f s, μsð Þ,
ðs
0
K s, μsð ÞdCs

� �� �β!

≤ cmK

ðν
0
dL θs½ �β, μs½ �β
� �

ds:

ð30Þ

Therefore, we obtain

DL ϕϖν, ϕμνð Þ = sup
β∈ 0,1ð Þ

dL ϕϖν½ �β, ϕμν½ �β
� �

≤ cmK

ðν
0
sup

β∈ 0,1ð Þ
dL ϖν½ �β, μν½ �β
� �

ds

= cmK

ðν
0
DL ϖs, μsð Þds:

ð31Þ

As a result, according to Lemma 11, for a.s. ϖ ∈Θ1,

E H1 ϕϖ, ϕμð Þð Þ = E sup
ν∈ 0,Tð �

DL ϕϖν, ϕμνð Þ
 !

≤ E cmK sup
ν∈ 0,Ið �

ðν
0
DL ϖν, μνð Þ

 !

≤ cmKIE H1 ϖ, μð Þð Þ:

ð32Þ

A contraction mapping is ϕ according to hypothesis (J2).
The Banach fixed point theorem equation (23) has unique
fixed point xν ∈Cð½0,I� × ðΘ1, Pm,C rÞ,UÞ.
3.1. Exact Controllability. In this section, we will study exact
controllability for differential equation in the context of
Caputo operator (3). We investigate a solution for equation
(3) x in Vð⊂ENÞ.

ϕϖν = νβ−1Pβ νð Þ u0 + hð ν1, ν2,⋯, νp, u :ð ÞÀ Á
+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þgi s, usð ÞÞds +

ðν
0
ν − sð Þβ−1Pβ ν − sð Þ Aus +

ðν
0
f s, us,

ðs
0
K s, usð ÞdC s

� �
+ BusCus

� �
ds,

u 0ð Þ = u0 + h ν1, ν2,⋯, νi, u :ð Þð Þ,

8><
>:

ð33Þ
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where SðνÞ continuous, such that Sð0Þ = I = S′ð0Þ and j
SðνÞj ≤ c, c > 0, ν ∈ ½0,I�. The term of controllability is
defined for Caputo fuzzy differential equations.

Definition 19. Equation (3) is called a controllable on ½0,I�,
if there is control uν ∈ V for every u0 ∈ EN where the solution
u of (3) satisfies the condition uν = u−1 ∈U , a.s. ζ, that is,
½uν�β = ½u1�β.

Given fuzzy ~G : ~PðRmÞ⟶U mapping such that

~G
β
vð Þ =

ðT
0
ν − sð Þβ−1Pβ ν − sð ÞBvsCvsds, ℘⊂�Γj,

0, otherwise,

8><
>:

ð34Þ

where �Γx is closure of support x and a nonempty fuzzy sub-
set ~PðRmÞ of Rm.

After that, there is a ~G
β
i ði =m, nÞ,

~G
β
m ℘mð Þ =

ðT
0
ν − sð Þq−1Pβ

m ν − sð ÞB ℘sð ÞmC ℘sð Þmds, ℘sð Þm ∈ ℘sð Þβm, ℘sð Þ1
h i

,

~G
β
n ℘nð Þ =

ðT
0
ν − sð Þq−1Pβ

n ν − sð ÞB ℘sð ÞnC ℘sð Þnds, ℘sð Þn ∈ ℘sð Þ1, ℘sð Þβn
h i

:

ð35Þ

We assume that ~G
β
m, ~G

β
n are bijective functions. A β-level

set of xs can be presented as below:

xs½ �β = xsð Þβm, xsð Þβn
h i

= ~G
β
m

� �−1
u1
À Áβ

m
− νβ−1Pβ νð Þ u0 + h ν1, ν2,⋯, νp, u :ð ÞÀ Áβ

m

�n�

−
ðν
0
ν − sð Þβ−1Pβ ν − sð Þgβim s, usð Þ

�
ds

+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þ Aus +

ðν
0
f βm s, us,

ðs
0
Kβ

m s, usð ÞdC s

� ��

+ Bβ
m usð ÞCβ

m usð Þds
i
dsg, ~G

β
n

� �−1
Á − u1

À Áβ
n
− νβ−1Pβ νð Þ u0 + h ν1, ν2,⋯, νp, u :ð ÞÀ Áβ

n

�n
−
ðν
0
ν − sð Þβ−1Pβ ν − sð Þgβin s, usð Þ

�
ds

+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þ

Á Aus +
ðν
0
f βn s, us,

ðs
0
Kβ

n s, usð ÞdC s

� �
+ Bβ

n usð ÞCβ
n usð Þds

� ���:
ð36Þ

This expression is substituted into (33) to get the β-level
of xν.

uν½ �β = νβ−1Pβ νð Þ u0 + h ν1, ν2,⋯, νp, u :ð ÞÀ ÁÀh
+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þgi s, usð Þ

�
ds

+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þ Aus + f s, us,

ðs
0
K s, usð ÞdC s

� ��
+ BusCus�ds�β

= νβ−1Pβ νð Þ u0 + h ν1, ν2,⋯, νp, u :ð ÞÀ Áβ
m

�h
+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þgβmi s, usð Þ

�
ds

+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þ

Á Aus + f βm s, us,
ðs
0
Kβ

m s, usð ÞdC s

� �� �

+
ðν
0
ν − sð Þβ−1Pβ ν − sð ÞB ~G

β
m

� �−1
Á u1
À Áβ

m
− νβ−1Pβ νð Þ u0 + g ν1, ν2,⋯, νp, u :ð ÞÀ Áβ

m

�n
−
ðν
0
ν − sð Þβ−1Pβ ν − sð Þgβmi s, usð Þ

�
ds

−
ðν
0
ν − sð Þβ−1Pβ ν − sð Þ Aus − f βm s, us,

ðs
0
Kβ

m s, usð ÞdC s

� ��

− BusCus�gds, νβ−1Pβ νð Þ u0 + h ν1, ν2,⋯, νp, u :ð ÞÀ Áβ
n

�
+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þgβni s, usð ÞÞds

+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þ Aus + f βn s, us,

ðs
0
Kβ

n s, usð ÞdC s

� �� �

+
ðν
0
ν − sð Þβ−1Pβ ν − sð ÞB ~G

β
n

� �−1
· u1
À Áβ

n
− νβ−1Pβ νð Þ u0 + h ν1, ν2,⋯, νp, u :ð ÞÀ Áβ

n

�n
−
ðν
0
ν − sð Þβ−1Pβ ν − sð Þgβni s, usð ÞÞds

−
ðν
0
ν − sð Þβ−1Pβ ν − sð Þ

· Aus − f βn s, us,
ðs
0
Kβ

n s, usð ÞdC s

� �
− BusCus

� �gds�
= νβ−1Pβ νð Þ u0 + h ν1, ν2,⋯, νp, u :ð ÞÀ Áβ

m

�h
+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þgβmi s, usð ÞÞds

+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þ Aus + f βm s, us,

ðs
0
Kβ

m s, usð ÞdC s

� �� �

+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þ~Gβ

n
~G
β
n

� �−1
· u1
À Áβ

m
− νβ−1Pβ νð Þ u0 + h ν1, ν2,⋯, νp, u :ð ÞÀ Áβ

m

�n
−
ðν
0
ν − sð Þβ−1Pβ ν − sð Þgβmi s, usð ÞÞds

−
ðν
0
ν − sð Þβ−1Pβ ν − sð Þ Aus − f βm s, us,

ðs
0
Kβ

m s, usð ÞdC s

� ��
− BusCus�gds, νβ−1Pβ νð Þ u0 + h ν1, ν2,⋯, νp, u :ð ÞÀ Áβ

n

�
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+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þgβni s, usð ÞÞds

+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þ Aus + f βn s, us,

ðs
0
Kβ

n s, usð ÞdC s

� �� �

+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þ~Gβ

n
~G
β
n

� �−1

· u1
À Áβ

n
− νβ−1Pβ νð Þ u0 + h ν1, ν2,⋯, νp, u :ð ÞÀ Áβ

n

�n

−
ðν
0
ν − sð Þβ−1Pβ ν − sð Þgβni s, usð ÞÞds

−
ðν
0
ν − sð Þβ−1Pβ ν − sð Þ

· Aus − f βn s, us,
ðs
0
Kβ

n s, usð ÞdC s

� �
BusCus

� �
gds�

= u1
À Áβ

m
, u1
À Áβ

n

h i
= u1
Â Ãα

: ð37Þ

Hence, this control xν satisfies uν = u1, a.s. ζ.
We now set

ψuν = νβ−1Pβ νð Þ
�
u0 + h ν1, ν2,⋯, νp, u :ð ÞÀ Á

+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þgi s, usð Þ

�
ds +

ðν
0
ν − sð Þβ−1

Á Pβ ν − sð Þ Aus + f s, us,
ðs
0
K s, usð ÞdC s

� �� �

+
ðν
0
ν − sð Þβ−1Pβ ν − sð ÞB ~G

� �−1�
u1
À Á

− νβ−1Pβ νð Þ

Á
�
u0 + h ν1, ν2,⋯, νp, u :ð ÞÀ Á

−
ðν
0
ν − sð Þβ−1Pβ ν − sð Þ

Á gi s, usð Þ
�
ds −

ðν
0
ν − sð Þβ−1Pβ ν − sð Þ

�
Aus − f

Á s, us,
ðs
0
K s, usð ÞdC s

� �
− BusCus

��
ds:

ð38Þ

Fuzzy mappings ~G
−1

holds the above equation.

dL ψuν½ �β, ψvν½ �β
i� �

= dL

 �
νβ−1Pβ νð Þ

�
u0 + h ν1, ν2,⋯, νp, u :ð ÞÀ Á

+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þgi s, usð Þ

�
ds

+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þ Aus + f s, us,

ðs
0
K s, usð ÞdC s

� �� �

+
ðν
0
ν − sð Þβ−1Pβ ν − sð ÞB ~G

� �−1�
u1
À Á

− νβ−1Pβ νð Þ

Á u0 + h ν1, ν2,⋯, νp, u :ð ÞÀ Á
−
ðν
0
ν − sð Þβ−1Pβ ν − sð Þgi s, usð Þ

� �
ds

−
ðν
0
ν − sð Þβ−1Pβ ν − sð Þ Aus − f s, us,

ðs
0
K s, usð ÞdC s

� �
− BusCus

� ��
ds
�β
,

νβ−1Pβ νð Þ v0 + h ν1, ν2,⋯, νp, v :ð ÞÀ Á
+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þgi s, vsð Þ

� �
ds

+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þ Avs + f s, vs,

ðs
0
K s, vsð ÞdC s

� �� �

+
ðν
0
ν − sð Þβ−1Pβ ν − sð ÞB~G−1

�
v1
À Á

− νβ−1Pβ νð Þ

Á v0 + h ν1, ν2,⋯, νp, v :ð ÞÀ Á
−
ðν
0
ν − sð Þβ−1Pβ ν − sð Þgi s, vsð Þ

� �
ds

−
ðν
0
ν − sð Þβ−1Pβ ν − sð Þ Avs − f s, vs,

ðs
0
K s, vsð ÞdCs

� �
− BvsCvs

� ��
ds

!

≤dL

 �ðν
0
ν − sð Þβ−1Pβ ν − sð Þgi s, usð Þds +

ðν
0
ν − sð Þβ−1Pβ ν − sð Þ

Á Aus + f s, us,
ðs
0
K s, usð ÞdC s

� �� ��β
,
�ðν

0
ν − sð Þβ−1Pβ ν − sð Þgi s, vsð Þds

+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þ Avs + f s, vs,

ðs
0
K s, vsð ÞdCτ sð Þ

� �� ��β!

+dL

 �ðν
0
ν − sð Þβ−1Pβ ν − sð ÞB~G−1 ×

ðν
0
ν − sð Þβ−1Pβ ν − sð Þgi s, usð Þ

�
ds

−
ðν
0
ν − sð Þβ−1Pβ ν − sð Þf s, us,

ðs
0
K s, usð ÞdCτ sð Þds

� �
,

Á
ðν
0
ν − sð Þβ−1Pβ ν − sð Þgi s, vsð Þds +

ðν
0
ν − sð Þβ−1Pβ ν − sð Þ

Á Avs + f s, vs,
ðs
0
K s, vsð ÞdC s

� �� ��β!
+dL

 �ðν
0
ν − sð Þβ−1Pβ ν − sð ÞB~G−1 ×

ðν
0
ν − sð Þβ−1Pβ ν − sð Þgi s, usð Þ

�
ds

−
ðν
0
ν − sð Þβ−1Pβ ν − sð Þf s, us,

ðs
0
K s, usð ÞdCτ sð Þds

� ��β!

≤ cmK

ðν
0
dL us½ �β, vs½ �β
� �

ds

+dL

 �
~G~G

−1
�ðν

0
ν − sð Þβ−1Pβ ν − sð Þgi s, usð Þds

+
ðν
0
f s, us,

ðs
0
K s, usð ÞdC s

� ���β�
~G~G

−1
�ðν

0
ν − sð Þβ−1

Á Pβ ν − sð Þgi s, vsð Þds +
ðν
0
f s, vs,

ðs
0
K s, vsð ÞdC s

� ���β!

≤cmK

ðν
0
dL us½ �β, vs½ �β
� �

ds + cmK

ðν
0
dL f s, usð Þ½ �β, f s, vsð Þ½ �β
� �

ds

≤ 2cmK

ðν
0
dL us½ �β, vs½ �β
� �

ds: ð39Þ

Theorem 20. If Lemma 16 and hypotheses (J1) and (J2) are
hold, then equation (3) is controllable on ½0,I�.

Proof. From Cð½0,I� × ðΘ1, Pm,UÞ to Cð½0,I�, we can
clearly see that ψ is continuous. We have Lemma 16 and
hypotheses (J1) and (J2) for any given ζ with C rfζg > 0, xν,
℘ν ∈Cð½0,I� × ðΘ1, Pm,C rÞ,UÞ.

Hence, by Lemma 11,

E H1 ψu, ψvð Þð Þ = E sup
ν∈ 0,I½ �

DL ψuν, ψvνð Þ
 !

= E sup
ν∈ 0,I½ �

sup
0<β≤1

DL ψuνj jβ, ψvνj jβ
� �

ds

 !

≤ E sup
ν∈ 0,I½ �

sup
0<β≤1

2cmK

ðν
0
DL us½ �β, vs½ �β
� �

ds

 !

≤ E sup
ν∈ 0,I½ �

2cmK

ðν
0
DL us, vsð Þds

 !
≤ 2cmKIF H1 u, vð Þð Þ:

ð40Þ
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As a consequence, ð2cmKIÞ < 1 is a Ã‚ sufficient I. As
a result, ψ stands for contraction. The Banach fixed point
theorem is now being applied to show that (33) has a single
fixed point. ½0,I� can be used to control (3).

Example 1. We investigate FFDE in credibility space:

where states consider values from Uð⊂ENÞ and space V
ð⊂ENÞ two bounded spaces. The set of all, upper semicon-
tinuously convex, fuzzy numbers on Rm is EN and ðΘ1, Pm

,C rÞ denotes credibility space.

The state function u : ½0,I� × ðΘ1, Pm,C rÞ⟶U is
fuzzy coefficient. Fuzzy process f : ½0,I� ×U ⟶U . x : ½0,

I� × ðΘ1, Pm,C rÞ⟶V is a regular fuzzy function, x : ½0,
I� × ðΘ1, Pm,C rÞ⟶V is a control function, and B is a V
to U linear bounded operator. u0 ∈ EN is an initial value,
and Cν is standard Liu process.

Assume f ðν, uνÞ = ~2νuν, S−1ðνÞ = e−~2ν, defining wν =
S−1ðνÞuν. Then, the equations of balance become

Therefore, Lemma 17 is satisfied.
½2�β = ½β + 1, 3 − β� is the β-level, set of fuzzy, number ~2,

for all β ∈ ð0, 1Þ. β-level set of f ðν, uνÞ is

f ν, uνð Þ½ �β = ν β + 1ð Þ uνð Þβm, 3 − βð Þ uνð Þβm
h i

: ð43Þ

Further, we have

dL f ν, uνð Þ½ �β, f ν, vνð Þ½ �β
� �
= dL ν β + 1ð Þ uνð Þβm, 3 − βð Þ uνð Þβn

h i
, ν

�
· β + 1ð Þβm, 3 − βð Þ vνð Þβn
h i�

= ν max β + 1ð Þ uνð Þβm − vνð Þβm
��� ���,n

· 3 − βð Þ uνð Þβn − vνð Þβn
��� ���o

≤ 3I max uνð Þβm − vνð Þβm
��� ���, uνð Þβn − vνð Þβn

��� ���n o
=mdL uν½ �β, vν½ �β

� �
,

ð44Þ

where m = 3I satisfies an inequality in the (J1) and (J2)
hypotheses. All conditions given in Theorem 18 are fulfilled.
Assume that ~1 is the initial value for u0. The plan set u1 = ~2.
~1 is ½~1� = ½β − 1, 1 − β�, β ∈ ð0, 1Þ is β-level set of fuzzy num-
bers ~1. The xs of (41)’s β-level set is presented.

xs½ � = xsð Þβm, xsð Þβn
h i

= ~G
β
m

� �−1
β + 1ð Þ − Sβm I − sð Þ β − 1ð Þ

n�

−
ðI
0
Sβm I − sð Þs β + 1ð Þ usð ÞβmdC s

�
, ~G

β
n

� �−1
Á 3 − βð Þ − Sβn Ið Þ 3 − βð Þ
n
−
ðI
0
Sβn I − sð Þs 3 − βð Þ usð ÞβndC s

��:

ð45Þ

This expression is then substituted into (42) to get the β
-level of uν:

C
0 D

β
νu ν, ζð Þ = gi ν, u νð Þð Þ + Au ν, ζð Þ +

ðν
0
f ν, u ν, ζð Þð Þ +

ðs
0
k s, u ν, ζð Þð Þ

� �
dCν + Bx νð ÞCx νð Þdν,

u 0ð Þ = u0 + h ν1, ν2,⋯, νi, u :ð Þð Þ,  ∈ EN ,

8><
>: , ð41Þ

uν = νβ−1Pβ νð Þ u0 + hð ν1, ν2,⋯, νp, u :ð ÞÀ Á
+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þgi s, x sð Þð Þds +

ðν
0
ν − sð Þβ−1Pβ ν − sð Þ Au s, ζð Þ +

ðν
0
f s, u s, ζð Þ,

ðs
0
K s, u s, ζð Þð ÞdC s

� �
+ B sð ÞC sð Þ

� �
ds,

u 0ð Þ = u0 + h ν1, ν2,⋯, νi, uð :ð Þ ∈ EN:

8><
>:

ð42Þ
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uν½ �β = Sβm Ið Þ β − 1ð Þ +
ðI
0
Sβm I − sð Þs β + 1ð Þ usð ÞβmdC s

�

+
ðI
0
Sβm I − sð ÞB ~G

β
m

� �−1
β + 1ð Þ − Sβm Ið Þ β − 1ð Þ

n

−
ðI
0
Sβm I − sð Þs β + 1ð Þ usð ÞβmdC s

�
ds, Sβn Ið Þ 1 − βð Þ

+
ðI
0
Sβn I − sð Þs 1 − βð Þ usð ÞβndC s

+
ðI
0
Sβn I − sð ÞB ~G

β
n

� �−1
3 − βð Þ − Sβr Ið Þ 1 − βð Þ

n

−
ðI
0
Sβn I − sð Þs 3 − βð Þ usð ÞβndC s

�
ds�

= β + 1ð Þ, 3,−βð Þ½ � = ~2
Â Ãβ

:

ð46Þ

Following that, conditions in Theorem 20 have been ful-
filled. As a result, (41) on ½0, T� can be controlled.

4. Definition of Stability in Credibility

We shall provide a concept of credibility stability for FFDEs
driven by the Liu process in this part.

Definition 21. The FDE 1 is said to be stability in credibility if
for, any two, solutions uν and vν corresponding to different
initial values u0 + hðν1, ν2,⋯, νp, uð:Þ and v0 + hðν1, ν2,⋯,
νp, vð:Þ, we have

lim
u0−v0j j⟶0

C r uν − vνj j < εf g = 1, for all ν ≥ 0, ð47Þ

where ε is any given number and ε > 0.

Example 2. Take the FFDE to better understand the concept
of credibility stability.

uν = νβ−1Pβ νð Þ u0 + hð ν1, ν2,⋯, νp, u :ð ÞÀ Á
+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þgi s, x sð Þð Þds

+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þ Au s, ζð Þ½

+
ðν
0
f s, u s, ζð Þ,

ðs
0
K s, u s, ζð Þð ÞdC s

� �
+ B sð ÞC sð Þ

�
ds,

vν = νβ−1Pβ νð Þ v0 + hð ν1, ν2,⋯, νp, v :ð ÞÀ Á
+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þgi s, x sð Þð Þds

+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þ Av s, ζð Þ½

+
ðν
0
f s, v s, ζð Þ,

ðs
0
K s, v s, ζð Þð ÞdC s

� �
+ B sð ÞC sð Þ

�
ds,

ð48Þ

respectively. Then, we have

uν − vνj j = u0 + h ν1, ν2,⋯, νp, u :ð ÞÀ ÁÀ��
− v0 + h ν1, ν2,⋯, νp, v :ð ÞÀ ÁÀ ��: ð49Þ

Deduce to, for any given ε > 0, we always have

As a result, the credibility of FFDE is stable.

Definition 22. The n-dimensional FDE 1 is called stable in
credibility, if for any two solutions uν and vν corresponding
to different initial values u0 + hðν1, ν2,⋯, νp, uð:Þ and v0 +
hðν1, ν2,⋯, νp, vð:Þ, we have

lim
u0+h ν1,ν2,⋯,νp ,u :ð Þð Þð − v0+h ν1,ν2,⋯,νp ,v :ð Þð Þðk k⟶0

C r uν − vνj j < εf g = 1,∀ν ≥ 0:

ð51Þ

Example 3. Take an m-dimensional FFDE:

C
0 D

β

νu ν, ζð Þ = gi ν, u νð Þð Þ + Au ν, ζð Þ
+
ðν
0
f ν, u ν, ζð Þð Þ,

ðs
0
k s, u ν, ζð Þð Þ

� �
dCν

+ Bx νð ÞCx νð Þdν:
ð52Þ

The two solutions corresponding to different initial
values are

lim
u0+h ν1,ν2,⋯,νp ,u :ð Þð Þð − v0+h ν1,ν2,⋯,νp ,v :ð Þð Þðj j⟶0

C r uν − vνj j < εf g

= lim
u0+h ν1,ν2,⋯,νp ,u :ð Þð Þð − v0+h ν1,ν2,⋯,νp ,v :ð Þð Þðj j⟶0

C r u0 + h ν1, ν2,⋯, νp, u :ð ÞÀ ÁÀ
− v0 + h ν1, ν2,⋯, νp, v :ð ÞÀ ÁÀ�� �� < ε

È É
= 1,∀ν ≥ 0:

ð50Þ
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uν = νβ−1Pβ νð Þ u0ð + g ν1, ν2,⋯, νp, u :ð ÞÀ Á
+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þgi s, x sð Þð Þds

+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þ Au s, ζð Þ½

+
ðν
0
f s, u s, ζð Þ,

ðs
0
K s, u s, ζð Þð ÞdC s

� �
+ B sð ÞC sð Þ

�
ds

vν = νβ−1Pβ νð Þ v0ð + h ν1, ν2,⋯, νp, v :ð ÞÀ Á
+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þgi s, x sð Þð Þds

+
ðν
0
ν − sð Þβ−1Pβ ν − sð Þ Av s, ζð Þ½

+
ðν
0
f s, v s, ζð Þ,

ðs
0
K s, v s, ζð Þð ÞdC s

� �
+ B sð ÞC sð Þ�ds, ð53Þ

respectively. Then, we have

uν − vνk k = u0ð + h ν1, ν2,⋯, νp, u :ð ÞÀ Á
− v0ð + h ν1, ν2,⋯, νp, v :ð ÞÀ Á

 

:

ð54Þ

As a result, we always have

Thus, m-dimensional FFDE is stability in credibility.
Note that some fuzzy differential equations driven by the

Liu process are not stable in credibility. It will be demon-
strated in the following example.

5. Theorems of Stability in Credibility

In this part, we will discuss the necessary criteria for a FFDE
driven by the Liu process to achieve credibility stability.

Theorem 23. Assume the FFDE 1 for each initial value has a
unique solution. Then, it is stable in credibility space, if coef-
ficients f ðν, uÞ and gðν, uÞ satisfy strongly Lipschitz condition

D f ν, uð Þ − f ν, vð Þð Þ + g ν, uð Þ + g ν, vð Þð Þ
≤ L νð ÞD u − vð Þ,∀u, v ∈ Rm, ν ≥ 0,

ð56Þ

for some integrable function LðνÞ on ½0, +∞Þ.

Proof. Let uν and vν be two solutions corresponding to dif-
ferential initial values ðu0 + hðν1, ν2,⋯, νp, uð:ÞÞ and ðv0 +
hðν1, ν2,⋯, νp, vð:ÞÞ, respectively. Then, for each ϑ ∈Θ1,

D uν − vνð Þ
=D f ν, utð Þdνð − f ν, vνð Þdν +D g ν, uνð ÞdCν − g ν, vνð ÞdCνð Þ
=D f ν, uνð Þ − f ν, vνð Þð Þdνð +D g ν, uνð Þ − g ν, vνð Þð ÞdCνð Þ
≤D f ν, uνð Þ − f ν, vνð Þð Þdνð Þ +D g ν, uνð Þ − g ν, vνð Þð ÞdCνð Þ
≤ L νð ÞD uν − vνð Þdν +DL tð Þ ut − vνð ÞdCν

≤ L νð ÞD ut − vνð Þdν +DL νð Þ K ϑð Þj j uν − vνð Þdν
= L tð Þ 1 + K ϑð Þj jð ÞD u νð Þ − v νð Þð Þ,

ð57Þ

where KðϑÞ is the Lipschitz constant of the Liu process.
When we take integral on both sides of equation (57),

D uν − vνð Þ ≤D u0ð + h ν1, ν2,⋯, νp, u :ð ÞÀ ÁÀ
− v0 + h ν1, ν2,⋯, νp, v :ð ÞÀ ÁÀ Á

exp

Á 1 + K ϑð Þj j
ðν
0
L sð Þds

� �
:

ð58Þ

For any given ε > 0, we always have

C r uν − vνj j < εf g
≥ u0ð + h ν1, ν2,⋯, νp, u :ð ÞÀ Á��È

− v0ð + h ν1, ν2,⋯, νp, v :ð ÞÀ Á�� exp 1 + K ϑð Þj j
ðν
0
L sð Þds

� �
< εg:

ð59Þ

Since

C r u0ð + h ν1, ν2,⋯, νp, u :ð ÞÀ Á��È
− v0ð + h ν1, ν2,⋯, νp, v :ð ÞÀ Á�� exp
· 1 + K ϑð Þj j

ðν
0
L sð Þds

� �
< ε

�
⟶ 1,

ð60Þ

as ju0 − v0j⟶ 0, we obtain

lim
u0ð +h ν1,ν2,⋯,νp ,u :ð Þð Þ− v0ð +h ν1,ν2,⋯,νp ,v :ð Þð Þj j⟶0

C r uν − vνj j < εf g = 1:

ð61Þ

Hence, the FFDE is stability in credibility. If it is not easy
to determine whether or not f ðν, uÞ and gðν, uÞ satisfy strong

lim
u0ð +h ν1,ν2,⋯,νp ,u :ð Þð Þ− v0ð +h ν1,ν2,⋯,νp ,v :ð Þð Þj⟶0

C r uν − vνj j < εf g

= lim
u0ð +h ν1,ν2,⋯,νp ,u :ð Þð Þ− v0ð +h ν1,ν2,⋯,νp ,v :ð Þð Þj j⟶0

C r u0ð + h ν1, ν2,⋯, νp, u :ð ÞÀ Á
− v0ð + h ν1, ν2,⋯, νp, v :ð ÞÀ Á�� �� < ε

È É
= 1,∀ν ≥ 0:

ð55Þ
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Lipschitz condition, the following corollary can be used to
determine whether the FFDE is stable in credibility space.

Corollary 24. Assume f ðν, uÞ and gðν, uÞ be bounded real
value functions on ½0, +∞Þ. If f ðν, uÞ and gðν, uÞ have deriv-
atives with respect to u and satisfy

f u′ ν, uð Þ�� �� + gu′ ν, uð Þ�� �� ≤ L νð Þ,∀ ≥ 0, ð62Þ

for some integrable function LðνÞ on ½0, +∞Þ, then FFDE
1 is stability in credibility.

Proof. For the bounded real valued functions f ðν, uÞ and g

ðν, uÞ,

f ν, uð Þj j + g ν, uð Þj j <K 1 + uj jð Þ, ð63Þ

where K is constant which satisfy j f ðν, uÞj + jgðν, uÞj
<K . We can derive from the mean value theorem that

f ν, u′
� �

− f ν, u′′
� ���� ��� + g ν, u′

� �
− g ν, u′′
� ���� ���

= f u′ ν, ξð Þ u′ − u′′
�� �� + gu′ ν, ηð Þ u′ − u′′

�� ��
≤ L νð Þ u′ − u′′

�� �� + L νð Þ u′ − u′′
�� �� = 2L νð Þ u′ − u′′

�� ��,
ð64Þ

where ξ, η ∈ ðu′ − uÞ existence-uniqueness theorem
demonstrates that FFDE has a unique solution. We can
deduce from Theorem 23 that FFDE is stable in credibility.
Different from Theorem 23 and Corollary 24, we have below
corollary when FFDE is general linear FFDE driven by the
Liu process.

Corollary 25. Suppose that u1ν, u2ν, v1ν, and v2ν are bounded
functions, with respect to ν on ½0, +∞Þ. If u1ν and v1ν are
integrable, on ½0, +∞Þ, then linear FDE driven by Liu process

duν = u1νuν + u2νð Þdν + v1νuν + v2νð ÞdCν, ð65Þ

is stability in credibility.

Proof. For the linear FFDE 7, we have f ðν, xÞ = u1νx + u2ν
and gðν, xÞ = v1νx + v2ν, since

u1νuν + u2νj j + v1νvν + v2νj j
≤ u1νj j uνj j + u2νj j + v1νj j uνj j + v2νj j
<K uνj j +K +K uνj j +K = 2K uνj j + 1ð Þ,
u1νuν + u2νð Þ − u1νvν + u2νð Þj j + v1νuν + v2νð Þ − v1νvν + v2νð Þj j
= u1ν uν − vνð Þj j + v1ν uν + vνð Þj j
≤ u1νj j uν − vνj j + v1νj j uν + vνj j
= u1νj j + v1νj jð Þ uν − vνð Þj j ≤ 2K uν − vνð Þ,

ð66Þ

where K is a constant which make u1ν <K , u2ν <K ,
v1ν <K , v2ν <K hold. The existence-uniqueness theorem

shows that FDE 7 has a unique solution. Since LðνÞ = ju1νj
+ jv1νj is integrable function on ½0, +∞Þ, from Theorem
23, the credibility of FFDE can be determined.

According to Definition 22, Theorem 23 can be used to n
-dimensional FFDEs driven by the Liu process.

Theorem 26. Assume that each initial value of the n
-dimensional FFDE 1 has a unique solution. If coefficients f
ðν, uÞ and gðν, uÞ satisfy Lipschitz’s strong condition,then it
is stable in credibility space:

f ν, uð Þ − f ν, vð Þk k + g ν, uð Þ − g ν, vð Þk k
≤ L νð Þ u − vk k, for∀u, v ∈ Rm, ν ≥ 0,

ð67Þ

for some integrable function LðνÞ on ½0, +∞Þ.

6. Conclusion

Accurate controllability for FFDEs can be used as a standard
when analyzing controllability for semilinear integro-
differential equations in the credibility space and fuzzy delay
integro-differential equations. Therefore, the research’s the-
oretical conclusions can be applied to construct stochastic
extensions on credibility space. The FFDEs driven by the
Liu process have an important role in both theory and prac-
tice as a technique for dealing with dynamic systems in a
fuzzy environment. There have been some proposed stability
approaches for FFDEs driven by the Liu process up until
now. This is a rewarding field with numerous research pro-
jects that can lead to a variety of applications and theories.
We hope to learn more about fuzzy fractional evolution
problems in future projects. We can discover uniqueness
and existence with uncertainty using the Caputo derivative.
Future work could include expanding on the mission con-
cept, including observability, and generalizing other activi-
ties. This is an interesting area with a lot of study going on
that could lead to a lot of different applications and theories.
This is a path in which we intend to invest significant
resources.
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