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This work investigates the existence and uniqueness of solutions for a coupled system of fractional differential equations with
three-point generalized fractional integral boundary conditions within generalized proportional fractional derivatives of the
Riemann-Liouville type. By using the Schauder and Banach fixed point theorems, we study the existence and uniqueness of
solutions for the aforesaid system. Finally, we present an example to validate our theoretical outcomes.

1. Introduction

The theory of fractional calculus has become an attractive
area of research for mathematicians and physicians because
of its fertile aspects in many applications in natural science
[1, 2], engineering [3], and many other fields. Moreover,
the fractional differential equations have been employed suc-
cessfully in the modeling of many biological problems, for
example, human liver [4], hepatitis B [5–7], mumps virus
[8] and methanol detoxification in the human body [9],
and other differential models in thermodynamic and physics
such as thermostat [10], pantograph [11], diffusion-wave
system [12], and dynamical systems [13]. For additional spe-
cifics about the theory of fractional calculus and applica-
tions, we suggest the books of Kilbas et al. [14], Podlubny
[15], and Samko et al. [16]. During the last years, there have
exhibited several concepts about fractional derivatives. Here,
we point out the most famous kinds including Riemann-
Liouville, Liouville-Caputo, generalized Caputo [17], and
Hadamard derivatives [18]. This has lead researchers to
numerous research papers concerning several fractional
operators which were conducted that one can see, for exam-
ple, in complex plain [19, 20], extended Riemann-Liouville
[21], the Mittag-Leer type function [22], the q-derivative

[23], the local fractional derivative [24], and in stability
result [25–27].

More recently, Jarad et al. [28] constructed a new gener-
alized fractional derivative which is called the generalized
proportional fractional derivative. This new fractional oper-
ator has the advantage of being well-behaved as it is consid-
ered to be a generalization of many of the previously known
and widely used fractional operators such as Liouville-
Caputo and Riemann-Liouville fractional operators. In
detail, fractional differential equations with generalized pro-
portional derivatives have seen significant contributions
from an interested researcher. For instance, we refer to
works of Abbas and Ragusa and Hristova and Abbas [29,
30] and Khaminsou et al. [31, 32], and the references exist-
ing therein.

At the same time, coupled systems of differential equa-
tions of fractional order with different boundary conditions
have been the focus of many mathematicians. The literature
on the topic involves the existence, uniqueness, and stability
results. Ahmad and Luca [33] studied a system of nonlinear
Caputo fractional differential equations with coupled
boundary conditions involving Riemann-Liouville fractional
integrals. Baitiche et al. [34] discussed the existence and
uniqueness of solutions to some nonlinear fractional
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differential equations involving the ψ-Caputo fractional
derivative with multipoint boundary conditions. Mahmudov
et al. [35] investigated existence and uniqueness results for a
coupled system of Caputo fractional differential equations
with integral boundary conditions.

Some existing frameworks mentioned above encourage
us to study the following coupled system of fractional differ-
ential equations:

R
aD

α,ρ
u

� �
tð Þ = ψ1 t, u tð Þ, v tð Þð Þ,

R
aD

β,ρ
v

� �
tð Þ = ψ2 t, u tð Þ, v tð Þð Þ,

t ∈ J ≔ a, b½ �,

8>>>><
>>>>:

ð1Þ

equipped with the generalized fractional integral bound-
ary conditions:

u δ1ð Þ = 0, u bð Þ = aI
γ1,ρuð Þ μ1ð Þ,

v δ2ð Þ = 0, v bð Þ = aI
γ2,ρuð Þ μ2ð Þ,

(
ð2Þ

where ρ ∈ ð0, 1�, RaDα,ρ
and R

aD
β,ρ

denote the generalized
proportional fractional derivatives of Riemann-Liouville
type of order α, β ∈ ð1, 2�, aI γ1,ρ and aI

γ2,ρ denote the gen-
eralized proportional fractional integrals of order γ1, γ2 ∈ ð0
, 1Þ, and δ1, δ2, μ1, μ2 ∈ ða, bÞ and ψ1, ψ2 : J ×ℝ ×ℝ⟶
ℝ are continuous functions. In the current work, we estab-
lish the existence and uniqueness of solutions of the coupled
system (1) and (2) by means of Schauder’s and Banach’s
fixed point theorems.

To the best of our knowledge, there are no contributions
considering a coupled system of generalized proportional
fractional differential equations with generalized fractional
integral boundary conditions.

The paper structure is designed as follows: in Section 2,
we collect some essential definitions and lemmas relevant
to the generalized proportional fractional derivatives and
integrals; in Section 3, we establish the Green function asso-
ciated with the linear issue of the coupled system (1) and (2),
while in Section 4, we prove the main existence and unique-
ness results in the current paper; in Section 5, an example is
given to validate our theoretical outcomes.

2. Preliminaries

Here, we review some definitions of the generalized propor-
tional fractional derivatives and integrals; see [28, 30, 36].

Definition 1 (see [37]). Take ρ ∈ ð0, 1�, let the functions ε0,
ε1 : ½0, 1� ×ℝ⟶ ½0,∞Þ be continuous such that for all t ∈
ℝ we have limρ⟶0+ε1ðρ, tÞ = 1, limρ⟶0+ε0ðρ, tÞ = 0,
limρ⟶1−ε1ðρ, tÞ = 0, limρ⟶1−ε0ðρ, tÞ = 1, ε1ðρ, tÞ=0 for ρ ∈
½0, 1Þ, and ε0ðρ, tÞ=0 for ρ ∈ ð0, 1�. Then, the amended con-
formable derivative of order ρ is defined by

Dρυð Þ tð Þ = ε1 ρ, tð Þυ tð Þ + ε0 ρ, tð Þυ′ tð Þ: ð3Þ

The above amended conformable derivative (3) is said to
be a proportional derivative (see [37]). When ε1ðρ, tÞ = 1 − ρ
and ε0ðρ, tÞ = ρ, (3) takes the form

Dρυð Þ tð Þ = 1 − ρð Þυ tð Þ + ρυ′ tð Þ: ð4Þ

Note that, limρ⟶0+ðDρυÞðtÞ = υðtÞ and limρ⟶1−ðDρυÞð
tÞ = υ′ðtÞ.

Remark 2. By using (4) for the function υðtÞ = et and any arbi-
trary order ρ, it can be easily concluded that ðDρυÞðtÞ = et .

Example 1. If υðtÞ = sin ðtÞ, then ðDρυÞðtÞ = ð1 − ρÞ sin ðtÞ
+ ρ cos ðtÞ. One can find the graphs of Dρ sin ðtÞ for differ-
ent value of ρ = 0:1,0:5,0:9,1, in Figure 1. As can be seen
from Figure 1, in some points, the value of conformable
derivative in this case is independent of ρ, and this can be
one of the interesting properties of fractional calculus.

Definition 3 (see [28, 30]). Take ρ ∈ ð0, 1�, α ≥ 0, we define
the left generalized proportional fractional integral of the
function υ ∈ L1ðJ Þ by ðaI 0,ρυÞðtÞ = υðtÞ and

aI
α,ρυð Þ tð Þ = 1

ραΓ αð Þ
ðt
a
e ρ−1ð Þ/ρð Þ t−sð Þ t − sð Þα−1υ sð Þ ds, t ∈ J :

ð5Þ

Definition 4 (see [28, 30]). Take ρ ∈ ð0, 1�, α ≥ 0, we define
the left generalized Caputo-proportional fractional deriva-

tive of the function υ ∈ CðnÞðJ Þ by ðCaD0,ρ
υÞðtÞ = υðtÞ and

C
aD

α,ρ
υ

� �
tð Þ = aI

n−α,ρ Dn,ρυð Þ tð Þ

= 1
ρn−αΓ n − αð Þ
�
ðt
a
e ρ−1ð Þ/ρð Þ t−sð Þ t − sð Þn−α−1 Dn,ρυð Þ sð Þ ds,

ð6Þ

where n − 1 < α ≤ n, n ∈ℕ, ðD1,ρυÞðtÞ = ðDρυÞðtÞ = ð1 − ρÞυ
ðtÞ + ρυ′ðtÞ, and ðDn,ρυÞðtÞ = ðDρDρ ⋯Dρ

|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
n times

ÞυðtÞ.

Definition 5 (see [28, 30]). Take ρ ∈ ð0, 1�, α ≥ 0, we define
the left generalized proportional fractional derivative of
Riemann-Liouville type of the function υ by ðaD0,ρυÞðtÞ = υ
ðtÞ and

R
aD

α,ρ
υ

� �
tð Þ =Dn,ρ

aI
n−α,ρυ tð Þ

= Dn,ρ

ρn−αΓ n − αð Þ
�
ðt
a
e ρ−1ð Þ/ρð Þ t−sð Þ t − sð Þn−α−1υ sð Þ ds,

ð7Þ

where n − 1 < α ≤ n, n ∈ℕ.
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Lemma 6 (see [36]). If ρ ∈ ð0, 1�, β > 0, and α > 0 with n − 1
< α ≤ n and υ ∈ L1ðJ Þ, we have the following statements:

aI
α,ρeρ−1/ρτ τ − að Þβ−1

� �
tð Þ = Γ βð Þ

ραΓ β + αð Þ e
ρ−1ð Þ/ρð Þt t − að Þα+β−1,

ð8Þ

R
aD

α,ρ
eρ−1/ρτ τ − að Þβ−1

� �
tð Þ = ραΓ βð Þ

Γ β − αð Þ e
ρ−1ð Þ/ρð Þt t − að Þβ−1−α,

ð9Þ

aI
α,ρ

aI
β,ρυ

� �
tð Þ = aI

β,ρ
aI

α,ρυð Þ tð Þ = aI
α+β,ρυ

� �
tð Þ,
ð10Þ

R
aD

η,ρ
aI

α,ρυ
� �

tð Þ = aI
α−η,ρυð Þ tð Þ, 0 < η < α, ð11Þ

R
aD

α,ρ
aI

α,ρυ
� �

tð Þ = υ tð Þ, ð12Þ

aI
α,ρ R

aD
α,ρ
υ

� �
tð Þ = υ tð Þ − 〠

n

k=1
dke

ρ−1ð Þ/ρð Þ t−að Þ t − að Þα−k,

ð13Þ

where dk = ðaI k−α,ρυÞðaÞ/ρα−kΓðα − k + 1Þ:

Theorem 7 (Schauder’s fixed point theorem) [38]. Let U be
a closed, convex, and nonempty subset of a Banach space C;
let H : U⟶U be a continuous mapping such that HðUÞ

is a relatively compact subset of C. Then, H has at least one
fixed point in U.

3. The Equivalent Integral Equations

Let C = CðJ ,ℝÞ be the Banach space of all continuous func-
tions from J into ℝ with the norm

uk kC =max
t∈J

u tð Þj j, ð14Þ

and C =C ×C be the product Banach space with the
norm

u, vð Þk kC = uk kC + vk kC : ð15Þ

Definition 8. By a solution of the coupled system (1) and (2),
we mean a coupled ordered pair of continuous functions ð
u, vÞ ∈ C that satisfy (1) and (2).

Lemma 9. Let ρ ∈ ð0, 1�, Λ1Λ4=Λ2Λ3, and ω : J ⟶ℝ.
Then, the solution of

R
aD

α,ρ
u

� �
tð Þ = ω tð Þ, t ∈ J , α ∈ 1, 2ð �,

u δ1ð Þ = 0, u bð Þ = aI
γ1 ,ρuð Þ μ1ð Þ, δ1, μ1 ∈ a, bð Þ, γ1 ∈ 0, 1ð Þ,

8<
:

ð16Þ
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Figure 1: The graph of Dρ sin ðtÞ.
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is equivalent to the integral equation

u tð Þ = aI
α,ρωð Þ tð Þ +Λ6 t − að Þα−1e ρ−1ð Þ/ρð Þ t−að Þ

� Λ2 aI
α,ρωð Þ bð Þ −Λ2 aI

α+γ1 ,ρωð Þ μ1ð Þ −Λ4 aI
α,ρωð Þ δ1ð Þð Þ

+Λ5 t − að Þα−2e ρ−1ð Þ/ρð Þ t−að Þ

� Λ1 aI
α,ρωð Þ bð Þ −Λ1 aI

α+γ1 ,ρωð Þ μ1ð Þ −Λ3 aI
α,ρωð Þ δ1ð Þð Þ,

ð17Þ

where

Λ1 = δ1 − að Þα−1e ρ−1ð Þ/ρð Þ δ1−að Þ, Λ2 = δ1 − að Þα−2e ρ−1ð Þ/ρð Þ δ1−að Þ,

Λ3 = b − að Þα−1e ρ−1ð Þ/ρð Þ b−að Þ −
Γ αð Þ

ργ1Γ α + γ1ð Þ μ1 − að Þα+γ1−1e ρ−1ð Þ/ρð Þ μ1−að Þ,

Λ4 = b − að Þα−2e ρ−1ð Þ/ρð Þ b−að Þ −
Γ α − 1ð Þ

ργ1Γ α + γ1 − 1ð Þ μ1 − að Þα+γ1−2e ρ−1ð Þ/ρð Þ μ1−að Þ,

Λ5 = Λ2Λ3 −Λ1Λ4ð Þ−1, andΛ6 = Λ1Λ4 −Λ2Λ3ð Þ−1:

8>>>>>>>>><
>>>>>>>>>:

ð18Þ

Proof. By applying the generalized fractional proportional
integral aI

α,ρð·Þ to both sides of the first equation (16) and
using (13) in Lemma 6, one has

u tð Þ = aI
α,ρωð Þ tð Þ + d1e

ρ−1ð Þ/ρð Þ t−að Þ t − að Þα−1
+ d2e

ρ−1ð Þ/ρð Þ t−að Þ t − að Þα−2:
ð19Þ

Using the boundary condition uðδ1Þ = 0 and (19), one
has

δ1 − að Þα−1e ρ−1ð Þ/ρð Þ δ1−að Þd1 + δ1 − að Þα−2e ρ−1ð Þ/ρð Þ δ1−að Þd2
= − aI

α,ρωð Þ δ1ð Þ:
ð20Þ

Using (18), the above equation becomes

Λ1d1 +Λ2d2 = − aI
α,ρωð Þ δ1ð Þ: ð21Þ

In the light of (8) and (10) in Lemma 6, the boundary
condition uðbÞ = ðaI γ1,ρuÞðμ1Þ and (19) give

aI
α,ρωð Þ bð Þ + d1e

ρ−1ð Þ/ρð Þ b−að Þ b − að Þα−1 + d2e
ρ−1ð Þ/ρð Þ b−að Þ b − að Þα−2

= aI
α+γ1,ρωð Þ μ1ð Þ + d1

Γ αð Þ
ργ1Γ α + γ1ð Þ μ1 − að Þα+γ1−1e ρ−1ð Þ/ρð Þ μ1−að Þ

+ d2
Γ α − 1ð Þ

ργ1Γ α + γ1 − 1ð Þ μ1 − að Þα+γ1−2e ρ−1ð Þ/ρð Þ μ1−að Þ:

ð22Þ

Again, using (18), the above equation takes the form

Λ3d1 +Λ4d2 = − aI
α,ρωð Þ bð Þ + aI

α+γ1,ρωð Þ μ1ð Þ: ð23Þ

Therefore, by merging equations (21) and (23), using
(18), we get

d1 =Λ6 Λ2 aI
α,ρωð Þ bð Þ −Λ2 aI

α+γ1,ρωð Þ μ1ð Þ −Λ4 aI
α,ρωð Þ δ1ð Þð Þ,

d2 =Λ5 Λ1 aI
α,ρωð Þ bð Þ −Λ1 aI

α+γ1,ρωð Þ μ1ð Þ −Λ3 aI
α,ρωð Þ δ1ð Þð Þ:

ð24Þ

Thus, by inserting the values of d1 and d2 in (19), we
obtain (17). The proof is finished.

By hint of Lemma 9, the solution ðu, vÞ ∈ C of the system
(1) and (2) is given by

u tð Þ = aI
α,ρψ1 t, u tð Þ, v tð Þð Þ +Λ6 t − að Þα−1e ρ−1ð Þ/ρð Þ t−að Þ

� Λ2aI
α,ρψ1 b, u bð Þ, v bð Þð Þð

−Λ2aI
α+γ1,ρψ1 μ1, u μ1ð Þ, v μ1ð Þð Þ

−Λ4aI
α,ρψ1 δ1, u δ1ð Þ, v δ1ð Þð ÞÞ

+Λ5 t − að Þα−2e ρ−1ð Þ/ρð Þ t−að Þ Λ1aI
α,ρψ1 b, u bð Þ, v bð Þð Þð

−Λ1aI
α+γ1,ρψ1 μ1, u μ1ð Þ, v μ1ð Þð Þ

−Λ3aI
α,ρψ1 δ1, u δ1ð Þ, v δ1ð Þð ÞÞ, t ∈ J ,

v tð Þ = aI
β,ρψ2 t, u tð Þ, v tð Þð Þ +Λ6′ t − að Þβ−1e ρ−1ð Þ/ρð Þ t−að Þ

� Λ2′aI β,ρψ2 b, u bð Þ, v bð Þð Þ −Λ2′aI β+γ2,ρψ2

�
� μ2, u μ2ð Þ, v μ2ð Þð Þ −Λ4′aI β,ρψ2 δ2, u δ2ð Þ, v δ2ð Þð Þ

�
+Λ5′ t − að Þβ−2e ρ−1ð Þ/ρð Þ t−að Þ Λ1′aI β,ρψ2 b, u bð Þ, v bð Þð Þ

�
−Λ1′aI β+γ2,ρψ2 μ2, u μ2ð Þ, v μ2ð Þð Þ
−Λ3′aI β,ρψ2 δ2, u δ2ð Þ, v δ2ð Þð Þ

�
, t ∈ J ,

ð25Þ

where

Λ1′ = δ2 − að Þβ−1e ρ−1ð Þ/ρð Þ δ2−að Þ, Λ2′ = δ2 − að Þβ−2e ρ−1ð Þ/ρð Þ δ2−að Þ,

Λ3′ = b − að Þβ−1e ρ−1ð Þ/ρð Þ b−að Þ −
Γ βð Þ

ργ2Γ β + γ2ð Þ μ2 − að Þβ+γ2−1e ρ−1ð Þ/ρð Þ μ2−að Þ,

Λ4′ = b − að Þβ−2e ρ−1ð Þ/ρð Þ b−að Þ −
Γ β − 1ð Þ

ργ2Γ β + γ2 − 1ð Þ μ2 − að Þβ+γ2−2e ρ−1ð Þ/ρð Þ μ2−að Þ,

Λ5′ = Λ2′Λ3′ −Λ1′Λ4′
� �−1

, andΛ6′ = Λ1′Λ4′ −Λ2′Λ3′
� �−1

,Λ1′Λ4′=Λ2′Λ3′:

8>>>>>>>>>>><
>>>>>>>>>>>:

ð26Þ

4. Existence and Uniqueness Results

Define the operator H : C⟶C by

H u, vð Þð Þ tð Þ =
H 1 u, vð Þð Þ tð Þ
H 2 u, vð Þð Þ tð Þ

 !
, ð27Þ

where

4 Journal of Function Spaces



H 1 u, vð Þð Þ tð Þ = aI
α,ρψ1 t, u tð Þ, v tð Þð Þ +Λ6 t − að Þα−1e ρ−1ð Þ/ρð Þ t−að Þ

� Λ2aI
α,ρψ1 b, u bð Þ, v bð Þð Þ −Λ2aI

α+γ1,ρψ1ð
μ1, u μ1ð Þ, v μ1ð Þð Þ −Λ4aI

α,ρψ1 δ1, u δ1ð Þ, v δ1ð Þð ÞÞ
+Λ5 t − að Þα−2e ρ−1ð Þ/ρð Þ t−að Þ Λ1aI

α,ρψ1 b, u bð Þ, v bð Þð Þð
−Λ1aI

α+γ1,ρψ1 μ1, u μ1ð Þ, v μ1ð Þð Þ
−Λ3aI

α,ρψ1 δ1, u δ1ð Þ, v δ1ð Þð ÞÞ, t ∈ Jð Þ,
ð28Þ

H 2 u, vð Þð Þ tð Þ = aI
β,ρψ2 t, u tð Þ, v tð Þð Þ +Λ6′ t − að Þβ−1e ρ−1ð Þ/ρð Þ t−að Þ

� Λ2′aI β,ρψ2 b, u bð Þ, v bð Þð Þ −Λ2′aI β+γ2,ρψ2

�
� μ2, u μ2ð Þ, v μ2ð Þð Þ −Λ4′aI β,ρψ2 δ2, u δ2ð Þ, v δ2ð Þð Þ

�
+Λ5′ t − að Þβ−2e ρ−1ð Þ/ρð Þ t−að Þ Λ1′aI β,ρψ2 b, u bð Þ, v bð Þð Þ

�
−Λ1′aI β+γ2,ρψ2 μ2, u μ2ð Þ, v μ2ð Þð Þ
−Λ3′aI β,ρψ2 δ2, u δ2ð Þ, v δ2ð Þð Þ

�
, t ∈ J :

ð29Þ

According to Lemma 9, the solution ðu, vÞ ∈ C of the
coupled system (1) and (2) conforms with the fixed point
operator H .

For fulfillment the main results, the following assump-
tions will be imposed.

(A1) The functions ψ1, ψ2 : J ×ℝ ×ℝ⟶ℝ are
continuous

(A2) There exist nonnegative constants L1 and L2 such
that

ψi t, u1, v1ð Þ − ψi t, u2, v2ð Þj j ≤ Li u1 − u2j j + v1 − v2j jð Þ, ð30Þ

for each t ∈ J and ui, vi ∈ℝ, i = 1, 2
Further, we set ψ∗

i =maxt∈J jψiðt, 0, 0Þj, i = 1, 2.
The following notations will be introduced:

Theorem 10. Assume that the assumptions (A1) and (A2) are
satisfied. Then, the coupled system (1) and (2) has at least one
solution on J .

Proof. Consider the operatorH : C⟶ C as defined in (27).
Let us introduce the ball

ζℓ = u, vð Þ ∈ C : u, vð Þk kC ≤ ℓ
� �

, ð33Þ

where ℓ is a positive real number such that

ℓ ≥
Δ1ψ

∗
1 + Δ2ψ

∗
2

1 − Δ1L1 + Δ2L2ð Þ , Δ1L1 + Δ2L2 < 1: ð34Þ

It is obvious that ζℓ is a closed, bounded, and convex
subset of the Banach space C. We shall show that H

achieves the hypothesis of Schauder’s fixed point theorem
in four steps.

Step 1. H maps bounded sets into bounded sets in C.

By virtue of (A2) and since jeððρ−1Þ/ρÞðt−aÞj < 1, ∀t > a,
then for each t ∈ J and ðu, vÞ ∈ ζℓ, one has

H 1 u, vð Þð Þ tð Þj j ð35Þ

Thus, by using (31), we get

H 1 u, vð Þð Þk kC ≤ Δ1 L1ℓ + ψ∗
1ð Þ: ð36Þ

Similarly, we obtain that

H 2 u, vð Þð Þk kC ≤ Δ2 L2ℓ + ψ∗
2ð Þ, ð37Þ

where Δ2 is defined in (32). Hence, we conclude that

H 1 u, vð Þð Þk kC + H 2 u, vð Þð Þk kC
≤ Δ1L1 + Δ2L2ð Þℓ + Δ1ψ

∗
1 + Δ2ψ

∗
2ð Þ ≤ ℓ,

ð38Þ

which implies that H : ζℓ ⟶ ζℓ
Step 2. H is continuous.

Δ1 ≔
b − að Þα

ραΓ α + 1ð Þ + Λ6j j b − að Þα−1 Λ2j j b − að Þα
ραΓ α + 1ð Þ + Λ2j j μ1 − að Þα+γ1

ρα+γ1Γ α + γ1 + 1ð Þ +
Λ4j j δ1 − að Þα
ραΓ α + 1ð Þ

� �	

+ Λ5j j b − að Þα−2 Λ1j j b − að Þα
ραΓ α + 1ð Þ + Λ1j j μ1 − að Þα+γ1

ρα+γ1Γ α + γ1 + 1ð Þ +
Λ3j j δ1 − að Þα
ραΓ α + 1ð Þ

� �

,

ð31Þ

Δ2 ≔
b − að Þβ

ρβΓ β + 1ð Þ + Λ6′
�� �� b − að Þβ−1 Λ2′

�� �� b − að Þβ
ρβΓ β + 1ð Þ + Λ2′

�� �� μ2 − að Þβ+γ2
ρβ+γ2Γ β + γ2 + 1ð Þ +

Λ4′
�� �� δ2 − að Þβ
ρβΓ β + 1ð Þ

 !"

+ Λ5′
�� �� b − að Þβ−2 Λ1′

�� �� b − að Þβ
ρβΓ β + 1ð Þ + Λ1′

�� �� μ2 − að Þβ+γ2
ρβ+γ2Γ β + γ2 + 1ð Þ + Λ3′

�� �� δ2 − að Þβ
ρβΓ β + 1ð Þ

 !#
:

ð32Þ
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In view of the assumption (A1), we conclude thatH 1 andH 2
are continuous on J . Thus, the operatorH is also continuous

Step 3. HðζℓÞ is equicontinuous.

Set maxt∈J jψiðt, uðtÞ, vðtÞÞj≔Mi <∞,i = 1, 2. For t1, t2
∈ J , with t1 < t2 and ðu, vÞ ∈ ζℓ, we have

where the mean value theorem is used on the function
eððρ−1Þ/ρÞt with ξ1, ξ2 ∈ ðt1, t2Þ.

Thus, we get

H1 u, vð Þð Þ t2ð Þ − H 1 u, vð Þð Þ t1ð Þj j
≤

M1
ραΓ α + 1ð Þ t2 − að Þα − t1 − að Þαð Þ + t2 − t1ð Þ t1 − að Þαð Þ

+ Λ6j jM1 t2 − að Þα−1 − t1 − að Þα−1� 
+ t2 − t1ð Þ t1 − að Þα−1� 

× Λ2j j b − að Þα
ραΓ α + 1ð Þ + Λ2j j μ1 − að Þα+γ1

ρα+γ1Γ α + γ1 + 1ð Þ +
Λ4j j δ1 − að Þα
ραΓ α + 1ð Þ

� �
+ Λ5j jM1 t2 − að Þα−2 − t1 − að Þα−2� 

+ t2 − t1ð Þ t1 − að Þα−2� 
× Λ1j j b − að Þα

ραΓ α + 1ð Þ + Λ1j j μ1 − að Þα+γ1
ρα+γ1Γ α + γ1 + 1ð Þ +

Λ3j j δ1 − að Þα
ραΓ α + 1ð Þ

� �
:

ð40Þ

In an identical way, we obtain that

H 2 u, vð Þð Þ t2ð Þ − H 2 u, vð Þð Þ t1ð Þj j
≤

M2
ρβΓ β + 1ð Þ t2 − að Þβ − t1 − að Þβ

� �
+ t2 − t1ð Þ t1 − að Þβ

� �
+ Λ6′
�� ��M2 t2 − að Þβ−1 − t1 − að Þβ−1

� �
+ t2 − t1ð Þ t1 − að Þβ−1

� �

× Λ2′
�� �� b − að Þβ
ρβΓ β + 1ð Þ + Λ2′

�� �� μ2 − að Þβ+γ2
ρβ+γ2Γ β + γ2 + 1ð Þ +

Λ4′
�� �� δ2 − að Þβ
ρβΓ β + 1ð Þ

 !

+ Λ5′
�� ��M1 t2 − að Þβ−2 − t1 − að Þβ−2

� �
+ t2 − t1ð Þ t1 − að Þβ−2

� �

× Λ1′
�� �� b − að Þβ
ρβΓ β + 1ð Þ + Λ1′

�� �� μ2 − að Þβ+γ2
ρβ+γ2Γ β + γ2 + 1ð Þ +

Λ3′
�� �� δ2 − að Þβ
ρβΓ β + 1ð Þ

 !
:

ð41Þ

H 1 u, vð Þð Þ t2ð Þ − H1 u, vð Þð Þ t1ð Þj j ≤ 1
ραΓ αð Þ

ðt2
a
e ρ−1ð Þ/ρð Þ t2−sð Þ t2 − sð Þα−1ψ1 s, u sð Þ, v sð Þð Þds −

ðt1
a
e ρ−1ð Þ/ρð Þ t1−sð Þ t1 − sð Þα−1ψ1 s, u sð Þ, v sð Þð Þds

����
����

+ Λ6j j e ρ−1ð Þ/ρð Þ t2−að Þ t2 − að Þα−1 − e ρ−1ð Þ/ρð Þ t1−að Þ t1 − að Þα−1
� ���� ���

· Λ2j j
ραΓ αð Þ

ðb
a
b − sð Þα−1 ψ1 s, u sð Þ, v sð Þð Þj jds + Λ2j j

ρα+γ1Γ α + γ1ð Þ
ðμ1
a

μ1 − sð Þα+γ1−1 ψ1 s, u sð Þ, v sð Þð Þj jds + Λ4j j
ραΓ αð Þ

�

·
ðδ1
a

δ1 − sð Þα−1 ψ1 s, u sð Þ, v sð Þð Þj jds
�
+ Λ5j j e ρ−1ð Þ/ρð Þ t2−að Þ t2 − að Þα−2 − e ρ−1ð Þ/ρð Þ t1−að Þ t1 − að Þα−2

� ���� ���
· Λ1j j
ραΓ αð Þ

ðb
a
b − sð Þα−1 ψ1 s, u sð Þ, v sð Þð Þj jds

�
+ Λ1j j
ρα+γ1Γ α + γ1ð Þ

ðμ1
a

μ1 − sð Þα+γ1−1 ψ1 s, u sð Þ, v sð Þð Þj jds

+ Λ3j j
ραΓ αð Þ

ðδ1
a

δ1 − sð Þα−1 ψ1 s, u sð Þ, v sð Þð Þj jds
�

≤
M1

ραΓ αð Þ
ðt2
a
e ρ−1ð Þ/ρð Þ t2−sð Þ
��� ��� t2 − sð Þα−1 − t1 − sð Þα−1�� ��ds + ðt2

a
e ρ−1ð Þ/ρð Þ t2−sð Þ − e ρ−1ð Þ/ρð Þ t1−sð Þ
��� ��� t1 − sð Þα−1�� ��ds�

+
ðt2
t1

e ρ−1ð Þ/ρð Þ t1−sð Þ
��� ��� t1 − sð Þα−1�� ��ds

!
+ Λ6j jM1 e ρ−1ð Þ/ρð Þ t2−að Þ

��� ��� t2 − að Þα−1 − t1 − að Þα−1�� ���

+ e ρ−1ð Þ/ρð Þ t2−að Þ − e ρ−1ð Þ/ρð Þ t1−að Þ
��� ��� t1 − að Þα−1�� ��� × Λ2j j b − að Þα

ραΓ α + 1ð Þ + Λ2j j μ1 − að Þα+γ1
ρα+γ1Γ α + γ1 + 1ð Þ + Λ4j j δ1 − að Þα

ραΓ α + 1ð Þ
� �

+ Λ5j jM1 e ρ−1ð Þ/ρð Þ t2−að Þ
��� ��� t2 − að Þα−2 − t1 − að Þα−2�� �� + e ρ−1ð Þ/ρð Þ t2−að Þ − e ρ−1ð Þ/ρð Þ t1−að Þ

��� ��� t1 − að Þα−2�� ��� �
× Λ1j j b − að Þα

ραΓ α + 1ð Þ + Λ1j j μ1 − að Þα+γ1
ρα+γ1Γ α + γ1 + 1ð Þ + Λ3j j δ1 − að Þα

ραΓ α + 1ð Þ
� �

≤
M1

ραΓ αð Þ
ðt2
a

t2 − sð Þα−1 − t1 − sð Þα−1�� ��ds + ðt2
a

ρ − 1
ρ

t2 − t1ð Þe ρ−1ð Þ/ρð Þ ξ1−sð Þ
����

���� t1 − sð Þα−1�� ��ds�

+
ðt2
t1

t1 − sð Þα−1ds�� 
+ Λ6j jM1 t2 − að Þα−1 − t1 − að Þα−1� 

+ ρ − 1
ρ

t2 − t1ð Þe ρ−1ð Þ/ρð Þ ξ2−sð Þ
����

���� t1 − að Þα−1
� �

× Λ2j j b − að Þα
ραΓ α + 1ð Þ + Λ2j j μ1 − að Þα+γ1

ρα+γ1Γ α + γ1 + 1ð Þ + Λ4j j δ1 − að Þα
ραΓ α + 1ð Þ

� �
+ Λ5j jM1 t2 − að Þα−2 − t1 − að Þα−2� �

+ ρ − 1
ρ

t2 − t1ð Þe ρ−1ð Þ/ρð Þ ξ2−sð Þ
����

���� t1 − að Þα−2
�
× Λ1j j b − að Þα

ραΓ α + 1ð Þ + Λ1j j μ1 − að Þα+γ1
ρα+γ1Γ α + γ1 + 1ð Þ + Λ3j j δ1 − að Þα

ραΓ α + 1ð Þ
� �

,

ð39Þ
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As t2 ⟶ t1, the R.H.S. of the last two inequalities ⟶0
independently of ðu, vÞ ∈ ζℓ. As a consequence of Steps 1 to 3
and in the light of the Arzelá-Ascoli theorem, we conclude
that the operator HðζℓÞ is relatively compact in C. Hence,
in accordance with Schauder’s fixed point theorem (Theo-
rem 7), the operator H has a fixed point and so the coupled
system (1) and (2) possesses at least one solution on J . The
proof is completed.

Theorem 11. Assume that the assumptions (A1) and (A2) are
satisfied. If Δ1L1 + Δ2L2 < 1, then the coupled system (1) and
(2) has a unique solution on J .

Proof. Consider the operator H as defined in (27). We have
to show that H is a contraction mapping.

For each t ∈ J and ðu1, v1Þ, ðu2, v2Þ ∈ C, one has

Thus, by (31), we get

H1 u1, v1ð Þð Þ − H 1 u2, v2ð Þð Þk kC ≤ Δ1L1 u1 − u2k kC + v1 − v2k kC
� 

:

ð43Þ

In a similar way, using (32), we get

H2 u1, v1ð Þð Þ − H 2 u2, v2ð Þð Þk kC ≤ Δ2L2 u1 − u2k kC + v1 − v2k kC
� 

:

ð44Þ

From (43) and (44), we get

H u1, v1ð Þ −H u2, v2ð Þk kC ≤ Δ1L1 + Δ2L2ð Þ u1, v1ð Þ − u2, v2ð Þk kC:
ð45Þ

By virtue of the condition Δ1L1 + Δ2L2 < 1, we conclude
that H is a contraction mapping.

Hence, with the aid of Banach’s fixed point theorem, we
deduce that H has a unique fixed point, and so the coupled

system (1) and (2) possesses a solution on J uniquely. The
proof is finished.

Example 2. Consider the following coupled system of frac-
tional differential equations

R
0+D

3/2,1/2u
� 

tð Þ = ψ1 t, u tð Þ, v tð Þð Þ,
R
0+D

5/4,1/2v
� 

tð Þ = ψ2 t, u tð Þ, v tð Þð Þ,
t ∈ 0, 1½ �,

8>><
>>: ð46Þ

with the generalized fractional integral boundary condi-
tions:

u
1
3

� �
= 0, u 1ð Þ = aI

1/7,1/2u
�  1

5

� �
,

v
1
6

� �
= 0, v 1ð Þ = aI

1/9,1/2u
�  1

8

� �
:

8>>><
>>>:

ð47Þ

H 1 u1, v1ð Þð Þ tð Þ − H 1 u2, v2ð Þð Þ tð Þj j ≤ 1
ραΓ αð Þ

ðt
a
t − sð Þα−1 ψ1 s, u1 sð Þ, v1 sð Þð Þ − ψ1 s, u2 sð Þ, v2 sð Þð Þj j ds + Λ6j j t − að Þα−1

� Λ2j j
ραΓ αð Þ

ðb
a
b − sð Þα−1 ψ1 s, u1 sð Þ, v1 sð Þð Þ − ψ1 s, u2 sð Þ, v2 sð Þð Þj jds + Λ2j j

ρα+γ1Γ α + γ1ð Þ
�

�
ðμ1
a

μ1 − sð Þα+γ1−1 ψ1 s, u1 sð Þ, v1 sð Þð Þ − ψ1 s, u2 sð Þ, v2 sð Þð Þj jds + Λ4j j
ραΓ αð Þ

�
ðδ1
a

δ1 − sð Þα−1 ψ1 s, u1 sð Þ, v1 sð Þð Þ − ψ1 s, u2 sð Þ, v2 sð Þð Þj jds
�
+ Λ5j j t − að Þα−2

� Λ1j j
ραΓ αð Þ

ðb
a
b − sð Þα−1 ψ1 s, u1 sð Þ, v1 sð Þð Þ − ψ1 s, u2 sð Þ, v2 sð Þð Þj jds + Λ1j j

ρα+γ1Γ α + γ1ð Þ
�

�
ðμ1
a

μ1 − sð Þα+γ1−1 ψ1 s, u1 sð Þ, v1 sð Þð Þ − ψ1 s, u2 sð Þ, v2 sð Þð Þj jds + Λ3j j
ραΓ αð Þ

�
ðδ1
a

δ1 − sð Þα−1 ψ1 s, u1 sð Þ, v1 sð Þð Þ − ψ1 s, u2 sð Þ, v2 sð Þð Þj jds
�

≤
b − að Þα

ραΓ α + 1ð Þ + Λ6j j b − að Þα−1 Λ2j j b − að Þα
ραΓ α + 1ð Þ + Λ2j j μ1 − að Þα+γ1

ρα+γ1Γ α + γ1 + 1ð Þ + Λ4j j δ1 − að Þα
ραΓ α + 1ð Þ

� �	

+ Λ5j j b − að Þα−2 Λ1j j b − að Þα
ραΓ α + 1ð Þ + Λ1j j μ1 − að Þα+γ1

ρα+γ1Γ α + γ1 + 1ð Þ + Λ3j j δ1 − að Þα
ραΓ α + 1ð Þ

� �

× L1 u1 − u2k kC + v1 − v2k kC

� 
:

ð42Þ
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Here, α = 3/2, β = 5/4, ρ = 1/2, γ1 = 1/7, γ2 = 1/9, δ1 = 1/3
, δ2 = 1/6, μ1 = 1/5, μ2 = 1/8, and ½a, b� = ½0, 1�. Set ψ1ðt, u, vÞ
= ð1/25ðt2 + 2ÞÞðsin2juj + ðjvj/1 + jvjÞÞ and ψ2ðt, u, vÞ = ð1/
100Þðt2 + juj + cos jvjÞ that their graphs show in Figures 2 and 3.

For each t ∈ ½0, 1� and ðu1, v1Þ, ðu2, v2Þ ∈ C, one has

ψ1 t, u1, v1ð Þ − ψ1 t, u2, v2ð Þj j ≤ 1
50 u1 − u2j j + v1 − v2j jð Þ,

ð48Þ

ψ2 t, u1, v1ð Þ − ψ2 t, u2, v2ð Þj j ≤ 1
100 u1 − u2j j + v1 − v2j jð Þ,

ð49Þ

which implies that the assumption (A2) holds true with
L1 = 1/50 and L2 = 1/100. We calculate functions in (18),
(26), (31), and (32) for ρ = 1/4, ρ = 1/2, and ρ = 3/4 and pres-
ent their numerical results in Table 1. We have in all three
cases:

L1Δ1 + L2Δ2 < 1: ð50Þ

By virtue of the above discussion, we infer that all the
assumptions of Theorems 10 and 11 are satisfied. Conse-
quently, we deduce that the coupled system (46) and (47)
has a solution on ½0, 1� uniquely.
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Figure 3: The graph of ψ2ðt, u, vÞ.
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5. Conclusion

As you know, there are many events in nature which we
know nothing about those. One of the best ways for better
understanding these types of phenomena is studying new
notions in the fractional calculus field. In this work, we
investigated the existence and uniqueness of solutions for a
coupled system of fractional differential equations with
three-point generalized fractional integral boundary condi-
tions in the frame of the generalized proportional fractional
derivatives of the Riemann-Liouville type which was intro-
duced in 2017 by Jarad et al. In this way, we provided some
results under some conditions. To better explain the notion,
we gave some figures of some functions. Finally, we provided
an illustrated example for our main result.
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