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In the article, we have proposed a new type of hybrid iterative scheme which is a hybrid of Picard and Thakur et al. repetitive
schemes. This new hybrid iterative scheme converges faster than all leading schemes like Picard-S* hybrid, Picard-S, Picard-
Ishikawa hybrid, Picard-Mann hybrid, Thakur et al. and Abbas and Nazir, S-iterative, Ishikawa and Mann iterative schemes for
contraction mapping. By using the Picard-Thakur hybrid iterative scheme, we can find the solution of delay differential equations
and also prove some convergence results for nonexpansive mapping in a uniformly convex Banach space.

1. Introduction The Krasnoselskii [2] iterative sequence {u, } is defined as
In this article, the set of all positive integers is denoted by I*. u =ues,
Let N denote the nonempty convex subset of a normed space nel, (2)
and S be its convex subset, and 7" : S — S is called contrac- { Uy = (1= p)u, + u7u,,
tion mapping if ||7j -7 II<8|j - k| for all j, k€ Sand & € (0
,1).1f§ = 1, then, the mapping 7 is called nonexpansive map-
ping. An element j € S is said to be a fixed point of 7" if 7j = j,
and the set of fixed points of 7" is denoted by F(7"). where p € (0, 1).
In 1890, Picard [1] presented an iterative scheme for In 1953, Mann [3] proposed an iterative scheme which is

approximating the fixed point which is defined by the defined as
sequence {j, } as

v, =veS,
nel', (3)
Vel = (1 - en)vn + 6,171/”,

_ies
{J_l ST (1)
Jni1 = j> where {6,} € (0, 1).
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In 1974, Ishikawa [4] gave the concept of the two-step
iterative scheme and the sequence {w,} of this iterative is
defined as

w, =weS,
Wy = (1 - en)wn + en%tw nel, (4)

t,=1-9)w,+9,7w,,

where {0,},{9,} €(0,1).

In 2007, Agarwal et al. [5] introduced a more generalized
form of the Ishikawa iterative scheme and they called it the S
-iterative scheme and the sequence {p,} of the iterative
scheme is defined as

pI=pES,
Pun=(1-6)7p,+0,7q,nel’, (5)

4, = (1 - Sn)pn +9n7pn’

where {0, },{9,} €(0,1).

In 2016, Sahu et al. [6] and Thakur et al. [7] proposed a
new scheme which converges faster than all the existing
schemes. The iterative sequence {k,} of this scheme is
defined as

k,=keS,

kyo,=01-6)7m,+0,71, nel” ©)
l,=(1-9,)m,+9,7m,,
m,=(1-0,)k,+0,7k,,

where {0, },{9,}, and {o,} € (0, 1).

Thakur et al. [7] proposed another iterative scheme which
converges faster than all the above schemes and the iterative
sequence {j, } of Thakur et al. is defined as

1=J€S

Jnar = Vkys
ky=7((1-0,)j, +0,71,),
L= (1=9)j, +9,77,),

nel, (7)

where {6,},{9,} € (0,1).

Recently, Lamba and Panwar [8] introduced a new
three-step iteration process for Susuzki’s nonexpansive map-
ping and called it the Ap iterative scheme whose rate of con-
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vergence is faster than those of the leading schemes. The
sequence of the Ap iterative scheme is defined as

Ji1=J€s,

Jnir =7k
kn=7((1-0,)7j,+0,71,),
=7 ((1=9,)j, +9,7j,),

nel', (8)

where {0,},{9,} €(0,1).

Many physical problems of engineering and applied sci-
ences are mostly constructed in the form of fixed point equa-
tions. In the existence of a fixed point equation involving an
operator, 7" is guaranteed but the exact solution is not pos-
sible. We can only approximate the solution which becomes
very relevant and this necessitated various iterative schemes
[9-14]. Also, the iterative schemes are used for solving dif-
ferent problems like minimization, equilibrium, viscosity
approximation, and many more problems in different spaces
[15-18].

The Picard iterative scheme is the simplest iteration to
estimate the solution of a fixed point equation. Chidume
[19] introduced some basic results on this iterative scheme.
Chidume generalized and improved the existing results of
the fixed point equation in [20]. Okeke and Abbas [21]
proved the convergence and almost 7 -stability of Mann-
type and Ishikawa-type random iterative schemes.

In 2013, Khan [22] proposed the Picard-Mann hybrid
iterative scheme. The sequence {r,} of this scheme is
defined as

r,=res,
T =7 Sy nel, 9)

s,=(1-0,)r,+0,7r,,

where {0, } € (0, 1).

In 2017, Okeke and Abbas [23] proposed the Picard-
Krasnoselskii hybrid iterative scheme and the sequence {r,
} of this iterative scheme is defined as

r,=res,
Tl =7 Sy nel, (10)

s,=(1=v)r, +v7r,

where v € (0, 1).



Journal of Function Spaces

In 2019, Okeke [24] proposed the Picard-Ishikawa
hybrid iterative scheme and the sequence {f,} of this itera-
tion defined as

fi=fes
:% ,
fn+1 9n nEIJr) (11)
9n = (1 - 6n)fn + en%hw
hn = (1 - Sn)fn + 9n%fn’

where {0,} and {9,} € (0,1).

Recently, Srivastava [25] introduced a new type of
hybrid iterative scheme from Picard and S-iteration
(Picars-S hybrid iterative scheme). The sequence {a,} of
the scheme is defined as

a,=acs,

Ayl = %bn’
nel, (12)
b,=(1-6,)7a,+0,7c,,

c,=(1-9,))a,+9,7a,,

where {0,} and {9,} € (0, 1).
Also Lamba and Panwar [26] introduced another hybrid
scheme from Picard and S*-iteration (Picard-S* hybrid iter-

ative scheme) and the sequence {a,} of the scheme is
defined as

a,=acs,
Ayl =%bn’
b,=(1-6,)7a,+6,7c,nel, (13)

(1-9)7a,+9,74d,,

d,=(1-0,)a,+0,7a,,

where {0, },{9,}, and {o,} €(0,1).

With the motivation towards the usage of hybridization
of iterative schemes, we proposed another type of hybrid
scheme which is the Picard-Thakur hybrid iterative scheme,
defined by the sequence {j, } as

j1=J€S
]n+1 :%kn’
k,=(1-6,)7m,+6,71,nel", (14)

where {0, },{9,} and {0,} € (0, 1).

Rhoades [27] commented on the convergence of two
iterative schemes that converges to a certain fixed point is
as follows:

Let {a,} and {b,} be the two fixed point iterative
schemes that converge to a certain fixed point j* of a given

operator 7. The sequence {a,} is better than {b,} if

la, ="l < [b, =j7|| Vnel™. (15)

2. Preliminaries

Berinde and Takens [10] gave the following definitions.

Definition 1 (see [10]). Let {t,} and {w,} be the two
sequences of the real number converging to t and w, respec-
tively. Suppose that

|tn_t| —
n*»oo|u)n—w| .

(16)

(i) If k=0, then, {t,} — ¢ faster than {w,} — w

(i) If 0 < k < 00, then, the rate of convergence of both
sequences are the same

Definition 2 (see [10]). Let {¢t,} and {w,} be the two
sequences of a fixed point iterative scheme, both converges
to a fixed point & for a given operator 7" and {p,}.{q,}
are two sequences of positive numbers. Suppose that the
error estimates,

”tn _EH <P, Vn €I+’

(17)
[wn =&l <4,

Vnel,

are available and {p,}.,{q,} converge to zero. If {p,} con-
verges faster than {g,}, then, {f,} converges faster than {
w, } — & Most of the literature on the iterative schemes
deals with the convergence rate and some analyzes its stabil-
ity [28-34]. For proving the results, we need the following
lemma.

Lemma 3 (see [35]). Let {r,} € R* be a sequence with r,,,
<(I-71,)r,. If {r,} c(0,1) and Y ,?, = 0o, then, lim
r,=0.

n—~oo

Definition 4 (see [36]). Let S be a subset of Banach space B
which is nonempty closed and convex. A mapping 7 : S
— S is demiclosed w.r.t. b€ B, if for each sequence {j,}
in Sand a€s§, {j,} converges weakly at a and {77j,} con-
verges strongly at b= Za=b.

Definition 5 (see [37]). A Banach space B is said to satisfy
Opial’s condition if for any sequence {j,}€BJ{j,} —a,
implies that

liminf ||j, — a|| < liminf|j, - ||, (18)

for all b € B with a + b.



Lemma 6 (see [38]). Let B be a uniformly convex Banach
space and 0<x<p,<y<IVnel®. Let {j,}, {k,} be the
two sequences such that lim sup,__||j,|| <1, limsup,
k|| <L, and limsup, . |(1-0,)j,+0,k,|l=1 hold for
some 1> 0, then lim,_, ||j, —k,| = 0.
Lemma 7 (see [36]). Let 7" : S — S be a nonexpansive map-
ping with Opial’s property. If {j,} — a and lim,__,_||j, -
7j,||=0, then, Za=a, ie, I-7 is demiclosed at zero,
where I is the identity mapping on B.

Proposition 8 (see [39]). Let S be a subset of Banach space B
and 7" : S — S a nonexpansive mapping. Then, for all p,q
€S

lp=7qll <3lp=7pll +llp - 4l|- (19)

Senter and Dotson [40] introduced the concept of condi-
tion (I) which is defined as

Definition 9. Let 7" be a self-mapping on S which is said to
satisfy condition (I), if there is an increasing function Z : |
0,00) — [0,00) with Z(0) = 0 and Z(¢) > 0, for all ¢ > 0 such
that

d(,7(j)) 2 Z(d(j F(77))),  Vj€S, (20)

where d(j, F(7")) =inf {d(j, j*): j* € F(7")}.

In this article, we proposed a new hybrid iterative scheme
which converges faster than Mann [3], Ishikawa [4], S-itera-
tion [5], Abbas et al. [9], Thakur et al. [7], Picard-Mann hybrid
[22], Picard-Krasnoselskii [23], Picard-Ishikawa [24], and
Picard-S hybrid iterative schemes [25]. Recently, Srivastava
[25] already proved that the Picard-S hybrid iterative scheme
converges faster than all of the above iterative schemes. There-
fore, we show that our hybrid iterative scheme converges faster
than all the leading schemes. We find the solution of delay dif-
ferential equations using our proposed hybrid iterative scheme
while in last section, we prove some results of this scheme for
nonexpansive mapping in the uniformly convex Banach space.

3. Convergence Analysis

This section deals with the rate of convergence of the Picard-
Thakur hybrid iterative scheme (14) with Picard-S (12),
Picard-Ishikawa (11), Picard-Mann (9), and Thakur et al.
(6).

Proposition 10. Assume that S be a nonempty closed convex
subset of a normed space N and let 7" : S — S be a contrac-
tion mapping. Suppose that the iterative schemes (12), (11),
(10), (9), and (6) converge to the same fixed point j* of ¥
where {0,,}, {9, }, and {0} are sequences in (0, 1) such that
0<u<{0,}.{9,},{0,} < 1,Vnel", and for some y and §
€(0,1). Then, the Picard-Thakur hybrid iterative scheme
(14) converges faster than all the other schemes.
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Proof. Let j* be a fixed point of an operator 7. Using the
definition of contractive mapping and the Thakur et al. iter-
ative scheme (6), we have

[Knr =31 = 1(1 = 6,)7'm, +6, 771, = |
<=0 7m, = [+ 6,71, = ||
< (1=0,)8(lm, = j* || +6,]|L, = |
<(1-6,)8(1~(1-8)0,)lk, ~j"ll

+89n(1 - (1 _8)971)(1 - (1 _S)Gn)‘lkn _j*H
<O[(1-(1-8)0,){1-6,+9,(1 - (1-8)a,)}][[k, - j"|
<O[(1-(1-8)a,)(1- (1= (1-98)8,0,)]l[k, ="l
<8[(1-(1-8)a, - (1-0)6,9,)

+ (1 - 5)29n9n0n} ”kn _j*” SS[(I - (1 _6)0n
- (1-9)6,9,) + (1-8)6,9,0,][lk, - j"||
<8(1-(1-90)a,)llk, = |-
(21)

Let
a,=8"(1- (1-8)0)"|lk, /| (22)
Now, for (14),

I, =l = (V= 0y + 7y ="l < (1= 0,1 = 7|
+0n5|\1n-1 < ==8)a,)ljn=il

1L =771 = [(L=9,)m,, +9,7'm, = j*|| < (1=9,)[m, = j"|
+9,0[m, = [ < (1= (1 = 8)9,)[[m, = j°|
<(1=(1-0)9,(1 = (1=8)a,)llj, ="l

”kn_j*”:”(l
1-6,)[m,

<&
=0((1-6,)(1
(

0,)7m,+0,71, -
—j* I+ 60,15, =l
—(1=8)a,)|lju—J"|l
-0)9,)(1-(1- ) in =771
=6(1-(1-98)0,)[1-0,+0,-(1-6)0,9,]
= 1=8(1 = (1=6)o —( - (1-9)0,)
((1-0)8,9.)i, —j"l|=6(1-(1-8)a,
- (1-8)0,9, + (1-6)°0,9,0,)[lj, "l
<§(1-(1-98)0,-(1-9)8,9,+(1-6)0,9,0,)
N80~ (1-8)(0, +6,9,
-0,9,0,)) i, 7" -

+0,(1-(1

(23)
Also,
s =31 =17k = 71 < 8K = 7
<6(86(1-(1-6)(0,+0,9,-0,9,0,))j, il

S(Sz(l—(l—(S)(O' +6 9 Gngnan))Hjn_j*”'
(24)



Journal of Function Spaces

Let
b,=8""(1~(1-98)(0 +09-0%))"j, [l (25)
Then,

b, _ 8"(1-(1-8)(0 +69-69))"j, - |

X

a, 8"(1-(1-8)0)"|lky = j"||
8"(1-(1-6)(0c +69-690))"|lj, —j"|l
= = ,* —>0, asn— oo.
(1-(1-8)0)"|[k; = j"|
(26)

Thus, {j,} converges faster than {k,}, ie., the Picard-
Thakur iterative scheme converges faster than the Thakur
iterative scheme. Similarly, the inequality proved in Proposi-
tion 3.1 of the Picard-S hybrid iterative scheme [25] is as fol-
lows:

¢, =0"(1-(1-0)09)"[|a, - |- (27)

Then,
b, _8”"(1-(1-98)(0+69-0%))"||j, -’
a, & (1= (1-8)09)"|a, - j*||
(1-(1-0)(c+69-69))"|j, - j"| —0
(1-(1-8)69)"|a, = j||

asn — 00.

(28)

Thus, {j,} converges faster than {a,}., ie., the Picard-
Thakur iterative scheme converges faster than the Picard-S
iterative scheme. Similarly, we can show that Picard-
Thakur hybrid iterative scheme (14) converges faster than
(11), (10), and (9). O

Next, we gave an example to show that the Picard-
Thakur hybrid iterative scheme (14) converges faster than
the Picard-S hybrid, Picard-Ishikawa hybrid, Picard-Mann
hybrid, and Thakur iterative schemes.

Example 11. Let 7" : $— S where $=[0,2] c N =R be an
operator defined by

1, if j [0, 1],

7 (29)

, ifje[1,2).

Choose 0,=(n+2)/(n+6),9,=(n*+1)/(n* +n+1),
0,=+/(n+1)/(2n+7), for each n € I'" with an initial value
j; =0.6.7" is nonexpansive mapping. All the iterative
schemes converge to the fixed point j* =1. Clearly, in the
Table 1 and Figure 1, we can see that the Picard-Thakur
hybrid iterative scheme (14) converges faster than the
schemes discussed above.

4. Application: Delay Differential Equations

In this section, we can find the solution of the delay differen-
tial equation by using our proposed iterative scheme.

Let the space of all continuous real-valued functions be
denoted by C([u,v]) on closed interval [u,v] endowed with
the Chebyshev norm ||j - m|| , and defined as ||j—m||, =
SUP,¢(,y [i(r) —m(r)[, and it is clear that in [41] that
(C([t4, v], ||-|lo)) is @ Banach space. Now, consider the follow-
ing delay differential equation

i)y =w(nj(r)itr=y),  relrgv) (30)
with initial condition
j(r)=8(r),  refrg=y.ro- (31)

By the solution of the above delay differential equation,
we mean a function j € C([r, -y, v], R) N C'([r,, v], R)) sat-
isfying (30) and (31).

Assume that the following conditions are satisfied.

(1) rj,veR),y>0
(2) v € C([ry, V| x R%, R)

(3) (eC([ry-y,v): R)
(4) There exists L,>0 such that

2

W(rs158) =w(r b ty)[ S Ly 2y |s; —

, Vst eR,re(ry, V]
(32)

(5) ZLW(V— ry) <1

Now, we construct (30) and (31) by the integral equation
as

¢(r), refro =y v

(33)

The following result is the generalization of the result of
Coman et al. [42].

Theorem 12. Let the conditions *,) to =) be satisfied. Then,
(30) and (31) have unique solution j* € C([r, -], R) n C!(|
rov), R) and

j = Jim 77,

n—~oo

foranyje C([ry—7v,v],R). (34)

Now, by using the Picard-Thakur hybrid iterative
scheme (14), we prove the following result.



Theorem 13. Let the conditions =) — %) be satisfied. Then,
(30) and (31) have a unique solution j* € C([r,—y], R) N
C!([rp,v],R) and the Picard-Thakurb hybrid iterative
scheme (14) converges to j*.

Proof. Let {j,} be a sequence generated by the Picard-

Thakur hybrid iterative scheme (14) for an operator 7
defined by

) )
(o) + j Vi1 ip—7)dp, 7€ ro ).

(35)

7j(r) =

Let j* be a fixed point of 7”. Now, we prove that j, — j*
as n — 00. It is easy to see that j, — j* as n — oo for
each r e [ry -y, 1]

Now, for each r € [r,, v], we have

b =l 176, = % s0P 76, =75| sup [G()
ro€[ro.V) ro€[roV]
+j Yok, (0): k(p— 7))dp
- <<:<ro> +J Yo7 (o) 7 (- y))dp) '

o

< sup Jr (P> ku(p) ku(p = ¥)) =¥ (P J" (p)> " (P = v))dp

ro€lrov]

< sup J Ly([ku(p) =" ()] + [Ku(p =) =" (P~ ¥)])dp

ro€[rosv]

j L, sup (k,(0) = () + [eup— 1)~ (- ))dlp

ro€[rov]
= j Ly, (= 5" lloo + 11 = 7" lloo) 4P < 2Ly (v = 70) 1K = [l -

(36)
Now,

1Ky =" oo =111 = 60,)7'm, + 0,71, - |,
SA=0)7m, = |l + 0ul 7L = 7 ||oos
(37)
As
170, =i Ml =171 =7 o< sup

re[ro=yv]

o)+ [ vio o) Lo 1)dp

< sup
refro=y.]

- <C(fo) + J v, () (P - V))dP>

o

J' Vo L (p) 1 (p—))dp

- [ v 017 0= p)dp

< sup [ [y (e 1 (p), L= v) =¥ (P " (P) 5" (P = ¥))|dp

relrovld g
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< sup [ [y (e, L(0) L =) =¥ (P " (P) 3" (P —¥))ldp

relroyld g

< sup j’Lw<|ln<p>—j*<p>|+|ln<p—y>—f*(p—w\>dp

refro=yv]

SJ Ly, sup |L,(p)-j"(p)|+ sup ]|1n(P*V)*J'*(P*V)\>dP

[ro=y:¥] r€[rg=yv]
< Lo (=l # =5}
T
<ALy (1= 1) = oo < 2Ly (v = 1)y = o
(38)

||ln _j*Hoo = H(l - Sn)mn +9,7'm, _j*”oo
<@ =9)my =" lloo + Oul 7'My = "] -
(39)

For

17m, = oo = 117710, = 7" || oo < sup

relro=y:y]

[eteo)+ | vt o) myp- )iy

- (cm) . j w@,;‘*@,j*(p—w)dp) '

< sup
refro=p.v]

Jr y(p:m,(p), m,(p—))dp
- j Y. (p)o " (o w)dp‘

< s [ Wm0 mo—1) =¥ 05 (0= V)ldp

re[ro=yv]Jdry

< sup J (s, (0)s (P = ¥) — Wb () (0~ 7))

relro=yvl g

< sup '['Lw<\mn<p)—f*@)\+|mn<p—y>—f@—w|>dp

refrg=y»v]

sj’L,,<Ksup Ima(p) " (p)| + sup |mn<p—y>—j*u>—y>|>dp

0 [ro=y»v] refro=y:]
SJ Ly (I, = "l my = 5™ Moo+l = 37l = 7 [[l0o) dp
"o

<2Ly (r=19)[[my = " loo < 2Ly (v = ro) 178 = " [l oo

(40)
||mn—j*|\oo=||(1—0n)11n+in7jn—j*||oo. ) (a1)
as
1755 =175 =7 s
r€[rg=ysv
o+ [ vie ooy
—(C(fo)+J w(p,j*(p),j*(p—y))dp> < o
"o r€[ro=y»V,
] v se-vap

- | W(pJ ()" (0 7))dp

“To
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TaBLE 1: Convergence behavior of Thakur et al. (7), Ap (8), Picard-S (12), Picard-S* (13), and Picard-Thakur hybrid Iterative schemes (14).

Steps  Picard-Ishikawa hybrid  Thakur et al.  Ap iterative scheme  Picard-S hybrid  Picard-S* hybrid  Picard-Thakur hybrid
1 0.6000000000 0.6000000000 0.6000000000 0.6000000000 0.6000000000 0.6000000000
2 1.0172938494 1.0023262974 1.0033992688 1.0028485141 0.9942090597 0.9992233640
3 0.9991010616 0.9999896158 0.9999617294 0.9999670218 0.9998760856 0.9999988412
4 1.0000463544 1.0000000464 1.0000004299 1.0000003808 0.9999973348 0.9999999983
5 0.9999976087 0.9999999997 0.9999999952 0.9999999956 0.9999999427 0.9999999999
6 1.0000001234 1.0000000000 1.0000000001 1.0000000001 0.9999999988 0.9999999999
7 0.9999999936 0.9999999999 0.9999999999 0.9999999999 0.9999999999 1.0000000000
8 1.0000000003 1.0000000000 1.0000000000 1.0000000000 0.9999999999 1.0000000000
9 0.9999999999 1.0000000000 1.0000000000 1.0000000000 0.9999999999 1.0000000000
10 1.0000000000 1.0000000000 1.0000000000 1.0000000000 1.0000000000 1.0000000000
< e[sup ]J [W(ps i, () iu (P = V) = W(p: ()" (0~ ))|dp Putting (45) in (38), we get
relry-yir]d r,
< sup I [P Jn(P)s 3P = ¥) = ¥(poJ" (P)-J" (P = ¥)ldp 1778, =" lo < 2Ly (v = 1) [1 = (1= 2Ly (v = 70)) (0 = 80 + 9,00) [l = leo-
re[ry=y,v] :0 (46)
< sup J Ly(ja(p) = 3" ()| + jn(p =) =" (P = )))dp
e Putting (46) and (40) in (37), we get
SLOLW (YG[S,?_I;,V]U,.(P) J (P)|+,E;:II;V|JV,(P i (p—y)l)dp llky =" lloo < (1 =6,)2L, (v = 10)[|m,, = j" || o +6,2Ly (v — 7o)
<[ Ly (lia=7 o a7 N =2y (=)= Ayl S 2y (7= 10) (1=, = Byl =]
"o SZLW(V—fo)[( =0,)[1 = (1=2Ly (v=10)0,u] s = " lleo
<2Ly(v=10)lin = I oo 0,[1 = (1=2Ly (v=10)) (@, = 9, + 8,0.) |1y = "l
(42) <2L (v—ro)[l—ﬂ)(l—(l—ZL v—ry)o

Putting (42) in (41), we get

71, = "o < (1 =

<2Lw(v—r0)[1—0 = (1-2L,(v=rg)o, + (1 =2L,(v~1y)0,0,
+9n—(1—2Lw(V—”o)9 (0, =9, +9,0) i, =i leo

<2Ly(v=ro)[L = (1 =2Ly (v =1o)(0, — 0,0,
+0n(an+9n_9nan)“|jn_j*” <2L ( _r0>
'[1—(1—2Lw(v—ro)(a -0,0,+0,0,+0,9, —6,,9,,(7,,)}||j,1

—j*||0052L.,,(V—To)[1— (1—2Lw(v—r0)(a +0,9,-0,9,0 )}

nYnYn

")
)
6,[1= (1=2L,(v=74))(, = 9 +8,0,)] i, = /"o
(
]

+ OWZLW(V - TO)Hjn _j* Hoo
O)an] ||Jn _j* ||oo

T)llin =7 lleo
<[t-(-2L,(v—r

43
(43) M = Moo

(47)

Putting (43) in (40), we get

177m, = " oo < 2Ly (v =19) [1 = (11 = 2Ly (v = 70)0,] L = 1" [l o

Putting (44) and (43) in (39), we get

Leto, +0,9,-0,9,0, = p,, and by using condition *;),
we have

e =i lloo = [1 = (1= 2Ly (v = r0)Pu] i = 1" [l oo

Putting (48) in (36), we have

(44) (48)

||jn+1 _]*Hoo < 2Ll//(v_ rO) [1 - (1 - 2L1//(V_ rO)pn} H]n _j*”oo

11 =il = (1

=9, [1= (11 = 2Ly (v=r0)o, ] [l = 1"l o (49)
+9,2L, (v=r) [1 = (1=2Ly (v = 10)0, | s = " lleo
< (1= (1= 2Ly (v=ro)oy ) (1= (1= (1= 22y (v = 70)9,) i = "o Again, using condition x), we get
<[1-(1-2L,(v=r5)0,) = (1= (1=2L,(v=ro)a,) (1 = 2L, (v=14)9,)]
Niw =7 o < [l -(1 —ZLW(v—rU))on -(1 —2Lw(v—r0))9n H] o < _ _ _ .
1 o < (1= (1= 2Ly (v =r0) ] lin = 1" oo+ (50)
# [(1=2 0= )8, iy~ o [1 - (1=2Ly(v= ), e ! S
— (1—2L v—ry ) (1 2L V ro))9 0, ]H]n j Hoo Let (1 - ZLV,(V_ "o)Pn = Tn <1 and "]Vl _j* ”OO — rn‘ SO,
(1= (=2Ly (=) @0 =8+ S,00)] 1 =l the conditions of Lemma 3 are satisfied. Hence, lim,_, ||
(45) —-i*l=0 O



Journal of Function Spaces

Value of j,

6 7 8 9 10

Number of iterations

—6— Picard—ishikawa
Picard-S iteration

—&— Thakur iteration

—»— Picard-S* Iteration
—+— Ap-iteration

—+— Picard—thakur iteration

FiGure 1: Convergence behavior of Thakur et al. (7), Ap (8), Picard-S (12), Picard-S* (13), and Picard-Thakur hybrid iterative schemes (14).

5. Convergence Results for
Nonexpansive Mapping

Lemma 14. Let S be a nonempty closed and convex subset of
uniformly convex Banach space B and 7" : S — S be a non-
expansive mapping. If {j,} be a sequence generated by
Picard-Thakur hybrid iterative scheme (14) and F(7") #+ &,

then, lim,__,|lj, — j*Il exists.

Proof. Let j* € F(7"), and 7 is nonexpansive then

lm, =" =011 = 0,)j, + 0,7, ="l < (1 =0,)llj,
—J o |7, =i N < (1= 0,)lj, =i I+0,llj,  (51)
AR

Also,
”ln _j* ” = ”(1 - 9n)n/ln + Sn%mn _j* " < (1 - 9n)”’/nn

= 1497 m, — I < (1= 9,)llm,, = j"1+9,llm, ~ (52)

-jh=<lm, -j".
Similarly,

Ik, = "I =1(1-6,)7m,+6,71,~ "I < (1-6,)|7m,
— 07T, =7 < (1= 0,)llm, = j 140,11, = |

< (1=0,)lm, = j* 140, Im,, = j*Il < llm, = "I < j, = j"Il

(53)

Now,

ljpsr =3 N =17k, = 7N < Mk, = 770 < W, = 770 (54)
This shows that {|lj, — j*[|} is a decreasing sequence and
bounded below Vj* € F(7"). Hence, lim,_, ||j, — j* | exists.
O
Lemma 15. Let S and 7" : S— S be as in Lemma 14. Let
{j,} be a sequence defined by Picard-Thakur hybrid iterative

scheme (14) with F(7") + @. Then, lim,__, |lj, = 77j,Il = 0.

Proof. As from the above Lemma 14, lim,__,_[lj, — j*|| exists
for each j* € F(7"). Suppose that for some />0, we have

lim [lj, -l =1 (55)

As from (53), (52), and (51), we have

lm, =71 < W, = "1l (56)
I, = "Il < 1j, = j*1, (57)
I, = 7" < Mlji, = 5711 (58)

Taking lim sup as n — o0 of (58), (57), and (56), we get

lim sup||m,, — j*|| <1, (59)
lim sup/|L, = || <1, (60)
n—=a~oo
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lim sup||k, - j"[| <. (61)
n—aod

Since 7" is nonexpansive, we have

lim sup |7/, = j*[| <1, (62)

I=liminf|j,,, — j* | = liminf |7k, — j*|| < liminf ||k, — j*[,

(63)
From (63) and (61), we get
Tim [k, = 'l =L (64)
Now, from (53), we have
Ik, =1l < llm,, - j*II. (65)
Taking liminf as n — 0o, we have
liminf [k, - || <liminf|m, - (66)
I<liminfm, - '] (67)

So, from (67) and (59), we have

I= lim |m,-j*l= lim |(1-0,)j,+0,77],
n—=a~o0 n—:=o00
== lim (1= 0,)(, =) +0,(75, = 75
(68)

From (68), (62), and (55) and applying Lemma 6, we get

i 1, = 7,1 =0, (69)

O

Theorem 16. Let S, 7, {j,,} be as in Lemma 14. Let B be the
uniformly convex Banach space which satisfies Opial’s condi-
tion; then, {j,} converges weakly to a fixed point of 7.

Proof. Let j* € F(7'); then, by Lemma 14, lim,_, [lj, —j*|l
exists. Now, we show that {j,} has a unique weak subse-
quential limit in F(7").

Let {a,} and {b,} be two subsequences of {j,} and 4, b
be the weak limits of the subsequences of {j, }, respectively.
From Lemma 15, lim,  lj, -7 (j,)I=0 and I-7 is
demiclosed at zero. By Lemma 7.

Therefore, we get 7’a=a. For b€ F(7'), we follow the
same manner.

From Lemma 14, we know that lim,__,||j, — j*Il exists.

For uniqueness, supposing that a# b, then, by using
Opial’s condition,

lim [j, —all = lim [la,-al < lim [a,-0bll= lim j,
n—oo n—oo n—~oo n—oo
—-b|= lim ||b,-b] < lim |b,—al = lim |j, —all
n—oo n—oeo n—uo0

(70)

This is a contradiction, so a = b. Hence, {j,} converges
weakly to F(7).

Theorem 17. Let S, 7/, {j,} be as in Lemma 14. Then, {j,}
converges to a point of F(7") if and only if liminf, ,_ d(j,
,F(7))=0 or limsup,  (j,, F(7)) =0, where d(a,, F(
7)) =inf {lj, = "Il - j* € F(7)}.

Proof. If the sequence {j, } — j* € F(7'), then, it is oblivi-
ous that liminf d(j,, F(7")) =0 or limsup, . (j,, F(
7)) =0.

Conversely, assume that liminf,  d(j,, F(7"))=0.
From Lemma 14,

lim, ,llj, —j*l exists, Vj*eF(7).
assumption,

n—~oo

Therefore, by

lim, _,d(j,» F(7)) =0. (71)

n—~o

Now, to show, the sequence {j,} is cauchy in S. As
lim, ,d(j,, F(7")) =0, for given A >0, there exists m, €
I'" such that Vn > m,,

d(j,, F(7)) < % =inf {|j, il : j* € F(?7)} < % (72)

Particularly, inf {|lj, - j*Il : j* € F(7')} < A/2. Therefore,
there is j* € F(7") such that

A
Wi, =571 < 5+ (73)
Now, for m, n > my,

Wovm = Jull € Wi = 37 Wiy = 5N Wy = 5y = 7
=2llj,,. — il <\
(74)

This shows that the sequence {j, } is cauchy in S. As S
CB, so, p is a point in S such that lim, . j, =p. Now,
lim, ,d(j,, F(7")) =0 gives that lim, ,  d(j,, F(7)) =0
=peF7). O

Theorem 18. Let S, 7, {j,} be as in Lemma 14. Then, {j,}
converges strongly to F(7") + &.

Proof. By Lemma 15, we have
lim

-7j |l =o0. (75)

n—=oo ”.]11
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Since, S is compact, then, let { jnk} be a subsequence of

{j,} which converges strongly to j*, for some j*€S. By
Proposition 8, we have

lj,, - 771 <30, - 7, I+, — 51 ¥k=1.  (76)
Letting k — 0o, we get

o, — Vi =27 =), ie,j €F(7). (77)
Also, by Lemma 14, lim,,_, |lj, — j*Il exists. Thus, {j,}
converges strongly to j*. o

Now, by using condition (I), we prove the strong conver-
gence result.

Theorem 19. Let S, 7" be as in Lemma 14. Let B be a uni-
formly convex Banach space which is satisfying condition
(I). Then, the sequence {j,} defined by the Picard-Thakur
hybrid iterative scheme (14) converges strongly to F(7") + &

Proof. As by Lemma 15, we have

i 1, - 7,1 =0, (78)

By condition (I) and (78), we get

79
< lim |j, -7, = lim Z(d(j,, F(7")))=0. 79)

Since Z : [0,00) — [0,00) is an increasing function sat-
isfying Z(0) = 0,Z(t) > OVt > 0.
Hence, we have

lim d(j,, F(7'))=0. (80)

n—a~oo

Since all the conditions of Theorem 17 are satisfied,
therefore, we can say that {j,} converges strongly to F(7)
O

6. Conclusion

In this paper, we present a new hybrid scheme of Picard and
Thakur et al. We discuss the convergence of this scheme to
the iterative scheme of Mann, Ishikawa, Picard-Mann,
Picard-Ishikawa, Picard-S, and Thakur et al. We showed
the convergence of Picard-Thakur hybrid iterative with
other iterative schemes on graphs and gave application to
delay differential equations. We also generalize and extend
various results for nonexpansive mapping in a uniformly
convex Banach space including [7, 24, 25, 43].
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