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In this manuscript, owing to the concept of orthogonal coupled contraction mappings type I and II, we prove coupled fixed point
theorem in orthogonal metric spaces. In order to strengthen our main results, a suitable example is presented. Moreover, the
results we obtained supplement and improve previous research findings. A fruitful application is also supplied to endorse our
outcomes.

1. Introduction

One of the simple and widely applicable result in nonlin-
ear analysis is Banach contraction principle and it is pro-
longed in 360o in the last century. One ordinary
approach to bolster the Banach contraction principle is
to restore the metric by weird generalized metric spaces.
In 2017, Eshaghi Gordji et al. [1] established the idea of
orthogonality and offered a framework to enlarge the
results. In the same year, Eshaghi Gordji and Habibi [2]
extended this work and proved some fixed point theorem
in generalized O-metric spaces. Later, in 2019, Gordji
and Habibi [3] demonstrated fixed point theorems in ε
-connected O-metric spaces. By applying altering distance
functions, Gungor and Turkoglu [4], in 2019, established
fixed point results on O-metric spaces. Using orthogonal
F-contraction mappings, Sawangsup et al. [5] proved some
fixed point theorem on O-complete metric spaces. In 2021,
Beg et al. [6] proved fixed point theorems on O-complete
b-metric spaces. In 2021, Arul et al. [7] proved fixed point

theorems on O-metric spaces. The concept of O-triangular
α-admissibility introduced by Arul et al. [8] proved fixed
point theorems on O-metric spaces in 2022.

In 1987, on the other extreme, Gue and Lakshmikan-
tham [9] prompted the conception of a coupled fixed point
in partially ordered metric spaces. Following that, Bhaskar
and Lakshmikantham [10], in 2006, demonstrated presence
of coupled fixed point theorems by utilizing the mixed
monotone property. The same coupled fixed point theorems
on complete cone metric spaces was exposed by Sabetgha-
dam et al. [11], in 2009. Afterwards, Guneseelan et al. [12]
analyzed these results on complex partial b-metric space.
Motivated by the above work, here, we prove coupled fixed
point theorems on O-complete metric spaces.

2. Preliminaries

In 2021, Gunaseelan et al. [13] proved the following
theorem.
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Theorem 1. Let ð∐, φÞ be a complete complex partial metric
space and the mapping Φ : ∐×∐⟶∐ such that

φ Φ ϑ,ℵð Þ,Φ σ, μð Þð Þ ≤ ζ1φ Φ ϑ,ℵð Þ, σð Þ + ζ2φ Φ σ, μð Þ, ϑð Þ,
ð1Þ

where ζ1 and ζ2 are nonnegative constants with ζ1 + ζ2 < 1.
Then, there exists a unique coupled fixed point of Φ.

Now, let us recall some basic concepts, which will be
used in the sequel.

Definition 2 (see [1]). Let ∐≠∅ and ⊥⊆∐×∐ be a binary
relation such that or

∃ϑ0 ∈∐ : ∀ϑ∈∐,ϑ⊥ϑ0ð Þ
∀ϑ∈∐,ϑ0⊥ϑð Þ,

ð2Þ

then, it is called an orthogonal set (briefly O-set). We denote
this O-set by ð∐, ⊥Þ.

Definition 3 (see [1]). Let ð∐, ⊥Þ be an O-set. A sequence
fϑιg is called an orthogonal sequence (briefly, O-sequence) if
or

∀ι ∈ℕ, ϑι⊥ϑι+1ð Þ,
∀ι ∈ℕ, ϑι+1⊥ϑιð Þ:

ð3Þ

Definition 4 (see [1]). A triplet ð∐, ⊥, φÞ is called an orthogo-
nal metric space (briefly O-metric space) if ð∐, ⊥Þ is an O-set
and ð∐, φÞ is a metric space.

Definition 5 (see [1]). Let ð∐, ⊥Þ be an O-set. A mapping
Φ : ∐×∐⟶∐ is said to be ⊥-preserving (briefly OP) if
Φðϑ,ℵÞ⊥Φðσ, μÞ whenever ϑ⊥σ and ℵ⊥μ. Also, Φ : ∐×∐
⟶∐ is said to be weakly ⊥-preserving (briefly WOP) if
Φðϑ,ℵÞ⊥Φðσ, μÞ or Φðσ, μÞ⊥Φðϑ,ℵÞ whenever ϑ⊥σ and
ℵ⊥μ.

Definition 6 (see). Let ∐ be a nonempty set and Φ : ∐×∐
⟶∐ be a mapping. A point ðℵ, χÞ ∈∐×∐ is said to be
a coupled fixed point of Φ if Φðℵ, χÞ =ℵ and Φðχ,ℵÞ = χ.

3. Main Result

This section presents the new results motivated by Theorem
1 and an O-set, we introduce new O-coupled contraction
mappings of type I and II.

Definition 7. Let ð∐, ⊥, φÞ be an O-metric space. A function
Φ : ∐×∐⟶∐ is called an O-coupled contraction map-
ping of type I (briefly OCCMT-I) on ð∐, ⊥, φÞ if for all ϑ,
ℵ, σ, μ ∈∐ with ϑ⊥σ and ℵ⊥μ, φðΦðϑ,ℵÞ,Φðσ, μÞÞ > 0,

φ Φ ϑ,ℵð Þ,Φ σ, μð Þð Þ ≤ ζ1φ ϑ, σð Þ + ζ2φ ℵ, μð Þ, ð4Þ

where ζ1 and ζ2 are nonnegative constants with ζ1 + ζ2 < 1.

Definition 8. Let ð∐, ⊥, φÞ be an O-metric space. A function
Φ : ∐×∐⟶∐ is called an O-coupled contraction map-
ping of type II (briefly OCCMT-II) on ð∐, ⊥, φÞ if for all ϑ,
ℵ, σ, μ ∈∐ with ϑ⊥σ and ℵ⊥μ, φðΦðϑ,ℵÞ,Φðσ, μÞÞ > 0,

φ Φ ϑ,ℵð Þ,Φ σ, μð Þð Þ ≤ ζ1φ Φ ϑ,ℵð Þ, σð Þ + ζ2φ Φ σ, μð Þ, ϑð Þ,
ð5Þ

where ζ1 and ζ2 are nonnegative constants with ζ1 + ζ2 < 1.

Theorem 9. Let ð∐, ⊥, φÞ be an O-complete metric space
with an orthogonal element ðϑ0, z0Þ and Φ : ∐×∐⟶∐
be a mapping such that

(i) Φ is OP

(ii) Φ is OCCMT-I

Then, there exists a unique coupled fixed point of Φ.

Proof. By the definition of an O-set, we can find ϑ0 ∈∐ sat-
isfying or

∀ϑ∈∐,ϑ⊥ϑ0ð Þ
∀ϑ∈∐,ϑ0⊥ϑð Þ,

ð6Þ

and we can find ϖ0 ∈∐ satisfying or

∀ϑ∈∐,ϑ⊥ϖ0ð Þ
∀ϑ∈∐,ϖ0⊥ϑð Þ:

ð7Þ

It follows that ϑ0⊥Φðϑ0, ϖ0Þ or Φðϑ0, ϖ0Þ⊥ϑ0 and ϖ0⊥
Φðϖ0, ϑ0Þ or Φðϖ0, ϑ0Þ⊥ϖ0. Let

ϑ1 ≔Φ ϑ0, ϖ0ð Þ, ϑ2 ≔Φ ϑ1, ϖ1ð Þ =Φ2 ϑ0, ϖ0ð Þ,⋯,

ϑι+1 ≔Φ ϑι, ϖιð Þ =Φι+1 ϑ0, ϖ0ð Þ,
ϖ1 ≔Φ ϖ0, ϑ0ð Þ, ϖ2 ≔Φ ϖ1, ϑ1ð Þ =Φ2 ϖ0, ϑ0ð Þ,⋯,
ϖι+1 ≔Φ ϖι, ϑιð Þ =Φι+1 ϖ0, ϑ0ð Þ:

ð8Þ

If ϑι = ϑι+1, ϖι = zι+1 for any ι ∈ℕ ∪ f0g, then ðϑι, ϖιÞ is a
coupled fixed point of Φ. Suppose that ϑι ≠ ϑι+1 or ϖι ≠ ϖι+1,
∀ι ∈ℕ ∪ f0g. Then, or

φ Φ ϑι, ϖιð Þ,Φ ϑι+1, ϖι+1ð Þð Þ > 0,

φ Φ ϖι, ϑιð Þ,Φ zι+1, ϑι+1ð Þð Þ > 0
ð9Þ

for all ι ∈ℕ ∪ f0g. Since Φ is OP, we have

ϑι⊥ϑι+1 or ϑι+1⊥ϑι,

ϖι⊥ϖι+1 or ϖι+1⊥ϖι,
ð10Þ

∀ι ∈ℕ ∪ f0g. Therefore, fϑιg and fϖιg are O-sequences.
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Since Φ is OCCMT-I,

φ ϑι, ϑι+1ð Þ ≤ ζ1φ ϑι−1, ϑιð Þ + ζ2φ ϖι−1, ϖιð Þ,
φ ϖι, ϖι+1ð Þ ≤ ζ1φ zι−1, ϖιð Þ + ζ2φ ϑι−1, ϑιð Þ:

ð11Þ

Set

hι ≔ φ ϑι, ϑι+1ð Þ + φ zι, ϖι+1ð Þ: ð12Þ

Then, we have

hι ≤ ζ1 + ζ2ð Þφ ϑι−1, ϑιð Þ + ζ1 + ζ2ð Þφ ϖι−1, ϖιð Þ = ζ1 + ζ2ð Þhι−1, ∀ι ∈ℕ:

ð13Þ

Since j≔ ζ2/ð1 − ζ2Þ < 1, we get

hι ≤ jhι−1 ≤⋯≤ jιh0: ð14Þ

If h0 = 0, then

φ ϑ0, ϑ1ð Þ + φ ϖ0, ϖ1ð Þ = 0: ð15Þ

Hence, ϑ0 = ϑ1 =Φðϑ0, ϖ0Þ and ϖ0 = ϖ1 =Φðϖ0, ϑ0Þ,
which implies that ðϑ0, ϖ0Þ is a coupled fixed point of Φ.
Let h0 > 0. For each ι ≥ θ,

φ ϑι, ϑθð Þ ≤ φ ϑι, ϑι−1ð Þ + φ ϑι−1, ϑι−2ð Þ+⋯φ ϑθ+1, ϑθð Þ: ð16Þ

Similarly, we can derive that

φ ϖι, ϖθð Þ ≤ φ ϖι, ϖι−1ð Þ + φ ϖι−1, ϖι−2ð Þ+⋯φ ϖθ+1, ϖθð Þ: ð17Þ

Thus,

φ ϑι, ϑθð Þ + φ ϖι, ϖθð Þ ≤ hι−1 + hι−2 +⋯ + hθ

≤ jι−1 + jι−2+⋯+jθ
� �

h0

≤
jθ

1 − j
h0 ⟶ 0, ι⟶∞,

ð18Þ

which implies that fϑιg and fϖιg are Cauchy O-sequences.
By the definition of an O-complete, we can find ϑ, ϖ ∈∐ sat-
isfying lim

ι⟶∞
ϑι = ϑ and lim

ι⟶∞
ϖι = ϖ. Now,

φ Φ ϑ, ϖð Þ, ϑð Þ ≤ φ Φ ϑ, ϖð Þ, ϑι+1ð Þ + φ ϑι+1, ϑð Þ, φ Φ ϑ, ϖð Þ, ϑð Þ
− φ ϑι+1, ϑð Þ ≤ φ Φ ϑ, ϖð Þ, ϑι+1ð Þ:

ð19Þ

By choice of ϑ and ϖ, we have

ϑ⊥ϑι or ϑι⊥ϑ,

ϖ⊥ϖι or ϖι⊥ϖ:
ð20Þ

Since Φ is OCCMT-I, we get

φ Φ ϑ, ϖð Þ,Φ ϑι, ϖιð Þð Þ ≤ ζ1φ ϑ, ϑιð Þ + ζ2φ ϖ, ϖιð Þ: ð21Þ

From (19) and (21), we obtain

φ Φ ϑ, ϖð Þ, ϑð Þ − φ ϑι+1, ϑð Þ ≤ ζ1φ ϑ, ϑιð Þ + ζ2φ ϖ, ϖιð Þ: ð22Þ

As ι⟶∞, we get

lim
ι⟶∞

φ Φ ϑ, ϖð Þ, ϑð Þ = 0: ð23Þ

Therefore, Φðϑ, ϖÞ = ϑ.
Similarly, we can prove that Φðϖ, ϑÞ = ϖ. Assume that

ðϑ∗, ϖ∗Þ is another coupled fixed point of Φ satisfying ðϑ, ϖÞ
≠ ðϑ∗, ϖ∗Þ. Then, φðΦðϑ, ϖÞ,Φðϑ∗, ϖ∗ÞÞ = φðϑ, ϑ∗Þ > 0 and
φðΦðϖ, ϑÞ,Φðϖ∗, ϑ∗ÞÞ = φðz, ϖ∗Þ > 0. Since Φ is OP, we get

ϑ⊥ϑ∗ or ϑ∗⊥ϑ,

ϖ⊥ϖ∗ or ϖ∗⊥ϖ:
ð24Þ

Since Φ is an OCCMT-I, we get

φ ϑ, ϑ∗ð Þ = φ Φ ϑ, ϖð Þ,Φ ϑ∗, ϖ∗ð Þð Þ ≤ ζ1φ ϑ, ϑ∗ð Þ + ζ2φ ϖ, ϖ∗ð Þ,
φ ϖ, ϖ∗ð Þ = φ Φ ϖ, ϑð Þ,Φ ϖ∗, ϑ∗ð Þð Þ ≤ ζ1φ ϖ, ϖ∗ð Þ + ζ2φ ϑ, ϑ∗ð Þ:

ð25Þ

Thus, we have

φ ϑ, ϑ∗ð Þ + φ ϖ, ϖ∗ð Þ ≤ ζ1 + ζ2ð Þ φ ϑ, ϑ∗ð Þ + φ ϖ, ϖ∗ð Þð Þ: ð26Þ

Since ζ1 + ζ2 < 1, we obtain

φ ϑ, ϑ∗ð Þ + φ ϖ, ϖ∗ð Þ = 0: ð27Þ

Therefore, ϑ = ϑ∗ and ϖ = ϖ∗, which is a absurdity. So, Φ
has a unique coupled fixed point.

Example 1. Let∐ =ℝ and φðℵ, χÞ = jℵ − vj for all ℵ, χ ∈∐.
Define a relation ⊥ on ∐ by

ℵ⊥χ iff ℵ, χ ≥ 0: ð28Þ

Then, ð∐, ⊥, φÞ is an O-complete metric space. Define a
mapping Φ : ∐×∐⟶∐ by Φðℵ, χÞ =ℵ + 3χ/5. Let ℵ⊥ϑ
and χ⊥σ. Then, ℵ, ϑ ≥ 0 and χ, σ ≥ 0. Now,

Φ ℵ, χð Þ = ℵ + 3χ
5

≥ 0,

Φ ϑ, σð Þ = ϑ + 3σ
5

≥ 0:
ð29Þ

It follows that

Φ ℵ, χð Þ⊥Φ ϑ, σð Þ: ð30Þ

Therefore, Φ is OP. Then, for all ℵ, χ, ϑ, σ ∈ ϑ, Φðℵ, χÞ
≠Φðϑ, σÞ, we get
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φ Φ ℵ, χð Þ,Φ ϑ, σð Þð Þ = ℵ + 3χ
5

−
ϑ + 3σ

5

����
���� ≤ ℵ − ϑ

5

����
���� + 3 χ − σð Þ

5

����
����

=
ℵ − ϑj j
5

+
3 χ − σj j

5
=
1
5
φ ℵ, ϑð Þ + 3

5
φ χ, σð Þ:

ð31Þ

Therefore, all the hypotheses of Theorem 9 are fulfilled
with ζ1ð= 1/5Þ + ζ2ð= 3/5Þ < 1. Hence, Φ has a unique
coupled fixed point ð0, 0Þ ∈ℝ ×ℝ.

Theorem 10. Let ð∐, ⊥, φÞ be an O-complete metric space
with an orthogonal element ðϑ0, z0Þ and Φ : ∐×∐⟶∐
be a mapping such that

(i) Φ is OP

(ii) Φ is OCCMT-II

Then, there exists a unique coupled fixed point of Φ.

Proof. By the definition of an O-set, we can find ϑ0 ∈∐ sat-
isfying

∀ϑ∈∐,ϑ⊥ϑ0ð Þ or ∀ϑ∈∐,ϑ0⊥ϑð Þ, ð32Þ

and we can find ϖ0 ∈∐ satisfying

∀ϑ∈∐,ϑ⊥ϖ0ð Þ or ∀ϑ∈∐,ϖ0⊥ϑð Þ: ð33Þ

It follows that ϑ0⊥Φðϑ0, ϖ0Þ or Φðϑ0, ϖ0Þ⊥ϑ0 and ϖ0⊥
Φðϖ0, ϑ0Þ or Φðϖ0, ϑ0Þ⊥ϖ0. Let

ϑ1 ≔Φ ϑ0, ϖ0ð Þ, ϑ2 ≔Φ ϑ1, ϖ1ð Þ =Φ2 ϑ0, ϖ0ð Þ,⋯, ϑι+1 ≔Φ ϑι, ϖιð Þ =Φι+1 ϑ0, ϖ0ð Þ,
ϖ1 ≔Φ ϖ0, ϑ0ð Þ, ϖ2 ≔Φ ϖ1, ϑ1ð Þ =Φ2 ϖ0, ϑ0ð Þ,⋯, ϖι+1 ≔Φ ϖι, ϑιð Þ =Φι+1 ϖ0, ϑ0ð Þ:

ð34Þ

If ϑι = ϑι+1, ϖι = zι+1 for any ι ∈ℕ ∪ f0g, then, ðϑι, ϖιÞ is a
coupled fixed point of Φ. Suppose that ϑι ≠ ϑι+1 or ϖι ≠ ϖι+1,
∀ι ∈ℕ ∪ f0g. Then

φ Φ ϑι, ϖιð Þ,Φ ϑι+1, ϖι+1ð Þð Þ > 0 orφ Φ ϖι, ϑιð Þ,Φ zι+1, ϑι+1ð Þð Þ > 0,
ð35Þ

for all ι ∈ℕ ∪ f0g. Since Φ is OP, we have

ϑι⊥ϑι+1 or ϑι+1⊥ϑι,

ϖι⊥ϖι+1 or ϖι+1⊥ϖι,
ð36Þ

∀ι ∈ℕ ∪ f0g. Therefore fϑιg and fϖιg are O-sequences.

Since Φ is OCCMT-II, we derive that

φ ϑι, ϑι+1ð Þ = φ Φ ϑι−1, ϖι−1ð Þ,Φ ϑι, ϖιð Þð Þ ≤ ζ1φ ϑι, ϑιð Þ
+ ζ2φ ϑι+1, ϑι−1ð Þ ≤ ζ2 φ ϑι+1, ϑιð Þ + φ ϑι, ϑι−1ð Þð Þ

=
ζ2

1 − ζ2
φ ϑι, ϑι−1ð Þ:

ð37Þ

Similarly, we can derive that

φ ϖι, ϖι+1ð Þ ≤ ζ2
1 − ζ2

φ ϖι, ϖι−1ð Þ, ð38Þ

From (37) and (38), we derive

φ ϑι, ϑι+1ð Þ + φ ϖι, ϖι+1ð Þ ≤ ζ2
1 − ζ2

φ ϑι, ϑι−1ð Þ + φ ϖι, ϖι−1ð Þð Þ:

ð39Þ

Set

hι ≔ φ ϑι, ϑι+1ð Þ + φ zι, ϖι+1ð Þ: ð40Þ

Then, we have

hι ≤
ζ2

1 − ζ2
φ ϑι−1, ϑιð Þ + φ ϖι−1, ϖιð Þð Þ = ζ2

1 − ζ2
hι−1, ∀ι ∈ℕ:

ð41Þ

Since ζ1 + ζ2 < 1, then j = ζ2/ð1 − ζ2Þ < 1, we get

hι < jhι−1 ≤⋯≤ jιh0: ð42Þ

If h0 = 0, then

φ ϑ0, ϑ1ð Þ + φ ϖ0, ϖ1ð Þ = 0: ð43Þ

Hence, ϑ0 = ϑ1 =Φðϑ0, ϖ0Þ and ϖ0 = ϖ1 =Φðϖ0, ϑ0Þ,
which implies that ðϑ0, ϖ0Þ is a coupled fixed point of Φ.
Let h0 > 0. For each ι ≥ θ,

φ ϑι, ϑθð Þ ≤ φ ϑι, ϑι−1ð Þ + φ ϑι−1, ϑι−2ð Þ+⋯φ ϑθ+1, ϑθð Þ: ð44Þ

Similarly, we can derive that

φ ϖι, ϖθð Þ ≤ φ ϖι, ϖι−1ð Þ + φ ϖι−1, ϖι−2ð Þ+⋯φ ϖθ+1, ϖθð Þ: ð45Þ

Thus,

φ ϑι, ϑθð Þ + φ ϖι, ϖθð Þ ≤ hι−1 + hι−2+⋯+hθ

≤ jι−1 + jι−2+⋯+jθ
� �

h0 ≤
jθ

1 − j
h0 ⟶ 0,

ð46Þ

which implies that fϑιg and fϖιg are Cauchy O-sequences.
By the definition of an O-complete, we can find ϑ, ϖ ∈∐ sat-
isfying lim

ι⟶∞
ϑι = ϑ and lim

ι⟶∞
ϖι =. Now,
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φ Φ ϑ, ϖð Þ, ϑð Þ ≤ φ Φ ϑ, ϖð Þ, ϑι+1ð Þ + φ ϑι+1, ϑð Þ, φ Φ ϑ, ϖð Þ, ϑð Þ
− φ ϑι+1, ϑð Þ ≤ φ Φ ϑ, ϖð Þ, ϑι+1ð Þ:

ð47Þ

By choice of ϑ and ϖ, we have

ϑ⊥ϑι or ϑι⊥ϑ ,

ϖ⊥ϖι or ϖι⊥ϖ:
ð48Þ

Since Φ is OCCMT-II, we get

φ Φ ϑ, ϖð Þ,Φ ϑι, ϖιð Þð Þ ≤ ζ1φ Φ ϑ, ϖð Þ, ϑιð Þ + ζ2φ Φ ϑι, ϖιð Þ, ϑð Þ:
ð49Þ

From (47) and (49), we obtain

φ Φ ϑ, ϖð Þ, ϑð Þ − φ ϑι+1, ϑð Þ ≤ ζ1φ Φ ϑ, ϖð Þ, ϑιð Þ + ζ2φ ϑι+1, ϑð Þ:
ð50Þ

As ι⟶∞, we get

lim
ι⟶∞

φ Φ ϑ, ϖð Þ, ϑð Þ = 0: ð51Þ

Therefore, Φðϑ, ϖÞ = ϑ.
Similarly, we can prove that Φðϖ, ϑÞ = ϖ. Assume that

ðϑ∗, ϖ∗Þ is another coupled fixed point of Φ satisfying ðϑ, ϖÞ
≠ ðϑ∗, ϖ∗Þ. Then, φðΦðϑ, ϖÞ,Φðϑ∗, ϖ∗ÞÞ = φðϑ, ϑ∗Þ > 0 and
φðΦðϖ, ϑÞ,Φðϖ∗, ϑ∗ÞÞ = φðz, ϖ∗Þ > 0. Since Φ is OP, we get

ϑ⊥ϑ∗ or ϑ∗⊥ϑ,

ϖ⊥ϖ∗ or ϖ∗⊥ϖ:
ð52Þ

Since Φ is an OCCMT-II, we get

φ ϑ, ϑ∗ð Þ = φ Φ ϑ, ϖð Þ,Φ ϑ∗, ϖ∗ð Þð Þ ≤ ζ1φ Φ ϑ, ϖð Þ, ϑ∗ð Þ
+ ζ2φ Φ ϑ∗, ϖ∗ð Þ, ϑð Þ ð53Þ

and φðϖ, ϖ∗Þ = φðΦðϖ, ϑÞ,Φðϖ∗, ϑ∗ÞÞ ≤ ζ1φðΦðϖ, ϑÞ, ϖ∗Þ +
ζ2φðΦðϖ∗, ϑ∗Þ, ϖÞ:

Thus, we have

φ ϑ, ϑ∗ð Þ + φ ϖ, ϖ∗ð Þ ≤ ζ1 + ζ2ð Þ φ ϑ, ϑ∗ð Þ + φ ϖ, ϖ∗ð Þð Þ: ð54Þ

Since a + b < 1, we obtain

φ ϑ, ϑ∗ð Þ + φ ϖ, ϖ∗ð Þ = 0: ð55Þ

Therefore, ϑ = ϑ∗ and ϖ = ϖ∗, which is a absurdity. So, Φ
has a unique coupled fixed point.

Example 2. Let ∐ = ½0, 1� and φðℵ, χÞ = jℵ − vj for all ℵ, χ
∈∐. Define a relation ⊥ on ∐ by

ℵ⊥χ iff ℵ, χ ≥ 0: ð56Þ

Then, ð∐, ⊥, φÞ is an O-complete metric space. Define a
mapping Φ : ∐×∐⟶∐ by Φðℵ, χÞ =ℵð1 − χÞ. Let ℵ⊥ϑ
and χ⊥σ. Then ℵ, ϑ ≥ 0 and χ, σ ≥ 0. Now

Φ ℵ, χð Þ =ℵ 1 − χð Þ ≥ 0,

Φ ϑ, σð Þ = ϑ 1 − σð Þ ≥ 0:
ð57Þ

It follows that

Φ ℵ, χð Þ⊥Φ ϑ, σð Þ: ð58Þ

Therefore, Φ is OP. Then, for all ℵ, χ, ϑ, σ ∈ ϑ, Φðℵ, χÞ
≠Φðϑ, σÞ, we get

φ Φ ℵ, χð Þ,Φ ϑ, σð Þð Þ = ℵ 1 − χð Þ − ϑ 1 − σð Þj j ≤ 3
4
ℵ 1 − χð Þ − ϑj j

+
1
5
ϑ 1 − σð Þ −ℵj j = 3

4
φ Φ ℵ, χð Þ, ϑð Þ

+
1
5
φ Φ ϑ, σð Þ,ℵð Þ:

ð59Þ

Therefore, all the hypotheses of Theorem 10 are fulfilled
with ζ1ð= 3/4Þ + ζ2ð= 1/5Þ < 1. Hence, Φ has a unique
coupled fixed point ð0, 0Þ ∈ℝ ×ℝ.

4. Supportive Application

Let H = ½0,H � and ∐ = CðH ,ℝÞ = fG : H ⟶ℝjG is a
continuous functiong. Consider the integral equations:

ρ χð Þ = ð χð Þ +
ð∐
0
δ v, αð ÞΩ α, ρ αð Þ, δ αð Þð Þdα, χ ∈ 0,H½ �,

δ χð Þ = ð χð Þ +
ð∐
0
δ χ, αð ÞΩ α, δ αð Þ, ρ αð Þð Þdα, χ ∈ 0,H½ �,

0
BBB@

ð60Þ

where

(a) ð : ∐⟶ℝ and Ω : ∐×ℝ ×ℝ⟶ℝ are
continuous,

(b) δ : ∐×∐ is continuous and measurable at α ∈∐, ∀
χ ∈∐;

(c) δðχ, αÞ ≥ 0, ∀χ, α ∈∐ and
ÐH
0 δðχ, αÞdα ≤ 1 , ∀χ ∈∐.

Theorem 11. Assume that the conditions ðaÞ–ðcÞ hold. Sup-
pose that

Ω χ, ρ χð Þ, δ χð Þð Þ −Ω v, θ χð Þ, q χð Þð Þj j ≤ ρ χð Þ − θ χð Þj j
2

+
δ χð Þ − q χð Þj j

3
,

ð61Þ

for each χ ∈∐ and ∀ρ, δ ∈ CðH ,ℝÞ. Then, equation (60) has
a unique solution in ∐.
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Proof. Let ∐ = fκ ∈ CðH ,ℝÞ: κðβÞ > 0 ∀ β ∈Hg. Define
a relation ⊥ on ∐ by

ρ⊥δ if f ρ βð Þδ βð Þ ≥ ρ βð Þ or ρ βð Þδ βð Þ ≥ δ βð Þ ∀ β ∈ 0,H½ �:
ð62Þ

Define a mapping φ : ∐×∐⟶½0,∞Þ by

φ ρ, δð Þ = sup
β∈I

ρ χð Þ − δ χð Þj j, ð63Þ

for all ρ, δ ∈∐. Thus, ð∐, φÞ is a O-complete metric space.
Define Φ : ∐×∐⟶∐ by

Φ ρ, δð Þ χð Þ = ð χð Þ +
ð∐
0
δ χ, αð ÞΩ α, ρ αð Þ, δ αð Þð Þdα, χ ∈ 0,H½ �:

ð64Þ

For each ρ, δ ∈∐ with ρ⊥δ and χ ∈ ½0,H �, we have

Φ ρ, δð Þ χð Þ = ð χð Þ +
ð∐
0
δ χ, αð ÞΩ α, ρ αð Þ, δ αð Þð Þdα ≥ 1:

ð65Þ

It follows that ½Φðρ, δÞðχÞ�½Φðδ, ρÞðχÞ� ≥Φðρ, δÞðχÞ and
so Φðρ, δÞðχÞ⊥Φðδ, ρÞðχÞ. Then, Φ is OP. Let ρ, δ, θ, q ∈ ϑ
with ρ⊥δ and θ⊥q. Suppose that Φðρ, δÞðχÞ ≠Φðθ, qÞðχÞ.
For every χ ∈ ½0,H �, we have

Φ ρ, δð Þ χð Þ −Φ θ, qð Þ χð Þj j =
ðH
0

δ χ, αð Þ Ω α, ρ αð Þ, δ αð Þð Þ −Ω α, θ αð Þ, q αð Þð Þð Þj jdα

≤
ðH
0
δ χ, αð Þ Ω α, ρ αð Þ, δ αð Þð Þ −Ω α, θ αð Þ, q αð Þð Þj jdα

≤
ðH
0
δ χ, αð Þ ρ χð Þ − θ χð Þj j

2
+

δ χð Þ − q χð Þj j
3

� �
dα

≤
ρ χð Þ − θ χð Þj j

2
+

δ χð Þ − q χð Þj j
3

� �ðH
0
δ χ, αð Þdα

≤
ρ χð Þ − θ χð Þj j

2
+

δ χð Þ − q χð Þj j
3

,

ð66Þ

which implies that

φ Φ ρ, δð Þ,Φ θ, qð Þð Þ ≤ a =
1
2

� �
φ ρ, θð Þ + b =

1
3

� �
φ δ, qð Þ:

ð67Þ

Therefore, all the hypotheses of Theorem 9 are fulfilled
and hence equation (60) has a unique solution.

5. Open problem

In this article, we proved coupled fixed point theorems for
orthogonal coupled contraction mappings of type I and II
in O-complete metric spaces. An illustrative example is pre-
sented to strengthen our obtained main results. Agarwal and

Karapinar [14] proved coupled fixed point theorems in G
-metric spaces in 2013. Here, the intriguing open problem
is to investigate the coupled fixed point theorems on orthog-
onal G-metric spaces instead of coupled fixed point theo-
rems on O-metric space. In 2014, Roldán et al. [15]
introduced multidimensional fixed point theorems. It is an
intriguing open problem to investigate the orthogonal multi-
dimensional fixed point theorems instead of orthogonal
coupled fixed point theorem. In 2016, Roldán, Sintunavarat
[17] proved common coupled fixed point theorems in fuzzy
metric spaces using the CLRg property. It is an intriguing
open problem to investigate the orthogonal common
coupled fixed point theorems instead of orthogonal coupled
fixed point theorem.
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