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In this manuscript, owing to the concept of orthogonal coupled contraction mappings type I and II, we prove coupled fixed point
theorem in orthogonal metric spaces. In order to strengthen our main results, a suitable example is presented. Moreover, the
results we obtained supplement and improve previous research findings. A fruitful application is also supplied to endorse our

outcomes.

1. Introduction

One of the simple and widely applicable result in nonlin-
ear analysis is Banach contraction principle and it is pro-
longed in 360° in the last century. One ordinary
approach to bolster the Banach contraction principle is
to restore the metric by weird generalized metric spaces.
In 2017, Eshaghi Gordji et al. [1] established the idea of
orthogonality and offered a framework to enlarge the
results. In the same year, Eshaghi Gordji and Habibi [2]
extended this work and proved some fixed point theorem
in generalized O-metric spaces. Later, in 2019, Gordji
and Habibi [3] demonstrated fixed point theorems in &
-connected O-metric spaces. By applying altering distance
functions, Gungor and Turkoglu [4], in 2019, established
fixed point results on O-metric spaces. Using orthogonal
F-contraction mappings, Sawangsup et al. [5] proved some
fixed point theorem on O-complete metric spaces. In 2021,
Beg et al. [6] proved fixed point theorems on O-complete
b-metric spaces. In 2021, Arul et al. [7] proved fixed point

theorems on O-metric spaces. The concept of O-triangular
a-admissibility introduced by Arul et al. [8] proved fixed
point theorems on O-metric spaces in 2022.

In 1987, on the other extreme, Gue and Lakshmikan-
tham [9] prompted the conception of a coupled fixed point
in partially ordered metric spaces. Following that, Bhaskar
and Lakshmikantham [10], in 2006, demonstrated presence
of coupled fixed point theorems by utilizing the mixed
monotone property. The same coupled fixed point theorems
on complete cone metric spaces was exposed by Sabetgha-
dam et al. [11], in 2009. Afterwards, Guneseelan et al. [12]
analyzed these results on complex partial b-metric space.
Motivated by the above work, here, we prove coupled fixed
point theorems on O-complete metric spaces.

2. Preliminaries

In 2021, Gunaseelan et al. [13] proved the following
theorem.
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Theorem 1. Let (][, @) be a complete complex partial metric
space and the mapping @ : [ [x [[ — [ such that

P(P( R), @(0, 1)) < C,p(P (I, R), 0) + E,p(P(0, ), 9),
(1)

where {, and (, are nonnegative constants with {; +{, < L.
Then, there exists a unique coupled fixed point of .

Now, let us recall some basic concepts, which will be
used in the sequel.

Definition 2 (see [1]). Let [ [# @ and L< [[x ][] be a binary
relation such that or

39, €[] : (V9e[[.919,)

(2)
(V€] [,9,19),
then, it is called an orthogonal set (briefly O-set). We denote
this O-set by (][, 1).

Definition 3 (see [1]). Let ([], L) be an O-set. A sequence
{9,} is called an orthogonal sequence (briefly, O-sequence) if
or

(VeeN,9,19,)),

3)
(VieN,9,,,19).
Definition 4 (see [1]). A triplet ([ ], L, ¢) is called an orthogo-
nal metric space (briefly O-metric space) if (][, L) is an O-set
and (]], ) is a metric space.

Definition 5 (see [1]). Let (][, L) be an O-set. A mapping
@ : [[x]I—11 is said to be L-preserving (briefly OP) if
D9, R)LD(0, u) whenever 910 and RLip. Also, @ : [[x ][]
—> [ is said to be weakly L-preserving (briefly WOP) if
O(9, R)LD(0, 4) or O(o, u)LD(9, R) whenever Lo and
Nip.

Definition 6 (see). Let || be a nonempty set and @ : [[x []
— || be a mapping. A point (R, y) € [[x [] is said to be
a coupled fixed point of @ if O(N, y) =N and O(y, R) = y.

3. Main Result

This section presents the new results motivated by Theorem
1 and an O-set, we introduce new O-coupled contraction
mappings of type I and IL

Definition 7. Let ([, L, ¢) be an O-metric space. A function
@ : [[x][—1I is called an O-coupled contraction map-

ping of type I (briefly OCCMT-I) on ([, L, ¢) if for all 9,
R, 0,y €[] with 9Lo and X1y, (@9, R), (o, u4)) >0,

P(P(9 R), (0, 1)) <C,9(9,0) + C0(R, ), (4)

where {; and {, are nonnegative constants with {; +{, < 1.
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Definition 8. Let (] [, L, ¢) be an O-metric space. A function
@ : [[x][—1] is called an O-coupled contraction map-
ping of type II (briefly OCCMT-II) on ([ [, L, ¢) if for all 9,
R, 0, p €[] with 9Lo and X1y, (D@9, R), (o, u)) >0,
P(P(S: R), (0, 1)) < §,p(P(9, R), 0) +C,9(P (0, ), 9),
(5)

where {; and {, are nonnegative constants with {; +{, < 1.

Theorem 9. Let (], L, @) be an O-complete metric space
with an orthogonal element (9,, 3,) and @ : [[x[[— 1]
be a mapping such that

(i) @ is OP
(ii) © is OCCMT-I
Then, there exists a unique coupled fixed point of .

Proof. By the definition of an O-set, we can find 9, € [ [ sat-
isfying or

(V9] [,9L09,) )
(v9€] [,9,19),
and we can find @, € [ ] satisfying or
(Ve [.9Lay,) )
7
(VOe] [,@yL9).
O

It follows that 9,LD(9,, @,) or @(9,, @y)LY, and @,L
D(@y, 9y) or (@, 9y) LdD,. Let

91 = @(‘90) (DO)) '92 = q)(sl’ (Dl) = ®2(90’ (DO)) o

'91+1 = (D(St’ (DI) = (DHI ('90’ (DO)’ (8)

@ = D(@y, &), @, = P(@,, 9, ) = @2(@0, %)

@41 = D(@,, 9,) = D" (@, 9y)-

If9,=9,,, ® =3, forany e NU{0}, then (9,®,) isa
coupled fixed point of @. Suppose that 9,#9,,, or @, #+ @,,;,
Vie N U {0}. Then, or

(P(®(91’ a)t)’ ®(91+1’ a)t+l)) >0,

)
P(P(@59,), (3,415 941)) > 0
for all 1 e NU {0}. Since @ is OP, we have
9,19,,0r9,,19,
+1 +1 (10)
(DIJ'(DIJrl or ‘DHIJ-(DP

Vie NU{0}. Therefore, {9,} and {@,} are O-sequences.
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Since @ is OCCMT-I,

?(9,,9,41) <C190(9-1,9,) + (,0(0,_, @,),

(11)
(P(‘DL’ (DL+1) < Clq)(z’t—l’ (Dl) + CZ(p(SI—l’ 91)

Set
h, = (p(9;)‘91+1) +(P(5l’@l+l)' (12)

Then, we have

B < (§ +8)e(0159) + (61 +8)9(@y, @) = (8 +)hy, VieN.

(13)
Since j:={,/(1-{,) <1, we get
h <ijh_; < <ihy. (14)
If hy = 0, then
999, 9)) + (@, @) =0. (15)

Hence, 9,=9;=®(9),®,) and @,=@, =D(®,, ),
which implies that (9, ®,) is a coupled fixed point of .
Let hy > 0. For each (>0,

P9, 9) <99, 91) + (9,159, 5)+++-9(F.1 %) (16)
Similarly, we can derive that

P(@, @) SP(@p @, 1) + P(D,_1, D, )+ P(@g,15 Dp)- (17)
Thus,

@(91’ '99) + (P(a)l’ @9) < hl—l + hl—Z toeF hG
<'l—1 + il_2+”'+ie)h0
i@

IN
—

(18)

IN

——hy—0, 1 —> 00,

1-1

which implies that {9,} and {®,} are Cauchy O-sequences.
By the definition of an O-complete, we can find 9, @ € [ | sat-
isfying lim 9,=9 and lim @, = @. Now,

1—>00 1—>00

PP, @), 9) <9(P(I; @), 9,41) + ¢ (941 9), 9(P(I; @), 9)

=901 9) <@(P(D, @), 9,11)-

(19)
By choice of 9 and @, we have
919, or 919,
(20)
ALld, or @.1Q.

Since @ is OCCMT-I, we get

P(P(9, @), (9, @)) <G,19(9,9) +Grp(@, @), (21)

From (19) and (21), we obtain

P(P(3, @), 9) = 9(9.1,9) <19(99) + (@, @,).  (22)

As 1 — 00, we get

lim o(®(9, @), 9) =0. (23)

1—>00

Therefore, ©(9, @) = 9.

Similarly, we can prove that ®(®,9) = @. Assume that
(9%, @*) is another coupled fixed point of @ satisfying (9, @)
# (9", @*). Then, (@9, @), D9, @*)) =¢(H,9")>0 and
o(D(@,9), D(0*,9%)) = (3, @*) > 0. Since @ is OP, we get

919% or 919,

(24)

OLD®" or @ Lld.

Since @ is an OCCMT-I, we get

@), (9", @")) <§,9(9,97) + (@, @),
9), B(@", 97)) <(1p(@, @") + E,9(9, ).
(25)

Thus, we have
P9 9) + (@ @") < (6, +5)(9(9,97) + (@, @")). (26)
Since ¢, + {, < 1, we obtain
9(9,9") +¢(@,®") =0. (27)

Therefore, 9=9" and @ = ®*, which is a absurdity. So, ®@
has a unique coupled fixed point.

Example 1. Let [[ =R and (X, x) = [R - | forall X, y € [ ].
Define a relation L on [] by

Niy iff N,x>0. (28)

Then, ([, L, ¢) is an O-complete metric space. Define a
mapping @ : [[x [[ — [ by @(R, y) = N+ 3x/5. Let XL
and yLlo. Then, N,9>0 and y, 0 > 0. Now,

DN, x) = N+53X 0,

(29)
9+ 30
D(9,0) = >0.
5
It follows that
DR, x)LD(9, 0). (30)

Therefore, @ is OP. Then, for all R, y, 9,0 €9, (X, x)
#D(9,0), we get



4
_[R+3y 9430 _IN-9| [3(x-0)
e L
N-9] 3|xy-o
=' o Lo 9+ 2o 0).
(31)

Therefore, all the hypotheses of Theorem 9 are fulfilled
with {;(=1/5) +{,(=3/5)<1. Hence, @ has a unique
coupled fixed point (0,0) € R x R.

Theorem 10. Let (][, L, @) be an O-complete metric space
with an orthogonal element (9, 3,) and @ : [[x[[— 1]
be a mapping such that

(i) ©@ is OP

(ii)) @ is OCCMT-II

Then, there exists a unique coupled fixed point of @.
Proof. By the definition of an O-set, we can find 9, € [ [ sat-
isfying

(VOe[[,9L9y) or (VIe]],9,L19), (32)
and we can find @, € [ [ satisfying
(V9el].9L@,) or (V9e][,@,L19). (33)

O

It follows that 9,LD(9,, @,) or @(9,, @,)LY, and @,L
D(@y, 9y) or D(@,, ) Ld,. Let

9, = B(8y, @), 9, = P(9), @) = (DZ(SO) @), > 8y = P(9, @,) = D (9, @)

@, = D(@g, ), @, = D(@, 9) = D* (@, %), > @y = D(@,, 9,) = D (@, 9).
(34)
If9,=9,,, @ = 3, forany 1€ N U {0}, then, (9, ®,) is a

coupled fixed point of @. Suppose that 9, #9,,, or @, # @, ;,
Vie NU{0}. Then

(P((D(St’ (DL)’(D(SHI’ ‘DL+1)) > OOI'(p( ( [ 1) (D(51+1"91+1)) >0,

(35)
for all 1€ N U {0}. Since @ is OP, we have
9,19 or 9,19,
i+1 +1 (36)
0lw,, o ®,lo,

Vie NU{0}. Therefore {9} and {@,} are O-sequences.
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Since @ is OCCMT-II, we derive that

SD(SP ‘91+1) = (P((D(Stfl’ a)t—l)’ Q)(St’ @ )) (P<91’ ‘91)
+ G091 921) <G (991> 9) + 9(9,,9,1))
05
= 9,9._)-
1— Cz (P< ! 1)
(37)
Similarly, we can derive that
C
P(@) @,y1) < — (@ @, 1) (38)
-7
From (37) and (38), we derive
&
(P(St’ SH—I) + (P((D (DI+1) 1 _C ( (9 91 1) + (P<a)t’ a)l—l))'
2
(39)
Set
hz = (P(SI’ 91+1) + ‘P(Zw (DHI)' (40)
Then, we have
hs =2 (9(9.1,9) +9(@ @)= 2 h , VieN.
1-¢, 1- (2
(41)
Since {; +{, <1, then 1={,/(1-{,) <1, we get
h,<jh_ < <fhy. (42)
If hy =0, then
?(9, 9;) + ¢(@g, @) =0. (43)
Hence, 9,=9, =0(9,,®,) and @,=a,=D(@y ),

which implies that (9, @,) is a coupled fixed point of ®.
Let hy > 0. For each 1 >0,

P9 %) < 9(959,1) +@(I-1>92) 4 9(Fp11> ). (44)

Similarly, we can derive that

90(&)1’ @9) < QO(CDI, a)l—l) + (P<a)t—1’ (Dt—Z)+' ’ '(P(‘D€+1’ (DQ)‘ (45)
Thus,

(P(St’ ‘96) + (P(‘DN ‘DQ) < hl—l + ht—2+"'+h6

T i’ (46)
< (j” + 7+ )hos lTjhO—)O’

which implies that {9,} and {®@,} are Cauchy O-sequences.
By the definition of an O-complete, we can find 9, @ € [ sat-
isfying lim 9, =9 and lim @, =. Now,

I—00 1—00
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PP, @), 9) <9(P(I; @), 9,41) + ¢ (941, 9), 9(P(I; @), 9)
=991, 9) <9(P(9, @), 9,,1)-

(47)
By choice of 9 and @, we have
919, or 9,19,
(48)
Olw, or @ 1l®.

Since @ is OCCMT-II, we get

P(P(3, @), D(9, @) < ,9(P(9, @), 9,) + Lp(P(I,, @,), ).
(49)

From (47) and (49), we obtain

P(P(5, @), 9) = 99415 9) <C,P(P(5, @), 9,) + (,(9,1, 9).
(50)

As 1 —> 00, we get

lim ¢(P(9, @), 9) =0. (51)

I—00

Therefore, @(9, @) = 9.

Similarly, we can prove that ®(@, 9) = @. Assume that
(9%, @*) is another coupled fixed point of @ satisfying (9, @)
# (9", @*). Then, (@ (9, @), DY, @*)) =¢(9,9") >0 and
o(D(@,9), O(0*,9%)) = (3, @*) > 0. Since @ is OP, we get

919" or 9719,
(52)
OLE" or @"ld.
Since @ is an OCCMT-II, we get
P(0.9) =9(@(8,0), D(",0)) <C,p(@(.0).9)

+6p(P(9, @), 9)
and (@, @") = 9(P(@,9), P(@", 9")) < {,9(P(@, 9), @") +

Gp(@(@%,97), @).
Thus, we have

P9, 9") + (@ @") < (¢, +5)(9(9, 9") + p(@, @")).  (54)
Since a + b < 1, we obtain
?(9,9%) + (@, ®") =0. (55)

Therefore, 9 = 9" and @ = ®*, which is a absurdity. So, @
has a unique coupled fixed point.

Example 2. Let [ =[0,1] and ¢(X, x) =|X -] for all N, y
€ | I. Define a relation L on [] by

RLyiff R, y > 0. (56)

Then, (][, L, ¢) is an O-complete metric space. Define a
mapping @ : [[x[[ — [[ by O(R, x) = R(1 - x). Let X19
and yLlo. Then X,9>0 and x, 0 > 0. Now

DR, x)=R(1-y) =0, (57)
D(9,0)=9(1-0)=0.

It follows that
D(N, x)LD(9,0). (58)
Therefore, @ is OP. Then, for all X, y,9,0 € 9, (N, x)
#O(9,0), we get
3
PPN, ), ©(9,0)) = [R(1 - x) =91 —0)| < Z[R(1-¥) -9
1 3
+ g P(1-0) - R|= 29(D(R, X), 9)
+—@(P(9,0), N).
(59)
Therefore, all the hypotheses of Theorem 10 are fulfilled
with {,;(=3/4) +{,(=1/5) <1. Hence, @ has a unique

coupled fixed point (0,0) € R x R.

4. Supportive Application

Let Z=[0,%] and [[=C(#,R)={®: #Z — R|Gisa
continuous function}. Consider the integral equations:

1

O(v, &) Q(a, p(a), 8(a))da, x €0, 7,

mm:am+j
8(x, @)t 8(a), p(a0))des, x € [0, 7],
(60)

where

(@d:[[—R and
continuous,

O:[[xRxR— R are

(b) 8 : [Ix]] is continuous and measurable at a € [ |, V¥

xells
(c) 8(x, &) =0,Vx, €[] and fgfé()(, a)da<1,Vyell.

Theorem 11. Assume that the conditions (a)-(c) hold. Sup-
pose that

1206 p(x),8(x)) — 2, 0(x), a(x))| < == —"~+ —=—

(61)

foreach x €[] andVp, 8 € C(#, R). Then, equation (60) has
a unique solution in [ .



Proof. Let [ [={xke C(#,R): k() >0 V PeH}. Define
a relation L on [] by

pL3iff p(B)O(B) = p(B)orp(B)O(B)26(B) ¥V Be[0,Z].

(62)
Define a mapping ¢ : [ [x [[—[0,00) by

¢(p:6) = Sﬁlg)lp(x) —8(x)> (63)

for all p,8 € []. Thus, (I], ¢) is a O-complete metric space.
Define @ : [[x[[— ]I by

il
(p>6)(x) =0(x) + J 0(x> ) Q(a p(at), 6(a))da,

0

X €0, Z].
(64)
|

For each p,d € || with pL& and y € [0, ], we have

! S(x, ) Q(at, p(a), (ex))dax > 1.

0

@(p.8)(0)=01) + |
(65)

It follows that [D(p, 8) (x)][@(S, p)(x)] = D(p, 6)(x) and

so @(p,8)(x)LD(S, p)(x). Then, @ is OP. Let p,5,6,q€9

with p1d and 61q. Suppose that @(p,d)(x) # D(6,q)(x)-
For every y € [0, #], we have

H
[2(p> 6)(x) = @0, a) ()| = L 18(x> @) (2(a p(a), 3(a)) = et, O(a), a(a0)) )| dex
H
= L 3(X> @) p(a), 6(er)) ~ (e, O(a), q(at))|dex

- Jj 5(x.a) (Ip(x) ;9()()\ 4 1800 - q(x)l)da

< (\P(x) —0l
B 2 3

< P —01 1900 —alo)l.
2 3

which implies that

0(0(p.8),0(6.0) <a( = 3 )o(p.0) +1( - 5 ) o(0.0)
(67)

Therefore, all the hypotheses of Theorem 9 are fulfilled
and hence equation (60) has a unique solution.

5. Open problem

In this article, we proved coupled fixed point theorems for
orthogonal coupled contraction mappings of type I and II
in O-complete metric spaces. An illustrative example is pre-
sented to strengthen our obtained main results. Agarwal and
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Karapinar [14] proved coupled fixed point theorems in G
-metric spaces in 2013. Here, the intriguing open problem
is to investigate the coupled fixed point theorems on orthog-
onal G-metric spaces instead of coupled fixed point theo-
rems on O-metric space. In 2014, Roldian et al. [15]
introduced multidimensional fixed point theorems. It is an
intriguing open problem to investigate the orthogonal multi-
dimensional fixed point theorems instead of orthogonal
coupled fixed point theorem. In 2016, Rolddn, Sintunavarat
[17] proved common coupled fixed point theorems in fuzzy
metric spaces using the CLRg property. It is an intriguing
open problem to investigate the orthogonal common
coupled fixed point theorems instead of orthogonal coupled
fixed point theorem.
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