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In this manuscript, we coined pentagonal controlled fuzzy metric spaces and fuzzy controlled hexagonal metric space as
generalizations of fuzzy triple controlled metric spaces and fuzzy extended hexagonal b-metric spaces. We use a control
function in fuzzy controlled hexagonal metric space and introduce five noncomparable control functions in pentagonal
controlled fuzzy metric spaces. In the scenario of pentagonal controlled fuzzy metric spaces, we prove the Banach fixed point
theorem, which generalizes the Banach fixed point theorem for the aforementioned spaces. An example is offered to support
our main point. We also presented an application to dynamic market equilibrium.

1. Introduction

Fuzzy notions are used to describe the degrees of possession
of a certain property. The ability of fuzzy set (FS) theory to
address circumstances that fixed point theory finds problem-
atic originates from its attractiveness in tackling control
problems. FSs are used to govern ill-defined, convoluted,
and nonlinear systems The fabulous idea of FSs was pre-
sented by Zadeh [1] in his research paper. A FS extends
the concept of a crisp set by associating all elements with
membership values in the range of [0,1]. The FS theory has
been widely employed in mathematics since then. Schweizer
and Sklar [2] presented continuous t-norms (CTNs). Itoh
[3] proved fixed point theorems with an application to ran-
dom differential equations in Banach spaces. Kramosil and
Michdlek [4] presented the fuzzy metric space (FMS)
approach. George and Veeramani [5] modify the notion of
EMS and presented the Hausdorff topology in FMS. Grabiec
[6] proved the Banach contraction theorem in fuzzy version,
and also, he proved the Edelstein theorem in FMS. Han (7]
proved the Banach fixed point theorem from the view point
of digital topology. Uddin et al. [8] gave a solution of the

Fredholm integral inclusions via Suzuki-type fuzzy contrac-
tions. Kamran et al. [9] presented the approach of extended
metric space and proved several fixed point results for con-
traction mappings. Mehmood et al. [10] presented fuzzy
rectangular b-metric spaces and proved fixed point theo-
rems. Saleem et al. [11] coined the notion of fuzzy double
controlled metric spaces and proved several fixed point
results. Badshah-e-Rome and Sarwar [12] presented the
approach of extended fuzzy rectangular b-metric spaces
and proved fixed point results for contraction mappings
via a-admissibility. Furgan et al. [13] presented the notion
of fuzzy triple controlled metric spaces (FTCMSs) as a gen-
eralization of various spaces. Zubair et al. [14] presented
fuzzy extended hexagonal b-metric spaces (FEHBMSs) and
proved several fixed point results.

In this manuscript, we generalized the ideas of FTCMSs
and FEHBMSs and present the approaches of pentagonal
controlled fuzzy metric spaces (PCFMSs) and fuzzy con-
trolled hexagonal metric spaces (FCHMSs). We extend the
Banach contraction principle in the setting of FCHMSs. At
the end, an application to dynamic market equilibrium is
given to validate the main result.
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2. Preliminaries

This section contains some important definitions that aid
comprehension of the main section.

Definition 1 (see [2]). A binary operation = : [0, 1] x [0, 1]
—[0,1] is a CTN if

(1) tx0=0=x1,(V¥)7,0€(0,1]

(2) = is continuous

(B) Txl=1,(V)7€]0,1]

(4) (r#0)xp=1%(0=p),(¥V)7,0,p€]0,1]

(5) If t<p and O <o, with 7,0, p,0 €0, 1], then 7% 6

<p*0'

Definition 2 (see [13]). Let X be a nonempty set. A 3-tuple
(X, N,*) is named a FTCMS if * is a CTN, N is a FS on X
x X X [0,00), and Q, W,E : X x X — [1,00) are noncom-
parable and fulfill the following assertions for all z,d, e, £ €
Xz#ee# f,f+d, and «a, 5, >0; the following circum-
stances are fulfilled:

N(z.d,0) =
(S2) N(z d,a)=1 implies z=d
(83) N(z.d, a) = M(d, 2, a)

(S4) N(z,d, 0+ B+7y) 2 N(z,e,a/Q(z,€)) * N(e, £, B/
W(e, £)) * N(£, g, VIE(£, d))

(S5) N(z,d,.): [0,00) —
lim N(z,d a)=1

a—00

[0,1] is left continuous and

Definition 3 (see [14]). Let X be a nonempty set. A 4-tuple
(X, L,*) is a FEHBMS, if % is a CTN, L is a FS on X x X x
[0,00), and Q : X x X —> [1,00) fulfills the following asser-
tions for all z,d,e, £, g, % €X,
z#e et L f#+9.9g+ %, £#d, and a, B, 7,0, w > 0; the fol-
lowing circumstances are fulfilled:

(F1) L(z, d,0) =
L(z,d, ) =1 implies z=d
(F3) L(z, d,a)=L(d, z «)
(F4) L(z,d, Q(z,d)(a+ B+y+8+w)) > L(z, e, ) * L(e

z,
» /o B) % L(£, g,y) * L(g, £, 6) * L(£, d, w)

(F5) L(z,d,.): [0,00) — [0, 1] is left continuous

3. Main Results

The definitions of FCHMS and PCFMS are presented in this
section, as well as proofs of fixed point findings.
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Definition 4. Let X be a nonempty set. A 4-tuple (X, H,x,
Q) is a FCHMS if # is a CIN, H is a FS on X x X x [0,
), and Q:XxX-—[l,00) fulfills the following
assertions for all z,d,e, £, g, R X,
z#e et fLf+9.9g+ £, £#+d, and a, B,,0, w > 0; the fol-
lowing circumstances are fulfilled:

(T1) H(z,d,0) =
(T2) H(z,d,a) =1 implies z=d
(T3) H(z,d,a) =M(d, z, a)

(T4) H(z,d,a+ f+y+8+w) > H(z,e,a/Q(z,€)) * H(
e, £, BIQ(e, £)) * H( £, g, vIQ( £, g)) * H(g, %,8/Q
(9, %)) * H(#,d,w/Q(#,d))

(T5) H(z,d..): [0,00) —
lin H(z,d,a) =1

[0,1] is left continuous and

Example 5. Let X={1,2,3,4,5,6}. Define H: X x X x [0,
00) — [0, 1] as

-1
H(z,d, &)= [e‘z"”z/“] foralla >0, (1)

with the CTN = such that a; * a, = aa,. Then, (X, M,*) is
FCHMS with control functions Q(z,d) =1+z+d.

Definition 6. Let X be a nonempty set. A triplet (X, M,*) is a
PCFMS if = is a CIN, M is a fuzzy set on X x X x [0,00),
and Q, W,E,R, T : X x X — [1,00) are five noncomparable
functions that fulfill the following assertions for all z,d, e,
£gReXzte et f,f+9.9+# £+d, and o, f,9,0,w
> 0; the following circumstances are fulfilled:

(A1) M(z,d,0) =

(A3) M(z,d,a)=M(d, z, a)

(A4) M(z,d,a+B+y+0+w) =Mz, e,a/Q(z,€)) * M

(e, /s BIW(e, /) * M(/, g, YIE(£, g)) * M(g, %,
IR(g, £)) * M(%,d, wiT(%,d))

(A5) M(z,d,.): [0,00) —
lim M(z,d,a)=1

a—>00

(
M(z,d,a) =1 implies z=d
(z,d
(

[0,1] is left continuous and

Example 7. Let X={1,2,3,4,5,6}. Define M : X x X x [0,
00) — [0, 1] as

M(z,d,a)=

foralla >0, 2
a+|z-d° @
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with the CTN = such that a; * a, = a;a,. Then, (X, M,*) is
a PCFMS with noncomparable control functions Q(z, d) =
1+z+d,

z

W(zd)=1+22+d* E(z,d) =1+ y

d
JR(zd)=1+=,T(z,d)=1+2"+d.
z

(3)

Remark 8. From the definition of PCEMS,

(i) 1f we take W(e, £) = Qe £, (/1 g) = QA 9), R(
9 %)=Q(g, #), T(%,d)=Q(#,d), then it will
becomes the definition of FCHMS

(ii) If we take Q(z,e) =Wi(e, £)=E(f,g)=R(g, %) =
T(#,d) =b(z, d), then it will becomes the definition
of FEHBMS in [14]

(iii) If g=#=d and y=8=w=r"in (A4), then it will
becomes FTCMS in [13]

Definition 9. Let (X, M,*) be a PCFMS and {z,} be a
sequence in X, then {z,} is named to be

(i) a convergent, if there exists z € X such that

lim M(z,,z, &) =1

n—-=00

foralla >0 (4)
(ii) a Cauchy, if and only if for each w >0, a > 0, there
exists n, € N such that

M(z,,z,,0)>1-w, foralln,m>n, (5)

If every Cauchy sequence is convergent in X, then (X,
M, %) is a complete PCFMS.
Definition 10. Let (X, M,*) be a PCEMS, then we define an

open ball B(z, r, a) with centre z, radius r,0<r <1, and «
>0 as follows:

B(z,r,a)={deX : M(z,d,a) >1 -1}, (6)

and the topology that corresponds to it is defined as
7,, ={DCX: B(z,r,a) CD}. (7)

Theorem 11. Let (X, M,*) be a complete PCFMS and Q, W
JE,R, T : X x X —> [1,00) such that

lim M(z,d,a)=1,

a—>00

foralla>0,z,deX. (8)

Let F : X — X be a mapping satisfying

M(Fz, Fd, qa) > M(z,d, &), foralla>0,z,deX, (9)

where 0 < p < 1. Furthermore, if, for zy € X andn,q € {1,2,3
-+ }, it holds b(z,,z,,,) < 1/p where z, = F"z,, then F has

a unique fixed point.

n+q)

Proof. Assume z,, € X and construct a sequence {z,} by

z,=Fz foralln € {1,2,3,---}. (10)

n-1

Without restricting generality, suppose that z, #z,,,
foralln €{0,1,2,3,---}. With the help of (9), we deduce

o o
M(z,,z,,,,«) = M(Fz,_, Fz,, &) 2 M(zn,l,zn, I;) ‘=M (zo,zl, 1;)

(11)
Continuing in this way, we obtain
o
M(zn’zn+2’“) >M 20> 22> ﬁ > (12)
o
M(z,, 2,3, @) 2 M| 2, 23, I? ] (13)
o
M(z,, 2,40 &) = M| 2, 245 ) (14)
It implies, if m=1,2,3, -,
o
M (2> Zysamer> &) 2 M { 205 Zypni1s ) (15)
o
M (2, 2y 4mi2> €) 2 M| Zgs Zypin ) (16)
a
M (2> Zysamez> &) 2 M { 205 Zapny3s o) (17)
o
M(Zn’ Zptamia> “) =M 20> Z4m+4> I? N (18)

Expressing o = /5 + /5 + a/5 + /5 + /5 and by using



(11) and (A1), we obtain

M(zy, z5, @) ZM(zo,zl, Q0 0>Z ) (zl,zz, W Z1>22)>
* M| z,, 25, 23,24,
( 27 5E(2y,2) ) ( F74 5Rb 23’24)>
Z4» Zs» M| zy, 2y, ———
v 5Tb Z4’25)> < o5 SQ(ZO’ZI))

(24
* M(ZO,ZI, 5pW 2'1,22)) * M(Z(),Zb W)

* M

In similar manner, we can deduce

M(zg, zg, @) 2M(zo,zl, W';Zl)) * M(zl,zz, m)
o o
" M(ZZ)za’ 5E(22)23)> ’ M(ZS’Z4’ 5R(23)Z4))
o
" M(Z4’zg, 5T(z4,z9))
o o
ZM(ZO)ZI’ SQ(20»21)> *M(Zl’zz, SW(51»22)>

o a
M| zy, 23 =———— | * M| 23,2, ————
" (ZZ B SE(22»23)> i (Z3 “ SR(z3,z4))

o
2y Zs,
e (S)ZT(Z4’Z9)Q(Z4’ZS)>

* M <zs, Zg —— >
(5) T(Z4’Z9 (2526)

(S)ZT(Z4> 29)E(26: 27)

27, Zg»
n (S)ZT(Z4)Z9 Z7’ZS>

* M| zg, 29, —
< () T(Z4’Z9)T(Zs’z9))

o o
>M|zp2z), ———— | * M| 202, ————
(ZO o SQ(ZO’ZI)) " (zo o 5PW(21>22))

o «
M| zy, 21, = | * M| 29,2, —77——
" (ZO o 5P2E(Zz’z3)) (zo ! SPSR(Z3’Z4))

20> 21> 2.4 ‘ )
(5)°P* T (24, 29) Q24> 25)

o
Zy, 27 2.5
(5)°P°T (24, 29) W(z5 Z6)

* M| zg,2p, — “
< (5) P6T(Z4)Z9)E(26»Z7)>

o
200215 —
(5)°P" T (24> 29)R(27, 2g)

o
2021 .
(5)°P°T (24, 29) T (23> 29)

o
s 5p°R Z3>Z4)) M(ZO,ZI’ m)
(19)

v
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We obtain for each m=1,2,3,---,

« o @
M(z,, L) =M\ 2,2, —— M(z,2), —— M| zy, 23, ——
(20 Zami1> @) (ZO 4 SQ(ZU,ZI)) * (Z' % SW(ZpZz)) ’ (Zz = 5E(ZZ’ZJ))

a a o
M| 25,24 | * M|z, s | 2 M (2,2,
’ (13 - 5R<z3,z4>> ’ (Z‘ fm 5T<z4,z4m+1>) (Z“ ° 5Q<zO,z1>)
* M| zy,2,, __* * M| z,, 23, L * M| z3,2y, &
5W(z1,2,) 5E(2,,23) 5R(23,2,)

Z4, 25, %) * M(zs,zé, %)
(5)°T(24> Zams1) Q24> Z5) (5)°T (24> Zams1) W (255 26)

« @

22— | * M| 225 ———
(5) T(ZA’ZAm+1)E(Zé>Z7)> ( (5) T(Z4’Z4m+1)R(Z7va)>

> y————————————— |2 M
o famt (5)°T(zp Z4m+1)T(Zs 24m+1)> ( v 5Q(z, Zl))

*M( 21,2 m) (22 * 5E(z, 23)) (23 “ SRz, 24))

24,25, % * M| zs, zg, %
(5) T(ZA’ZAmﬂ)Q(ZA’ZS)) ( (©) T(ZA’ZAmH)W(ZS)ZG))

Zg, Z. i
O (5T (24 2t T(Z Zamer ) Q2 )

a
29> Z10> 3
(5)°T (24 Zams1) T (25> Zagms1) W (29> Z10)

o
210 %1 T3
(5)" (24> Zamir) T (2> Zams1 ) E(210- 211)

o
21212 3
(5)°T(24> Zame1) T (28> Zams1 )R(2115 212)

<26, 27, %) * M (27»23’ %)
(5)"T (245 Zame1 ) E(26> 27) (5)°T (24> Zamur )R(27 Zg)

a o
212> Zyms1> 2M<zo,zl, —)
" <5>3T(24’Z4m+1)T(28’Z4m+l)T(212’Z~lm+l)> 5Q(z0021)
I3 « a
M\ 2,2y s | * M| 20,23 oo | * M| 23,2 o5~
(e it ) (o ) (5 s )

Zy 255 %) * M(zs,zé, %)
(5)°T (24> Zams1) Q24 Z5) (5)°T (245 Zams1) W (255 Z6)
a

(5)°T (24> Zams1 ) E(26> 27) (5)°T (24> Zgpms1)R(27> Zg)

«
29,2100
(5)° T (24> Zams1) T (28> Zamsr) W (295 Z10)

o
Z100 211> 3
(5)°T(24> Zape1) T (28> Zams1 ) (210 211)

<ZB’ > (5)’T(z1> Zame) T (252 Zame1) Az 7'9))

o
21 %1 o3
(5)"T(24> Zaar) T (25> Zams1 )R(211 212)

* M| 25,23 T ad *
(5)"T(24> Zams1) T (28 Zami1) T (2120 Zama1 ) Q212 213)

o
*M (Z4m’ Zame1>

(5)"T (24 Zamsr) T(2> Zami1) T (212 Zamsr) ** T(Zam-1> Zami1) T (Zamo Zmu))
o a o
M\ 202, s | * M 2025 oo | * M| 20,2 s
(s sqie) (oo swnzg) (o= )

o o
M\ zp,2, 55— | * M| 20,2}, ———7——
' (z“ ° 5P3R<stz4>)* (Z” o <s>2p4T<z4,z4m”>o<z4,z5>>

zo,z,,% * M zo,z,,%
(5)°P°T (24> Zapnin) W (25, Z6) (5)°P°T (24> Zami1 ) E(26> 27)
a

,27—> *M(zo,zl, s ¢ )
(5)"P T (24> Zama1 )R(27> Zg) (5)PPT (24> Zamsr ) T (285 Zamer ) QU2s> Z9)

o
202 —55
(5)°P°T (24> Zas1) T(28> Zamar ) W (29> 210)

a
2020 o3 =
(5)"P"' T (24 Zai1) T(28> Zamar )R(2115 212)

* M| zp, 2y, 3 d
< (5)'1’1"7‘(24’Z4m+1)T(2xxZ4m+1)E(2m’Zu)>

o
2020 =7 *
(5)° P T (24> Zame1) T (28> Zams1) T (212 Zamsn ) Q212 Z13)
g )
T (5)"P" T (24 Zam1) T (280 Zame) T (2120 Zamat) = TZaesto Zamet) T (s Zaman) )

(21)
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Now, using (15), we deduce that We obtain for each m=1,2,3,---,
ad i d M >M & *M i M i
M2, 2y gmi1> &) 2M(zu,z4m+l, ﬁ) 2M(zu>zl, m) * M(Zox zp W) (200 Zamsr @) 2 M| 29, 2y, Q) 22y W(enz) 23, 23, 5E(zy23)
o) Mo e s )
M(Zn’zl’ SP”*ZE(ZZ,23)> M(ZQ’Z“ 5p"*3R(z3,z4)) G 5R(z3,24) e Fame 5T (24> Zymea)

«

S =M\ 20,2, — e l
(5) P T (24> Zypmer) Q245 25) (B) P T (24 Zamen) W (255 Z6)

« «

a *M(z3,z4, 7> *M<z4,z;, —_———————

2y —————— | s M|zpzy, —————— 5R(23,24) (5)°T (24> Zams2) Q20> Z5)
(S)ZPM(’T(ZMZ4m+1)E(Zs)Z7)> < . (S)ZP"WT(ZAPZAmﬂ)R(Zwa)) prmRIE

« * M 25,26,% *M 26,27,%
* M <z ) < (5) T(ZA’ZAWHZ)W(ZS’ZG)) < (5)°T (24> 242 ) E (2> Z7))

v

M Y VM Y VM _*
(Z“’Z" so(zo,zn) . (Z"Z” sW<z1,ZZ>> ' (Z”“’ 55(22’23))

20,2

* M ¢

(5P T (24 Zamen) T(Zsr Zama) Q20 20) a a
* M| zyzg ———————— | ¥ M| 25,240 ———————————————
i @ ) ( (s)znzpzm,ﬂ)R(zsz)) < 2 P (g 2y T 22

* M 5
(5)’P" T (24s Zagnar) T(Z50 Zaman) W (291 210)

%
X

o o o
Zg, Z)» * M| zy, 25, * M| 2y, 23 ———
M o SQ(ZU’Zl)) (l 2 SW(ZI’ZZ>> (Z } Sb(zzxzs))

o
Zps 215
(S)SPVHIOT(ZA’Z4m+l)T(ZS’ZAm+l)E(z10’le)) 2z L)*M P S
77 5R(z5.24) (5T (2 Zamin) Qe 75)

o
M\ B2 Ty 2o ) T 2o R 2 )) « «
4 “4m+1 8> “dm+1 110 <12 M ZS: Zé, 5 M ZG; 27) 5
a (5)°T (24> Zamsa) W (255 Z6) (5)°T (24> Zams2) E(26> 27)
* M| 2,2, 0 * 1
(5)' P T (24 24yt T (2> Zaman) T (212 Zamin ) Q2125 213) M 2,2 *

> 27> * M<z3,z9, 3 ad )
a (5)°T (24> Zams2)R(27> Zg) (5)°T(24> Zams2) T(28> Zams2) Qs 29)

(5)" P4 T (24> Zamsr) T (28 Zams1) T (2120 Zamer) T<Z4m74’Z4m+l)T(z4m’Z4m+l)>. < a )

*M <zr,,z,>

(22) ' (5) (24> Zams2) T(Z> Zams2) W (201 210)

04
’ 53T 4> “4dm+2 T 8> “dm+2 E 10> ll>
Furthermore, from (11) and (12), we can obtain PTG 2 T 2 )E G0 2]

a
ZivZi» T3
(5)°T(24> Zamsa) T(28 Zamsa)R(2115 212)

M(zy, zg, @) 2 M| 2y, 21, Z.2, ntle .
( 0> %6 ) (0 1 SQ(20,21)> < <2 5W(zl,zz)) M( 12 Zams2 (5>3T(24,z4m+z)r(zs,zmﬂ)r(zu,zw‘ﬂ)
@ M|z, 2z _* «M(z.z @ Mz 2 a
« M| 25,25, —— | * M| 23,2y ————~ T % Sz o S
(2 3 5E(z2,z3)> (3 4 SR(z3,z4)> ( ( )) ( ( >> ( ( ))

4 o
e a *M(“’Z" SR(z, zn)*M(Z“"ZS‘ (s>ZT(z4,z4m+z)Q<z4,z5>)
e 5T (24> 26)

04 (04
2M(zo,z1,7) *M(zo,zl,i) P
>Qz0:21) PW(z12,) M 5P T (e 2 R (2 m) ’ M<Z‘"Z” <s>>‘T<z4,zW>T<z8,z,lwz)Q(zS,zQ))

o [+
Y N L — Y V] (P R — . .
* (ZO 4 SPZE(sz 23)) * (ZO 4 5P3R(z3, 24)) M<Z o (5) T(24> Zams2) T(28 Zamsa) W (295 Zm))

v

o M o
Z5, 2y —5———————— | * 265 27y ——g————————————
52T (240 Zagar) W (251 25) (5)°T (24 Zame2) (26> 27)

Z75

o o
* M| 29,2y,
* M(ZO’ 225 5p4T(Z4,Z6)) . 5) T(24 Zams2) T(2> Zamia) E(2100 211)

(23) * M

o
21 212
T(24 Zapur2) T(Zg> Zamaa)R(2015 212)

o
* M| 215,23 *
In similar manner, we can deduce ( e (S)AT(ZMZ4m+Z)T(Z8)Z4m+2)T(levZA»n+2)Q(lexZ13)>

o
*M(Z"”’ 2 (T (2 2 T Zamen) T Zamea) T Zama) T Eam zwz>)

o
Mz, 219, ) 2 M| 29, 215z | * M| 21525, >
(For 210 2) (Zu “ 5Q<Zo>zl)) : (Zl = 5W(z),2,) ) (Zz - 5E(25,2) )

a a a
M| 22 oo | * M| 20,2 o | * M 20,25 5
(Zn “ 5Q(Zn’zl)) ! (Z“ o SPW(Zl)Zz)) : (ZO o 5P2E(ZZ)13))
o
* M(z3,z4, 7) * M(z4,z1(,, 7) M<Zu, 1 ) o o
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* M
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o
2020 3
(5)"P"' T (24 Zapus2) T(2g> Zamsaa)R(2015 212)

a
2020 *
(5)° P T (24> Zams2) T(Zg> Zams2) T (212 Zams2) Q212 213)
«
* M
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*M(Z0 z, “ ) *M(zo,zz, %) (25)
5)°07T(24 20)R (27, 25) (5)°P*T (24 29) T (25> 210)

(24) Now, using (16), we deduce that
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Accordingly, from (27) and (28) can be deduced as
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Therefore, for each g and from inequalities (22)-(28), we
obtain

nh_I,nooM(zn’qu’“):l*l*1*'“*1=1’ (29)
as b(z,,z,,.,) <l/pforalln,qge Nandpe€ (0,1),ie,z, is a
Cauchy sequence in X. Since (X, M,*) is complete, there
exists z € X suchthatz, — zasn — 0o. We assert that z

is the fixed point of F. From equation (29) and condition
(A4), we obtain

o o
M(z,Fz,0) > M| z,2,,, ——— | * M| Fz,_|, Fz,, —————
b0 21 (5120 st ) M (v P i)

o
«*M|( Fz,,Fz 4, ————
( ! m SE(Zn+l’Zn+2)>

(44 (14
>M(z,2p ———— | *M| 2,152, ————
(Z o SQ(z,m) : ( o 5pwm,zw>>

[24 o
*M( 2,201 = | * M| 2,01, Zpi0 =5 ———
( w il 5PE(ZYH1) Z,Hz)) ( b S SPR(Zn+2’Zn+3)>

24
M 32— |-
’ (ZYHZ : 5T (2ps3 FZ))

(30)

Letting n — co in the above inequality, we get Fz =z,
i.e.,z is a fixed point of F. By using the inequality (9), we
can easily examine that z is a unique fixed point of F. [

Theorem 12. Let (X, M,*,Q) be a complete FCHMS and Q
: X x X — [1,00) such that

lim M(z,d,a)=1,

aA—>00

foralla>0,z,d e X. (31)

Let F : X — X be a mapping satisfying

M(Fz, Fd, qa) > M(z,d, &), foralla>0,z,deX, (32)

where 0 < p < 1. Furthermore, if, for z,€ X andn,q € {1,2,3
-}, it holds b(z,, z,,,) < 1/p where z, = F"z,, then F has

a unique fixed point.

nig)
q

Proof. It is easy to prove on the lines of Theorem 11. O

Example 13. Let X =0, 1]. Define M : X x X x [0,00) — [0
,1] as

M(zdya)=e (54 foralla>0,4£21,  (33)

with the CTN = such that a; * a, = &;a,. Then, (X, M,*) is
a complete PCFMS with noncomparable control functions
Qlz,d)=1+z+d, W(z,d)=1+2>+d*, E(z,d) =1 + (z/d)
,R(z,d)=1+d/z,and T(z,d)=1+2* +d.

Define F : X — X by Fz =z/6. Consider

M(Fz, Fd, qoc) = M(g, g, qoc) — e*(lzlcs—d/.s‘ﬁ/a) _ e—(\zfdyi/sm)

> o (lz=dl"ra) _ M(z,d, «).

(34)
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Hence, by Theorem 11, F has unique fixed point, which
is 0.

4. Application

Now, we show how our established result can be used to find
the unique solution to an integral equation in dynamic mar-
ket equilibrium economics. For supply Q4 and demand Qg
in many markets, current prices and pricing trends (whether
prices are rising or dropping and whether they are rising or
falling at an increasing or decreasing rate) have an impact.
The economist, therefore, wants to know what the current
price is P(a), the first derivative dP(«)/da, and the second
derivative d*P(a)/da’. Assume

dP(«)

d*P(a
Qs=9, +7,P(a) + ¢ do A (@)

do?
dP(a) dZP((x)
T +2z, e

>

(35)

Qi=9,+7,P(a) +e,

91> 92> Y1.V2> €1> and e, are constants. If pricing clears the
market at each point in time, we comment on the dynamic
stability of the market. In equilibrium, Q4 = Q. So,

dP(a)  d*P(a)

dP(a &*P(a
91+V1P(“)+e17+21 ( @

=gz+VzP(“)+32W)+Zz

do? da®
(36)
Since
d*P(a dP(«
(z1-2,) doc(z +(ey—e)d d(oc ) +(v1 —v2)P(@) = =(9, — 9,)-
(37)
Letting z=2z,-2z5,e=e, —¢€,, Y=y, —yyandg=g, -

g, in above, we have

d*P(a)
do’

dP(«)

z te— — yP(a) =—g. (38)

Dividing through by z, P («) is governed by the following
initial value problem

P+ p s Vpay=-79,
z z z
P(0) =0, (39)
P'(0)=0,
where €?/z = 4y/zand y/e = p is a continuous function. It
is easy to show that problem (39) is equivalent to the integral
equation:

T
P(a)= J &(a, r)F(a, 1, P()) dr, (40)

7
where &(a, r) is Green’s function given by
reW2@T)ifo<r<a<T,
E(a, 1) = (41)
a0 ifo<a<r<a<T.

We will show the existence of a solution to the integral
equation:

Let X=C([0,T]) set of real continuous functions
defined on [0, T| for a > 0, we define

0, ifa=0,
M(%, 2, a) = min {#, 2} + « .
SUPefo,1) max (A2} o’ otherwise.
(43)

For all /,z e X with the CTN “ %” such that a; * «, =
a0, define Q, W,E,R, T : X x X —> [1,00)as

Q(z,d)=1+z+d,

W(zd)=1+2+d% E(zd) =1+ -, R(z d)
d

) (44)

=1+ ;,T(z,d):1+z2+d.

It is easy to prove that (X, M,*) is a complete PCFMS,
and F : X — X is defined by

FP(a) = JTG (a7, P(r)dr. (45)

Theorem 14. Consider equation (42) and suppose that

(i) G: [0, T] x [0, T] — R* is a continuous function

(ii) There exists a continuous function & : [0, T] x [0, T]
— R* such that sup, fgf((x, r)dr>1

(iii) max {G(a, 1, %(r)) — G(a, 1, 2(r)) } = &(a, ) max {
%(r),z(r)} and min {G(a,1,7%(r)) — G(a,1,2(r)) }
>&(a, r) min {#4(r), z(r)}

Then, the integral equation (42) has a unique solution.



Proof. For /7, z € X, by use of assumptions (i) to (iii), we have

min {ng(a, r, 7%(r)) dr, ng(a, r,z(r)) dr } +a
max {L?G((x, r, %(r)) dr, IOTG(rx, r,z(r)) dr} +a
[ min {G(at, 7, 4(r)), G(a, 1, 2(r)) }er +
[ max {G(a, 1, %(r)), G(a 1, 2(r)) }dr + a
T .[‘;‘E(oc, r) min {7(r), z(r) }dr + «

~elo1] L?E(tx, r) max {#%(r),z(r)}dr + «
min {7 (r), z(r)} [0 E(a r)dr + &
max {7(r), z(r)} g &(a r)dr + a

> (max {ﬁ,(y),z(r)}+0c> M(%,z, ).

M(F7, Fz, &) = Sup 0 7

= Supoce[(),’l‘]

2 SUPgepo,7]

(46)

Thus, M(F%, Fz,qa) > M(%,z, «)forall %4,z € X, and
all conditions of Theorem 11 are satisfied. Therefore, equa-
tion (42) has a unique fixed point. O

5. Conclusion

The aim of this study is to present the notions of FEHMSs
and PCFMS and prove Banach fixed point theorems in these
spaces; nontrivial examples and an application to integral
equation are also given to support our results. Due to a
diverse range of applications of metric fixed point theory
in mathematics, science, and economics, it is researched
widely. Different types of fixed point results for single- and
multivalued mappings can be proven in the sense of the
above defined notions in this manuscript.
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