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We preface and examine classes of (p, q)-convex harmonic locally univalent functions associated with subordination. We acquired
a coefficient characterization of (p, q)-convex harmonic univalent functions. We give necessary and sufficient convolution terms

for the functions we will introduce.

1. Introduction

First, let us give the basic definitions and notations that we
will use in our article. In order not to spoil the generality
of this study, let us denote the continuous complex valued
harmonic functions class with % which are harmonic in
the open unit disk % = {z: z€ Cand|z| < 1} and let & be
the subclass of # which consists of functions that are ana-
lytic in %. A function harmonic in % can be written in the
form f =h+ g, where h and g are analytic in %. Here, the
analytic part of the f function is & and the co-analytical part
is g. The necessary and sufficient condition for f to be locally
univalent and the sense-preserving in % is that |h'(z)| >
|g' (z)| ([1]). In the light of this information, we can write
without losing generality as follows:

h(z)=z+ iajzf and g(z) = OZO:bJZJ. (1)
J=1

=2

Let us denote the class of functions satisfying f =h+ g
which are harmonic, univalent, and sense-preserving in %
for which h(0) =h'(0) -~ 1=0= g(0) conditions with S%.
From this point of view, we can easily say that |b;| <1 if
there is a sense-preserving feature.

In 1984 Clunie and Sheil-Small [1] defined and analyzed
characteristic features of the class 7. Over the years, many
articles on the class of §# and its subclasses have been
made by many researchers by referring to this article.

Many studies have been done on quantum calculus. As
the importance of this subject can be understood from its
multidisciplinary nature, it is known to be innovative and
important in many fields. The quantum calculus is also
known as g-calculus. We can roughly define this calculus
as the traditional infinitesimal calculus. In fact, Euler and
Jacobi first started to study the subject of g-calculus, they
are also people who find many attractive implementations
in several fields of mathematics and other sciences.

In the last study by Sahai and Yadav [2], the quantum
calculus was based on two parameters (p,q). In fact, this
two-parameter definition is the postquantum calculus
denoted by (p, q)-calculus, which is the generalization of
g-calculus. We will use the definition of (p, q)-calculus in
this article as the basis of the article published by Chakrabarti
and Jagannathan in 1991 [3]. Let p >0, g > 0, for any non-
negative integer j, the (p, q)-integer number j, denoted by

[lpq s

Wy

e T 1,2,3,--),

0,,<0. ()
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It can be seen that this twin-basic number defined above
is a generalization of the g-number defined as follows:

i, = 2,

= 1)2:33"')3
q

q# 1l (3)

In like manner, the (p,q)-differential operator of a
function f, analytic in |z| < 1 is defined by

fpz) ~1(492)

=9 P#FGzEU. (4)

qu()

It may be easily shown that D, f(z) — f'(2) as

p—1 and g—>1". We can easily see that

lim_lim [j], =J. (5)

q—1 p—1~

For more information and details on g-calculus and
(p, q)-calculus, [2, 4] can be used as references. Apart from
these, different studies have also been carried out [5-7].

Ismail et al. [8] and Ahuja et al. and Ahuja and
Cetinkaya [6, 9]z) used g- calculus in the theory of analytic
univalent functions. The g-difference operator’s definition is

h(pz) — h(q2)

, z2#0,
D, h(z)={ (P=4)z
h'(0), z=0, )
g2 -9@@) .,
D,,g(z) = (-9
g'(0), z=0,

where h and g are of the form (1) which given in [4] and we
get the following result for same h and g

D, h(z)=1+ ) [jl, a7 andD,,9(z) = ) [1], b7
j=2

j=1
(7)
For f € §%, let
N qf =2zD, h(z sz);g(z), (8)
Q)f,qf(z) =2zD,, (sz,qh(z)) +2D, (zl_) qg(z))
& 9
:Z+Z ;qajz]+2[7quzj ©)

J=2

We say that an analytic function f is subordinate to an
analytic function F and write f < F, if there exists a complex
valued function @ which maps % into oneself with @(0) =0,
such that f(z) = F(@(2))(z € %).

Additionally, if F is univalent in %, then we can give the
following result:

f(z)<F(z) © f(0) = F(0)and f (%) c F(%).  (10)
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Denote by S#€,, ,(A, B) the subclass of # consisting of
functions f of the form (1) that satisfy the condition

@2
qu(z) < 1+AZ’ (11)
Dl f(z) 1+Bz
(0<p,g<l,p#qze¥Uand-B<A<B<I), (12)

where is Q)},)qf(z) and @;’qf(z) are defined by (8) and (9).
By suitably specializing the parameters, the classes
SH€,,(A,B) reduce to the various subclasses of har-

monic univalent functions. That is, by assigning special
values instead of p,q, A, and B, we are saying that they
become classes that used to be studied. This is an indi-
cation that this article is a general subclass that includes
other classes in harmonic functions. Such as

(i) S#E,,(A B)=

(i) S#€,,(A,B) =
q— 17([11]),

(iii) S%’%p)q(@+q)9—1,p+q—l):
0<9<1 ([12]),

(iv) SZC,,((p+q)a—-1Lp+q-1)=SHE,(a) for
p—>1and 0<a<1l ([6, 13)]),

V) SHE,,((p+qa-1p+tq-1)=8SHE(a) for

p—1, g— 1 and 0<a<1([14, 15]),
Vi) SHE,,((p+q)a—1,p+q-1)=8HE(0) for
p—>1 and a=0 ([16]).

SHE, (A, B) for p— 17([10])

SHE(A,B) for p— 1" and

A,,Ey(9)  for

qg—1

Using the method that used by Dziok et al. [11, 17-19]
we find necessary and sufficient conditions for the above
defined class S#'E, (A, B).

2. Main Results

For functions f;and f, € Z of the form

00
=z+ ) q z+z
=2

(j=1,2), (13)

we define the Hadamard product of f,and f, by

(fi = fo)(z z+z 22+Z]1]2z,ze%. (14)

In the first theorem, we introduce a sufficient coefficient
bound for harmonic functions in %6, (A, B).

Theorem 1. Let us first assume that feJ . Then, f¢
SHE,,(A,B) if and only if

f(z)*Ep’q(z;f)#0,((6((3,|{|z1,z€°2[\{0}), (15)
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where

Z,,(z50)
_(B-A)z+ [(p+a)(p+q-1)+{(A(p+4q)° -~ B(p+q) +pa(B- A))]2°
(1-pz)(1-qz)(1-p?2)(1 - ¢°z)(1 - pgz)
L 14pa-(pra)ptqg+ 1)+ (B+Apg - (p+q)[(p+q)A+B])Cp 5
(1-pz)(1-qz)(1-p?z)(1 - q°z)(1 - pgz)
+ 1+pq+ (B+Apq){ P
(1-p2z)(1-qz)(1-p*2)(1 - q*)z(1 - pgz)
[2+(A+B)( - [(PP+ )1+ AD) + (A= B)pqC + (p+q)(1 + By) | 2°
(1-pz)(1-q2)(1-p°2)(1 - 4°2)(1 - pgz)
+[(p2+qz+pq)(1+A5) (I-—p-a)I+B)]
(1-p2)(1-q2)(1-p?2)(1 - ¢°2)(1 - pgz)
. 1+ B —pg(1+AL)
(1-p2)(1-qz)(1 - p?z)(1 - ¢°2)(1 - pqgz)

e
(16)

Proof. Let f € 7 be of the form (1). Then f € S#'6,, ,(A, B) if
and only if it satisfies (11) or equivalently

DS 1+ A
Q)}l)’ﬂrf(z) 7 1+BC’ (17)
where { € C, |[{|=1and z € % \ {0}. Since
2D, h(z) = h(2) * ‘
5 (1-pz)(1-qz)
z
qg( ) g(Z)* (l—pZ) l_qz)’
z(1+ pqz)
Oralelha ) =B ()=o) (1 pae)
_ z(1+pgz)
Pralepa9(2) = 9C) * Ty = ) 1= pge)
(18)
the inequality (17) yields
(1+B)D; f(2) - (1+A)D, f(2)
=(1+B{) [sz’q( D, h(z)) + sz,q(zlip,qg(z))}
- (1+AQ) [sz)qh(z) - zDP,q_g(z)}
B . (1+ BQ)z(1 + pgz) B (1+AQ)z
4 (g e~ )
TN . (1+ B8)z(1 + pqz) (1+A)z
90\ gt * )
=f(2) * E,4(z30) #0.
(19)

O

Theorem 2. Let f =h + g be given by (1). If

pad (s = 1] [~ 4]) o
+ (g1 +B) + 1+A) b} <

S0

=1

—

(20)
2(B-A),

where a;=1,0<p,q<1,-B<A<B<I, then, feSHE,,
(A, B).

Proof. f € S#'€,, ,(A, B) if and only if there exists a complex
valued function @; @(0) =0, |@(z)| < 1(z € %) such that

2Dy (2Dpgh(2)) + 2Dy, (2D,49(2)) _ 1+ 40(z) (21)
2D, h(z) ~ 2D, 9(2) [+Ba(z)’
or equivalently
D3/ (2) =D/ 2 )
BY, f(z) —AD,, f(2)

The above inequality (20) holds, since for |z|=7(0<
r<1), we obtain

‘ZDM (sz,qh(z)) — 2D, h(2) + 2D, (zﬁp’qg(z)) + ZDP’;g(z)’

- ’BDM (sz’qh(z)) +BzD,, (zlip!qg(z))

~ AD, h(z) + AD, (7))
] ‘ $ U102 311 (0
(B )z i pa (1548~
, i U (1B +4)57
> G|~ 1)l

U]p,q(U]p,q + 1) |b,|7 ~ (B~ A)r

1) b]_zf

A) a]Z]

=2

-

+
Mg

-
I
—

+
M3

U]P’q‘[j]p’qB—A“aArf + ]OZO;[/}p’q([]]P)qB+A) Ib,|”

{ > Ulpa([r

+OZO:[7 ( 1+B)+1+A)|b|rfl—(B A)}
=

(.
1l
[N

IA
T8

- 1‘ + ’U]MB_AD |aJ|r’_1

(23)



4
The harmonic function
. B Ay
f2)=z +§ ™ [J]I:(_I: | +)‘ L;]MB y . .
e (mp,(q<1_+ L);L 1+4)
where
el S| )

shows that the coefficient bound given by (20) is sharp.
The functions of the form (8) are in S#E,,(A B)
because

imMWWWﬂM&M)

= 2(B—A) |a]|
Ulpg( []pq(1+B) A ®
00D ) -
(26)
O

Denote by 7 S#€, ,(A, B) the subclass of # consisting

of functions f of the form (1) that satisfy the inequality (20).
It is clear that T S#6, (A, B) C SHE, ,(A, B).

Theorem 3. The class T SH ', ,(A, B) is closed under con-
vex combination.

Proof. For j=1,2,--, suppose that f, € TSHE, (A, B),
where

f)=2+ iH ; zybb\zj. (27)
Then, by Theorem 2.
2 [l (|01 = 1] + |00,,B - 4])
54
_+§bh4mmgjjw4+A)

J=1

a

S}

" (28)

For 3 *t, =1,0<t <1, we can write the convex combi-

nation of f, as follows:

$of @)=z i(i 5\%\)24 i(i t]\b]Jsz. 9)
J=1 =1

=2 ]=1 ]=1
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Then, by (9),
0 []]) []])—1+[]])B—A &)
; PCI(’ PqZ(B’_i) P4 D]_th] aJJ
[1]’ /] ) (I+B)+1+A)
" M< P;(B—A) )]_thj b,
& (Wpa(pg =1+ |lpsB-4)) 1 (a0)
:;t]; q qZ(B_A) q ’
[,]M<mp,q(1+3)+1+A) .
2(B-A) J
J=1
hence
it]f](z) €T SHE,,(A B). (31)
J=1
O

3. Conclusions

As a result, a general subclass has been defined in this article.
Thus, with this study, which will be a good reference for the
new results to be obtained, a subclass study has been made
for harmonic functions using the (p, q) derivative, which is
still popular today.
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