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In this paper, we deal with p-Laplace equations with singular nonlinearities and critical Sobolev exponent. By using the Nehari manifold,
Mountain Pass theorem, and Maximum principle theorem, we prove the existence of at least four distinct nontrivial solutions.

1. Introduction

Let Q a bounded smooth domain in RN (N > 3), and consider
the following p-Laplace equations with singular nonlinearities

Jul
<[

Apu=|u|q_1u+/\ u inQ

(1)
u=0 on 002,
where() 1 <p<N,0€Q,A>0, and g+ 1 =p* with p* :=pN/
(N —p) is the critical Sobolev exponent, 0 < a < N(q + f8)/q,
0<pB<landA,u:=div (|VulP*Vu) is the p-Laplace operator
which is degenerate if p > 2 and singular if p < 2.

In recent years, researchers have been interested in
studying problems of the type:

(2)

u=0 on 02,

{ Aju= [u|T ' u+ Af(x, u), inQ
where Q is a bounded smooth domain in R¥(N >3),0€Q,
A>0, and g+ 1=p* with p*:=pN/(N —p) is the critical
Sobolev exponent and f is a suitable function containing sin-
gularities on x (see [1-4] and references therein). For p =2
and after the work of Brézis and Nirenberg [5], Problem
(2) has studied by many authors (see, e.g.,[6-18]). Problem
(2) becomes the well-known Brézis and Nirenberg problem

and is studied extensively in [19]. Ding and Tang in [20]
studied the existence of positive solutions with N >3 and f
(x,u) satisfying (AR) condition in the case A=1. Very
recently, M. E. O. El Mokhtar et al. [21] considered Problem
(1) with p=2.

The term represented by the function f(x,u):=|x|"u

|u|# with 0 < <1 is the key to this famous work because
we will allow us to combine the perturbation with the var-
iational methods to overcome shortcomings in the form of
singularity. He is well known in the scientific literature
that the problems dealt with in applied mathematics have
their origins in different fields we will cite as example:
heterogeneous chemical catalysis, kinetic chemical cataly-
sis, heat induction or electrical induction, non-Newtonian
fluid theory, and viscous fluid theory (see, e.g., [22-26]).

We encounter Problem (1) in many nonlinear phenom-
ena, for instance, in the theory of quasi-regular and quasi-
conformal mapping, in the generalized reaction-diffusion
theory, in the turbulent flow of a gas in a porous medium,
and in the non-Newtonian fluid theory (see [27-30]).

Before giving our main results, we state here some
definitions, notations, and known results.

We denote by % =7,"(©2\ {0}) with respect to the

= (19 ” G)
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We consider the following approximation equation:

Aju= \u|q"1u+ # in0Q
x| (u+ 0)F (4)

u=0 on 0,

for any 6 > 0. The energy functional of (4) Ej is defined by
1 1
P P _ +19+1
Eo() = Sl - g | ()

f L) P
R J (u+6)F -6
1-BJo

(5)

[x[*

for all u € %, where u* = max {u*, 0}.

We know that Eg is a C' — function on % = %} (Q).

A point u € Z is a weak solution of Equation (1) if it
satisfies

<E(',(u), (p> = JQ|Vu|P_2Vqu)dx - Jo(u+)q_1u(pdx

—)LJ dezo, forallp e #.
o (ut +0)P|x|*
(6)

Here .,. denotes the product in the duality %', #(%'
dual of 7).
Let

S:= inf l1”
ueg\{0} (J“Q|u|q+1dx)17/(fi+1)

: (7)

From [3], S is achieved.
Let A, and A, be positive numbers such that

_q+l-pfp-1+ ﬁs(q“)/l’} (p-1+B)/(q+1-p)

p
- (q+ﬁ)‘f’{ q+p ®)

_ NPy (p-1)/(a-1)

PO (1 /3) (P 1+ﬁ) T gotar-a-naeB)a-D
P q+p

9)

where,

272 (q + B)

(NI(g+1))(g+B)-a
V= R >0,
[NF(N/Z)(MB)—a(qH) ’

] (a+P)I(q+1)

(10)
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with
N
0< —_— . 11
A (11)

The main results are concluded as the following theorems.

Theorem 1. Assume that N>3, 0<a< (N/(q+1))(q+f),
0<B<1, and A verifying 0<A<A,; then, the system (1)
has at least one positive solution.

Theorem 2. In addition to the assumptions of the Theorem 1,
there exists A, € (0,A,,) such that if A satisfying 0< A< A,,
then (1) has at least two positive solutions.

Theorem 3. Under the assumptions of Theorem 2 then, there
exists a positive real A** such that if A satisfies 0 <A <A™,
then (1) has at least four nontrivial solutions.

This paper is organized as follows. In Section 2, we give
some preliminaries. Sections 3 and 4 are devoted to the
proofs of Theorems 1 and 2. In the last section, we prove
Theorem 3.

2. Preliminaries

Definition 4 (see [31]). Let c € RM be a Banach space and
EeC'(M,R).

(i) (u,), is a Palais-Smale sequence at level ¢ (in short
(PS),) in M for E

E(u,)=c+o0,(1)and E'(u,) = 0,(1), (12)
where 0, (1) tends to 0 as n goes at infinity

(ii) We say that E satisfies the (PS), condition if any
(PS), sequence in M for E has a convergent
subsequence

2.1. Nehari Manifold [32, 33]. It is well known that E is of
class C! in % and the solutions of (1) are the critical points
of E which is not bounded below on %. Consider the follow-
ing Nehari manifold:

W:{ue%’\{o}: E'(u),u:O}, (13)

Note that 7" contains every nontrivial solution of the
problem (1). Thus, u € %" if and only if u € %\ {0} and

(ut +0)"F - F

- dx=0. (14)
o) x|

Jalf = | yae-a

In our work, we research the critical points as the mini-
mizers of the energy functional associated to the problem (1)
on the constraint defined by the Nehari manifold.
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In order to obtain the first positive solution, we give the
following important lemmas.

Lemma 5. E; is coercive and bounded from below on W'

Proof. Let Ry>0 such that QcB(0,R,))={xeRN : |x| <
Ry}. If ue %, then by (14) and the Hoélder inequality,
we obtain

+\1-8
W) " de<c ul (15)
a ¥
with ¢, =ws; P, (16)
where,
p
S, = inf 1] (17)

v (fg <|u\17ﬁ/|x|“) dx)‘o/(l_ﬁ) .

Therefore, we obtain that
Eg(u) = ((q+1-p)ip(1+q))|ulfP+=A((q+ B)/(q+1)
g @
-m)| U
>((q+1-p)ip(q+1))|ullP+-A((q + B)/(q +1)
(1= B)¥||u) PP,

dx

(18)

for 0<a<(N/(g+1))(q+p).
Thus, Eg is coercive and bounded from below on 7. [

Define
$(u) = (Eg(u).u). (19)

Then, for ue W

+1 ut 1-B _pl-p
9/ =plp - (a0 ) x| GO e

JO
—(p-1+B)ull - <q+ﬁ>JQ<u*)q“dx

ut 617/3_617[3
=Mg+ B e e -,
JQ
(20)
Splitting 7" in three parts, we set
W*={u€%:¢'(u),u>0}
7/°={ueW:¢’(u),u=0}. (21)

W’={ue%:¢'(u),u<0}

We have the following results.

Lemma 6. Suppose that u, is a local minimizer for Ey on W'.If
uy ¢ W, then u,, is a critical point of E,.

Proof. If u, is a local minimizer for E,; on %/, then u, is a
solution of the optimization problem:

Eq(u). (22)

min 0
{uea\{0}/¢(u)=0}

Hence, there exists a Lagrange multipliers peR
such that

Eé(”o) =y¢'(u0)in x' (23)

Thus,
(Eplug). g = 9 (1), ). (24)

But ¢’ (1), u,#0, since uy ¢ #°. Hence, u=0. This
completes the proof. O

Lemma 7. There exists a positive number A, such that for all
A verifying

0<A<A,, (25)

we have W’ = &.

Proof. Let us reason by contradiction.
Suppose that #°+ @ for all A such that 0<A<A,.
Then, by (20) and for u € 7#°, we have

(p—1+B)||ulf - (%ﬁ)JQ(u*)q“dx:o,

(ut+6)"F -9 F

[

A(q+ﬁ)JQ dx— (q+1-p)[ul’ =0.

(26)

Moreover, by the Holder inequality and the Sobolev
embedding theorem, we obtain

(27)

(p-1+B)

>

(||| = (@D pla+1=p)) [ (q+p) ] 1/(g+1-p)

(U((p=1+P)))
T R

From (26) and (27), we obtain A > A, which contradicts
our hypothesis. O



AsH° =@ then W =+ UW . Define

ci= ,}?%Ee(”)’ = ulerl%£+E9(u) and ¢ = uler% Eg(u). (29)

For the sequel, we need the following Lemma.

Lemma 8.
(i) For all A such that 0< A< A,, one has c<c* <0
(ii) For all A such that 0 < A < A, there exists C, > 0 such

hat ¢ > -\P/-1*P ¢,

Proof.

(i) Let u € 7" By (20), we have

P_l+ﬂup u+q+1x
P> | e (30)
and so
=_p+/3—1 P q+ﬁ +\g+1
B ==L W+ g, "

o+B-p-a-1),
SR Py <o
61)

since p+1>2 and 0<pB<1. Then, we conclude that
c<ct <.

(ii) Let u € 7. By(20), we get

p-1+B, U
< | @ (32)

By Sobolev embedding theorem, we obtain
LW*)‘“dxsS*“*”’Pnunq“- (33)
This implies

-1
1] > S+ Pla+1-P) [M forallue 7~

1/(q+17p)
q+p ]

(34)
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By the proof of Lemma 5, we have

q-1 - q+p -
Ee(”)2H”|\Pp(q+1)+—/\||“|| 'Bm (S)-Pre
S4-P p-1+pFay (g+1)/(q-1)
i et I
Y (a+B) po(1-P)ip
Yanano-p
(35)

Thus, for all A such that 0 <A< A,, we have Ey(u) > -
MNPR) C with

_ (1-B)/(p-1+P)
w(p ) SN
B-1 g+1 p q-p+1

(36)

As in [34] we have the following result. O

Proposition 9.

(i) For all A such that 0<A<A,, there exists a (PS).
sequence in W'

(ii) For all A such that 0<A<A,,, there exists a (PS)_
sequence in W'~ and for each u e % \ {0}.

Define

(p—1+B)|ul”

@+ )] ()" dx 20 )

1/(q+1-p)
tM = tmax(”) = [ ]

Lemma 10. Suppose that 0< A< A,. For each ue % \ {0},
there exists unique t* and t~ such that 0<t" <t, <t
(t'u) e W™, and (t"u) e W™,

Eo(t'u)=inf E(tu)for0<t<t,,

(38)
Eg(t"u)=sup E(tu)fort>0.

Proof. With minor modifications, we refer the reader to [34].
O

3. Proof of Theorem 1

Now, taking as a starting point the work of Tarantello
[35], we establish the existence of a local minimum for
Ey on W.

Proposition 11. For all A such that 0 < A < A, the functional
Ey has a minimizer u), € W, and it satisfies

(i) Eg(uj)=c*

(ii) (uy) is a nontrivial solution of (1)

Proof. If 0 < A < A, then by Proposition 9, (i) there exists a
(u,)(PS),. sequence in ;, thus, it bounded by Lemma 5.
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Then, there exists uj € #, and we can extract a subsequence
which will denoted by (u,,) such that

u, —> uyweakly in #
u, — ug strongly in L' (0, x| ™). (39)

u, — uja.ein Q

By (15) and (39), we have

1—ﬁ 1-B
Q Q

o [x[* \xl

Thus, by (39), uj is a weak nontrivial solution of (1).
Now, we show that (u,) converges to uj strongly in 7. Sup-
pose otherwise. By the lower semi-continuity of the norm, if
u,(1/2)ug we have |juj|| < larligof||un\|, and we obtain

1
¢ < Eg(ug) - mEé)
- + 1-p
g per B
p(g+1) @+H(1-P)Ja x
<lim infEg(u,) =c.

(41)

We get a contradiction. Therefore, (u,) converge to u}
strongly in % . Moreover, we have uj € 77"". If not, then by
Lemma 10, there are two numbers f; and tj, uniquely
defined so that (tJug) € 7" and (t"uj) € 7. In particular,
we have t§ <t; = 1. Since

d
aEﬂ(tug)»t:tS =0,
5 (42)
EEG(tua-)»t:ta >0,
27" (q + B)

there exists t; <t~ <t} such that Eg(tyug) < Eg(t*ug). Then,
we get

Eg(tgug) < Eq(t ug) < Eg(fgug) = Eg(ug),  (43)

which contradicts the fact that Ey(ug) = ¢*. Since Egy(uj)

=Eg(|uy|) and |uj| € 7, then by Lemma 6, we may assume

that u} is a nontrivial nonnegative solution of (1). By the Har-
nack inequality, we conclude that ug > 0 (see, e.g,, [29]). [

4. Proof of Theorem 2

Next, we establish the existence of a local minimum for E,
on 7. For this, we require the following Lemmas.

Lemma 12. Let (u,) be (PS), sequence for Eq for some c € R
with u, — u in I

Then, Ep(u) =0 and Eg(u) > -A""""PC(q, B, ¥, S), with
Clg, B, ¥, S) > 0.

Proof. Let (u,) C S, be a minimizing sequence for E, with
S, is the unit sphere. By Ekeland” s variational principle
[12], we may assume Eg(u,) — 0. So (u,) is a (PS),
sequence and therefore u, — u after passing to a subse-

quence. Hence E,(u)=c and (Ey(u))=0, which implies

that (Eg(u), u) =0, and
+ 1-8
J (u+)'1“dx=||u||P—AJ %dx. (44)
o) 0 ||
Therefore,
+ Q)I—ﬁ
E - q+p J W97
o= e M e =g |y

(45)
From (15) and considering ||u|| small enough, we get
q+Plg+1

R [ (46)

J(uwe)lﬁ <
o K ~ [NI(N/2)(q+B) -

which implies that

E(u P LS’(l"B)/"‘I’ ul|l“B, (47
() = (qﬂ)n P2 Do ul' . (47)
with
_ 2 (q + B) (Wg)/(qﬂ)RN/(qH)(q*Hﬁ)*a (48)
NT(N22)(q+B) - a(q + 1) ° '

a(g+1)

= Dt’ — AEt'P for all ¢ > 0, with

Set f(t)

_q-1

Cp(g+1)

___9tP -
@ ya-p°

(49)

Using (46), we obtain that



f(t) 2 - C(p, q, B, ¥, S) forall t > 0 small enough,
(50)

where

(51)

( —ﬁ)E]P’“*/” g
pD (1-pB)’

We have C(p,q,3,¥,S) >0 since 0< < 1. Then, we
conclude that

Clorgo B 0,S) =D[

E(u) = - NP C(p, q, B, ¥, S). (52)
0

Lemma 13. Let A € (0,A,,); then, the functional E, satisfies
the (PS), condition in I with ¢ < c*, where

= (q +1 _P) S(q+1)/(q+1—p) _ /\p/(p—1+/3)c(P’ g ﬁ) v, S)

p(a+1)
(53)
Proof. If 0 < A < A, then by Proposition 9, (ii) there exists a
(u,), (PS), sequence in 7; thus, it bounded by Lemma 5.
Then, there exists u € Z, and we can extract a subsequence
which will denoted by (u,,) such that

u, — uweakly in #
u, — uweakly in L7 (Q) (54)

u, — ua.ein.

Then, u is a weak solution of (1). Let v,, = u,, — u; then, by
Brézis-Lieb [36], we obtain

[vall® = llalIP = [[ull” + 0,(1), (55)

J |vn|q+1dx=J |un|q“—de [u|Tdx +0,(1). (56)
o Q o
Since

Eg(u,) =+ 0,(1), Eg(u,) = 0,(1), (57)
and by (55) and (56), we deduce that

1 1
Snlf = |l de= e Eo(w) + 0, 1)
’ (58)

Iolf = |l de=o0,(0)

Hence, we may assume that

vl —1, j v, 1% dx — L (59)
(0]
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Moreover, by Sobolev inequality, we have
e (60)
Q

Combining (60) and (59), we obtain
[>Pahg, (61)
Either,
1=0orl > S*H/a-1), (62)
Then from (58), (59), Lemma 13 and Lemma 12, we obtain

S a1,

c_p(q+1) +Eg(u,)>c". (63)

which is a contradiction. Therefore, | = 0, and we conclude that
(u,,) converges to u strongly in 7.
Thus,
Eg(u,) converges to Eg(u) = cas n tends to+0o. (64)

O

Lemma 14. There exists v € Z and A, > 0 such that for all
A€ (0, A,), one has

supEq(tv) <c”. (65)
120

In particular, c < c* for all A€ (0, A,).

Proof. Let ¢, (x) satisfies (4). Then, we have

1-B
A J 19017 4 s, (66)
1-Blo  |x
We consider the two functions:
E ag(t) = pagr - 1o ag
£) = By (t )= — - .
£(0)=Eoltgandg(0) = lgdlP - - | [l
(67)
Then, for all for all A € (0,4,,),
f0y=0<c". (68)

By the continuity of f, there exists ¢, > 0 such that
f(t)y<c"Vte(0,t,). (69)
On the other hand we have

maxa(t)= Ao o
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Then, we obtain

@=1)+PB) (ge1)(g-1 /(14

SupE,(tp.) < ~L_ I TP glar)i(g-1) _ (P cp g B WP, S).

LR < LT B g+ 1) (P p 008
(71)

Now, taking A > 0 such that

1-B 1-B
_)tto J |(Ps| - dx < _/\p/(1+/3)c(p) 4 ﬁ’ ‘P, S), (72)
1-BJao |x]

we obtain
t1+ﬁ
0<A< 0
(1= B)C(pr . B, ¥ 5)) PP
g 0BIOB) (73)
|9, + 6|
* J Eiadx :Al.
o ¥
Set
A,=min {A,,,A}. (74)

We deduce that ¢ <c¢* for all A€ (0, A,); then, there
exists t, >0 such that (f,w,) € 7~ with w, satisfying (4)
and for all 1 € (0, A,),

¢ <Ey(t,w,)<sup E(tw,) <c". (75)
120

O

Lemma 15. For all A such that 0< A< A, =min {A,,, A},
the functional Ey has a minimizer u, in %W, and it satisfies

Eg(uy)=c >0, (76)
uy is a nontrivial solution of (1) in 7.

Proof. By Proposition 9 (ii), there exists a (PS). sequence (
u,) for E, in %~ for all 1€ (0,A,,). From Lemmas 13, 18,
and 8(ii), for A € (0, A,), Ey satisfies (PS). condition and
¢ >0. Then, we get that (u,) is bounded in %. Therefore,
there exist a subsequence of (u,,) still denoted by (u,,) and
Uy € W~ such that (u,) converges to u, strongly in # and
Eg(uy)=c >0 forall A€ (0,A,).

Finally, by using the same arguments as in the proof of
Proposition 11 for all A€ (0,A,), we have that u; is a
solution of (1). O

Now, we complete the proof of Theorem 2. By Proposi-
tion 11 and Lemma 15, we obtain that (1) has two positive
solutions u} € #* and u; € #~. Since W N W~ = &, then,
uf and uy are distinct.

5. Proof of Theorem 3

Now, we consider the following Nehari submanifold of 7"
w,= {u € #1{0}: Eg(u),u=0and ||ul| > p > 0}. (77)
Thus, u € %/P if and only if

+ 1-8
||u||P—J (u+)q+1dx—)tj W+0) 7 +i) dx=0,
Io) o) |x| (78)

Jul| = p>0.

Firstly, we need the following Lemmas.

Lemma 16. Under the hypothesis of theorem 3, there exist
A, > 0 such that W', is nonempty for any A € (0, A).

Proof. Fix uy € % \ {0}, and let

g(t) = (Eg(tuo), tu, )

+0|'F
=1 ||uy||P - tqﬂj |t |7 dx — tl‘ﬁ/\J o+ 01 7
0

o
(79)

Clearly g(0) =0 and g(t) — —o00 as t — +00. More-
over, we have

o' F
g(l):”uO”P_J |u0|q“dx—/\J de
a o I
- ~(g+1) g
= g P [l = ()74 g 98 — )57,

(80)

for t >0, put ¢(t) = tF — (8)"4""Pt2F; then, we obtain max
pd

o(t)=(t,) >0 since g>2 with t, =(B/(qg—+p))4 @D
(8)\@*V/e(a-1) Thys, we obtain

9(1) 2 [lug]| ' g(t) = (8] >0, (81)

if A< (9" P")W)p(t,) = A,.
Then, there exists t, > 0 such that g(t,) = 0. Thus, (f,u,)
€W ,and 7', is nonempty for any A € (0, A,). O

Lemma 17. There exist 8,0 positive real numbers such that
¢ (1), u?<—7<0, for ue W, and any A verifying

O<A<A™. (82)

Proof. Let ue“W/p, then by (14), (20) and the Holder
inequality, it allows us to write



¢'(wu=A(g+ B P~ (g-1)u!
<P Mg+ PSP - (- 1| (3)

<u' P [A(q + BYWSENP _ (q-1) pﬂ :
Thus, if

—1)pP
0<A<A,= {%} S, (84)

and choosing A* := min (A,, A;) with A, defined in Lemma
16, then we obtain that

¢'(u), u<0, foranyu € v, (85)

O

Lemma 18. Suppose q>2,5€(0,1) and 0<A<min (A,
A;, A,) when

A, = [(q B 1)(1 - ﬁ) (1 B :8) (ﬁﬂ)/ﬁ] (S)(l—q)/P. (86)

pa(q+B)Y \ p

Then, there exist € and 1 positive constants such that

(i) We have

Eg(u) =n > 0for||u| =e¢. (87)

(ii) There exists v € W', when ||v|| > &, with &= [|ul|, such
that Ey(v) <0

Proof. We can suppose that the minima of E, are realized by
(ug) and uy. The geometric conditions of the mountain pass
theorem are satisfied. Indeed, we have the following:

(i) By (20) and (85), we get

Eg(u) = (- 1)/p(q + 1)]Julp
—Am+ﬁwm+nu—ﬁﬂg

>(q-1)/p(q+ 1)/l
= Mg+ B)/(q+1)(1=BYF(S)F P |u|'F,

(u* +6)'F p
——aX
[x|* (88)

By exploiting the function ¢(t)=at? —bt'F which
achieve its maximum at the point ¢, = (1 - f/p)"'F=1*P)
(a/b) PV guch that rrtl;%)xrp(t) =¢(t,) >0 if
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A<Ay=

- - — B\ Plo-1+p)

and the fact that, g > 2, $ € (0, 1) then, we obtain that

Eg(u) = 1> Owhene = ||u||small. (90)

(ii) Let ¢ >0, then we have for all ¢ € Wp

tP 1+l tF ol
Eg(t‘P) — ; H(P”P _ (q " I)JQ‘¢|q+ldx— A(l — /3) J‘de | ‘)|(|‘x dx
(o1)

Letting v =t¢ for t large enough, we obtain E4(v) <0.
For ¢ large enough, we can ensure ||v|| > e. O

Let I" and ¢ defined by

F={y:[0,1] — %, :y(0) = ugandy(1) = ug },

. (92)
= inf E .
¢:= Inf, max(Ey(y(1)))
Proof of Theorem 19. If
0<A<A™:=min (1", A,), (93)

then, by the Lemma 5 and Proposition 9 (ii), E, verifying the
Palais-Smale condition in ‘WP. Moreover, from the Lemmas

6, 17, and 18, there exists u, such that
Eg(u.)=candu € 7 ,. (94)

Thus, u, is the third solution of our system such that
u.#uj and u, #u,. Since (1) is odd with respect u, we
obtain that —u, is also a solution of (1).

Finally, for every 6 € (0, 1), problem (4) has solution u,
€ X such that Ey(uy) =0. Thus, there exist {0,} c (0,1)
with 6, — 0 as n — co. Then, we get u= lim u,.

n—aeo
6. Conclusion

In our work, we have searched the critical points as the min-
imizers of the energy functional associated to the problem
on the constraint defined by the Nehari manifold %, which
are solutions of our problem. Under some sufficient condi-
tions on coeflicients of equation of (1) such that N >3, 0<
a<((N(g+pB))/((g+1))) and B e (0,1), we split 7 in two
disjoint subsets 7 and %"; thus, we consider the minimi-
zation problems on 7" and %, respectively. In Sections 3
and 4 we have proved the existence of at least two nontrivial
solutions on 7", for all 0 <A <A™ :==min (1", A,) ift N>3

and B€(0,1).
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