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In this study, a new Simpson type conformable fractional integral equality for convex functions is established. Based on this
identity, some results related to Simpson-like type inequalities are obtained. Also, some estimation results are given for the
special cases of the derivative of a function used in our results, and some applications are presented for special means such as

the arithmetic, geometric, and logarithmic means.

1. Introduction

Inequalities are extremely useful in mathematics, especially
when we deal with quantities that we do not know exactly
what they equate too. Often, one can solve a mathematical
problem, by estimating an answer, rather than writing down
exactly what it is. For more information in this regard, one
can see [1-8].

Fractional calculus has been a fascinating area for
many researchers in the past and present eras. In the
recent two decades, the use of fractional calculus in both
pure and applied disciplines of science and engineering
has increased significantly. The inequalities involving frac-
tional integrals have become a noticeable approach in
recent decades and have acted as a powerful tool for
numerous investigations. In recent years, various types of
new fractional integral inequalities including Hermite-
Hadamard type inequalities have been established via con-
vexity, which provides quite helpful and valid applications
in areas such as probability theory, functional inequalities,
interpolation spaces, Sobolev spaces, and information the-
ory (see the papers [9, 10]).

The concept of convexity is not a new one even it occurs
in some other form in Archimedes' treatment of orbit length.
Convex geometry is now a mathematical field in its own
right, and significant results have been made in various
modern studies such as real analysis, functional analysis,
and linear algebra by employing the concept of convexity
(see [11-14]). In the last few decades, the subject of convex

analysis has got rapid development in view of its geometry
and its role in the optimization.

The modern theory of inequalities is another attractive
area for researchers in which the notion of convexity plays
a major role in improving the estimation bounds of various
types of integral inequalities. The following inequality which
is known as Simpson’s inequality has been studied by several
authors (see the papers [15-20]).

Theorem 1. Let v : [y, 8] — R be a four times continuously
differentiable mapping on (y,8) and |[y¥|_ =sup [y (¢)]
< 00. Then,
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The definition below is given in [10, 11].

Definition 2. A function v : [y, 8] — R is said to be convex
on [y, 8] if the inequality

ywa+ (1-w)b) <wy(a) + (1-wy(d)  (2)

holds for all a, b € [y, 8] and w € [0, 1]. If (—y) is convex, v is

concave.
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We obtain a new Simpson type identity in this study and
use it to derive some results about Simpson-like type
inequalities through using conformable fractional integral
with some applications.

2. Preliminaries

In this section, we give some definitions and basic results
which are useful in obtaining the main results.

Definition 3 (see [21]). Let p,6 € R with y<§ and ye
L[y, 8].The left and the right Riemann- Liouville fractional
integrals | ; . and J5_y of order 7 > 0 are defined by

(O = 1 | (- w) e,

(3)
5

Js.w(e) = @ J (w-¢)" 'y(w)dw, e <3,

respectively, where I'(7) is the Gamma function defined by
I(r)=[evt dw.

In [22], the definition of conformable fractional integrals
has been presented as follows.

Definition 4. Let t€ (m,m+1], m=0,1,2,---, f=T-m, y,
d € R with y <&, and y € L[y, §]. The left and the right con-
formable fractional integrals I}y and &1 +y Of order 7> 0 are
defined by

€

ny(e)= [ (e w)w =) (v, s>y,
| (4)
T y(e) = _J (w—e)"(8 - w)F'y(w)dw, e < 5,

!
m! ],

respectively.

Moreover, the papers in [3, 9, 13] contain additional
information on conformable fractional integrals. The follow-
ing are the definitions of beta and incomplete beta functions,
as well as the relationship between the gamma and beta
functions, as stated in [21].

B(x,y) = zm = Lt"‘l(l —tyYldt, x,y >0, o

B,(%y) =J 1 -t dtx,y>0,0<w< 1.
0

3. Main Results

To obtain the main results, first, we need to prove the fol-
lowing lemma:
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Lemma 5. Let y : I C (0,00) — R be a differentiable func-
tion on Iy, 8 € I and y < 8. If y' €Ly, 8], then

é [w(y) +4y <¥> + WS)] - @%;yﬁ((: - ;1))

oy y+48 5 y+96 :S—yF@+U
{ITW< 2 Ly 2 2.m! I'(t-m)
I+w

ST T,

1-w 1+

—J:(éﬁ(m+1,‘r—m)— éﬁw(er],T—m)) xw'(Ter Tw8>dw |

Proof. We start by considering the following computations
which follows from change of variables and using the defini-
tion of the conformable fractional integrals.

I = ! Jl<;ﬁ(m+1,r—m)—;ﬁw(m+l,'r—m))

m! ),

(1+w 1-w 2 1I(t-m)
l”( 2 1T 8>dw_6—y§r(r+1)

and similarly,

_ 1 JIGIS(”HLT_m)_ %ﬁw(m+1,r—m)>

-l
(l-w 1+w _
'1’/< 2 VT 6>dw_6—yr(r+1)

Ciro (22 365 ()

2 I'(t-m)

(8)
Multiplying I, -I, by 8-y/2I(t+1)/I'(t —m), the
proof is completed. |

Remark 6. If we take T=m + 1 in Lemma 5, we have the
equality Lemma 5 in [17].

If we take 7 =1 after r=m + 1 in Lemma 5, we have the
equality Lemma 1 in [15].

Theorem 7. Let y:I1cC(0,00) — R, be a differentiable
function on Iy, 8 € I and y < 8. If w'€L]y, 8] and |y'| is a
convex function on [y, 8], then
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I'(t+1)

sl (75) v - (jf;)fm_ m)

() n()

Zy(wm)(v' )] + v 9)]),
©)
where
Z,(t.m) =J; é/g’(m+ Lt—m)- éﬁw(m+ Lo m)’dw,
(10)
with m=0,1,2, - and T € (m,m+ 1].

A
Proof. From Lemma 5 and |y'| is convex, we have

‘é {w(w vy <¥> . u/(a)] - %M

I(z—m)

e & N y+0 S—yI(r+1)
{I’W(2)+I’W<Z ‘<2m'1'(‘r m)

1+w, , 1-w ,

S ol
X

+1—w ) 1+w ,

S mlr—lv

i

S-yI(r+1) (! ,
:ﬁl{‘((riyln))Joéﬁ(erl,Tfm)f%‘Bw(erl,r—m) x(|y' ()| + ' (6) ])dw
8- T
Sl zwmivol Vo).
(11)
This completes the proof. O

Remark 8. If we take 7 = m + 1, and after that if we take 7 =1
in Theorem 7, we obtain the inequality Corollary 1 in [15].

Theorem 9. Let v : I € (0,00) — R be a differentiable func-
tionon Iy, 8 € I and y < 8. If ' €L[y, 8] and |y'|" is a con-
vex function on [y, 8] for ¢> 1 and 1/p + 1/q =1, then

R
y+4 y+6 -y I(t+1)
(%) () s o e
2ig+1 31w (y) |2 '8 11"
(é) Iq (ZZ(T,M))”P[ Glv'm [*+]v' 0] )l :|
Hy'ml+3ly'®) )™
(12)
where
ZZ(T,m)=J;éﬁ(m+1,‘r—m)—éﬁw(m+1,‘r—m) Pdw,
(13)
m=0,1,2,--- and T € (m,m+ 1.

Proof. From Lemma 5 and using the Holder’s integral

inequality and the convexity of |y'|?, we have

I'(t+1)

‘é {w(y) +4y (Tg) + w(é)} - (;_;)F(T_m)
(5 (50 s T
{() )"
X KW’(Y K Ll+wdw+|y/ )| Jol_wa)Uq
+ (l v'(y) |q£1_7wdw+ 1v'(6) |q£ ! ;wdw> l/q] }

B Oy I(r+1) (1)2/q+1(22(1, m))VP

Bm+1,7—m) - %ﬁw(m+1,‘r—m)

“m! T(r-m)\2
. [ Cly'm["+v' @)™ ]
(lv'm[*+3lv'@) )™
(14)
This completes the proof. O

Remark 10. If we take T=m + 1, and after that if we take

7=1 in Theorem 9, we obtain the inequality Corollary 4
n [15].

Theorem 11. Let y :1c (0,00) — R be a differentiable
function on Iy, 8 € I and y < 8. If y'€L[y, 8] and |y'|" is
a convex function on [y, 8] for ¢ > 1, then

I'(t+1)

s (15) o] e
AR
W' ) 1+ Za(xm)| ' (@) |*

l (Z3 T, m } )l/q ‘|
HZymm)|y' () |+ Zs(xm)| ' (8) 1)

(15)
where
1 1 1
Z3(T,m)=J B(m+1,71-m)- =B, (m+1,7-m) ﬂtilu),
o3 2 2
1 1
Z4(T,m)—J —B(m+1,71-m)— =B, (m+1,7-m) —d
o3 2
(16)
and Z (1, m) is defined as in the Theorem 7 withm=0, 1,2, ---

and T € (m,m+1].



Proof. From Lemma 5 and using the power mean inequality,
we have that the following inequality holds:

v (137) o) - - ;> T

() ol S
{0
[Tk
(15

1 1-1/g
Bm+1,7-m)— —ﬁw(erl,T—m)‘dw)

2
— q /g
v/(lzwar—l 6)‘ dw)

(55 55%) ) )

(17)

B(m+1,7-m)~ %ﬁw(m+1,r—m) x

B(m+1,1—m)~ %[)’w(erl,r—m) X

By the convexity of |y’ |,

[
0l3

S{w'(y) 1qu.0‘%ﬁ(m+ Lt—-m)- %ﬁw(m+ 1,7-m)

q

dw

ﬁ(m+1,r—m)—%ﬁw(m+1,1_m)er<1;wV+ 1_2w6>

1+w

dw

’ ' 1 1-w
+]y'(8) ‘qugﬁ(m+l,r—m)— Eﬁw(m+1,r—m)‘wa,

I
.03

L 1 1-w
<|v'(y) |‘1J0‘§/3(m+1,1—m)— Eﬁw(erl,r—m)’wa

q
dt

! ik 1 I+w
+[y'(9) }qL’g,B(m+l,r—m)— Eﬁw(m+l,r—m)‘wa,

(18)

Using the last two inequalities, we obtain the inequality
(15). O

Remark 12. If we take T = m + 1, and after that if we take
=1 in Theorem 11, we obtain the inequality Theorem 8
in [15].

Theorem 13. Let y: 1 (0,00) — R be a differentiable
function on I',y,8 € I' and y <. If y'€L([y,d]) and |y'|*
is a convex function on [y, 8] for > 1 and 1/p + 1/q =1, then

s[rorean(13) rvo) - ey [ (1) <o (1)

Oy I+ (1) ”q(ZZ(r, m))"P
o]

2
a\ 19
() (v

(19)

where Z,(t, m) is defined as in Theorem 9 withm=0,1,2, ---
and T € (m,m+1].
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Proof. From Lemma 5 and using the Holder’s inequality, we
have

b (13 v B (13 (13

< % FF((:;)) { ( J % Pdw> "

B(m+1,7-m)— Eﬁw(mﬁ-l,r—m)

(20)

. ! .
Since |y'|" is convex, we have

1 _ q ! q ! q
J 1//,<1+wy 1 5) dwe YOI+ (r+o)
0 2 2
Jl w'(l_wy+1+w6) qdw_|1// (y+on2)|" + v ()| .
0 2 2 2
(21)
So, we complete the proof. O

Remark 14. If we take 7 =m + 1, and after that if we take 7
=1 in Theorem 13, we obtain the inequality Corollary 4
n [15].

4. Estimation Results

If the function ' is bounded, then we have the next result.

Theorem 15. Let y : [y, 8] — R be differentiable and con-
tinuous mapping on (y,8) and let y' € L[y, 8]. Assume that
there exist constants k < K such that 0o <k <y' <K < +00.
Then,

‘ é {w(y) +dy (g) + w(aﬂ - (621’;)1 FF((: rln )) [ Iy (¥> iy (y + 6” ‘
T(r+1)8-y

oo+ wrdos DY

~I'(t+1)I(t- -k)Z,(t,m),

Proof. From Lemma 5, we have that

sl (13) ] -G (') %WU*?}

I ([l (e 500 -2 e
o ] o e
(24)
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So,

‘ é [w(y) +ay <y2—8> + w(é)] -

a2 (5) ()

S—-yI(r+1 ! 1+w  l-w K+k
<[l (e 100) -

dw

(25)

Since y' satisfies —0o < k <y’ < K < +00, we have that

K+k , K+k K+k
k— <y - <K- , (26)
2 2 2
which implies that
K K-
’ Kk Kok (27)
2 2

Hence,

il (5 ve] g () < ()]

I(
L(t+1)I(t-m)d - y2m'(K+k)J1h( w) dw

)
< FfT_mﬁ‘i—?(K—k)jg\h(wﬂdws o =k, (),
(28)
where fé\h(w)|dw =Z,(r,m) and Z,(t,m) is defined as in
Lemma 5, which completes the proof. O

Remark 16. If we take T = m + 1, and after that if we take
=1 in Theorem 15, then we obtain

K+k

(- v>J h(w) dw

e[y (132) +vo)] - ﬁjﬁw(s) de -

> (K-K)-y).

<
72

(29)

Our next aim is an estimation-type result considering
the Simpson-like type conformable fractional integral

inequality when ' satisfies a Lipschitz condition.

Theorem 17. Let y : [y, 8] — R be differentiable and con-
tinuous mapping on (a,b) and let y' € L]a, b]. Assume that
v’ satisfies the Lipschitz condition for some L > 0. Then,

‘é [w(y)+4w<ﬂ) +u/(a>} - %;(:;1)) {111//(?;8) o w<y+8>:| ’

Ir(t+1)6-y y+48 (8—]})2F(T+1)
7F(T—Wl) m! ( 2 )Jo (w)dw=<L 2.m! I'(t-m)

Zs(t,m),

(30)

5
where
Zs(t,m) = J;|wh(w)|dw, (31)
and h(w) is defined as in Theorem 15.
Proof. From Lemma 5, we have that
oo (1) v D (5 ()
D el (1) ()
ey (5t 580) - (157) oo}
B (5 o
(32)
So
o (5) rvo] g () e ()]
T
T el (5 150 - (157 e
oo (1) (29 )
(33)

Since ' satisfies Lipschitz conditions for some L > 0, we
have that

(lvw  1-w i (y+0 1-w 14w y+6 §— y

— &) -y (=2 - han g §
w<2y+28> w<2>§L2y+26 3 [w],

(1-w l+wd)  (y+8 1-w l+w — y+68| _&-y
‘y/ (Ty+ T(S) v (T <L 3 S+ TV STL\wL
(34)

s (59w R (1) ()|
_ F(le)8;.}/W,<&)th(w)dwélq(6_})) I(r+1) J‘ wh(w)|dw

2 2.m! I'(T-m)

(35)

where fé|wh(w)|dw =Z(t,m). This ends the proof. O



Remark 18. If we take 7 =m + 1, and after that if we take
=1 in Theorem 17, we obtain

oy vere= @’ (152) [ rwaw

0

é [w(w +dy (%S) + w(t?)] -

2(8-y)
81

<L

(36)

with [;[1/3 - w/2|wdw = 4/81.

5. Applications

5.1. Special Means. For 0 <y <&, we consider the following
special means:

Theorem 19.

(i) The arithmetic mean: A(y,8) =y +3/2
(ii) The geometric mean: G(y, 8) = \/yd
(iii) The logarithmic mean: L(y,8)=6—-yp/Ind—1Iny,y
5#0

The logarithmic mean:

(@ —y*is+ 1)(y-08)) " sez\ {0, 1}
Next, using the main results obtained in Section 2, we give
some applications to special means of real numbers.

Li(y,96) =

Proposition 20. Let 0 <y < 3§, s € N. Then,

1 s QS 2 s s 5(6_Y) S— s—1
EA(y,8)+§A(y,8)—LS(y,8) < = s[y Iy s ]

(37)

Proof. The proof is obvious from Remark 8 when applied
y(e) =€ O

Remark 21. If we take s =1 in (37), we obtain the inequality
Corollary 7 in [15].

Proposition 22. Let 0 <y < §,s € N. Then,
1 S S 2 S S
A0+ 408 - Lin0)
S—y (2 +1 ey ta
FORELAY al— Z
+ (on) ()
{ (Gr )+ 3(s07)7) ™+ (37 + (7)) ”q] .

(38)

Proof. The proof is obvious from Remark 10 applied y(¢)
= SS' D
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Remark 23. If we take s =1 in (38), we obtain

+1 1p
A8 L= 01 (30p) - O

Proposition 24. Let 0<y <6, s€ N, and 0< q< 1. Then,
1 S S 2 N N
54089+ $40.0) - 50.9)
S—y 5\ 1\
<= _
2 <36> (648)
X { (61(r)"+ 29(365’1)q)”q + (290597 w61 (365*1)q>”q} :
(40)

Proof. The proof is obvious from Remark 12 applied ()
= SS. D

Remark 25. If we take s =1 in (40), we obtain the inequality
Corollary 7 in [15].

Proposition 26. Let 0 <y < ,s € N. Then,
40789+ 3400~ Li0)
S—y (24 1\ 1\
< — —
<2 (5v5) ()

oo 5 )) () ) o))

(41)
Remark 27. If we take s =1 in (41), we obtain
S—y (27 41\
Ay, 8) - Ly, 0| £ — | —— . 42
Ama Lol (3o0) - @

Proposition 28. Let 0 <y < §. Then,

1 2

SA(@ B+ ZG(a )~ L B

5
3 <(InB-In oc)%A(oc,[)’).

(43)

Proof. The proof is obvious from Remark 8, applied f(¢) =
e,e>0and a=e, B=¢°. d

6. Conclusion

In this paper, using a new identity of Simpson-like type for
conformable fractional integral, we obtained some new
Simpson type conformable fractional integral inequalities.
We also used inequalities such as the Holder inequality
and the power mean inequality to obtain these integral
inequalities. Furthermore, we examined some interesting
applications. So, this paper is a detailed examination of the
Simpson-like  type conformable fractional integral
inequalities.
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