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This paper is aimed at establishing some unique common fixed point theorems in complex-valued b-metric space under the
rational type contraction conditions for three self-mappings in which the one self-map is continuous. A continuous self-map is
commutable with the other two self-mappings. Our results are verified by some suitable examples. Ultimately, our results have
been utilized to prove the existing solution to the two Urysohn integral type equations. This application illustrates how
complex-valued b-metric space can be used in other types of integral operators.

1. Introduction

In 1922, Banach [1] proved a fixed point theorem (FP-
theorem), which is stated as the following: “a single-valued
contractive type mapping on a complete metric space has a
unique fixed point.” After the publication of the Banach FP-
theorem, many researchers have contributed their ideas to
the theory of FP. Chandok [2, 3], Jungck and Rhoades [4],
and Al-Shami and Abo-Tabl [5, 6] proved different contrac-
tive types of FPs and a-fixed soft point results in the context
of metric spaces.

Bakhtin [7] introduced the idea of b-metric space, while
Czerwik [8] proved some fixed point results for nonlinear
set-valued contractive type mappings in b-metric spaces.
Suzuki in [9] proved basic inequality and some FP-
theorems. Jain and Kaur [10] presented a new class of
functions to define new contractive maps and established
FP-results for these maps. They also extended some results
in the framework of b-metric-like spaces. They presented
examples and established the application of their main

results. They also presented some open problems. Petrusel
et al. [11] considered coupled FP-problems for single-
valued operators satisfying contraction in said space. They
discussed uniqueness, data dependence, and shadowing-
property of coupled FP-problem and also established an
application for main results. Ameer et al. [12], Boriceanu
[13, 14], Bota et al. [15], Czerwik et al. [16, 17], Hussain
and Shah [18], Karapinar et al. [19], and Samreen et al.
[20] established different contractive type FP and common
FP (CFP) results in the context of b-metric spaces.

In 2011, the concept of complex-valued metric space
was given by Azam et al. [21], and they proved some
CFP-theorems for self-mappings. The notion of said space
was proposed by Rouzkard and Imdad [22] which general-
izes the results of Azam et al. [21] and established some
CFP-results. Abbas et al. [23] presented some generalized
CFP-results by using cocyclic mappings in complex-
valued metric space. They provided examples to indicate
the authenticity of his expressions. Sarwar and Zada [24]
used the ideas of (E.A) and (CLR) properties and proved
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FP-results for six self-mappings. They showed the exis-
tence of their results by establishing some examples. Abbas
et al. [25], Nashine et al. [26], Mohanta and Maitra [27],
Sintunavarat and Kumam [28], and Verma and Pathak
[29] proved some results in the context of complex-
valued metric space.

In 2013, Rao et al. [30] introduced the notion of
complex-valued b-metric space. Mukheimer et al. [31]
established CFP-results on said space by extending and
generalizing the results of [30, 31]. In [32], Chantakun
et al. extend the work of Dubey et al. [33] by introducing
sufficient conditions to prove some CFP-results in
complex-valued b-metric space. Yadav et al. [34] used
compatible and weakly compatible maps to find CFP-
results. They proved the validity of the results by provid-
ing some examples and establishing an application. Berrah
et al. [35], Hasana [36], Mehmood et al. [37], and
Mukheimer [38] established some FP and CFP theorems
in complex-valued b-metric spaces.

In this paper, we provide some extended and effective
CFP-results for commuting three self-maps on complex-
valued b-metric spaces. To verify the validity of our work,
we present some illustrative examples in the main section.
Further, our results have been utilized to prove the existing
solution to the two Urysohn integral type equations. This
application is also illustrative of how complex-valued b
-metric space can be used in other integral type operators.
This paper is organized as follows: In Section 2, we present
the preliminary concepts. In Section 3, we establish some
extended and modified CFP-results for commuting self-
maps in complex-valued b-metric space under the general-
ized rational type conditions. We also provide authentic
examples to indicate the effectiveness of these results. In Sec-
tion 4, we present an application of the two UITEs to sup-
port our main work. Finally, in Section 5, we discuss the
conclusion.

2. Preliminaries

Let C be the set of all complex numbers and z;,z;; € C.
Define < as z; <z;, iff R,(z;) <R,(z;) and I,,(2;) <I,,(z;),
where R, denotes the real part and I,, denotes the imaginary
part of a complex number. Accordingly, z; < z;;, if any one of

the following conditions holds: l

(C)R,(z;) = R,(z;) and I,,(2;) =1,,,(2;;)
(Cy)R,(z;) <R,(z;) and I,,,(2;) =1,,(2;)
(C3)R,(2;) = R,(z;) and I, (z;) <1,,(z;)

(Cy)R,(2;) <R,(z;) and I,,(z;) <1,,(z;)
Know that z; < z;; if z; # z;; and one of (C,), (C;), and (C,)
is satisfied.

Remark 1 (see [31]). We can easily check the following:

(i) Ifa,a, e Rand g, <a, = a,y<a,y, ¥y e C
(i) 0<z; 52, = |z;] < |zl

1

(iii) z; <z; and z; < z;; = z; < z;
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Definition 2 (see [8]). Let Q2 be a nonempty set and b>1 a
given real number. A mapping J : Q x Q — [0,00) is called
a b-metric on Q if the following conditions are satisfied:

(b,,1)0(py> p,) =0 if and only if p, = p,

(0,,2)0(py5 py) = 0(pys py)

(b,,3)3(py1> p,) < B[0(py> p3) +3(p3> P25

for all p,, p,, p; € Q. Then, (©,0) is called a b-metric

space.

Definition 3 (see [30]). Let Q be a nonempty setand b>1a
given real number. A mapping d: Qx Q — C is called a
complex-valued b-metric on Q if the following conditions
are satisfied:

(Cb,,1)d(py» p,) =0 and d(p,, p,) =0 if and only if p,
=Pz

(Cb,2)0(py» py) = 0(py, py)

(Cb,,3)0(py» py) <b[3(pys p3) +0(pss p3))s

for all p,, p,, p; € Q. Then, (£, 0) is called a complex-
valued b-metric space.

Example 4. Let QO = R*. Define the mapping d : QxQ — C

by d(p,, p,) =717|p, - p,|* +i7117|p, — p,|*, for all p,, p,
€.

Then, (,0) is a complex-valued b-metric space with
b=2.

Definition 5 (see [30, 31]). Let (€2, J) be a complex-valued b
-metric space and {p,} a sequence in 2 and p € Q. Then,

(1) {p,} is said to converge to p if for every 0 < c* € C
there exists N* € N such that d(p,, p) <c*, Vn > N*.
We denote this by lim p, =p or {p,} — p as n

—> 0

(2) if for every 0 < c¢* € C there exists N* € N such that
(P, Prom) <c* for all n>N*, meN, then {p,} is
called a Cauchy sequence

(3) if every Cauchy sequence is convergent, then (£2, J)
is called a complete complex-valued b-metric space

Lemma 6 (see [30, 31]). Let (2,d) be a complex-valued b
-metric space and let {p,} be a sequence in Q. Then, {p,}
converges to p iff |0(p,, p)| — 0 as n — oco.

Lemma 7 (see [30, 31]). Let (Q,0) be a complex-valued b
-metric space and let {p,} be a sequence in Q. Then, {p,}
is a Cauchy sequence iff |0(p,, p,.,,,)| — 0 as n — oo.

Definition 8 (see [39]). Let (£2,d) be a complex-valued b
-metric space. The self-mappings f; and f, are said to be

commuting if f,f,p=f,f,p for all pe Q.
3. Main Result

In this section, we prove some CFP theorems in complex-
valued g-metric space under the generalized rational type
contraction conditions for three self-mappings in which
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one is continuous. We present some examples for the valida-
tion of our work.

Theorem 9. Let (Q, J) be a complete complex-valued b-metric
space and f,, f,, f : Q — Q be three self-maps satisfying

0(f1p1fop2) <%:10(fpp fP2)

‘K O(fppSaps) - 0(f P fiP1)
21/2( (fpifap2) +0(fpr fip1))

0(fppf1P1)s 0(f P2 f2P2)s

0(fppfiP1) - 0(f P2 fop>) (1)
1+0(fp;sfp,) )

*#; min o(fppfipPy) - 0(fpssfaps)
O(fppfops) +0(fpy fip))’

0(f P2 fap2) - 0(f P fiP1)
O(fpysfap2) +0(fparfipr)

forall p,, p, € Q, k;, k5, k5 € [0, 1) such that (k; +«,) < I and

b>1. If f is continuous and (f,f,), (f.f,) are commutable
pairs, then f, f,, and f, have a unique CFP in Q.

Proof. Fix p, € Q, and define a sequence {p,} sequences in
Q such that

Lo =fPanir = F1Pow>

Iyt = fPansa = FoPonin> ()

Vn=>0.
O

Now, by using (1),

(Lo Tane1) = 0(f1P2 f2P2ns1) S K10(f Pos f Paar)
, (S Paw f2Pane1) * Of Paner> S1P2n)
12(0(f pas f2Pans1) + 0(f Pansr> F1P2n))
O(f P J1P20)> Of Pansr> S2P2min)>

O(f o J1P2n)  O(f Pasr> f2P2n+1)
L+0(f P S Pans1)

TR 5(fp s f1P2) O Pos FoPone)
O(f P> f2Pans1) + O(f Ponst> f1P2n)

O(f Pans1> oPons1) * Of Pans1o f1P2n)

O(f Paw f2Pansr) + 0(f Pansr> 1P2n)
6(1—‘27171’ F2n+l) i a(rln’FZn)

=105, 1, T,) + K

1001 Ton) 21/2(5(F2n—1’r2n+1)+a(r2n’T2n))

5(F2n71’ FZn)’ 5(F2n’F2n+l)’

a(r2n—1’ FZn) ) 5(F2n’ F2n+1)
1+ 0(Iy 1 Tyy)

6(112"71’ FZn) | 6(F2n71’ F2n+l)
0Lyt Topir) +0(Lay I'yy)

(FZn F2n+1) a(FZn FZn)
6(F2n 1>F2n+1) + (F2n’F2n)

+ K3 min

This implies that

10 35 Lopan)| < 81[0(130-1> 1)
‘5(F2n—1>r2n+1)‘ ) |5(F2n’r )|

12(|0(L pp-15 Dapir)| + 10(La> Ta))

|0(L 015 T | [0(L 30 Ty )

10215 L) - 102> D)
’ (4)
‘1 + a(FZn—l’FZn”

+ K,

T K3 MU [O(L g1 L) | - 10T a5 Do)

10(L 31> Lot )|+ [0(Lays T )|

19(L 5> L) | - [0(Ta> I'3)|
|5(F2n—1’F2n+1)|+|5(F2n>F2n)|

After simplification, we get that

‘5(F2n’F2n+1)|SK1|5(F2n—1’F2n)|' (5)
Again, by using (1) and (2),

(L1 Ton) = 0(f2P21s f1P20) = O(f1P2> f2P2nr) S €10(f Posis fP2nr)
0(f Paw S2Pan-1) “ Of Pan-1> S 1P2n)
212(0(f Pos foPont) + 0(f Pan1s F1P2n))
O(f Paws S1P21)s O(f Pap-1> f2P2n-1)»

O(fPaw f1P2n) - 0(f Panrs f2Poue 1)
L+0(f Py fPon-1)

*#; min 0(fPaws f1P20) “ O(f Paws f2P2u1)
O(f Py oPanr) + 0 Payers FiP2)

O(fPan-1>S2P2u-1) “ O Pan-1o S 1Pan)
0(fPaw f2Panr) + 0(f Prers F1P2n)
(L1 Tone1) - 0L 32 Ton)
=,0(Ly1> Iopsy) + K " " noe o on
100201 Tan2) 21/2(5(T2n1 Toue1) +0(Tap2s Tan)
5(F2n—l’ FZn)’ 5(F2n—2 FZn—l)

a(Fanb FZn) i 5(1"2"72, F2n71)
L+0(Iy 1 Tona)

H Ky MU0 §(Ty, 15 Ta,) 0Tt Dont)

O(Lau1> Tat) + 0(Taps To)

5(F2n—2’ FZVI—[) ( 2n-2> Zn)
0(Lope1> Tone1) + 0(Tyy25 Tay)

This implies that

|0(L 15 Ton)| < %1|0(Tg15 Ta5)|
+ K |a( 2n-1> 2n l)‘ |5( 2n— 2’F2n)|
2
1/2(|5(r2n—1> FZn—I)l + |5(F2n—2> FZn)l)

|5(F2n71’ F2n)" ‘6(F2n72’[‘2n—1)|’
|5(I‘2n71’ an)‘ ) |5(I‘2n72’ F2n71)| (7)

|1+ 0(yy 15 Taps)
|5(F2n—1> FZn)‘ ) |5(F2n—l> FZn—1)|
10T 315 Lona) |+ 10(T g 25 )|
|5(F2n72’ F2n71)| ) |5(F2n72’ F2n)|
10(L 2015 Ton 1)+ (0I5 )|

+ k3 min




After simplification, we get that

10(L 31> Do) | £ %1[0(I 325 Ty ) |- (8)

Now, from (8) and (5) and by induction, we have that

10(L 2> Lo )| S 51[0(Lyo1> Ty |

<10 apo Dapr)| < -+ < &7"|0(Lg Iy )
©)
So, for m, n € N with m > n,
|5(Fn’rm)|sb|5( n+1)|+b|5( n+1> )|<b|6(r Fn+1)|
+b2|5( wet> D) [0 (0L oy, Ty
<bK’11|5(F0’F)|+bZ ”“|5(r0,r)|
+b" AT, Ty )|
[bxl+b2 Tt (0L, T)|
= [bi} + b b (O(Tg, T
= b1+ by + b b Y]
m—(n+1)
|3(Ty, Ty)| = bic? Z AL
<bx] Y b'|3(Lp, Iy)|
=0
b
=" |5(T0,F)|—>0 asn — 00.
(10)

Therefore, the sequence {I', } is Cauchy. Since Q is com-
plete, there exists s € Q such that I', — s, as n — 00, or

lim I', =s, and from (2), we have
n—~oo

lim =s
n_)oofpzwrl >

nlﬂ?ooflpznzs’ (11)

lim =s
n—»oof 2P2ni1

As f is continuous, so

nlinoof(fplnﬂ) =fs,
nhl»noof(fIPZn) :fS, (12)
,,h_{noof(fzpznﬂ) =fs.

Since, (f, f,) and (f, f,) are commutable pairs, therefore,
from (12), we have that

lim f,(fp,,) = fs,

n—~oo

13
nlinoofz(fpznn) =fs. (13)
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Now, we have to show that fs =, so by putting p, = fp,,
and p, = p,,,, in (1),

O(f1(f Pan)s JoPans1) S 810(f (f Pan)s S Ponsr)
rx O(f (fPan)> F2Panir) - O(f Pansr> J1 (F P2n))
? 12(0(f (fPan)s F2Pani1) + O(f Pansrs F1(F P2n)))
O(f (fPan)> J1(FP2n))» O(f Pans1> f2Ponsn)>

O(f (fPan)s J1(f Pan)) - 5(fpzn+1>f2P2n+1)
L+ 0(f(fPan)> S Pans1)

O(f (fPan)> J1(F P2n) - O(f (f Pan)> FoPoni1)
O(f (fPan)» oPons1) + O Pansrs 1 (f P2n)) ’

O(f Pans1> S2Pons1) O Pansrr J1(f P2n))
O(f (fPan)s F2Ponsr) + O(f Papsrs 1 (f P2n))

+ k3 min

(14)
This implies that

[0(f1(fPan)s FoPonsi)| < K1 10(f (f P2 ) f P2ni1)|
rx 10U/ (f Pan)> S2Pans)| - 100 Pansrs L P2n))]
E 12(10(f (f Pan)s F2Pons )| + 10(f Poirs 1 (F P2n)))
10(f (f Pan)s J1(F P21 [0(f Pasrs foPanar) >

[0(f (f P2n)s J1(f P2u))|  10(f Pas1> f2P2ns1)]
1L+ 0(f(fP2n)> S Pansn)] ’

0(f (f Pan)s JL(F P2u))| - 1OCf (f Pan)> S2Pons1)
10(f (fPon)s foPansi)| + 10(f P> 1 (F P2

10(f Pans1> J2Pans )| 10(f Pansrs J1 (f P2n))
10 (f P2n)> J2P2nei)| +10(f Paysrs 1 (F P2n))

+ K3 min

(15)

Taking lim and using (11), (12), and (13), we get that
n—:~mo

< S\ <k < 4k [0(fs )| - 9(s, f5)]
Ot )l <m s O+, 35 57 ST+ 1305, £9)]

0(fs, fs)], [0(s,5)]
0(fs, fs)| - [9(s: 5)|

[1+0(fs,s)] (16)
0(fs.fs)| - [0(fs, s)]|
0(fs, s)[ +0(s: fs)|”

10(s,s) | -1 9(s, fs) |
[0(fs, s)|+|0(s, fs) |

+ k3 min

After simplification, we get that

0(fs:$)] < (k1 +%2)[0(f5,5)| = (1 = k1 = %,)[0(f s, 5)[ <O.



Journal of Function Spaces

Since (1 —k; — x,) #0 = |3(fs, s) | =0, hence, we get that

fs=s. (18)

Next, we have to show that f;s =, by the view of (1),

0(f15 f Pansa) = 0(1S foPoni1) < K10(fS: fPani1)
i 0(fS: f2P2n41) “ OUf Pas1s S19)
212(0(f5, foPanr) + 0(f Panars /1))

0(f$: £15), 0(f Pans1> f2Pansr )s

0(fs, £15) - 0(f Pas1> F2Pons1)
1+ a(fs’fP2n+l) ’

0(fs f15) - 0(fS: f2Pans1)
O(fS foPansr) + O(f Poi1s f15)

0(f Pansi> f2Pans1) - OUf Pansro 1)
0(f$ f2Pane1) + O(f Pansr> J19)

+ K3 min

(19)

This implies that

1018 F Pans2) | S K1 [0(fS f Prar )|
x 10(/$: f2P2e1) | 10(f Pans1> f19)]
212(10(f5 foPane)| + 100 Powir F15)])
10f$: f19)]> [0(f Pas1s f2Poner )]s

10(fs: f15)] - [0(f Pansr> f2P2n+1)|
[L+0(f5 fPynsr)]

[0/, /15[ - 10(fS: f2Ps1)|
10(f5 faPanet) | + 100 Ponirs fr5)]

10(f Pans1> J2Pons )|+ 100 Pansrs 1)
|0(f$ f2P2n41) | +10(f Pops1> 19

+ k3 min

(20)

Now, again applying lim on both sides and by using (11)
and (18), we have that
|0(s,5)| - [9(s: £19)]
0(f,8,8)| < x,]0(s,8)| + &
‘ (fl )| 1| ( )‘ 21/2(|5(5,S)|+|5<S,f15>|)
19(s, f15)110(s: 5),
|0(s, f15) |- 19(s5) |
|1+5( s) | (21)
19(s, f15) |-19(s,9) |
|3(s, s)|+]0(s, f1s |’

19(s,) [-19(s./15) |
10(s, ) [+13(s, f,5) |

+ k3 min

This implies that |d(f;s, s) | <0. Hence,

fis=s. (22)

Now, we have to show that f,s =, by using (1),

0(f Pans1>f25) = 0(f1Pa 125) < 10(f pyyo f5)
i O(fPaw f25) - 0(f: f1P2n)
212(0(f o fo5) + 0(f5 f1P24))
O(f Paws f1P24)> O(f$: 129);

0(f Pawr J1P24) 0S5 1)
1+0(fpymfs)

0(f Paw> J1P20) O Pos 125)
0(f pans 125) + 0(f5 f1P) ’

0(fs. f,5) - 0(fs, f1P2)
O(f Panr 125) + 0(f5 f1P3)

+ k3 min

(23)
This implies that
10(f Pansrs [25) < #1[0(f P2y f5))
100f Paws J25)| - [0U5: 1P )|

T2 120 Py fo5)] + 1005 FiPan)])
13(f o f1 o)+ [OCf 5 o) -

|0(f Pa f1P20)| - 10(f5: 1))
[1+3(fpanfs)l

10(f Paw> J1P2)| - 10(f o 125)]
10(f Pas S23) + 10(f5 frp2a)]

[0(f: f25)| - [0(f$ f1P2)]
|0(f Pa £35)| +10(f5: f1P20)]

Taking lim and using (11) and (18), we get

(24)

+ k3 min

|9(s, f35)[ - 19(s, 5)]|
3(s, f,8)] < x,|0(s, 8)| + %,
|0(s f)] < #1|0(s, )| + 172(|0(s, f,5)| + 0(s, s)|)

|0(s, )1 [0(s: £25)

|0(s,5)| - [0(s, f53)
[1+0(s,5)] (25)

19(s: ) - [9(s: f5)]
|0(s fo5)] +10(s )"

10(s, f35) | -10(s,9) |
[0(s, f,5)|+10(s, 5) |

This implies that |3(s, f,s) | <0. Hence,
frs=s. (26)

Thus, from (18), (22), and (26), we find that s is a CFP of
f>fi-and f,, ie,

+ k3 min

fs=fis=frs=s. (27)



Uniqueness: suppose that s* € 2 is another CFP of f, f,,
and f, such that

fs=fis=fs=s
f5' = fis' = fos' =5

Then, from (1), we have that

(28)

= N <1 3(Fs. Fs*) + 1 O(fs, fo57) - O(fs", f15)
5(5,5 )_5(f15)f2$ )7 15(f ’f )+ 21/2(5(f53f25*)+5(f5*»f15))

0(fs, f15),0(fs"> fo5%)s
a(fs.f15) - O(fs". fo5")
1+0(fs, fs*)
A(fs: f15) - 0(fs: f87)
O(fs f,5%) +0(fs*. f5)°
a(fs" fos") - a(fs", f1s)
a(fs: f5*) + 0(fs*: f1$)

+ K3 min = (K, +1,)0(s,s™).

(29)

This implies that |d(s,s*) | <(x; + #,)|0(s,s*)| = (1 - x4
—%,)|0(s,s*)| <0. Since (1-x,—%,)#0=13(s,s*)| =0
= s=s". Hence, prove that f, f,, and f, have a unique CFP
in Q.

If we put ;=0 in Theorem 9, we get the following
corollary.

Corollary 10. Let (O, d) be a complete complex-valued b-metric
space and f, f,, f : Q — Q be three self-maps satisfying

0(f1p1> f2p2) <%,10(fpys fp2)
« 0(fpptfaps) - 0(fprfiP1)
g 12(0(fpp fop5) + 0(fpo f1p1))
(30)

forallp,, p, €, k;,k, €0, 1) such that (x; + k,) < I and
b>1. If f is continuous and (f,f,), (f.f,) are commutable
pairs, then f, f,, and f, have a unique CFP in Q.

If we put x, =0 in Theorem 9, we can get the following
corollary.

Corollary 11. Let (Q, d) be a complete complex-valued b-metric
space and f,, f,, f : Q — Q be three self-maps satisfying:

O(f1p1>f2p2) < %10(f Py fps)
O(fppf1P1)s 0(f P2 f2P2)s

0(fpyfipy) - 0(fpr fops)
1+0(fpysfps) ’

o(fppfip1) - 0(fpisfap2)
O(fpyfaps) +0(fpafipy) )

0(fpsfops) - O0(f P fiP1)
O(fpyf2p2) +0(fPos f1P1)

(31)

+ 3 min

Journal of Function Spaces

forallp,,p,€Q, «;,1;€(0,1) and b> 1. If f is continuous
and (f, f,), (f, f,) are commutable pairs, then f, f,, and f, have
a unique CFP in Q.

Theorem 12. Let (Q, d) be a complete complex-valued b-metric
space and f,, f,, f : Q — Q be three self-maps satisfying

0(fpitaps) - 0(f P2 fiP1)
R R A I PR S R I P )

0(fppfip1)» 0(fPa f2P2)s

o(fppfip) - 0(fPa f2P2)
1+0(fppfp,) )

o(fppfipy) - 0(fpptaps)
O(fppfops) +0(fPnfip))’

0(fPrLops)  0(fPrfiP1)
0(fpyfaps) +0(fprfipy)

+ K3 max

(32)

forall p,,p, €O, k;,k,, 15 € [0, 1) such that (k, +x,) < 1, (k,
+x;) <1and b> 1. If f is continuous and (f, f,), (f.f,) are
commutable pairs, then f, f,, and f, have a unique CFP in Q.

Proof. Fix p, € ©, and define a sequence {p,} sequences in
Q such that

Iy = fPonir =f1P2w

Iopit =fPansa = F2Ponsr> (33)

Vn=0.
O

Now, by using (32),

0Ly Toner) = 0(f1P2w foPonsr) < K10(f Poys S P2s1)
+i O(fPaw J2Pans1) " O Pasr> S1P2n)
12(0(f o f2Paner) + O(f Panet> 1P24))
O(f Paws f1P20)» O(f Pans1> f2Ponsn)»

O(f o f1P2n) * Of Pans1> Pons1)
L+0(f Py f Pans1) '

0(f Paw J1P2n) - O(f Pa> f2P20s1)
O(fPaw foPonsr) + O(f Pansrs f1Pan)

0(f Pans1>S2P2ns1) - Of Pansro S1P2n)
O(f Paws f2Pans1) + OUf Pasrs f1P2n)

=K 5(1—~ T )+K 6(F2n—1’F2n+1)'6(F2n’F2n)
T TR 2T o> Do) + (T Ta))

5([‘2;171’ FZn)’ 5(F2n’ F2n+l)’

a(FZn—l’ an) ) 5(F2,,, F2n+l)
1+0(Iy-151oy)

+ %3 max

K MAX § 51, ) - 3Tyt Taper)

0Tyt Tot) +0(Taps Tp)

5(F2n’ F2n+1) ) 5(F2n’ FZn)
5([‘27171’ F2n+1) + 5(F2n’ F2n)
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This implies that,

0L 20 T | S %1 |0(Lp15 T
10301 Do) - [0 Ty )|
2 172(10(T 31 Lo )| + 13(To o))
|5( 2n-1> 2n)"|5(r2n’r2n+1)|’

‘5(F2n—1>F2n)| i |5(F2n’ F2n+1)|
|1 + 5(F2n—1’ F2n)|

|5(F2n—1’ 2n)| |5( 2n— 1’F2n+1>|

10(L 2015 Do) +10(L 20 T
|5(F2n’r2n+l)‘ : |5(F2n’F2n)|

|5(F2n—1’ F2n+1)| + ‘5(F2n’r2n)|

| i)

+ %3 max

After simplification, we get that

|5(F2n, F2n+1)| < Ky |5(r2n—1’ F2n)‘

(36)
+ k3 max {|6(r2n—1’ F2n)|’|5(F2n’ F2n+1) | }

Now, there are two possibilities:

(i) If 8(I,,_;,T,,) is a maximum term in {|d(T, ;,
T )0(T sy, Tyyiq) |}, then after simplification, (36)
can be written as

10(La> ot )| £ 9110(Ly0m15 Ty )|, Where gy = 1) + 15 < 1
(37)

(ii) If d(Ty,, Iy,y,) is @ maximum term in {J(I, ;,
I )0(Ty,, Tyyiy) |}, then after  simplification,
(36) can be written as

10(La Tonar )| £ 9210(Ty-15 Ty )|s where g, = <1

(38)

Let g:=max {g,, g,} < 1, then from (37) and (38), for all
n >0, we have

10(L 2> Lot )| £ 910(L 50215 Lo (39)
Similarly,
10(L3-15 Tan) | £ 910(Lapzs Tanet)]- (40)

Now, from (40) and (39) and by induction, we have that

|5(F2n’r2n+l)‘ | ( 2n— 1’F2n)| <g2|5(r2n—2>F2n—1)|
<< gL, )|
(41)

Now, for m, n € N with m > n,

[O(L s L) S bJO(L s Ty )| + B[O 115 Iy )| S 6JO(T Ty
+0*O(L s L) [+ 46" " |0(L 1o T)|
<bg"3(T, T))| + b2 g™ 3(T, Ty)|+---+b" " g™ |3(T g, T)|
< [bg" + b g™+ 40" " g1 |B(T, T )|
=[bg" + b g™ 440" " g™ ] |0(T g, Iy)|
=bg" [1 +bg+b2gh e b0 gm-<”+1>] 6(Ly T))|

m—(n+1) o)
=bg" ) b'gd(TT))|<bg" ) b'g'|d(I )
t=0 t=0
_ bg"
T 1-byg

|0(FgsT)| — 0, asn— oo.

(42)

Therefore, sequence {I',} is Cauchy. Since Q is complete,
there exists s € Q such that I', — s, as n — 00, or lim

n—=~oo

I', =s, and from (33), we have

lim =s
n_}()OprrHl >

n1£>noofl P2y =5 (43)
nlijloofzpznﬂ =S

As f is continuous, so

nllnoof(fpznﬂ) =fs,
im f(f,p,,) =fs (44)

n—aoo

n@mf(f2p2n+l) =f5.

Since, (f, f,) and (f, f,) are commutable pairs, therefore,
from (44), we have that

lim f,(fp,,) =fs,

n—a~oo

45
nhl)noofz (fPani1) =S (45)

Now, we have to show that fs =, so by putting p, = fp,,

and p, = p,,,;, in (32):
0(f1(fP2n)> f2Pans1) S ®10(f (fP2n)s S Pansr)
i O (fPan)> oPans1) “ O Pansrs J1 (S Pan)
: 112(0(f(f Pan)> F2Pons1) + O(f Pansrs L (FP2)))
O(f (fP2n)s [1(fP2n))> O(f Pasrs foPansr )»
O(f (fP2n)s [1(fP2n)) - Of Pans1> f2Pons1)
L+ 0(f(fPan)s f Pansr) '
1 max O (fP2n)r J1(P2n)) - OUf (f P2n)s f2P2ns1)

O(f(fPan)s FPrner) + 0(f Pansrs i (fP2))

O(f Pans12f2Pons1) - O Poniis /L (fP2n))
O(f(fP2n)s foPaner) + O(f Paners 1 (f P2n))

(46)



This implies that

10U 1 (fPan)s f2Pons)| S K1|O(f (f Pan) F Pans1)
10(f (f Pan)> S2Pans )| - 10U Pansr> J1 (S P2n))]
? 12(10(f (f Pan)> foPons )|+ 10(f Pasrs F1 (f P2u))])
10(f (fPan)s F1(f P2u))Is 10(f Panst> F2Paner) >

10(f (f P2n)s [1 (f P2 )| - 19(S Pasr> P2
[L+0(f (fPan)s S Pans1)] '

10(f (f Pan)s J1(F o)) | [0(f (f Pan)s SoPons )| (-
10(f (fPan)> oPani)| + 10(f Pairs fr (FP2))|
)l

10(f Pansi> oPans)| [0S Pansr> J1 (f P2n)
[0(f (f Pan)s F2Pons )| + |0(f Pansrs f1 (fP2n))]

+ K3 max

(47)

Taking lim and using (43), (44), and (45), we get that

975, 5) - 1305, 9)|
U=l I S T otz T+ (s T
0075, £9)1-1906.9)
. [0(fs fs)], [9(s: 5)], T+ (fss)]
) sl pUs 9l 190 91190 59)
0075 91+ 9051 10U 3)] + 0 9)]

(48)

After simplification, we get that

|0(fs5)| < (k1 +%2)[0(fs,8)[ = (1 = &y = K3)[0(fs, 5)[ < 0.
(49)

Since (1-%; —k,)#0=13(fs,s) | =0; hence, we get
that

fs=s. (50)

Next, we have to show that f;s =s, by the view of (32),

0(f15 f Pansz) = 0(f15 foPansr) S %10(fS f Papsr)
x 0(f$ foPani1) * O(f Pans1r J19)
212(3(fs, foPannr) + 0(f Panars F15))
0(f$:£15)> 0(f Pansr> F2Pons1 )»
0(f$:/15)  0(f Pans1> foPons1)
L+0(fs, fPyna1)

O(fs. f15) - 0(f$: fPan41)
O(fS foPons1) + O(f Papsr> 15)

0(f Paner> J2P2ns1) * O(f Pansr> J19)
0(f$ oPans1) + O(f Pansrr f19)

+ K3 max

(51)
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This implies that

10(f15 f Pans2)| S €110(F S £ Prin)|

100/ f2P2ne)| * 19U Pansr> /1)
212(|0(f5, foPrei)| + 10 Paars f15)])

10(f$ £15)|> [0(f Pans1> f2Pansn) >

10(f$ f15)| - 10(f Pans1> f2Porni1)|
[L+0(f$ fPans1)]

[0/, £15)] - 10(fS f2P2s1)]
10(f5, oo |+ 10(f Pars i)

10(f Pans1> J2P2ne)| - 10U Pansrs /1)
10(f$: f2Panei)| + 10(f Pas1s f19)]

+ K3 max

(52)

Now, again applying lim on both sides and by using
(43) and (50), we have that

359 9.f)
|5(f15, s)| < K1|5(S, S)| + K, 1/2(|5(S, 5)| + |5($,f15)|)
065, 5)) 359l
o

[1+3(s,s

K3 MaX § 1505, £5)] - |9(s,8)| (T 310(s, £5)]-
[0(s,5)] +[3(s fri9)]”

[9(s,5)[ - 9(s: f15)|
|0(s, $)[ +[9(s: f15)]

(53)
This implies that (1 -x;)|d(f;s,s)|<0. Since (1-x;)
#0=|d(f,s s) | =0. Hence,

fis=s. (54)

Now, we have to show that f,s =, by using (32),

0(f Pans1of25) = 0(f1P2ns £25) < .10(f Poys S 9)
O(f o f25) - O(fS: f1P2n)
21/2(0(f Py f25) + 0(fs, f120))
O(f Pans J1P2n)> O(f'5 f5)s

6(fP2n’f1P2n) ) 5(fs’f25)
L+3(fpyfs)

O(f Paw J1P2n) - O(f Por 159)
O(f Paws f25) + 0(f5: f1P2) )

0(fs: f38) - 0(f: f1P2n)
O(f Paus f25) + 0(f$: f1P2n)

+ K3 max

(55)
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This implies that

. ] 10U o 129 10U £,
0 Par )| < 010 o S5 g 2 S

10 P f1P20)1> 10(f5. £35)]»

|9(f Pawr f1P2a) - 10(f5 £59)]
[1+0(fpap f9)] ’

[0Cf o> S1P20)] - [0(f Pas F25)]
|0(f po> f25)] + [0(fs: fip2a)|

|0(fs f25)| - 19U/ f1Pan)|
|0(f Pans 25+ 10(f5: f120)]

+ K3 max

(56)
Taking lim and using (43) and (50), we get
005, £,5) - 1365, 9)
1005 L)1 541005+ X T 50, )T+ 106, 1)
18(5,5)1 1305 55
19(5,5)| 1305 £
+3(s9] (57)

+ K3 max |5(S,S)|~‘5(S,f25)‘ :K3|6(5>f23)‘.

18(s, fo5)] +19(s: 5)|”
|9(s.f35)] - [9(s: 5)]|
|0(s: f35)] +10(s9)]

This implies that (1 —x;) | (s, f,s) | <0. Since (1 — &;) #
0=13(s, f,5) | =0. Hence,

fs=s.

Thus, from (50), (54), and (58), we find that s is a CFP of
f>f>and f, e,

(58)

fs=fis=fs=s.

Uniqueness: suppose that s* € ( is another CFP of f, f|,
and f, such that

(59)

fs=fis=fs=s
fs' = fis =" = 5"

Then, from (32), we have that

(60)

0(67) =(f ") S m(f 1) iy r LR

(s, £15), 0(fs"> fo5")s

0(fs f15) - 0(fs". f,5")
1+0(fs, fs*)

0(fs f15) - 0(fs f5")
o(fs fr5*) + 0(fs" f5)

o(fs", fos") - 0(fs™, f15)
O(fs: f5*) + 0(fs*. f15)
= (K, +1,)0(s, s7).

+ K3 Max

This implies that |3(s, s*) | <(x; + #,)|d(s, s*)| = (1 - x,
- %,)|0(s,s%)| <0. Since (1-%,—%,)#0=13d(s,s*)| =0
= s=s", hence proving that f,f,, and f, have a unique
CFP in Q.

If we put k, =0 in Theorem 12, we can get the following
corollary.

Corollary 13. Let (Q,0) be a complete complex-valued b
-metric space and f,, f,, f : Q — Q be three self-maps satis-
fing

0(f1ppfops2) <%:0(fpp fPs)
o(fppfiP1), 0(f P2 fop2)s

0(fppfiPy) - 0(fpr fops)
1+0(fppfp)

o(fppfip1) - 0(fP1sfaP2)
0(fppfaps) +0(fprfipr) ’

o(fpifipPy) - 0(fpysfops)
0(fppfaps) +0(fpafip))

(62)
+ K3 max

forall p,, p, € Q, Ky, Ky, k5 € [0, 1) such that (k; + «,) < 1, (k;
+x;) <1 and x;/(1—x;) <1, where b> 1. If f is continuous
and (f, f,), (f.f,) are commutable pairs, then f,f,, and f,

have a unique common fixed point in Q.

Corollary 14. Let (Q,0) be a complete complex-valued b
-metric space and f,, f,, f : Q — Q be three self-maps satis-

fing

0(f1ppfop2) <%:0(fppfPs)
o(fppfiP1)> 0(f P2 fop2)s

0(fpifiPy) - 0(fprfops)
1+0(fppfp)

o(fppfip1) - 0(fp1sfaP2)
0(fpp>faps) +0(fpafipr) ’

0(f P2 fop2) - O(f P fiP1)
0(fppfaps) +0(fpafip))

(63)
+ K3 max

for all p,,p,€Q, K,k k3 €[0,1) such that (k; +x,) <1,
(k; +x3) <1 and x,/(1 - x3) < 1, where b > 1. If f is continu-
ous and (f, f,), (f,f,) are commutable pairs, then f, f,, and
£, have a unique common fixed point in Q.

Example 15. Let (), J) be a complex-valued b -metric space,
where Q=1[0,1] and J: QxQ— C with d(p,,p,) =4

lp, = p, 19 +i(4]p, — p,|*/9), for all p,,p, € Q. Now, we
find b,



10
dp =pol*  Alp =pol’ _4lle = py) + (ps = o)
apy>py) = 9 R s 9
+ i4|(P1 —p3)*(ps _Pz)‘z
9

dp—p  Alps-pof 4
< (Hoespl 2ol L i ps- )

ti 4lp, ’P3|2 " 4|P3’Pz|
9 9

4
+ 5o =pilles=pa))

< (He=psl  Aps=pal® | Alpi—psl |, 4lps -l
9 9 9 9

<4|P1 psl*  4lps -

pol* , Alp—psl® 4l —pz\2>
9 9 9

2<4|P1 J°, 4P - Pz\)+2i<4|/>1;93|2 +4|P3;P2|2)

-2 4|Pl Pa i4‘P1 93‘2 +4‘P3’Pz‘2 +i4‘P3’Pz‘2
9 9 9

=2[0(p,> P3)+5(P3 Pl

(64)

That is d(p;, p,) < b[d(py> p3) + 3(p3, py)], where b=2.
Now, define f, f,, f : Q — Q as

—fp =P
hpi=hHpe = 20

p
fp, = Zl forp, € Q.

Notice that

10(fp1sfop2) [-10(fpas fipy) |
12(10(f p1> f292)1+10(f s f191) | )

10(fp1> f1P1)1> 19(f Pas 2P2)5

10(f P> fiP1)] - 10(f P f2p2)] :
L+ 0(fpi-fp,)l

max q [0(fpys fi1p1)| - 19(fp1> foP2) )

10(fp1> f2p2)| +10(f P> f1P1)]

10(f Py f2P5) 1-19(f P> f1pP1) |

10(fp1> f2p)1H10(f o f1P1) |

10(fp1>fpo)l:

\Y
e

(66)
In all regards, it is enough to show that d(f, p,, f,p,) <

k,0(fpy> fp,), forall p;, p, €[0,1] and «;, k,, k5 € [0, 1), such
that (x; + x,) <1 and (x; + ;) < 1, where b > 1, we have

o(f1p1>fopy) =

<4|f1P1 ~heal | Alfiey —fzpzf)
9 9

9

4|P1/4 P4 4|Pl/4_P2/4|2
9
9

_ 4|Pl/4 P2/4‘ 4|P1/4_P2/4|2
25 9 9 ’

(4|3p1/20 3py/20°  4[3p,/20 - 3p2/20|2>

(67)

Journal of Function Spaces

Alfp —fel* . Alfe ol
5(fpl’fp2):<| 19 2| +1 ‘ 19 2|
68
_ <4|P1/4—Pz/4|2 . 1-4P1/4_P2/4|2)
- 9 9 '
For p,, p, €[0,1], we discuss different cases with x, =
2/5,%, =1/5, k3 = 1/10, and b =2. Hence,
2 1 3
K1+K2=§+§=§<1,
(69)
2 1 1
Ki+Kky3=—-+—==-<1
5 10 2

Case 1. Let p, =0, p, =0, then from (67) and (68), directly,

we get that d(f,p;.fop,) <x,0(fpyfp,). Hence, (32) is
satisfied with x; =2/5,k, =1/5,x; =1/10, and b=2.

Case 2. Let p; =1, p, =0, then from (67) and (68), we find
O(f1p1> fop,) <x,0(fpys fp,), satisfied with x, =2/5, ie.,

9 <4|1/4 - 0/4/? LA 0/4|2>
25

9 9
4|1/4-0/4  4|1/4-0/4]
<K +i
9 9
<0.0110(1 +1).

(70)

)0.0099(1 + 1)

Thus, (32) is true for «,
b=2.

=2/5,%, = 1/5,k; = 1/10, and

Case 3. Let p, =1/2, p, = 1/4; then, from (67) and (68), we
find 9(f,p,» fop,) <%, 0(fp,> fp,) is satisfied with x, = 2/5,

ie.,

25 9 9
4[1/8 - 1/16|2>
+1 9

9 <4|1/8 - 1/16 L A8 - 1/16|2>

0.00061(1 + i)

<41/8 - 1/16*
<K

9
<0.00068(1 +1).

(71)

Thus, (32) is true for x, =2/5,«, =1/5,k; =1/10, and
b=2.

Case 4. Let p; = 1/2, p, = 1; then, from (67) and (68), we find
(f1p1> Fop,) <x.0(fpys fp,) is satisfied with x; =2/5, ie.,

9 (4|1/8 - 1/4 L As - 1/4)?
25 9 S

4|11/8 — 1/4>  4]1/8 — 1/4)? 72
<K | | +i | | 0.0024(1 + ) (72)
! 9 9

<0.0027(1 + ).

Hence, (32) is satisfied with «; =2/5, k, = 1/5, x; = 1/10,
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and b =2. The pairs of self-mappings (f, f;) and (f, f,) are
commutable; that is,

AP =F(fi(py) = pl
(73)

AU (e)) =fF(p)) = g,vm cQ.

Thus, all the conditions of Theorem 12 are satisfied with
noticing that the point 0 € Q, which remains fixed under
mappings f, f;, and f,, is indeed unique.

Theorem 16. Let (Q, J) be a complete complex-valued b-metric
space and f,, f,, f : Q — Q be three self-maps satisfying

0(fps>f2p2) - 0(fPa f1P1)
0(f1p> fops) <.,0(fpp ) + 15 1200 pprfopa) + 3 P i)

o(fppfip1) +0(f Py f2P2)

(sz Jip1) - 9(f o fops)
1+0(fppfpy)
t K (prszz) ofppfop) |2

(vaszz) +0(fpy f1p;)

" 0(f P2 faps) - 0(f P2 fiP1)
o(fpysfops) +0(fprfip1)

(74)

forallp,, p, € Q, k;, k5, k5 € [0, 1), such that (k; + «,) < 1,
(k; +4x;) <1 and b> 1. If f is a continuous self-map and
(f. f,), (f>f,) are commutable pairs, then f, f,, and f, have
a unique CFP in Q.

Proof. Fix p, € Q, and define a sequence {p,} sequences in
Q such that

F2n :fp2n+1 :f1p2n’

Dopir =f Ponsa = F2Pansr> (75)

Vn=>0.
O

Now, by the view of (74) and (75),

(Lo Tani1) = 0(f1P2n F2Ponsr) < K10(f Pos S Posr)
K, 0(f Paw f2Panir) - O(f Paner> f1P2n)
112(0(f Pas 2P2ne1) + O(f Panars F1P2n))
0(f Paw f1P2n) + O(f Pasrs FoPons1)

" 0(f o> J1P20)  O(f Pansrs FoPons1)
1+ 6(fp2n’fp2n+1)

N O(f Paw> J1P20) - OS P> f2Pons1)
0(f Pawr f2P2ns1) + (S Pansr> J1P20)

+ 0(f Pan1> S2Pane1) - O(f Paner> J1P20)
0(f Pawr f2P2ni1) + 0(f Panir> J1P20)
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+1, a(FZn 1’F2n+1).a([‘2n’r )
172(0(T 31> Typin) + 0o 120))
5(F2n—1’ FZn) + a(rzw T2n+1)

=x10(Lapo1> L2n)

6(F2n 1> F ) 6(F2n’ F2n+1)
1+0(Iy 1 1) (76)

+5(F2n—1’1-‘2n)'5(r2n 1>F2n+1)
5(F2” 1 2n+1)+a(F2n’T )

+
x
<

a(rln’ F2n+1) ) 5(F2n’ F )
(I yo1> Doper) + 0(Laps Tay)

+

This implies that

|5(F2n’r2n+l)‘ < K1|5( 2n— 1’F2n)|

|5(F2n 1’F2n+1)| |5(F2n’r2n)|
1/2(|6(T2n l’F2n+1)| + |6(F2n’F2n)|)

+x3(|a< srets Ton)| + 8(T T

o 1001, To) | 10T Do) (77)
[1+0(Iy 1> Iay)
191 Do) | - 0L o0 sz,m)I
|6( 2n-1> 2n+1)|+|a( 2n’ )|

|5( 2n> 2n+1| |6 F2n’r )| >
[0(L2p-1> Taner) |+ [0(I30 Tap)l

After simplification, we get that

Ky + 215

1.
1-2x, <1 (78)

|6(F2n’ F2n+1)| < g|5(r2n—l’ F2n)|’Whereg =

Again, by the view of (74) and (75),

0(faPan-10S1P2n) = 0(f1P2> foP2n-1) S %10(f oy [ P2no1)
© 0(f Paw J2P2n-1) * O(f Pan-1> S 1P2n)
2172(3(f Pas FoPan1) + 0(f Pan-1s FiP2n))
O(f oo F1P2n) + O(f Pan-1> F2P2n-1)

+ 0(f Paw f1P2)  0(f Panr> f2P2n1)
L+ 0(f Py fPoner)

O(f Pawr J1P2n) " O(f Paw oPon-1)
O(f Paws foPan-1) + O(f Pay-1> f1P2n)

. O(fPan-1S2P2n-1) - 0Uf Pau-ro f1P2)
0(fPaws f2Pan1) + O(f Paucrs S1P2n)
0(Typ1> FZrL 1) 00 an)

12(0(I g1 Topey) + 0(Tay 00 I2))

O(Lp-1o 1) + (L g5 Iy 1)

a(FZn—l’ FZn) ) 6(F2n—2’ FZn—l)
1+0(Lypmys Tapes)

0(Fyp 1> o) =

+
I
[N

=10(Dp1s Tonn) + 1

+K3 a(FZn I’FZn) a(FZn 1’F2n 1)
0Lt Tap1) + 0(Iy2 Tay)

a(r2n72’ F2n71) (FZVI 22 FZn)
0(In-1> Tap1) + 0(Iyp2 Tay)
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This implies that
[0(I 21> To) | £ 764 10( 301 Tys)|
+x |6(I‘2n71’r2n71)‘ ) |5(F2n—2’r2n)‘
: 172(10(T 31 Typ) |+ [0(I 2020 Tan))
[0(Fgn-1> o) | +10(L' 202 L1
|5(F2n—1’ Fz;«)‘ i |6(F2n—2’ Fz;«—l)‘
+ 80
[1+ 03Iy 1> I200)| ( )
+K3 |5(F2n 1 Zn)‘ |5( 2n=1> Zn 1)‘
[0 315 Tap1) |+ 10(L a2 Ta)|
0020 Do y)| - [0(T 20 T
[0(F 31> Top1) |+ 10(L a0 Top)|
After simplification, we get that
. Ky +2K5
10(L 21> T20)| £ 910(L3-05 Try)> since g = <l
1-2K,
(81)

Now, from (81) and (78) and by induction, we have

Gl10(Tap 1y T3,)1 < G210(Tap s Ty
< g0l T)].

|6(r2n’ F2n+1)|

INIA

(82)
So, for m, n € N with m > n,

[0(L s L )| < bIO(L s L) | + 0|0(L 0 L) < BIO(T Ty
+ 2L s D) [+ 40" " |0(T oy, T )|
<bg"(0(Lo, I')| + 679" 0(L, I)]|
+eetb" g O(Dg, T )|
< [bg" + B g™ b g |3, T (83)
=bg" [1 +bg+ b +b""(““)gm’<"”)] 6(L T)|

m—(n+1)
=bg" b'g'13(Ty, T,)| < bg" Zb‘g’\ar )|
t=0 t=0

bg
1-bg

|0(Ty, T')]—>0, asn—>o0o0.

Therefore, sequence {I',} is Cauchy. Since Q is com-
plete, there exists s € 2 such that I', — s, as n — 00, and
from (75), we have that

lim =s
n—»oofpznﬂ >

m fip,, =5, (84)

lim f,p,,,, =

n—0o0

As f is continuous, so

im f(fpy,.) =15

n—aoo

lim f(fip,,) =fs, (85)

n—~oo

nlinmf(fzpznn) =fs.
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Since, (f, f,) and (f, f,) are commutable pairs, therefore,

from (85), we have that

im £,(fpa) = f
im f,(fpyp1) =S5

n—=~oo

(86)

Now, we prove fs=s. So, for this, we put p, = fp, and

P2 = oy 0 (74),

O(f1(f Pan)s foPans1) S €10(f (f P2n)s S Pans1)
‘i O(f (fPan)> F2Pani1) - O(f Ponsrs J1 (F P2n))
? 12(0(f (f Pan)s F2Pani1) + O(f Pansrs F1(F P2n)))
O(f(fP2un)s [1(fP2n)) + O(f Panirs f2Poni1)

(f(fPZn) J1(fP2n)) - 0(f Pons1s [rPons1)
1+0(f(fPan)> S Pans1)

T 5( (fP2n)s 1 Pan)) - OUf (f Pan)s foPonsr)
5(f(fpzn) J2Pani1) + 0(f Pane> 1 (fP2n))

)
+ O(f Pans1> JoPans1) “ O Pansr> 1 (f Pan)
O(f (fPan) foPani1) + O(f Pansrs 1 (fP2n))

(87)
This implies that

[0(f1(f P2n)s f2Pons)| S K1|O(f (f P2n)s [ Po2nsr)]
X 10(f (f Pan)s FaPanit)| - 10U Paners 1 (f P2n))]
: 12(10(f (f Pan)s f2Pans )| +10(f Pasrs F1 (F P2a))])
[0 (fP2n)s [i (f Pan )|+ 10(f Pans1> F2Ponsn)]

i 10 (f Pan)s 1 (F P2 )| - 10(S Pas1> FoPonsn)
|1 + 5(f(fp2n)’fp2n+1)|

N0 o> 1P| 10 (f Pan): f2Pame )|
|5(f(fp2n)’f2p2n+l | +10(f Pans1> 1 (f P2a))

)
+ 10(f Pans1> oPons )| - 19 Posr> J1(f P2n))
10 (f Pan)s f2Panet) + 10(f Paars 1 (fP2u))

+
x
[

(88)

Taking lim and using (84), (85), and (86), we get that
n—:~mo

0(/59)| - [9(s. )]
9075 )l < :1 10U )+ % 3 15 s )T+ (s, F5)])

10(fs, f5)| +9(s, 9)]
N0 fs)1-19(s,s) |
[1+0(fs,s) |
o fs)1-10(fs s
0(fs, s)|+1d(s, fs)
d(s,s) |- 10(s, fs) |
9(fs$)1+19(s, fs) |

+
x
S

1=l
|

N
|
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This implies that (1 —x, —&,) | 3(fs,s) | <0. Since, (1 -
K, —K,) #0=19(fs,s) | =0. Hence,

fs=s. (90)

Next, we have to show that f;s=s, by using (74),

0(f15 [ Pansa) = 0(f15 foPans1) < K10(fS f Pyss)
i 0(f$ foPane1) - O(f Pans1r J19)
? 12(0(f$ f1P3001) + O(f Pans12 1))

0(fsf15) + 0(f Pans1> foPans1)

(fs J18) - 0(f Pans1> S2Pansn)
1+ 0(fs fPans1)

T 0(fs, f15) - 0(fS: f2Prns1)
(fs FoPonst) +0(f Paps1s 1)

+ O(f Pansi> foPans1) - O Paners 1)
0(f$ f1Pan11) + O(f Pansr> 1)

(91)

This implies that

10(f15 S Pans2) | S K1|O(f$: [ ot
vk 0 f2Pane )| - 19(f Panir> f19)]
212(|0(fs £ 2|+ 10(f Paer F15)])
10(f: f15)] + [0(f Pas1> f2Ponsr)|

NS [19)] - 10U Pansr> foPona)|
[L+0(fs [Pyl

T o 10U £i19)] - 0UfS: foP2uin)|
10(f$: f2Pane)| +10(f Pansrs f19)]

+ 10(f Pans1> f2P2ne)| - 19(f Pansr> S15)]
10(f$: f2P2net)| +10(f Papsrs f19)]

Taking lim and using (84) and (90), we get

s ) <xld(s )+« |0(s,s)| - |9(s: f,9)]
|0(f15,5)[ < K[, 5)| + 1720005, + [0, 1,5)])

|0(s, f15)[ +10(s, )]
RUCYOIREICON
[1+d(s,s) | (93)
[0(s, f15) |- 19(s,5) |
[0(s, s)|+|5(s fi)1

L 19(s9)]-[9(s:f19)|
"10(s,5)] + [0, £,9)
Thus, we get that [0(f}s,s) | <x;]0(s, f;s)| = (1 - x3)]0(

f155)|<0. Since (1-k;)#0, therefore, |d(fs,s)| =0.
Hence,

+K

w

fis=s. (94)

Now, we have to show that f,s =s, by using (74),

0(f Pans15f25) = 0(f1Pans 125) < 10(f Pyys f5)
” 0(f Panr 125) - OS> f1P2n)
? 112(0(f Py 155) + 0(f$: f1P2n))

O(f Paw J1P2n) +0(f5 f>5)

+ O(f Paws F1P2n) - O(f5 f)
1+0(fpy, f5)

T 4 O(fPaw J1P2n)  O(f Po> 125)
0(f Pyp> f25) +0(f5 f1P2)

0(fs: 35) - 0(f5 f1P20)
0(f pans 128) + 0(f$: f1P2n)

(95)
This implies that

10(f Pans1> [25)1 S 1[0(f oy f5)]
NP2 £55)] - 10(fS f1Pon)]
212(|0(f o f55)] +10(f5: f1P20)])
0(f Paws f1P20) | +10(f5, f25)]

10U Paw f1P2n)| - 19(f5 fo9)
[1+0(f P, )

T ‘5(fP2n J1P22)| * 10(f Pays 125)]
T o o) + 10075 f1)]

[0(fs: f25)] - |0(fs: f1P2)]
10 P Fo5) [+ 100F5 FiP2)

(96)

Taking lim and using (84) and (90), we get

P (9 )| LICO]
L= ot T s )

|0(s, 5)[ +9(s, f3)]
RUCOIRCICYON
[1+0(s,s) | (97)
L9(s5) 1-19(s, fo5) |
[0(s, f,5)|+10(s, 5) |
RUCYVDIRLICON
|0(s, f,5)1+13(s, 5) |

+
I
[

So, we get that |d(s, f,s) | <x;510(s, f,5)| = (1 — &5)]9(s,
£,5)1<0. Since (1-x;)#0, therefore, |d(s,f,s)| =0.
Hence,

frs=s. (98)
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Thus, from (90), (94), and (98), we find that s is a CFP
of f,f,, and f,, ie,

fs=fis=fis=s. (99)

Uniqueness: suppose that s* € Q is another CFP of f,
f1» and f, such that

fs=fis=fs=s

(100)
fs'=fis' = fs" =",

Then, from (74), we have that

a(s,s") = 0(f15, fo5") <, 0(fs, fs7)

O(fs: f8") - 0(fs", f19)
1/2(0(fs, f,5*) + 0(fs* f15))
O(fs. f1s) +0(fs"> fo5")
L9 f15)-0(fs™ ")

1+0(fs, fs*)
t5| L 0(fs fi9)-fs fos")
0(fs fo5%) +0(fs* frs)

AU ) O )
(fs. fo5") + 5" £,

= (K +1,)0(s, s*).

+ K,

(101)

This implies that [d(s,s*) | <(x; + x,)|0(s, s*)| = (1 -
K, —K,)]0(s,s*)[ <0. Since (1 —x, —x,) #0, therefore, |3(s,
s*)| =0=s=s", hence proving that f,f,, and f, have a
unique CFP in Q.

Corollary 17. Let (Q,0) be a complete complex-valued b
-metric space and f,, f,, f : Q — Q be three self-maps satis-

fying

0(f1ppf2p2) < %,10(fp1s fP2)
» 0(fp>fap2) - 0(f Po f1P1)
’ 112(0(fpy fop2) +0(f P fipr))
O(fpirfiP1) - 0(f Pr fopPs)
1+0(fpy fp2)

i o(fppfip1) - 0(fpisfap2)
O(fpyfaps) +0(fpafipy)

4 0(f Py faps)  0(fpr fip))
O(fppfaps) +0(fparfiPr)

(102)

forallp,, p, € Q, k;, k,, k3 € [0, 1), such that (k; + «,) < 1
and (k; + x3)/(1 — ;) < 1, with b> 1. If f is a continuous self-
mapping and (f, f,), (f, f,) are commutable pairs, then f, f,,

and f, have a unique common fixed point in .
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Example 18. Let Q=[0,00) and J : Q x Q —> C be defined

as 3(py, p,) =3lp, = p,|* 113 +3|p, = p,|*/13 for all py, p, €
Q. Then, (0, d) is a complex-valued b -metric space. Now,
we find b:

3lec=pol 3l el 3l p) (P =Pyl
o= P B0 p 30+ i)

+i3‘(P1_P3)+(P3_P2)‘2
3
c(3lPi=psl, 3lps =
U 13
+i<3|P1 —psl*, 3lps—pol

|2

3
* 5@ -pilles= )

3
3 3 + B(2|P1_P3HP3_P2|)

|2

< 3p, _P3|2 i 3ps—py " 3p, _Ps‘z N 3lps _Pz‘z
- 13 13 13 13
+i(3IP11;93|2 .\ 3|P31;Pz|2 .\ 3\P11;P3\2 .\ 3\P31;Pz\z)

_o(3ei=psl 3=l (Rle= sl | 3les =l
13 13 13 13

(3 psl’ Bl el 3les— el Bles— ol
13 13 13 13

=2[0(py> p3) + (s> p2)]-

(103)

That is d(py, p,) < b[d(py, p3) +9(p3, )], Where b=2.
Now, we define f, f,, f : Q — Q by

fHipr=fp =In <1+ 4+p1>’
fp, =€ -1 (104)
1 b

forall p, € Q.

Notice that

|5(fP1’fzpz) [ -1 5(fpz’f1p1) |
0PI PIN 3 06(G prs Fopa F 0 o frp) 1)

10(fpy FipO)I +10(f P> 2P
" 10(fpyfrpy) |- 19(f P fops) |
IL+0(fpyfp,) | 20.
n 10(fpyfrpy) |- 19(fp1s fops) |
10(fp1> 2P )1+10(f s f191) |
n 10(fpys foP2) |- 19(f pas f1p1) |
10(f 1> 2P )IH10(f s f191) |

(105)

In all regards, it is enough to show that d(f, p,, f,p,) <
1,0(fp1>fp,)s for all py,p,€[0,00) and ), 1y, K5 € [0, 1),
such that (x; +x,) <1 and (k; +4x;) <1, where b>1, we
have
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31fip — f 2 3lfup —f 2
5(f1P1>sz2):< | 1P113 2| +i | 1P113 2|

_ <3|1n (1+p/(4+py) =In (1+py/(4+ py))[*
13

L3 (14 py/(a+p)) ~In (1 +pz/<4+p2>>|2>
13

3 <3|p1/<4+p1> - pyl(a+py)P
- 13

L 3p/(4+p) —pyl(4+ P2)|2>
13

_ (3164py = 4p)N16P  3\ap, -~ 4py)iisf
- 13 13

1 (3|4P1 —4p,*  3l4p —4P2|2)

16 13 13
1 3!64‘01 —etP ’2 3|e4P1 —etP |2
< — +i >
256 13 13

(106)

5(fppfpy) = <3|fp1 ~fo.l* | 3lie —fp2|2>

13 13
- (et of len -y e

a 13 13

<3|e4pl ,e4pz|2 . 3¢t e4pz|2>
= 1 .

13 13
(107)

For p,, p, € [0,00), we discuss different cases with x, =
1/5,k, = 1/4, and k3 = 1/10, where b = 2. Hence,

1 9
K +Ky=—-+-—-=—<1,
5 4 20 (108)
1 2 3
K1+4K3=§+§=§<1

Case 1. Let p; =0,p,=0. Then, from (106) and (107),

directly, we get that d(f,p,,f,p,) <x,0(fp,»fp,). Hence,
(74) is satisfied with x, = 1/5, x, = 1/4, k3 = 1/10, and b= 2.

Case 2. Let p; =0, p, = 1, then from (106) and (107), we find
(fipy> [op,) <x,.0(fpy> fp,) is satisfied with x, = 1/5, as

1 3|e°—e4|2 ,3‘e°—e4’2
36\ 13 T 13

3| —e4|2 3 —64’2
<k, 5t .

(109)
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By using x, = 1/5 and after simplifying, we get that

256 13 13
1 (3|-53.5981]> 3|-53.5981[
<= +1
5 13 13
< 132.5887(1 +1).

1 (3]-53.5981° 3|-53.5981
+1

)2.5896(1 + 1)

(110)

Thus, (74) is true for k; =1/5, k, = 1/4, k; = 1/10, and
b=2.

Case 3. Let p, = 1/2, p, = 1/4, then from (106) and (107), we
find 3(f,p;» fop,) <1,0(fpy> fp,) is true for x, =1/5, as

1 3’e2—e1’2 '3‘82—61‘2 < 3’62—61’2 '3‘82—61‘2
we\- 13 T )Ml T )

(111)

By using x, = 1/5 and after simplifying, we get that

1 (3|4.6708] +i3|4.6708|2 1 3|4.6708 +i3|4.6708|2
256\ 13 13 °5 13 13
-0.0196(1 + i) < 1.0069(1 + ).

(112)

Thus, (74) is true for x, =1/5, k, = 1/4, k3 = 1/10, and
b=2.

Case 4. Let p, =1/2, p, = 1, then from (106) and (107), we
get that d(f, p,, f,p,) < x,0(fpy> fp,) is true for x; = 1/5, as

1 3|e2—e“|2 .3‘e2—e4‘2 B 3’e2—e‘*|2 .3|e2—e4‘2
w6\~ 13 ' 13 S S T T b

(113)

By using «, = 1/5 and after simplifying, we get that

256 13 13
1 (3]-51.8799]>  3|-51.8799|
< - +1
5 13 13
< 124.2241(1 +1).

1 (3]-51.8799° 3|-51.8799
+1

)2.4262(1 +1)

(114)

Thus, (74) is true for x, =1/5, k, = 1/4, k3 = 1/10, and
b=2.

So, all conditions of Theorem 16 are satisfied to get a
unique CFP, that is “0” of the mappings f, f;, and f,.
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4. Applications

Here, we provide an application to support our main result.
To do this, we take a couple of UITEs to obtain the existing
result of a common solution to check the effectiveness of our
result. Let the set Q = C([k;, k,], R) contain real-valued con-
tinuous functions defined on [k, k,]. In the following, we use
Theorem 9 to obtain the existing result of a common solu-
tion. This enables us to establish a theorem based on UITEs
to attain the existing result of a common solution.

Theorem 19 (see [28]). Let Q= C([k;, k,],
]SSR and §: Qx Q— C is defined as

R), where [k;, k,

3ppps) =P (0) = P )|IP/ 1 + Kjel ks (115)

forall p,,p, € Qandy e[k, k,]. Consider that the UITEs
are

k,
p1<y>=j Q1. py(r))dr + T, (),

ky

. (116)
pay) = L Q3 . p(r))dr + (),

where 1 € [k;, k,]. Let Q;, Q, : [ky, ky) x [k;, ky] x R — R be
such that D, , E, €2 for every p;, p, € £, we have that

k,
D, (y) = j Q7.1 py (1)),

(117)

ks
E, (y) = L Qs 1, po(r))dr.

If there exists p € (0, 1) such that, for all p,, p, € O,

HD ) ~E, (") +T1(y) - H 1+ ke etk 118)
< uM(py, py),

where

M(py, p,) =max {A;(p, p2) (), Az (P15 P2) (V) As(Pr> P2) (V) 35

(119)

with
A _ 2 k2 i cot k;
1P P) ) =[P () = P D)7/ 1+ Kpe =,

Ay (P> P2) )

(y)‘ZHDpl () +T,(7) _pz(y))r (Mei cot k,>

2,09 + 120 - .09 ro-eo))

(120)

[ +[l2n 00+
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As(py> ) () = min {a, (1, p,) (), 42(P1> P2) ()5
a3(P1> P2)(¥)> 4(pPr> P2) (V)> a5(P1> P2) () 3>
(121)
where
ay(py> Po) (¥ HD W +T) - p(y H \/“’k2 e otk

a,(p1> P2) (Y

)= B0 )+ 1200 = 2| 1+ R <,
Z(Me,-cmk\y

1+ k%ei cot k;

a3(py> p2) ()

) HDpl(y)+F1(y)—P1(y)HZ)

Ep,0)+120) - Pz(Y)(

1+ 1o, () = P, )|

as(py>p2) ()
_ 2,01+ 1,00 = 20| | B )+ Ta) - er 1y e

E,,0)+ 1.0 - 2,0+ [P, )+ 1) - 2200

as(py> P,)()
”E ) +LL() - p(y H HDP. +T(y) Pz()’)” \/mznmk |
[0+ 2200 = 0|+ |2, 00+ 110 - 200

(122)

Then, the two UITEjs, i.e., (41), have a unique common
solution.

Proof. Define f, f,,f : Q — Q as

fipr=fip(y) = D, (y)+F(y) D, +T},
fei=rpi(v)=pi(v) = py> (123)
P =P () =E,, () + I,(y) = E, + T,
=P, (¥) =p,(¥) = ps-

O
Then, we have the following three cases:

(1) If A, (p,» p,)(p) is the maximum term in {A,(p;, p,

)0)> Ay (P> ) (), As(pys ) ()} then from (118),
(119), and (123), we have that

A(fipufapa) <Hllpy = ol 1+ Kie < b, (124)
for all p,, p, € Q. Thus, f,, f,, and f satisty all conditions

of Theorem 9 with y =%, and x, =x; =0 in (1). Then, two

UITEs, i.e., (116), have a unique common solution in Q.

(2) If A, (py> p,) () is the maximum term in {A;(p;, p,)

), Ay(py> p2) ), As(pys py)(v)}s then from (118),
(119), and (123), we have that
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2
HEPZ +T,-p,

D, +F1_P2’

2

( /1 +kf€icmk‘)
2 2 ’
I/Z(HE%JZ_,)IH + [Py + 1= )

(125)

o(fipifopy) S

for all p,, p, € Q. Thus, f,, f,, and f satisty all conditions
of Theorem 9 with y=x, and x; =x; =0 in (1). Then, two
UITEs, ie., (116), have a unique common solution in Q.

(3) If A;(py» p,) () is the maximum term in {A,(p;, p,

) Ar(pyr £2) (1), Ay Py p,) (7)) then from (119),
we have that

M(pys py) =As(p1 P2) (0)- (126)

Then, there are furthermore five subcases arising:

(i) If a;(p;> p,)(y) is the minimum term in {a,(p,, p,)

) ay(py p2) ()s a3 (pys ) () as(pys p,) (), a5 (o
p,)(»)}. Then from (118), (121), (123), and (126),

we have that

2 .
0(f1p1>12P2) S!“ ’Dpl +I _P1H V 1+ k%el otk (127)

for all p;, p, €Q

(ii) If a,(p;> p,)(¥)is the minimum term in {a,(p,, p,)

) ax(py> P2) (0)s a3(py> p,) ()s a4(py> o) ()> a5 (py s
p,)(¥)}. Then from (118), (121), (123), and (126),

we have that

2 .
1+ ke <tk (128)

d(f1p1>f2pP2) 5.“‘ ’Epz +1I, _Pz‘

for all p;, p, €Q

(iii) If as(p;» p,)(y) is the minimum term in {a,(p,,
P2) () a3 (pys p2) )s as(pys p2) () as(pys o) () as
(pysp,)(¥)}. Then from (118), (121), (123), and
(126), we have that

2 2 . 2
“DP1+F1*P1’ ‘Epz‘LFz*Pz‘ (\/1+k§elmtk'>
0(fipy fopy) < i i >
Lt [[py = pa*y/ 1+ Kiel otk

(129)
for all p,, p, €Q

(iv) If a4(p,> p,)(p) is the minimum term in {a,(p,,
P) () ay(py> p2) ) as(pys p2) ) as(pys p2) () a5
(py»p,)(y)}. Then from (118), (121), (123), and
(126), we have that

17

2
/1 +kfe" cot k;
>

2 2
[ 2o [P+ 1]

2
‘Dpl +F1—p1‘

‘Ep2+r2_Pl

o(fipyfopy) < ‘

(130)
for all p;, p, €Q

(v) If as(p,> p,)(y) is the minimum term in {a,(p,, p,)

0 ax(p1> P,) 0)> a3 (py> p2) ) as(pys p2) (¥)s as(pys
p,)(¥)}. Then from (118), (121), (123), and (126),

we have that

2 2 .
“Epz +T, —pz‘ )DPI +T, —pz‘ 1+ otk
o(fipy>fopy) S p) 2 >
HEPZ+F2—p1 +HDP1+F1—p2H

(131)

for all p;, p, € Q. Thus, the subcases of Case 3 (Case (i-v))
for the mappings f,, f,, and f satisfy all the conditions of
Theorem 9 with y=1#x; and x;, =«x, =0 in (1). Then, two
UITEs, i.e., (116), have a unique common solution in Q.

5. Conclusions

We have established some unique CFP-results in complex-
valued b-metric space by using rational contraction condi-
tions for three self-mappings in which one self-map is con-
tinuous and commutable with the other two self-mappings.
In our main work, we have generalized the results (e.g., see
[28, 37, 38]). To show the authenticity of our results, we
have given some useful examples in the main section. We
have also provided an application for our main result to
indicate its utility. In this direction, many results can be con-
tributed to the said space by applying different contractions
with different types of integral operators.
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