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In this work, a class of two-dimensional fractional hyperbolic differential linear system (2D-FHDLS) with time delay is
investigated. By using generalized Gronwall’s inequality, sufficient conditions for the finite time stability (FTS) of two-
dimensional fractional hyperbolic differential system with time delay are given. Numerical examples are also given to illustrate

the stability result.

1. Introduction

Since twenty years, the area of fractional calculus has gained
much attentions by the researchers, and numerous works have
been published in this context. In fact, in [1], for a magnetic
resonance imaging, a robust corner detection is developed.
Authors have made a comparative experiment between the
proposed methods and integer-order one. Furthermore, for
the Hilfer stochastic delay fractional differential equations
with the Poisson jumps, authors in [2] have analyzed the aver-
aging principle. The author in [3] introduced a new approach
for solving diffusive systems governed by the Caputo operator.
Also, in [4], a hyperchaotic economic system was studied
using fractional differential operator. Bayrak et al. in [5] estab-
lished a novel approach for solving diffusive problems with
conformable derivative. A new extension of the Hermite-
Hadamard inequalities via generalized fractional integral has
been given in [6]. Nagy and Ben Makhlouf in [7] studied the
finite time stability of the linear Caputo-Katugampola frac-
tional time delay systems.

Fractional differential equations have recently proved to
be valuable tools in the modeling of many phenomena in
different domain applications, whether in control theory,

diffusion [5], viscoelasticity [8], or biology [9-11]. For exam-
ple, in regard to the biology field, the pandemic transmission
model of fractional-order COVID-19 type has been studied
numerically by Higazy et al. in [9]. Regarding control theory
field, a new adaptive surface control method based on frac-
tional calculus is developed by Zouari et al. in [12]. It was
found that all the variables, errors, and signals are practical
finite time stability with an asymptotic convergence to zero
of the tracking errors. Also, a regional observability for linear
fractional systems has been studied in [13]. In [14], Xu et al.
proved a global asymptotic stability for fractional neural net-
works with multiple time varying delay. A finite time stabil-
ity for a class of fractional fuzzy neural networks with delay
has been described and studied in [15]. In addition, authors
in [16] have studied the FTS for fractional-order time delay
systems.

For some basic results in the theory of fractional partial
differential equations, the reader is referred to many various
works. For example, for a perturbed partial fractional-order
differential equations with finite delay, the Darboux problem
is proposed by Abbas and Benchohra in [17]. A nonlinear
fractional optimal control problem has been solved by gen-
eralized Bernoulli polynomials [18]. Wang and Zhang in
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[19] studied a Lyapunov inequality for PDE with mixed
Caputo derivative. Also, Benchohra and Hellal in [20]
proved a global uniqueness results for fractional partial
hyperbolic differential equations with delay.

Motivated by the above interpretations, the main objective
of this paper is to study the FTS for the linear Darboux frac-
tional partial differential equations with delay or simply, as
mentioned above, the 2D-FHDLS with delay. In fact, we were
able to establish a new result for the FIS of Caputo 2D-
FHDLS with delay. Indeed, thanks to the generalized Gron-
wall’s inequality, we have determined sufficient conditions
for the FTS of the 2D-FHDLS with delay. Recall that in [21],
we have proved a similar result, but using a fixed point
approach. By comparing the two methods, we have shown
by numerical tests that the generalized Gronwall’s inequality
method gives a wider stability interval than that given by fixed
point method which proves that generalized Gronwall’s
inequality method gives very satisfactory stability results.

The paper is organized as follows. In Section 2, some
preliminaries are given. In Section 3, FTS results are pre-
sented. In Section 4, some numerical examples which show
the efficiency of the results were presented.

2. Basic Results

Definition 1 (see [22]). The Riemann-Liouville Fractional
(RLF) integral of order y = (y,,y,) of w is defined by

¢

3
Iw(E () = [rm)r(mrlj j (E-s

ERab)

W= 1) w(s, t)dtds,
(1)

where ¢ = (¢;, ¢,) € R%, y,, y, are strictly positive, and I'(-) is
the Euler gamma function.

Definition 2 (see [22]). The RLF derivative of order y=
(y1,7,) of w is defined by

Dlw(§,¢) = DgeI; "w(&,O), = (1= y)I(1-y,)]

£
DE(J J (E=35) (0= t) 2w(s, t) dtds, @

R

where ¢ = (¢;, ¢,) € R, (y,,,) € (0,1)% and Dg’( = 0%/0E0(.

Definition 3 (see [22]). The Caputo fractional derivative
(CFD) of order y = (y,,y,) of w is defined by

CDYw(E,0) = Dl w(E ) - w(E &) — w(ey, ) + w(ey, )]
~[0(1 - y)I(1- D&j j -t
X [w(s, £) — (s, €3) — w(ey, ) + w(ey, ¢)dtds,

(3)

where ¢ = (c;, ¢,) € R?, (y,,7,) € (0,1)% and Di, = 0%10E0C.
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Definition 4 (see [23]). Let me N and m#0, a, ﬁj, z,peC,
such that Re (a;), Re (B;) > 0 for j=1,2, -+, m. The general-
ized Mlttag-Leﬁler function (MLF) is defined by

A(CHMECE fﬁk—f @
where
P=plo 1) (prk-="EED )
I =2 and p— 1, we get
E((46),,,:0) = : Og (2 ﬁj)j_uk; @) .

z

T(kay + )T (katy + )

Lemma 5 (see [24]). Let u, v be two integrable function and g
be a continuous function with domain ]. Assume that

(1) u and v are nonnegative
(2) v is nondecreasing in each of its variables

(3) g is nonnegative and nondecreasing in each of its
variables

If
", &ydEdq.
(7)

rorp . B
() < (1) + 3 u)j [ (=0 (-8

+J gt
a;Ja;

Then
u(r, ) < v(r wE((ap, 1), (1) 5 g(rs )T () I () (8)
(r—a)® (p—ay)®).

3. Main Result

In this paper, we are interested on the study of the initial
value fractional-order linear system defined on the bounded
domain @ =10, 7] x [0, T] as follows:

“Dy9(E,¢) = GI(E, 0) + KO(E ~ e (§),{ — ey(()) + LO(E, ),
(9)
for all (£,¢) € @. The initial condition
9(& 0) =y (8 ), forall (&, ) € %, (10)
where Dy (-) is the CFD of order v = (v}, v,), 0 <v;, v, < L.

The functions e, e, are positive and continuous on [0, 7|
and [0, T], respectively. The matrices G,K € R™" and L €
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R™? and the function v € C(%, R"). Here, the domain % is
given by

U= ([my, T x [=mp, TP (0, T]x (0,T]), (1)
where the constants m;, m, are given by

m; = max (e(1)):

12
my = max (e(t))- .

The function & is a perturbation. We assume that the
function 8 € C(R?, R?) and satisfies

3p>0:8"(&0)8(E Q) < p*. (13)

Let us introduce the following constants a, b, ¢ which are
defined by

a=|G],
b= K], (14)
c=iL]

Definition 6. Let € > 0 and y > 0 such that & < y. System (9) is
robustly FTS with respect to {¢,y, p, 7, T}, if the following
relation is satisfied:

vl <e=9E O <yV(E () e, (15)

for all perturbation § satisfying equation (9) and condition
(13).

Recall that the solution of system (9) is defined by

1

V(EOV(E) e,
9&0) = {

e
PED 1 ‘ [ (E = )" (L= v X (,v) dvdu¥(E ) € @,
0Jo

(v)I(v).
(16)
where the functions ¥, p are defined by
P& Q) =¥ (5 0) +y(0,0) —y(0,0), (17)

¥ (u,v) = G(u,v) + KO(u—e (u),v—e,(v)) +Lo(u,v).
(18)

The main result in this work is as follows.

Theorem 7. System (9) is FTS with respect to {¢,y,p, 7, T},
e <y, if the following inequality holds:

3e+ 7T E +b)TVT) <
E+p——————— . a )<y,
pF(v1 +DI(vy+1) ("1’1)>("2’1)(( ) )<y

(19)

where E. .. is the generalized MLF given in equation (9)

)5

and the constants p, a, b, ¢ are given in (13) and (14).

Proof. The solution of system (9) is given by relation
(16). Then, we can deduce the following estimation:

for all (§,0)e@
1
19, Ol < lp& Q)| + T T
& ¢
[ j (E= )" (€ = v | ()| dvdu < 3]y

1 e v, -1 v,—1
g o) €0 E )
 al| 920 ) + b[9(u - €1 (1) v - e5(7) |

A
+¢||8(u, v)||] dvdu < {3||1//|| + CPW

1 E( v,-1 v,-1
T Lo 60
x (a9, v) || + b]|9(u — ey (), v = es(v))||] dvdu.
(20)
Let us consider the function y(&,{) defined on the

extended bounded domain Jg =[-m;,&] x [-m,, ] as
follows:

y(&¢)= sup [9(r, ). (21)
(rp)€le

We have, for all (r,u)€[0,&]x[0,{], the following

estimations:

[19(r, )| <y(r> )

(22)
19(r = ey(r), u—ex ()| < (1 1)
Then, for all (£,{) € @, we obtain
a+b i v—-1 v,—1
19 0=+ sz | ] (6= €= () v
(23)
where the constant . is given by
T
A=3WI e r e T, T (24)

Let us notice that the function

e v—1 v,—1
(E)C)H”(E—u)l C=v)""y(wv)dvdu  (25)
0

0

is nondecreasing with respect to each of its variables,
because y(u,v) is nondecreasing with respect to each



of its variables. Then, for all (r,u)€][0,£] x[0,]:

a+b

13 e () dvdu
WU@“‘“* (€= )" () dviu.
(26)

19(r, )| < 4 +

Then, we get

y& Q)= sup [|9(r, )|,
(i€l

<maX{ sup  [9(rp)ll,  sup 9(w>|}
()T 0%(04] (r€0.8]x(04]

a+b e 1 v,~1
o {||V/|,/%+ F(VI;F(VZ)J Jo(g,u)vl- (o ey dvdu}

0

a+b

M s V-1 v,-1 dvd
< e | 606 ﬂwwvu}
(27)

Now, using the generalized Gronwall inequality, we
get

y(&.0Q) < ﬂE(VI,l);(vz,l) ((a +b)EN cvz)
< (sl ) @
IF'(vi+1)I(v,+1)

: E(vl,l);(vz,l)((a + b)9VI ‘[]'Vz) =Y.

for all (£,{) € @. The proof is completed. O

Remark 8. Note that a similar result, to that given in Theo-
rem 7, has been proved in ([21], Theorem 2) by a fixed point
method.

4. Numerical Scheme

From relation (16), we have

1 EE -1 -1
960 =PE0 + Ty | E 0" €0 W) dv

(29)

for all (&,{) €[0, 7] x [0, T], where the state 9 is the solu-
tion of system (9), and the functions ¥, p are given by
relations (17) and (18). In this section, we study system
(9) where 9, p, ¥ € R%. Then, let us assume that the solu-
tion 9 is of the following form:

9E ) = (9,50, 9,(50) e R, (30)

In this section, we use the same techniques of discre-
tization and approximations that we have already used
for the numerical resolution of the nonlinear problem
n [21]. Thus, we build an uniform grid on the domain
[-m,, T % [-m,, T]. Let r,heR and F#, #,n,meN such
that

Journal of Function Spaces

g m
r:§:7’
n

. (31)
h=—_="
F m

Then, we introduce two sequences (), and ({ j)j
defined by

&=irNi=-n-—n+1,-n+2.---,-1,0,---, %,
(32)
(j=jhVj=-m=m+1l-m+2..-,-1,0,, F

So, the state J can be expressed at the point (£;,(;) as
follows:

1
9E08)) =P 8) * 75Ty
. W (& =" (=)™ ¥ (w v) dvdu,

(33)

where p(§;,(;) =y(0,¢;) +y(§;,0) —y(0,0). By consider-
ing the following approximations,

98 ¢) = 9 p(8G)) = pip

(34)
(0,8) = Yo W(Ei 0) = 0, (0, 0) = Yy,

we can rewrite equation (33) as follows:

1 & (j B 1
9i=pit Ei—uv'lf-—vvz Y (u,v)dvdu.
1= TR oo & G e
(35)
Then, we deduce that
‘9 L= .= e
0j pO] 1l/O] (36)

90 =Pio =Vip-

By using the properties of integration, we can rewrite
equation (35) as follows:

™M

Sij _ pij ) ; i-1 j-1 JEM “(Hl (Et _ u)vrl ((] _ V)vfllll(u, V) dvdu.
F(VI)F(VZ) k=01=0 & J¢

(37)

Now, using approximation proposed in [25], we
obtain

1 [ Wl SO -1
9,":Pi-+— [ I gifuv‘il ('*sz YI&:( dvdu
by F(VI)F(VZ);I:O‘EA J¢ ( ) (] ) et
1 i-1j-1 " Skt (S -1 v,—1
byt o[ - v
T Iv)Im) &5 & G ( ' )

(38)
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FiGure 1: The solution 9= (9,,9,)", 7 = 1.5, T=0.9, and v = (0.9,0.7). The curves of 9, and 9, are represented in (a) and (b), respectively.
The norm ||9|| = 3.473.

016/\
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1575 oo 04 06081 12
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Ficure 2: The solution 9=(9,,9,)", 7=1.092, T=1.3, and v=(0.9,0.9). The curves of 9, and 9, are represented in (a) and (b),
respectively. The norm ||9|| = 3.1271.

where we have the approximation ¥(£,,{,) =~ ¥* and MR i-1j-1
1] 1]

szTl] > (42)

I'(vi+1)I'(v,+1) e

¥ (& C1) = GI(&> §)) + KO(E — my, § = my) + LE(&s €),

39
(39) where oy, 7); are given by
and the term
k= ( )t = (i-k) (3)
(& —my, ¢ — my) = 9(kr — nr, Ih — mh), 1= (- 1-1)" = (=)

=9((k-n)r, (I-m)h), (40)

= 9> Crom) = Ficntem Remark 9. More details about the convergence, the con-

sistency, and behavior of the error [[9(§;,(;) -9, with

So, we deduce that respect to r,h,v;,v, can be deduced from [25].
9 = Gy + Ky + LOy. (41) 5. Numerical Simulation and Interpretation

In this section, we propose some numerical examples. With
Calculating and simplifying the integral in equation  the help of these examples, we show that the solution of sys-
(38) gives the following expression: tem (9) is consistent with Definition 6. Indeed, for any & > 0,
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FIGURE 3: The solution 9= (9,,9,)", 7 =0.81, T =0.4, and v = (0.3,0.2). The curves of 9, and 9, are represented in (a) and (b), respectively.

The norm ||9]| = 3.8669.

0.12 _/ _

()

1.2 14

FIGURE 4: The solution 9= (9,,9,)", 7 =1.2, T=0.7, and v = (0.9,0.2). The curves of 9, and 9, are represented in (a) and (b), respectively.

The norm ||9]| = 3.7642.

>0 such that & <y, we can verify that
if [|y]| < ethen [[9(E, O)[| <y.¥(8,C) € [0, T] x [0, T].  (44)
System (9) is defined by

“DyI(E,{) = GIE Q) + KI(E — my, { —my) + L(E (), (45)

for all (&,0) €[0,T]x[0,T], v=(vy,v,). The initial condi-
tion is given by
9, ) =y(& )V (& () € [-my, 0] x [-m,, 0]. (46)

Recall that we have denoted the solution 9 of system (45)
as follows:

9(8,0) = (9:(5:0),9,(5,0) V(&) € [0, T]x [0, T]. (47)

Remark 10. The following examples are established under

the condition where the parameters ¢, y, p, 7, T satisfy esti-

mation (19).

We have chosen the following data:

) ’ (48)

-0.3 -0.5
G: >
02 04
01 0.5
K =
-0.3 -0.1
03 1
L= ,
2 -05
8(t,s) = (0.04,0.01)".

The initial condition

w(&¢) = (0.002 sin (117&(),0) V(& ¢) € [-0.1,0] x [-0.2,0],

(49)



Journal of Function Spaces

TaBLE 1: Variation of 7, T, and ||9|| versus variation of v = (v, v,).

v=(viVy) T T 191l

0.9, 0.5 13 0.815 3.3394
" 07 " 0.965 3.1741
", 09 " 1.0915 3.0458
0.5, 0.5 13 0.6335 3.5099
" 07 " 0.837 3.4191
", 09 " 1.0025 3.4392
0.9,0.5 1.0026 13 3.4333
" 0.7 1.0309 " 3.2607
", 09 1.092 " 3.1271

where (m,,m,)=(0.1,0.2) and we have || =0.002<e.
We consider the data: # =70, =60, ¢=0.1, y=10,
and p = 0.55. In the following, we have plotted the solution 9
(0 = (9,(80),9,(50)", V(E ) € [0, 7] x [0, T] for differ-
ent values of v = (v;,v,) and 7, T, (see Figures 1, 2, 3, and 4).
Also, in Table 1, we study the variation of 7, T, and ||9|| versus
variation of v = (v, v,). We conclude that the stability rela-
tion given in (44) is well satisfied ||9(&, {)|| < 10.

By using a fixed point method, we have proved in our
work in [21] that system (9) is FTS w.rt. {&,9,p, 7, T} if
there exists #,,#, >0 such that a + b <#,#, and the follow-
ing inequality holds:

3 [1 +(a+b)My(n,, ”lz)Ev1 (ngvl)Evz(”lz—[rvz)]

) ., (50)
+ [CMO(WP’E)EVI (mT)E,,(n, T 2)}p£ V>

where E (-) is the Mittag-Leffler function and M,(#,,#,) is
given by

9‘V1'|]'V2
a+bmn)|L(vy+ DI (v,+1)°

My (11,5 1,) = - ( (51)

Now, we will compare the time interval [0, T p] % [0,
Tp) obtained by the fixed point method relation (50) and
the time interval [0, T ;] X [0, T obtained by the general-
ized Gronwall’s inequality relation (19). We consider the
same data taken at the beginning of this section to which
we add (v;,v,)=(0.9,0.5), 1, =1.5, and #, = 1. Then, we
fix 7 o= pp=1.3. From Table 1, we deduce that T, =
0.815. Now using relation (50), we can deduce by calculation
that T ;p = 0.00615.

[0, T 6] % [0, Te] = [0,1.3] x [0,0.815],
(52)
[0, T gp] X [0, T p] = [0,1.3] X [0,0.00615].

We conclude from this experiment that the generalized
Gronwall’s inequality gives a wider stability interval than
that given by fixed point method which proves that general-
ized Gronwall’s inequality method gives very satisfactory
stability results.

6. Conclusion

In this work, we have proved the FTS for a class of two-
dimensional fractional hyperbolic differential systems with
time delay by using generalized Gronwall’s inequality. Suffi-
cient conditions for the FTS of such systems are given.
Moreover, numerical examples are given to illustrate the sta-
bility result.

In the coming works, we aspire to generalize the FTS for
the 2D-FHDLS to several other types of well-known frac-
tional derivatives.
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